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Split equality fixed point problems for asymptotically
quasi-pseudocontractive operators

YAQIN WANG!f, YANLAI SONG?, XIAOLI FANG! and TAE-HwaA Kim?3x

ABSTRACT. In this paper, we consider a split equality fixed point problem for asymptotically quasi-pseudo
contractive operators which includes split feasibility problem, split equality problem, split fixed point problem
etc, as special cases. Furthermore we propose a new algorithm for solving the split equality fixed point problem,
and prove a weak and strong convergence theorem. The results obtained in this paper generalize and improve
the recent ones announced by many others.

1. INTRODUCTION

Throughout this paper, we always assume that I, and H; are real Hilbert spaces, let
C C Hi, Q C Hj be two nonempty closed convex sets, let A : H; — Hy be a bounded
linear operator. Recall that the split feasibility problem (SFP) consists of finding a point
x* € Hy such that

(1.1) 2* € C and Az* € Q.

The SFP was first introduced in 1994 by Censor and Elfving [2] in finite-dimensional Hil-
bert spaces for modeling inverse problems arising from phase retrieval and medical image
reconstruction. Recently the SFP has been widely studied by many authors (see, e.g.,
[1,16, 15, 14])

Note that if the SFP (1.1) is consistent, it is no hard to see that 2* solves the SFP (1.1) if
and only if it solves the fixed point equation

= Po(I —~yA*(I — Po)A)z*,

where P¢ and Py are the metric projections from H; onto C and from H; onto (), respecti-
vely, v is a positive constant and A* denotes the adjoint of A (see [13, Proposition 3.2] for
the details). This implies that the SFP (1.1) can be solved by using fixed point algorithms.
A popular algorithm used in approximating the solution of the SFP (1.1) is the CQ-
algorithm of [1]:
Tpy1 = Poc(I —vA*(I — Pg)A)xy,

for each n > 1, where v € (0,2/\) with X being the spectral radius of the operator A*A.
In [3], Censor and Segal consider the following split common fixed-point problem
(SCEP):

(1.2) find * € F(U) such that Az" € F(T),
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where A : Hy — Hj is a bounded linear operator, U : H; — Hy; and T : Hy — H» are
two directed operators with nonempty fixed-point sets. To solve (1.2), Censor and Segal
[3] proposed and proved, in finite-dimensional spaces, the convergence of the following
algorithm:

Tpi1 = Uz, +yA (T — I)Axzy), k € N,

where v € (0,%) with X being the largest eigenvalue of the matrix A'A(A

matrix transposition).

In 2013, Moudafi and Al-Shemas [11] introduced the following split equality fixed point
problem (SEFP). Let Hy, Hs, H3 be real Hilbert spaces, let A : Hy — Hs, B : Hy, — H;j
be two bounded linear operators, let U : Hy — H; and T : Hy — Hy be two firmly
quasi-nonexpansive operators. The SEFP in [11] is to

¢ stands for

(1.3) find 2™ € F(U), y* € F(T) such that Az* = By".

If H, = Hz and B = I, the SEFP (1.3) reduces to the SCFP (1.2).
For solving the SEFP (1.3), Moudafi and Al-Shemas [11] introduced the following si-
multaneous iterative method:

{ Ty = Ulxy — A" (Axy, — Byg)),
Yk+1 = T(yr + v B*(Azy, — By))

for firmly quasi-nonexpansive operators U and T, where v, € (e
stand for the spectral radiuses of A*A and B* B, respectively.

Recently, Che and Li [5] proposed the following iterative algorithm for finding a solu-
tion of the SEFP (1.3):

2
' Xat s 6)7 )‘Aa )\B

Up, = Tp — ’Y’I’LA* (A:L‘n - Byn)a
(14) Tpi1 = QpTy+ (1 - an)Tuna

Un = Yn+t ')/nB*(Axn - Byn)v

Ynt+1 = QplYn + (1 - an)SUn

for quasi-nonexpansive operators 7" and S. And they obtained the weak convergence of
the scheme (1.4).

Very recently, Chang et al. [4] considered the following iterative algorithm for solving
the SEFP (1.3):

Up, = z, — A" (Az, — By,),
(1 5) Tn+1 = OpTp + (1 - an)((l - 5)[ + fT((l - 77)] + UT))UH?
' Un = Un + PYnB*(Axn - Byn)a
Ynr1 = an¥n + (1 —an)((1 = &I +ES((1 —n)I +nS))vn,

where T and S are quasi-pseudocontractive operators. Furthermore, they established the
weak and strong convergence of the scheme (1.5).

Note that the class of quasi-pseudocontractive operators which properly includes the
classes of quasi-nonexpansive operators, directed operators and demicontractive opera-
tors, is more desirable for example in fixed point methods in image recovery where in
many cases, it is possible to map the set of images possessing a certain property to the
fixed point set of a nonlinear quasi-nonexpansive operator.

The purpose of this paper is to extend the above results to the class of operators which
are both uniformly Lipschitzian and asymptotically quasi-pseudocontractive. We con-
struct an iterative algorithm for such operators based on the algorithm (1.5) and prove its
weak and strong convergence.
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2. PRELIMINARIES
Let C be a nonempty closed convex subset of a real Hilbert space H and F(T') denotes
the set of the fixed points of an operator 7T". The notations “—” and “—" stand for strong

convergence and weak convergence, respectively. We use wy,(7,) = {z : 3z,, — z} to
stand for the weak w-limit set of {z,,}.

Definition 2.1. An operator T': C — C'is said to be
(i) L-Lipschitzian if there exists a constant L > 0 such that
[Tz =Tyl < Lllz = yll, Yz, y e C;
(ii) uniformly L-Lipschitzian if there exists a constant L > 0 such that
|T"x —T"y|| < L||lz —y||, Yz, ye C, n>1.
Definition 2.2. An operator T': C — C'is said to be
(i) nonexpansive if || Tz — Ty|| < ||z —y||, Yz, y € C;
(ii) quasi-nonexpansive if F(T) # @ and | Tz — q|| < ||z — ¢|, Yz € C, ¢ € F(T);
(iii) firmly nonexpansive if
1Tz = Ty|* <l —y* = I - D)z — (I = T)yl*, ¥z, y€C,
or equivalently,
||T$ - T’y”2 < <1‘ - y,Ta: - Ty>a VZ', Yy e Ca
(iv) directed if F'(T) # 0 and
1Tz — ql|* < [lo = ql|* — [l = T2||*, Yz eC,qe F(T);
(v) p-strictly pseudocontractive if there exists p € [0, 1) such that
1Tz = Tyl* < o =yl + plle = Tz — (y = Ty)|I*, Vo, y e C;
(vi) u-demicontractive if F'(T') # () and the exists a constant ¢ € (—o0, 1) such that
1Tz — ql|* < ]z — ql|* + pllz — Txl|*, Y€ H, qe F(T);
(vii) asymptotically nonexpansive if there exists a sequence {k, } C[1,00) with lim k,=1
n— oo
such that
1Tz — T y||* < kallz —yl?, Vo, yeC.
Especially, 7' is said to be asymptotically quasi-nonexpansive if F(T') # () and
1Tz — q||* < kullz — q||?, V2 € C,q€ F(T).
Definition 2.3. An operator T': C' — C'is said to be
(i) pseudocontractive if
(Tx —Ty,r —y) < |z —y|? Ve, y€C.
It is well-known that T" is pseudocontractive if and only if
1Tz = Tyl* < o =yl + ||z = Tz — (y = Ty)|*, Yz, y € C;
(ii) quasi-pseudocontractive if F(T') # () and
IT2 —ql|* < [l2 = qll* + [l = Tz||*, Yz eC, qeF(T).
It is obvious that the class of quasi-pseudocontractive operators includes the class of de-
micontractive operators as its special case;

(iii) asymptotically pseudocontractive if there exists a sequence {k,} C [1,00) with
lim k, = 1 such that

n— oo

<Tn1, - Tnyw%. - y> < k’ﬂHx - yH27 VZ', Y€ C.
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It is easy to see that T" is asymptotically pseudocontractive if and only if
17"z = T"y||* < (2kn = Dl = yl* + ||z = T"x = (y = T"Y)II*, YV, y € C
(iv) asymptotically quasi-pseudocontractive if F'(T) # () and if there exists a sequence
{kn} C [1,00) with nlgrolo k, = 1 such that
(2.6) (T — q,x —q) < kpllz —q|*, Vo€, qe F(T).
It is clear that T is asymptotically quasi-pseudocontractive if and only if
1Tz — q||* < (2kn = Dllz — q||* + o = T"z||*, Y2 € C, g € F(T).
It is worth noting that the class of asymptotically quasi-pseudocontractive operators is

more general than the class of asymptotically quasi-nonexpansive operators.

Definition 2.4. (i) An operator T' : H — H is said to be demiclosed at origin [8] if, for
any sequence {x,} which converges weakly to x, and if the sequence {Tx,} converges
strongly to 0, then T’z = 0;

(ii) An operator T : H — H is said to be semi-compact if, for any bounded sequence
{z,} C H with |z, — Tz, || — 0, there exists a subsequence {z,,} C {z, } such that {z,,,}
converges strongly to some point z € H.

Definition 2.5. Let S be a nonempty closed convex subset of a real Hilbert space H. We
say that a sequence {z,} C H is a quasi-Fejér of Type II relative to the target set S (later
called S-quasi-Fejérian) [6] if
|Zns1 —all® < ||z —a|®* + €0, a €S, n>1,

where {¢,} is a sequence in (0, c0) such that >~ 7 | €, < cc.

In any Hilbert space, the following conclusion holds:
2.7) b + (1= O)yl* = tll=]* + 1 = D)lyll* -t = )|z — y*.
Lemma 2.1. ([7]) Let X and Y be Banach spaces, A be a continuous linear operator from X to'Y.

Then A is weakly continuous.

Lemma 2.2. ([6]) Let S be a nonempty closed convex subset of a real Hilbert space H. Suppose
that {x,,} C H is S-quasi-Fejérian. Then x,, — x € S if and only if w,(x,) C S.

Lemma 2.3. ([12]) Let {s,, } and {6,,} be positive real sequences. Assume that Y~ | &, < oo. If
either sp41 < (14 0p)8p 0 Spt1 < Sy, + Oy, for all m, then the limit of the sequence {s,, } exists.

Lemma 2.4. Let C be a nonempty closed convex subset of H and T' : C — C' be a uniformly L-
Lipschitzian and asymptotically quasi-pseudocontractive operator. Then F(T') is a closed convex
subset of C.

Proof. Since T is L-Lipschitzian, then we deduce F(T') is closed. Next we only need to
prove that F(T) is convex. To this aim, let p1,ps € F(T) and write p = tp1 + (1 — t)p2
for any t € (0,1). we plan to show p = T'p, i.e., p € F(T). Take a € (0, IJ%L) and define
Yan = (1 — @)p+ oI"p. Since T is L-Lipschitzian, we have

(28) (P = Yo, (0 =T"P) = (Yo = T"Yarn))

P = Yauns (P = Yaun) = (TP = T"Ya,n))

lp — ya,n||2 + P = Yan TP — T"yanll

1+ L)|lp = yaul?

(1+ L)o?|lp — T"p||*.

IN A
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Hence, for any g € F(T'), from (2.6) and (2.8) we obtain

i 1 i
lp=T"plI* = {p = T"p,p = T"p) = —(p = Yan,p = T"P)

1 1
= E<p — Ya,n, (p - Tnp) - (ya,n - Tnya7n)> + a<p —Ya,nrYa,n — Tnya,n>
1 1
= a<p - ya,na (p - Tnp) - (ya,n - Tnyoc,n)> + a<p -9, ya,n - Tnya,n>
1 1
+a<q - ya,na ya,n - Q> + a<q - y(x,nv q— Tnya,n>

< a1+ D)o~ TP + o~ 4 on — ") + + (b — Dlla — iwnl®
which implies that
29) a(l —a(l+L)llp = T"plI> < (P = ¢, Yan — T"Yan) + (kn = Dllg = Yaonl*.
Since T'is L-Lipschitzian, we get

(2.10) g — Yanll®

1=a)(p—q) +(T"p— )|
(1=a)llp—gql*+ | T"p — q|?
(1—a+al?)|p—ql> =M.

INIA

It follows from (2.9) and (2.10) that
(211) a<1 - a(l + L))”p - Tan2 S <p — ¢ Yan — Tnya,n> + (kn - 1)M

Taking ¢ = p; and ¢ = p» in (2.11), multiplying ¢ and 1 — ¢ on both sides of (2.11), respecti-
vely, and adding up yield

a(l —a(l+L))|lp—T"p|* < (k, — )M — 0,
which implies that 7"p — p, then we have T""1p — p. Noting that
lp=Tpll < |p=T"'p| + 1T 'p - Tp|
< Alp=T"""p| + LI T"p = p|| — 0,

we have p = T'p, completing the proof. O

Remark 2.1. Comparing with Lemma 1.3 in [9], we do not require that the subset C of H
is bounded in Lemma 2.4.

Lemma 2.5. ([17])Let H be a real Hilbert space. Let 7' : H — H be a uniformly L-
Lipschitzian asymptotically pseudocontractive operator with coefficient k,,. If 0 < ¢ <
n < ﬁ forall n > 1, then
1= )z + CT™ (1 = ) + yT™)a — 2|2
< 1+ 20k — 1)C + 20k — D)2k — V]l — 2*]]%, Vo € H, o € F(T).
Remark 2.2. From the proof of Proposition 3.2 in [17], we know that if the asymptotically

pseudocontractive operator 7" is an asymptotically quasi-pseudocontractive operator with
coefficient k,,, the conclusion of Lemma 2.5 still holds.
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3. MAIN RESULTS

In this section, we always assume that H,;, Ho, H3 are real Hilbert spaces. Let an
operator T' : H; — H; be both uniformly L;-Lipschitzian and asymptotically quasi-

pseudocontractive with coefficient k,(}) and S : Hy — H; beboth uniformly Ly-Lipschitzian

and asymptotically quasi-pseudocontractive with coefficient kY, F(T) # and F(S) # 0.
Let A: Hy — Hz and B : Hy — H3 be two bounded linear operators with their adjoints
A* and B*, respectively.

Put H* = Hy x Hj. Define the inner product of H* as follows:

((@1,91), (22, 92)) = (21, 22) + (Y1, 92), V (21,91), (T2, y2) € H.
It is easy to see that H* is also a real Hilbert space and
@ y)l = (ll” + lyl*)?, ¥ (2,y) € H".
We use T to stand for the solution set of the SEFP (1.3), i.e.,
I'={(z,y) e H'|z € F(T), y € F(S) such that Az = By}.
Now we present our algorithm for solving the SEFP (1.3).
Algorithm 3.1. Choose {a,,} C (0,1). Take arbitrary xo € Hy,yo € Ha. Assume that the nth

iterate x,, € Hy, y, € Ho has been constructed, then we calculate (n + 1)th iterate (T, 11, Yn+1)
via the formula

Unp = Tp — 'YnA*(Axn - Byn)a
(3.12) Tpny1 = ap®p + (1 —ap)((1 = &) +ET((1 = nu)L +0aT™))un,
Unt1 = pYn + (1 —an)((1 = &) 4+ &S ((1 = nn)I +10S™))Un.

Put k, = max{k:,(q,l), kﬁ,,z)}, L = max{Lq, Ly}. Based on the assumption on the operators
T and S, we can readily see that S and 7" are both uniformly L-Lipschitzian and asymp-
totically quasi-pseudocontractive with coefficient k,.

Theorem 3.2. Let Hy, Hy, H3, A, B, S, T and I be the same as above. If I — T and I — S are
demiclosed at 0 and the following conditions are satisfied:

@ € (6 3y —8)y V> 1;

(b)0<a*<€n<ﬂn<b*<m;

(c) 0 < liminf, o a,, < limsup,, .o an < land > 07 (k, — 1) < o0,

where A4, Ap stand for the spectral radiuses of A* A and B* B, respectively and € > 0 is small
enough. Then the following conclusions hold:

(I) the sequence {(x,,, yn) } generated by Algorithm 3.1 converges weakly to a solution of the SEFP
(1.3);

(II) In addition, if S,T are also semi-compact, then {(xy,yn)} generated by Algorithm 3.1 con-
verges strongly to a solution of the SEFP (1.3).

Proof. By Lemma 2.4 we have F/(T') and F'(S) are both closed convex sets. Since A and B
are both linear, it is easy to see that I is a closed convex subset in H*. Given any (p,q) € T,
then p € F(T'), q € F(S) such that Ap = Bq. By (3.12) and the definitions of A4 and Ap,



we have

and
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l[un — plI?

|zn — Y A™(Azn — Byn) — p”2

Hxn - p”2 - 27n<xn - D A*(Axn - Byn>> + 'Yr%HA*(Axn - Byn>||2
lzn — p||2 — 29, (A, — Ap, Az, — Byn)

(A (Azy, — By,), A*(Azn — Byn))

zn *p”Q — 290 (A, — Ap, Az, — Byn)

+~2(Az,, — By, AA*(Az,, — By,))

[#n = plI* = 29m( Ay — Ap, Az, — Byn) + 13 A4l Azn — By,

[[on — ql?

”yn + 'YnB*(Axn - Byn) - Q||2

lyn — all* + 270 (Byn — Bq, Az, — Byy) + .|| B*(Azy, — Byy)|?
Iyn — all> + 29n(Byn — Bq, Az,, — By,)

+~2(Az,, — By,, BB*(Az, — By,))

yn — alI?> + 29n(Byn — Bq, Az, — Byn) + 72 A5l Azn — Byl

Adding the above inequalities and noticing Ap = Bg, we have

(3.13)

Put

Hun _p”2 + ||UTL - QH2
20 = plI* + llyn — all* = ¥[2 — (Aa + AB)Yall| Az — Byal|>.

K= (1= &)1+ & (1 —nu) I +n0,T7),

G = (1= &) + £,5™((1 = ny)I + 1, S™).

It follows from Algorithm 3.1, Lemma 2.5 and (2.6) that

(3.14)

and

(3.15)

IN

IN

Hxn-i-l —pH2

lan(zyn —p) + (1 — ) (Kpun — p)H2

Oén”xn *sz + (1 - Oén)HKnun - 19”2 - Oén(l - an)”Knun - anQ
an||zn *sz —an(l = apn)|[Knu, — mn||2

+(1 - an)[l +2(kn — 1)& + 2(kn — 1)(2k, — 1)77n£n]||un - p||2,

Y1 — al®

latn (yn — @) + (1 = @) (Grvn — g)||?

anllyn = al* + (1 = @) | Grvp = q)|* = an(1 = @) | Grvn = yal|?
anllyn — Q||2 —ap(l—an)||Gro, — yn||2

+(1 = an)[1 +2(kn — 1)&n + 2(ky — 1)(2kn, — D)nnnlllvn — Q||2~

153



154 Y. Q. Wang, Y. L. Song, X. L. Fang and T. H. Kim
From (3.13), (3.14) and (3.15) we have

[#n41 = plI” + lynsa — all?

< an(|lz, _pH2 + llyn — Q||2)

—an (1 — an) (| Kpun — anQ + |Gnvn — yn||2) +(1—an)

X[1 4+ 2(kn — D& + 2(kn — 1) (2kn — Dinénl (lun — plI* + [lon — ql?)
< an(llen = pl* + lyn —all?)

—an (1 — an) ([ Knun — xn”Q + [|Gron — yn||2) +(1—an)
X[1+2(kn — 1)&n + 2(kn — 1)(2kn — 1)nn&n](lzn — pH2 + lyn — ‘I||2)
—(1—an)[1 +2(kn, — 1)&, + 2(ky — 1)(2kn — 1)0n&nlm
X[2 = (Aa + Ap) ]l Az, — BynH2
= {1+ —an)2(kn — D& + 2(kn — 1)(2ks — D)nn&al} (ll2n —p||2 + lyn — Q||2)
—an(l — an) ([ Knun — anQ + |Gnvn — yn||2>
—(1 = )1+ 2(ky, — )& + 2(ky — 1)(2kn — 1)nnnlvn
x[2 = (A4 + Ap) ]| Azn — Byall*.

Setting s, = ||y, — p[|* + [|yn — ¢||*, we have

(3.16) Snr1 < {1+ (kn — 128, + 2(2ky — 1)nnénl}sn
—an (1 — an) (| Knun — $n||2 + |Gron — yn||2>
—(1 = an)[1 +2(ky, — 1)&n + 2(ky — 1)(2kn — 1)nnnlvn
x[2 = (Aa + Ap)velll Azn — BynHQ

for all n. Since Y~ , (k, — 1) < 0o, now use Lemma 2.3 to get that lim s,, exists. Subse-
n—roo

quently, the sequences {z,}, {yn}, {un} and {v,} are all bounded. The following simpli-
city of (3.16) implies that the sequence {(z,,y,)} C H* is also I'-quasi-Fejérian:

[(@ns1,Yn41) = (0, D)1 = 5011
S ||($n7yn) - (pa q)||2 + €n, (pu Q) € F7

where ¢, = (k, —1)M with a positive constant M such that [2,,4+2(2k,, —1)0,&x]||sn || < M
for all n. On one hand, from (3.16) we obtain

(3.17) an (1 — o) ([[ Knupn — $n||2 + |Gnvn — ynllz)
+(1— an)[1 4+ 2(ky, — D& + 2(kpn — 1) (2K, — D)nnnlvn
X[2 = (Aa + Ap)w]l| Az, — BynHQ
<A1+ (kn — 1)[260 4+ 2(2ks — D)nn&al}sn — sny1 — 0,

since lim s, exists and k, — 1. Hence it follows from (3.17), the conditions (a)-(c) and
n—oo
lim,, o ky, = 1 that

(3.18) lim ||Kpun — 2,|| = lim ||Gru, — yn|l =0,
n—oo

n—oo
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From (3.12), (3.18) and (3.19) we get

lm ||lu, — || = lim 7,||4*(Az, — By,)|| 0,
(3.20) nh_fgo v = yull = nh_?;O’YnHB (Az,, — By,)| = 0,
h_{EO ||$7l+1 - xn” = nh—%o(l - an)”Knun - xn” = 0,
nll_{go lYnt1 —ynll = nh_{lgo(l —an)||Gnvn —yn| = 0.
Hence
(3.21) lim ||Kpu, — uyl] = lim ||Gro, — vy =0,
n—oo n—0o0
(3.22) [unt1 = tnll < tnt1 — Tnall + |21 — Tl + 20 —unl| =0,

[on41 = vnll < lonsr = ynrall + 1ynt1 = ynll + llyn — vall = 0.
From the condition (b) we have
1

1
NCESZETS A
Since T is uniformly L-Lipschitzian, we can derive
[un =T unll < lun = T™((1 = 90) 1 + 02T un]|
HIT™ (= m) L+ 0n T Y = T |

1 n n
7||un - (1 - gn)un - gnT ((1 - 7771)[ + nnT )unH

(3.23) 0<a* <& <nmp<b* <

<
&n
+LH(1 - nn)un + T uy, — UnH
1 n

which together with (3.21) and (3.23) implies that

(3.24) leer, — T™up || llun — Knun|| — 0.

1
= &n(1 — L)
Since T is uniformly L-Lipschitzian, from (3.22) and (3.24) we can obtain
U1 — Tupirl|
[un+1 — T"+1un+1H + ||Tn+1un+1 - Tn+1UnH + ||Tn+1un — Tup41]|
[un+1 — T"+1un+1H + Ll|tn+1 — unll + LT s — wns1|
g1 — T || + 2L g1 — tn || + L) T up — up || — 0.

ININ A

This combined with (3.22) and uniform L-Lipschitz of T again yields
(3.25) 1i_>m |un, — Tun|| = 0.

Similarly, we can get
(3.26) lim |lv, — Sv,| =0.
n—oo

Next, we prove that wy,(zn,y,) C I'. Indeed, taking (Z,7) € ww(Tn,yn), from (3.20) we
have (7,9) € wy(un,vy). Then T € wy(uy) and § € wy,(vy,). Since I — T and I — S are
demiclosed at 0, it follows from (3.25) and (3.26) that Z € F(T') and y € F(S). On the other
hand, by Lemma 2.1 we have A7 — By € w,,(Az,, — By,), which together with weakly
lower semicontinuity of the norm implies that

|AZ — By|| < liminf ||Az,, — By,| = 0.
n—oo

Therefore, (Z,y) € I'. S0 wy (Tn,yn) C T



156 Y. Q. Wang, Y. L. Song, X. L. Fang and T. H. Kim

Since I is closed convex set and we have shown that {(x,, y,)} is I'-quasi-Fejérian and
W (Tn,Yn) C T', Lemma 2.2 ensures that the sequence {(z,,y,)} generated by Algorithm
3.1 converges weakly to a point of I'. This completes the proof of the conclusion (I).

Now we prove that the conclusion (II) holds. In fact, since {u,,} ,{v, } are bounded and
S, T are semi-compact, from (3.25) and (3.26), there exist subsequences {u,, } C {u,} and
{vn;} C {vn} such that u,, — =* and v,, — y*. Then (z*,y*) € wy (un, vy), furthermore
(*,y*) € wy(xn,yn). Being similar to the proof of wy, (2, yn) C I', we have (z*,y*) € T
Also from (3.20) we have z,, — z* and y,, — y*. Repeating the previous proof with
sn = ||lwn — 2*||* + [Jyn — y*||?, we also arrive at the existence of lim,, . s,,. Combined
with the fact s,,, — 0, it results s,, — 0; hence

lim |z, —2*|| =0 and lim [y, —y"[| = 0.
n— o0 n—oo

Therefore {(z,,yn)} generated by Algorithm 3.1 converges strongly to (z*,y*) € I" which
is a solution of the SEFP (1.3), completing the proof. O

Remark 3.3. Theorem 3.2 extends and improves Theorem 3.2 in [4] from quasi-pseudocon-
tractive operators to asymptotically quasi-pseudocontractive operators, and modifies the
conditions on {v,} and {a,, }. Meanwhile, our proof is different from that of Theorem 3.2
in [4]. Also, Theorem 3.2 is still remained in a special case which the operators T and S
are asymptotically quasi-nonexpansive, under the same parameter conditions (a)-(c)

For giving an example of an operator which satisfies all hypotheses of our main theo-
rem, we could revisit the example in [10] which is not asymptotically quasi-nonexpanive
for k = 3/2.
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