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A class of parabolic evolutionary quasivariational
inequalities in contact mechanics

TAO CHEN', NAN-JING HUANG! and YI-BIN XIAO?

ABSTRACT. In this paper, we obtain an existence and uniqueness of the solution for a class of parabolic
evolutionary quasivariational inequalities in contact mechanics under some mild conditions. We also study
an error estimate for the parabolic evolutionary quasivariational inequality by employing the forward Euler
difference scheme and the element-free Galerkin spatial approximation.

1. INTRODUCTION

Let V be a Hilbert space endowed with the inner product (-,-)y and the associated
norm || - ||y. For any given T > 0, we use C([0,T]; V) (resp., C*([0,7]); V)) to denote
the space of all V-valued continuous functions (resp., V-valued continuous differentiable
functions) on [0, T'] with norm ||ul|¢(jo,11;v) = maxeecjo, ) lu(t)|lv (resp., |ulcio, vy =
maxyeo,7) |u(t)|lv + max,eo, 1) |ue(t)|lv), where u; denotes the derivative of u(t) with
respect to the time variable. In the sequel, let H*([0,7]; V) := W12([0,T]; V).

In 2001, Han and Sofonea [11] showed that a number of quasistatic frictional contact
problems for viscoelastic materials can be formulated as the following parabolic evolutio-
nary quasivariational inequality: find a displacement field v € C*([0,T7]; V) such that, for
any t € [0,T],

{(Aut,v —u)y + (Bu,v —ug)y + jlug,v) — j(ug, ue) > (f,v—we)y, Yo eV,
(1.1)
u(z,0) = up(x),

where A, B : V — V are two operators related to the viscoelastic constitutive law, the
functional j : V x V — R is determined by contact conditions and f : [0,7] — V
is a mapping. Various examples have been given in the literature [10, 15, 17, 18, 19] to
motivate the study of parabolic evolutionary (quasi)variational inequalities. Some related
results concerned with evolutionary (quasi)variational inequalities can be found in [6, §,
9,21,22,23,24,25,26] and the references therein.

We notice that Han and Sofonea [11] proved the existence and uniqueness for (1.1) un-
der the strong monotonicity and Lipschitz continuity. They also proposed a semi-discrete
and fully-discrete scheme and derived error estimates which indicates that the conver-
gence order is 1 with respect to the time. However, the strong monotonicity and Lipschitz
continuity are quite strong and may not be satisfied in some practical situations. Thus,
it would be important and necessary to relax these conditions. The first purpose of this
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paper is to show the existence and uniqueness of the solution for (1.1) under some mild
conditions.

On the other hand, Jonhson [14] proposed a fully discrete scheme for solving (1.1) with
jlu,v) = j(v) and used the finite element method to obtain the numerical solutions. Chen
et al. [6] proposed a fully discrete for solving (1.1) and showed that the convergence order
is 1. Achdou et al. [1] adopt Euler implicit time schemes combined with finite element
spatial discretization for the special case of (1.1) and obtained the error estimates. We
would like to mention that the finite element method usually needs the mesh in the dom-
ain, while the element-free Galerkin method [3] requires only nodal data in the domain.
Thus, the element-free Galerkin method provides an efficient numerical tool for solving
evolutionary variational inequalities. Recently, Ding et al. [9] provided the error estimate
of the element-free Galerkin method for a class of parabolic evolutionary variational in-
equalities arising from the heat-servo control problem. Very recently, Chen and Xiao [7]
extended the main result of Ding et al. [9] and obtained a more efficiency error estimate
for the parabolic evolutionary variational inequality. However, we have never seen the
study of error estimates of the element-free Galerkin method for solving (1.1). Therefore,
it would be important and interesting to employ the element-free Galerkin method for
solving (1.1). The second purpose of this paper is to make an attempt to propose an er-
ror estimate of the element-free Galerkin method for solving (1.1). Compared with the
work due to Ding et al. [9], in this paper, we consider a more general problem called par-
abolic evolu-tionary quasivariational inequality. Especially, we get rid of the symmetry
properties for operators A and B.

The rest of this is organized as follows. The next section presents some necessary preli-
minaries. A new existence and uniqueness of the solution is obtained in section 3 for (1.1)
under some mild conditions. The fully discrete scheme is proposed in section 4 by using
both the forward Euler finite difference scheme to approximate the time derivative and
the element-free Galerkin method to discretize spatial variable. Finally, the error estimates
for the fully discrete scheme is given in section 5.

2. PRELIMINARIES

In order to show a new existence and uniqueness result for the parabolic evolutionary
quasivariational inequality (1.1), we employ the following assumptions.
(i) There exist two functions ¢ 4,94 : [0, +00) — [0, +00) such that
(@) (Au = Av,u = v)v = @a(lu—vlv)llu =l Vu,veV,
(0) [|[Au = Avlly < Pa(fu =vlv)u=vlv, Yu,veV.
When ¢ (t) = M and ¢4(t) = L4 forallt > 0, where M, L4 > 0 are two con-
stants, then (2.2) reduces to the following conditions

23) {(a) (Au — Av,u —v)y > M|lu—v|}, Yu,veV,

2.2)

() |Au — Av|ly < La|lu —vllv, Vu,ve V.

which was adopted in Han and Sofonea [11].
(ii) There exists a function ¥'p : [0, +00) — [0, +00) such that

(2.4) [B(u1) — B(u2)|lv < ¥p(|lur — uallv)[lur —uallv, Yui,uz € V.

When ¢5(t) = Lp for all t > 0, where L > 0 is a constant, then (2.4) reduces to
the following condition There exists a constant Lg > 0 such that

(25) ||B(u1) — B(UQ)HV < LB||u1 — UQHV, Vul,u2 S ‘/,

which was adopted in Han and Sofonea [11].
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(iii) j : V x V — Ris a functional such that j(u, -) is convex and lower semicontinous
on V for all u € V and there is a function ¢; : [0, +00) — [0, +-00) such that
(2.6)
3(g1,v2 144 (g2, v1) =3 (91, v1)~ (92, v2) < ¥;(llgi=g2llv)llg1—gzllv[[vi—v2|lv, Vg1, g2, v1,v2 € V.
When ¢;(t) = L; for allt > 0, where L; > 0 is a constant, then (2.6) reduces to the
following condition
(2.7) j(g1,v2)+7(g2,v1)—j(91,v1) = j(92,v2) < Ljllg1—gallv|[vi—v2llv, Vg1, g2, v1,02 €V,
which was adopted in Han and Sofonea [11].
@iv) f: [0,T] — V and ug(x) satisfy
(2.8) fEC(0,T)V), uolz) € V.
We also need the following fixed point theorem for nonlinear mappings.
Lemma 2.1. ([4]) Suppose that (X, || - ||) is a Banach space and that T : X — X is a mapping

such that |Tx —Ty| < ¢(||lx—yl|) forall z,y € X, where ) : [0,00) — [0, 00) satisfies (t) < t
forallt > 0. Then T has a unique fixed point.

3. EXISTENCE AND UNIQUENESS

In this section, we investigate the existence and uniqueness of the solution for (1.1)
under the conditions (2.2), (2.4), (2.6) and (2.8).

For any given u € V, it is well-known that the subdifferential Jj(u,-) of a convex,
proper and lower-semicontinous function j(u, ) : V. — R|J{+occ} is a maximal monotone
operator ([5]). Therefore, we can define the following operator

Jiwy = (I +pdj(u, )" = (I +dj(u))~", p>0.

Clearly, the parabolic evolutionary quasivariational inequality (1.1) is equivalent to the
following problem: find a displacement field u € C*([0, T']; V) such that, for any ¢ € [0, 77,

(39) Ut = Jj(ut)(ut + pf - pAut - pB’U,), p> 0, u(x, 0) = UO(x)'
Using the definition of J;(,,), we have the following lemma.

Lemma 3.2. If the condition (2.6) holds, then

(3.10) 1560 (@) = Ty @)y < lu—wllv, Va0, eV,
(3.11) 1wy () = Tjy ()llv < pj (lu = wllv)[[u —wlv, Vu,v,weV.

Proof. For any given u,v,w € V,letu, := Jj(,)(u) and w, := Jj(,)(w). Then the definition
of operator J;(, yields

(3.12) (U —up, l —uy) < pj(v,l) = pj(v,uy), VIEV

and

(3.13) (w = wo,l = w,) < pj(v,1) = pj(v,w,), VIEV.

Taking | = w, and [ = u, in (3.12) and (3.13) respectively, one has

(3.14) (U — Uy, Wy — Uy) < pj(v,wy) — pj(v,uy) YIEV

and

(3.15) (W — Wy, Uy — Wy) < pj(v,uy) — pi(v,wy), VIEV.

Summing up (3.14) and (3.15), we have [Ju, — w, ||} < (v — w, u, — wy) and so [|J;() (u) —
Jiwy(w)|lv < [Ju —wl|y. This ends the proof of inequality (3.10).
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Similarly, for any given u,v,w € V, we have

(3.16) (v — vy, L —vy) < pjlu,l) — pj(u,vy,), VIEV,

(8.17) (v = v, L = vw) < pj(w,1) = pj(w, vw), VIEV,
where v, := Jj()(v) and vy, = Jj(w)(v). Taking ! = v, and [ = v, in (3.16) and (3.17)
respectively and summing them up, it follows from (2.6) that
I = vu ¥ < pllve = vwllv [lu = wllv i (Ju - wllv)
and so
15wy () = i) (@)llv < pj (lu = wllv)llu = wly.
This ends the proof of inequality (3.11). O

Now, we turn to show the existence and uniqueness of the solution for the problem
(3.9). The proof can be divided into three steps. In the first step, we consider an auxiliary
problem: for any 7, g € C([0,77];V), find a unique u,, € C([0,77]; V') such that

(3.18) Ung = Jj()(Ung + pf — pAung — pg).

Lemma 3.3. Assume that the conditions (2.2), (2.6) and (2.8) hold. For any n,g € C([0,T]; V),
if Y 4 is non-decreasing and o 4 is non-increasing and there exists a real number p > 0 such that

(3.19) P4 (s) < 2pa(s), Vs e0,00),
then we can find a unique u,, € C([0,T]; V') such that (3.18) holds.

Proof. We only need to prove that the mapping S(u) := J;)(u + pf — pAu — g) has a
unique fixed point in C([0, T, V). It follows from Lemma 3.2 that

18 (ur(t)) = S(uz ()T
< Jua(t) = ua(t) + pAu(t) — pAuz ()],
lur(t) = ua (I} — 2(ur () — uz(t), pAus(t) — pAua(t)) + p*[| Aur () — Aua(t)[F,

< () = w2 = 2004l () — ua(®)|v) ur (t) = u2(t)|3
+ P4 ([Jua () — w2 (B)|v) lua (t) — w2 ()3
< [ =2ppa([ur(t) = uz(®)]lv) + p* ¥4 ([[ur (8) = ua(®)|v)] lJur (8) — w2 ()13

for all ¢t € [0, T]. Since 94 is non-decreasing and ¢ 4 is non-increasing, one has
(3:20) [[S(u1) = S(u2)llcqo,ry;v)

< \/[1 = 2ppa(llur — u2lleqo.mvy) + P25 (lur — zlleqomiv)] lur — valloqo,iv)-

Thus, by (3.19), (3.20) and Lemma 2.1, we know that S has a unique fixed point
Ung € C([0,T]; V) and so u,, is a unique solution of (3.18). O

Example 3.1. Assume that

1 1 1 3
t)=—e 24— t)=—e '+ = t .
pal(t) 5¢ —|—2, Yal(t) 5€ —|—2, Yt € [0, 00)
Clearly, ¢ 4 is non-increasing and # 4 is non-decreasing. Moreover, for any 0 < p < %, itis
easy to check that (3.19) holds.



A class of parabolic evolutionary quasivariational inequalities in contact mechanics 49

Lemma 3.4. Let the conditions (2.2), (2.6) and (2.8) be satisfied. Assume that 14 and 1; are
non-decreasing and ¢ 4 is non-increasing. For any g € C([0,T1; V'), if there exists a real number
p > 0 such that

(3.21) PUa(s) < 20a(s),  205(s) < 2pa(s) — pria(s)
forall s € [0, 00), then we can find a unique uy € C([0,T); V') such that
(3.22) Ug = Jj(uy) (g + pf — pAug — pg).

Proof. We only need to prove that the mapping 7 — wu,, has a unique fixed point in
C([0,T],V), where u,, is defined by (3.18). It follows form Lemmas 3.2 and 3.3 that

[tnig(t) — g (B)[lv

< o) (ung(t) + pf () = pAuy,g(t) — pg(t))
= Jina(t)) (Uny g () + pf (t) — pAuy, 4(t) — pg(t))]|
+ ” i(na(t)) (Un, g (1) + pf () — pAumg( ) pg(t))
—Tj(n2) (1) (Unag (1) + pf(t) — pAtiy, g(t) )H
< \/1—2pt,0A(Humg(t)—Unzg t)llv)+p23( Humg(t) Unsg (O[V) 1y (8) = tnag () 1V

+0;([lm () = n2 () lv)l[m (&) = n2(8)lv--

Since 14 and ¢; are non-decreasing and ¢ 4 is non-increasing, one has

Humg - Ur;29||C([O,T];V)

< \/1 - QPSOA(Humg*unzg”C([O,T];V))erzw,%x(”umg*unzg”C([O,T];V))”Umgfumg”C([O,T];V)

+pt (lm = nzlleqo.mv))Im = n2lle o,y
Because of the basic inequality v/1 + 2 <1+ § forall z € (—1,1), we have

204 (1un, g — unzg”C([O,T];V)) - qu%(”umg - unzg”C([O,T];V)) i, g — tiy |
B mg 129 11C([0,T];V)

< Yi(llm —n2lleqo,mvy) lm — n2lleo,m1:v)

and so

(3.23) |ty g — UnngC([O,T];V)
205 ([lm — n2lleo,rvy)
20a(llm = m2lleqo,mvy) — pAlm — m2lleqo,riv)

Thus, it follows from (3.24), (3.23) and Lemma 2.1 that there is a unique u, € C([0,T]; V)
such that (3.22) holds. |

)||771 — 2l eqo,11;v)-

Theorem 3.1. Let the conditions (2.2), (2.4), (2.6) and (2.8) be satisfied. Assume that ¢4 and 1;
are non-decreasing and @ 4 is non-increasing. If there exist two constants p > 0 and X > 0 such
that

(3.24) pYi(s) <2pals), 2u(s) < 2pa(s) — pi(s), Juin (pa(l) = ;1) = Mog(s)

€[0,00)
forall s € [0,00), then we can find a unique function u € C*([0,T]; V) such that
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Proof. Define a mapping @ : C([0,T]; V) — C([0,T]; V) by setting

Qo) = o + / ug(s)ds, Vg € C([0,T]; V).

We only need to prove that the mapping BQ has a unique fixed point in C([0,7]; V),
where u,(t) is defined in (3.22). By the proof of Lemma 3.4, we know that

l91(t) — g2(B)llv
Pallug, () — g, (D)llv) — ¥j([lug, (£) — ug, (1)[v)’
Now we define an equivalent norm C([0,T]; V) as ||v||*c([0,T];V) = max;efo, 7€ v(t)||v

with 8 > A7, According to the definition of @ and the conditions (2.4) and (3.24), one
has

l[ug, (1) = ug2(t)[lv < vt €10, T).

e | BQ(g1)(t) — BQ(g2)(1)[lv

= e_ﬁth (H/o (ug, (8) — ug,(s))ds V) /0 ([ (g, (s) — ug, (s))[lvds
A (FACEAEIT B
) / lor(s) — 2()llv .
o Palllug (s) —ug,(s)lv) — ¥ ([lug, (s) — ug,(s)l))
< %”gl - gQH*C([O,T];V)'
This shows that

* 1 *
1BQ(g1) — BQ(92)ll&j0,7);v) < Eﬂgl = 92ll&0,1yvy-

By the Banach fixed point theorem, we can see that B() has a unique fixed point in

C([0,T]; V). O
The following example shows that the condition (3.24) can be satisfied.

Example 3.2. Let

pall) =41, va(t) =3+ 220 ) — g = e, Ve [0,00)

Then ¢4 is non-increasing, ¥4, ¥p(t) and v;(t) are non-decreasing. Moreover, for 0 <
p < iz and A = 1, it is easy to see that

Ya(t) > palt), len[%igo)(@A(l) —¢;(1)) > ¥p(t), Vte0,00)
and so the condition (3.24) holds.

Remark 3.1. We would like to mention that Theorem 3.1 is a generalization of Theorem
2.1 of [11]. In fact, under the assumptions (2.3), (2.5), (2.7) and (2.8), it is easy to check that
all the conditions of Theorem 3.1 are satisfied.

4. FULLY DISCRETE SCHEME

In this section, we introduce the fully discrete scheme to discretize the parabolic evo-
lutionary quasivariational inequality (1.1). To this end, we utilize the finite dimensional
moving least-squares approximation method [16] to approximate the function u of V" as
follows.
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For convenience, we omit the subscript V in the symbol of inner product. Let 2 ¢ RY
be a convex subset. Given h > 0 and X, = {£1,&2,- - , &, }, which is a set of points in €2,
letuj = u(§;) with1 < j <nand 0 < wj(z) < 1 be a weighted function such that
supp(w;) C Bu(§;) = {z € R : [z = &l < A},

where h is the support radius. Let {po,--- ,pm} be a basis of the polynomial space P,
(for example, po = 1,p1 = z, -+ ,py, = 2™ in R') with m < n. For each z € Q, the
approximation u”(z) of a function u(z) has the following form: u"(z) = P*(z,z) =
S o pr(z) o (x), where ay(z) is chosen such that

= Z w;(x) <uj - Zpk(fj)ak(x)>
j=1 k=0

is minimized. The minimization leads u"(x) € V" with V* = span{®; : 1 < k < M},
where @, (x) is the moving least-squares shapes function (see also in [9]), which can be
written as

(4.26) @p(z) = [P(2)"A(x) ' B(2)]e, A(z) = W(2)P(z)(P(x))", B(z)=W(2)P(x)
with
(4.27) W(z) = diag(wi(z), ...,w,(x)), P(x) = [p(x1),...,p(x,)]".

For more details on the moving least-squares approximation, we refer the reader to
[2,27,28].

Next we turn to discretize the time. The time interval [0, T is divided into N equal
parts {t,}"_, and let t,, —t,—1 = k = T/N forn = 1,2,--- ,N. Similar to [11], for a
continuous function w(t), we use the following notations

wy, =w(ty), Aw, =W, —wp—1, oW, = Aw,/k.

Thus, the fully discrete scheme of the parabolic evolutionary quasivariational inequa-
lity (1.1) can be described as follows:
Find {0ul*}Y | c V" such that, forn = 1,--- , N and any v" € V",
(4.28)
{(Aéuzkv - 5“’2]{) (B“Zka vt = 5uhk) + .](6 n U ) - .](6 ’}r];kv 5uhk) (f’fba Uh - 5ugk)7
hk _ o h
Up~ = Up,

where u}? is the moving least-squares approx1mat10n of uy. To simplify the notation, we
use w/* as the substitute of ju"* forn = 1,--- , N. It follows that

n
(4.29) ulk = Z w?k + uf

and so we can rewrite (4.28) as follows: find w?* € V" such that, for all v" € V%,
(4.30) (Awiz‘f +B (30, ug) vt ) o) — G wlE wl)

> (fa, 0" —wlh).

Let F,, = f, — Bul'™ . If B is linear, then it is easy to see that (4.30) is equivalent to the
following problem:
Problem P"*: find w!'* € V" such that, for any v" € V",

431) ((A+ Byt 0" —wp®) + j(wpk, o) = j(wp® wpk) > (Fp, 0" — w)F).
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Employing the auxiliary principle ([11, 13]), we prove the existence and uniqueness of
solutions for Problem P"*.

Theorem 4.2. Let (2.3), (2.5) and (2.7) hold. If B is linear, M > L; and Ly < M — L;, then
there exists a unique solution u" € V" to Problem P"*.

Proof. Let n € V" and g € V" be given. Firstly, we consider the following variational
inequality of finding u,,, € V" such that

(4.32) (Aung + navh - ung) + (9, Uh) - j(gvung) > (Fy, vt — uﬁ9)7 vt e vh.

For any given n, g € V, we note that (4.32) is the well-known Hartman-Stampacchia
variational inequality and so (4.32) has a unique solution u,,, by the classical result of [12].
Consider the operator ', : V" — V" defined by I';,g = u,),. Let g1,92 € V and € V. One
has

(4.33) {(Afngz +n,0" =Tpg1) +j(g1,v") — j (91, Tng1) = (Fu,v" —Tyg),

(ATyg2 + 0, 0" = Tyg2) + j(g2,v") — j(g2. Tng2) = (Fu,v" = Tpga).

Taking v" = g» and v" = g in the first and second inequality of (4.33), respectively. We
can derive the relation from (4.33) by adding them together that

J(g1, Fn92) +j(92, anl) —j(g1, anl) —j(g2, an2) > (A(anl - an2)> Tpg1 — Fn92)~
Form the conditions (2.3)(a) and (2.7)(b), we have
Lillgr — gQ”HFUQI —Tygl > M”anl - F7192)||2-

If M > L;, then the operator I';, has a unique fixed point g, € V" from the Banach fixed
point theorem. Let u, € V" be defined by u, = u,,, . Then u, = g,. Taking g = g, in
(4.32), we have

(4.34) (Au, + n,vh — Uy) —|—j(un,vh) — J(uy, uy) > (Fmvh — Uy), Vol e VP,
Similarly, we have

j(unwunz) +.7.(11‘772”“7]1) - j(uma“m) - j(umvum) + (771 — 12, Uny — um)
> (A(un, — ), gy, — Uny).
Thus, form the conditions (2.3)(a) and (2.7)(b), we have
Ljluwng, — “m||2 +lm = n2llllwn, — un, || = Mllug, — up, H2

and so M%Lme —na|l > ||lwy, — uy,|. Taking An = Bu,, we know that

Lp
M-I,

A — Am || < Lpllug, — uy, || < lm — n2||

Therefore, if Ly < M — L, the operator A has a unique fixed point n*. Apparently, u,- is
the unique solution of (4.35), which means that

(4.35) (Auy + Buge, 0" —upe) + j(ge,0") — 5 (g, ) > (Fpy o™ —upe), Vol € VI
That ends our proof. O

Remark 4.2. If we replace Bu!** by Bul'* | in (4.28), then Problem P"* considered in this
paper reduces to Problem P"** of [11].
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5. ERROR ESTIMATES FOR THE FULLY DISCRETE SCHEME

In this section, we discus the error estimates for the fully discrete scheme. To this end,
we set

hr = max z—zr|}, Qc U By, (z1),
1= s (e =) ¥\ Ba 1)

where By, (x1) is the open ball with the radius h; and the center ;. Let zy, (1) = {1, z2,.., 21}
denote a set of nodes in ball By, (x;) and card{zy,(z1)} represents the number of nodes
in Bh[ (x;)
In order to get the error estimates, we assume the nodes distribution in the element-free
Galerkin method satisfies the following conditions (see [2, 9]):
H1: For a given node = € 2, there exists at least m + 1 nodes which satisfies z; €
Th(z) N Bpya().
H2: There exists a constant ¢ such that the weight function w(z) > ¢o.
H3: There exists a constant ¢, > 0 such that card{x,) N Baxn(z)} < ¢, forall z € Q.
H4: Weight function w C C™ (B (0)) N W™ >(R).
HS5: There exists a constant ¢, such that g < ¢p, where 0 = min; 4, ||z; — 2, z; and zi,
are the ones of the m 4 1 nodes in ;) N By /2 (7) mentioned in condition H1.
Now define an index set

ST(z) = {j:w;(x) #0}, Vze
We note that, for any node = € Q satisfying ST (z) = {41, j2, - - , jr}, one has
h= h(ST(IL‘)) = max{hjl, hjg, ce ahjk}-

Thus, for any u € H™1((12)), the semi-norm |u,,+1 is denoted by

1/2
(5.36) i = (3, 1D u@eg)  weQ

Lemma 5.5. ([2, 27, 28]) Assume the conditions H1 - H5 are satisfied and wy, is the moving least-
squares approximation of u. For u € H™1(Q) with 0 < |u| < m, where m > 1 is the number of
the basis functions used to approximate u in the moving least-squares approximation, there exists
a constant C, which is independent on h, such that

(5.37) | D1 — D*up|pe () < CA™ =11y 41,
(5.38) | D — DPup2(Q) < ChR™ =10y, 4,
(5.39) | D*u — DPup| g2 () < Ch™ w41

We also need the following lemma.

Lemma 5.6. [10, Lemma 7.25] Assume that {g, }_, and {e,}N_, are two sequences of non-

negative numbers satisfying e, < cgn + ) j_ kje;. Then e, < c (gn +Y0 k:je]) and
< .
1nen ™ = G Znenn
Now we can give an error analysis of the element-free Galerkin method to (1.1). To
complete the proof of Theorem 5.3, we also need the following assumption

(5.40) 3L} > 0 such that [j(g,v1) — j(g,v2)| < Ljllglll[vi — vall, Vg,v1,v2 € V.

Theorem 5.3. Assume u and ul'* are the solutions of (1.1) and (4.30), respectively, and uy; €
L2([0,T],V). If B is linear, then the following error estimate holds:

max_||w,—w"*|| < C (hm“ +k+ h’”z“) ., max |lup—u"*|| < C (hm“ +k+ h"”z“) 7
1<n<N 1<n<N
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where C' and C are constants depending on (w2 (jo,1),v) and M, La, Lp, L; and L}. Here
M,La,Lp,L;and L;f are defined by (2.3), (2.5), (2.7) and (5.40), respectively.

Proof. Because w'* € V" C V, we can take v = w!'* in (1.1) at t = t,,, where w'* = §ul*
and u"* is defined in (4.28). To simplify the equation, we denote u(t,,) = u,, us(t,) = wy,
and f(t,) = f, att = t,. Therefore, (1.1) can be transformed as follows:
(5.41)  (Awp, wﬁk —wy,) + (Bumwfik — Wp) "’j(wmwzk) — J(wn,wp) > (fmwzk — Wn)
Adding (4.30) and (5.41), we have
(5.42) (Aw,, — Awl* w,, — wh*)
(Aw,, v" — wy,) + (Bul® o™ — w™) + (Buy,, w' — w,) + j(w,, w"*)
+ j(w2k7 Uh) - j(ka, wzk) - j(wn7 wn) - (fna Uh - wn)
= (Aw'™ — Aw,,v" —w,) + (Bul* — Bu,,v" — wh*)
+ ](wnv w:ik) + j<w2k7 Uh) - j(wzk7 wﬁk) - ](wm Uh) - (fnv Uh - wn)
+ (Awna 'Uh - wn) + (Bunv Uh - wn) + j(wna 'Uh) - ](wn» wn)
= (Aka — Awy,, 0" —wy,) + (Bqu — Bu,, w, — wzk)
+ ](wm wzk) + ](wvhzkv Wp) — ](wv}ikv wﬁk) — J(wn, wn) = (fn, ol — wn)
+ (Awna vh - wn) + (Bunv Uh - wn) + ](wnv vh) - J(wn» wn)
+ (Bul — Bu,,,v" — w,).

IN

According to the conditions (2.3), (2.5) and (2.7) and the Cauthy-Schwartz inequality, it
follows from (5.42) that

(5.43) M ||wy, — wp¥|>
< Laflwn — wiF|[[v" — wall + Lpllup® — unllo" — wa]
+ Lyllwp® —wal[lwn — " || + | fallllo" = wall + Lafws|[[[0" = w|
+ Lplun|llv" = wall + L wnllllwa — o"[| + Lpllun® = wnllllwn — wp*|.

Using the basic inequality

a2 b2e2
b<< — 4+ — b> V.
a *2£2+ 5 Va,b>0 Ve#0
to (5.43), one has
(M — Lj)||wn, — w}*|?
2 2
€1Lla hey2 . LAy 2, €3l hky2 . LBy 2
< 5 lwn —wpl +ﬁllv = wnll” + == flun — 7 +@Ilv — wy|
2 2
e5Lp nky2 , LB ney2 | €alm ney2 , LB h2
+ =5 llun — w7 +Ellwn—wn P+ =5~ llwn —wy| +Ellwn—v |
+ (I fall + Lallwnll + Lpl[un|D[0" = wnll + L} Jwn || wn — ™.
This shows that
2 2
€1LA LB €4LB hk12
(5.44) (b0 -2y - 74— 22— S22 o, — )
La Lgp h 2 6%[13 E‘%LB—F Lgp Rk 12
< (F4+53) 10" -l (52 4 ST 28 -l

+ (Ifall + Lallwall + Lillwal + Lz [unl Dl — wnll.
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Choose €1, €3 and &4 such that (M —L; - 83# - é—%) > 0. Since f € C([0,T];V) and
3
ug € L2([0,T7],V), it follows from (5.44) that there exists a constant ¢’ > 0 such that
Jwn — wi*[1* < ¢ (" = wnl® + [lun — wl¥[I* + [[v" — w,]|)
and so
645 lhun =l < e (Jon = o+ [ =l 4 It =)

where the constant c depends on M, L4, L, Lj, L} and [[uw[22(0,17,v)-
Now we turn to estimate the term |[u"* — w,||. From (4.29) and the fact u,, — ug =
fot” w(s)ds, we have

n n tj
hk _ hk , ho_ -
Uy’ — Uy = E j:l(wj —wj)k +ug —up + E i1 </t w; w(s)ds)
i—1

and so
n n t;

646 ot~ < Sl w30 [ s w(s)ds + uf ~ wall
j=1 j=17ti-1

Thus, by (5.45) and (5.46), we have
(5.47) [wp = wp||

n n tj
< c<||wn—vh|+§jj_1 Jult — il + 350 [ s - w(s)ds
_ .

= ol + ot = w1
Since w; — w(s) = fgt] ugdt, one has
tj
s = w@ < [ unlde < (s~ 1) < €t~ 1) <
S

where c* is a constant depending on ||[us || £2([0,77,v)- Thus, it follows from (5.47) that
(548)  Jlwn —w)¥|

n
n
< el =" 35 o = sl T Tt = woll 4/ Io% ).

Let v be the moving least-squares approximation of w,,. Taking || = 0 in Lemma 5.5,
one has
lwn =™ < CLh™  walmar,  llug® = uoll < CLh™ M uolm1,

where (' is a constant appeared in Lemma 5.5. Letting C= C1|wy |m+1, we have

(5.49) fwn —wh| < ¢ (éhm+1 + T+ VO 4+ 3"l — wj||k) .
]:

n

Thus, it follows from (5.49) and Lemma 5.6 that

(.50 ma, n —wlf| <O (W74 4k 07F),
1<n<N

where the constant C' depends on M, La, L, L;, L}, T and |[us || £2(jo,17,v)-
Next we show the second conclusion. Similar to the proof of (5.46), we can show that

n n t;
(551) Jlup® —unll < Y Jlwf* = wjllk + u® — uoll + Z/t lwj — w(s)l|ds.
j=17"%-1

j=1
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As the proof process of (5.48), it follows from (5.51) that

(5.52) lun® = un| < ijl [wi® = wyllk + [lug® — uol| + ¢*Tk.
From (5.52) and Lemma 5.6, we obtain

hk < Z” Rk _ . hk *
e e —wnll <0 e = wsllk o lug” = woll + Tk

< T max Hw]hk —wj| + Ch™ L 4 Tk
1<n<N

S C«(hm+1+k+hm;1)’
where the constant C' depends on M, L, Lg, L;, L3, T and |[uge|| 2 (jo,7),v)- O
Remark 5.3. If A is linear and j(u,v) = Ix(v) = 0, v e K; then Theorem 5.3
h I K B +00, v ¢ K7 .

degenerates to Theorem 4.1 of [7].

Remark 5.4. We would like to point out that Theorem 5.3 improves Theorem 3.4 of Ding
et al. [9] in the following aspects: (i) the parabolic evolutionary variational inequality is
extended to the parabolic evolutionary quasivariational inequality; (ii) The linearity of the
operator A is dropped; (iii) The error estimates are more reasonable. In fact, we give the
error estimates of max; <, < y||w, — w"*|| and max; <,,< y||u* — u, || in Theorem 5.3 of this
paper, while Theorem 3.4 of Ding [9] obtained the error estimate of

maxi<n<nN (”Un, - UZkH + Z Hun+1 — Up + Uﬁk - uZﬁ-l”) :

0<n<N-1
6. A CONCLUDING REMARK

This paper focuses on the study of a class of parabolic evolutionary quasivariational
inequalities in real Hilbert spaces. The existence and uniqueness of the solution for the
parabolic evolutionary quasivariational inequality is proved under some mild conditi-
ons. The error estimate for the parabolic evolutionary quasivariational inequality is also
investigated by using the forward Euler difference scheme and the element-free Galerkin
spatial approximation.

It is well known that variational-hemivariational inequality problems arise in the study
of various nonlinear boundary value problems which can be used to describe many mat-
hematical models in Physics, Mechanics and Engineering Sciences [20, 22]. Thus, it would
be important and interesting to discritize variational-hemivariational inequalities by em-
ploying the element-free Galerkin method in the future work.
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