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Attractive points of monotone further generalized hybrid
mappings

MUJAHID ABBASY2, HIRA IQBAL? and SAFEER HUSSAIN KHAN*

ABSTRACT. The aim of this paper is to introduce monotone further generalized mappings in a Hilbert space
with partial order and study the existence and approximation results leading to attractive points for such map-
pings. Moreover, a numerical example is given to support our results and comparative study of the iterative
processes has been done along with general discussion.

1. INTRODUCTION AND PRELIMINARIES

Numerous results in fixed point theory assume the closedness and convexity condi-
tions of the underlying set. In 2011, Takahashi and Takeuchi [13] conceived the idea of
attractive points of nonlinear mappings in Hilbert spaces and utilized it to eliminate these
conditions in the famous Baillon’s ergodic theorem [1] in Hilbert spaces. Takahashi and
Yao [14] studied attractive points for hybrid mappings in a Hilbert space without the
closedness condition. Khan [6] presented a new class of hybrid mappings called further
generalized hybrid mappings and established some results for common attractive points.
This has intrigued many mathematicians to study the existence and convergence of at-
tractive points of nonlinear mappings [2, 3, 18].

Many fixed point iterative schemes have been developed and studied by several au-
thors serving various purposes in the literature, see [9, 11, 12, 17]. Mann iteration [7, 9] is
a widely popular iterative process but it is also known not to be strongly convergent in
general. Strong convergence can be obtained by either applying stronger assumptions, or
by modifying iteration schemes however more general schemes do not necessarily lead to
better convergence results. In 2013, Khan [5] introduced a faster iterative scheme namely
Picard-Man hybrid iterative process which was later extended by Thakur [17]. An alter-
native way of obtaining strong convergence is by Halpern's type iterative processes. An
example of such a process is the inexact iterative process presented by Kanzow and Shehu
[4]. Ran and Reurings [10] instigated the idea of fixed points of monotone mappings and
established some fixed point results along with applications. Inspired by [6, 10], we intro-
duce monotone further generalized mappings and study the existence of attractive points
for such mappings. Some convergence results are established and numerical computa-
tions are presented to illustrate the validity of our results.

Now we recall some definitions and results to be used in main results. Let Y be a subset of
a real Hilbert space H and S : Y — H be any mapping. Define the set of attractive points
by A(S) ={z€ H :||Sz—z|| < ||z — 2| forall zinY}. Denote the strong convergence
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of the sequence {z,} by x,, — 2 and weak convergence of the sequence {z,} by z,, — x.
We know that for any z,y, z,w € H,

(1.1) 2+ yl1? < llz)® + 2(y, z + y);
(1.2) Az + (1= N)yl|* = M) + (1= N[[yll> = A1 = N[z -y
(1.3) 2z —y,z—w) = |lz —w|*+ ||y — 2> = [|lo — 2]* — |y — w|]*.

Let z € H and Y be closed and convex then there exists a unique nearest point Py z in
Y, that is,
lo = Pyal| < ||z -yl
for every y € Y where Py is known as metric projection of H onto Y. It is widely known
that Py is firmly nonexpansive and satisfies the inequality

(x — Pyx, Pyx —u) >0,

forany z € H and u € Y. Let [*® be the Banach space of bounded sequences under
supremum norm and n € (I°°)* (the dual of [*°) then it is well known that 7 satisfies
[Inll = n(1) = 1 and 9y (xnt1) = Nn(zy) for each x = (21, z2,x3,...) € {°°. This 7 is called
Banach limit. It is also known that

liminf x,, < ny,(z,) < limsup x,.
n—00 n—00

If lim,, o 2, exists and converges to some a then 7, (z,,) = a [15].

Lemma 1.1. [15] Suppose that x,, is a bounded sequence in H and 1 a mean on [*°. Then there
exists a unique point zy € co{xy|n € N} so that n,{(z,,y) = (20, y).

The following crucial lemma was established by Takahashi and Takeuchi [13].

Lemma 1.2. Let Y be a nonempty subset of H and let S be a mapping from Y into H. Then,
A(S) is a closed and convex subset of H.

Lemma 1.3. Let {a,,} be a sequence of non-negative real number satisfying the property a,+1 <
(1 — an)an + anyn + Bn, where {a,} C (0,1), {Bn} is a sequence of nonnegative real num-
bers and {v,} is a sequence of real numbers such that > >~ o, = 00, Y oo o Bn < oo and
limsup,, , o Yo < 0, for all n € N. Then {a,,} converges to zero, as n — occ.

Lemma 1.4. [16] Let Y be a nonempty closed convex subset of H. Let P be a projection from H
onto Y. Let {u,, } be a sequence in H. If ||un+1 — ul| < ||up — u|| forany w € Y and n € N, then
{Puy} converges strongly to some ug € Y.

Lemma 1.5. [8] Let {I",, } be a sequence of real numbers that does not decrease at infinity such that
there exists a subsequence {I'y,, } of {T', } which satisfiesT",,, < Ty, forall k € N. The sequence
{0(n) }n>n, of integers is defined as ¢p(n) = max{m <n : T, <T,, . }whereng € N such
that {m <ng : Ty, <Dy, ., # ®}. Then, the following hold:

(1) d(no) < p(no+1) <---and ¢p(n) — oo;

(2) Tyin) < Tyingry and T'yy < Ty forall n > ny.

Throughout this paper we assume that H is a real Hilbert space endowed with par-
tial order < and Y is a nonempty subset of H. For z,y € H define the sets A; =
{(z,y) :x <y} and Ay = {(z,y) : y < z}. Then we say two elements z,y in H are com-
parable if either (z,y) belongs to A; or (x,y) belongs to A, . A mapping S : H — H is
said to be monotone if S(z) < S(y) where (z,y) € A;. We now present the definition of
monotone further generalized mappings.
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Definition 1.1. Let o, 5,7,6,e € Rsuchthata+ 5+ v+ > 0and ¢ > 0. A mapping

S :Y — H is called monotone further generalized hybrid mapping, if S is monotone and
any one of the following hold:

(1) a+p > 0and o||Sz — Sy|*+ Bllz = Sy||* +lly — Szl|* + dl|lz - y[|* + €[l — Sz[* < 0
whenever (z,y) € Ay;

(2) a+y > 0and af|Sz = Sy|*+ Blly — Sz||* +lz = Sy||* + 5]« —y|* +€lly = Sy[|* < 0
whenever (z,y) € As.

Now, we construct some examples of monotone further generalized hybrid mappings
which also give some insight into the relationship of fixed and attractive points.

Example 1.1. LetY = [1, 2] C R where R with the usual order < and assume that (z,y) €
A;. Define S : Y — Y by Sz = 4% for z # 2 and 1 for 2 = 2. Then S is a monotone
further generalized hybrid mapping with o = 3, 5 = 0 = —1 and v = € = 0. Indeed, if
x,y € [1,2) then

2
14y
o= SyP +lz -y = |z — ——=| +lz -yl

3
> le —y|? = 3|Sx — Sy|2.
Ifx € [1,2) and y = 2 we get

|z — Sy|2 + |z — y\z = |z — 1|2 + |z — y\z > —|z— 1|2 = 3|Sx — Sy|2.

> w

Through easy calculations, we can see that A(S) = (—o0,1] as |z — Sz| < |z — 2| must be
satisfied for each z € Y. Observe that x = 1 is the fixed point of S thus F'(S) C A(S).
It is worth mentioning that if ¥ was not closed then the fixed point would have failed to
existed.

Example 1.2. LetY = (0,1) C R where R with the usual order < and assume that (z,y) €
A;.Define S:Y — Y by Sz =1 for0 <z < Land 3 for4 <z < 1. Then S is a monotone
further generalized hybrid mapping witha =1,y = § = =t and 8 = € = 0. In fact, for
z € (0,5)and y € [3,1) we have

2

1
71\x7y|2 <0.

2

1 1 1 1
_ 2 L 2 _ L2 o212
|Sz — Sy 4Iy S| 4|$ yl© < \4| L

In case of z,y € (0, 3) and z,y € [4, 1), the inequality is obvious. By easy calculations, we
find that A(S) = [2,00) as |z — Sz| < |z — z| must be satisfied for each z € Y. Notice that
x = 3 is the fixed point of S thus F(S) C A(S).

2. MAIN RESULTS

First, we establish existence results for attractive points of monotone further general-
ized mappings.

Theorem 2.1. Let S : Y — Y be a monotone further generalized hybrid mapping then A(S)
is nonempty if and only if there exists = € Y such that {S™z} is bounded where X (Y, A1) =
{z € Y|(Sz,z) € Ay and (z,x) € Ay} is nonempty.

Proof. Since X (Y, A1) is nonempty there exists x € Y such that (Sz,z) € A; and (z,z) €
Aj then S"z < S" 7l < ... < S%2 X Sz < z and S"z < S™z. Therefore, (S"z,x) € A; for
all n € N. Since S is monotone further generalized hybrid mapping we have

all§"F 2 — Sal|* + B|S™z — Sal|* + e — S|P +6]|S"z — x| + ]| Sz — ST 2| <0
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for n € N. Applying Banach limit in the above inequality we obtain
(24) (a+ B)inlS™z — S| + (v + 6)na || S™2 — z||* < 0.
Further, using || Sz — S"z||? = ||z — S"2||? + || Sz — z||* — 2(x — Sz, z — S™z), (2.4) becomes

(a+ﬁ)nn<|x— Sz 4 1Sz — o] — 2(x — S,z S"z>) (Bl — 2l <0
which implies

(a+ B)|| Sz — :1c||2 —2np(a+ B)(x — Sz,xz — S"z2) + (a+ B+v+ ).z — :17||2 <0.
From a + 8+ v+ ¢ > 0 we have

(2.5) (a+B)||Sz — z||* = 2np(a + B){x — Sz, x — S"2) <0.
Since there exists p € H by Lemma 1.1 such that n,, (y, S"z) = (y,p) from (2.5) we obtain
(2.6) (a+ B)[ISz — z]|* - 2(a + B){z — S,z — p) 0.

Now, taking y = Sz, = z and w = p in (1.3) yields
2(zx — S,z —p) = [lz — pl* + || Sz — 2|* + || Sz — p||*.

Thus, (2.6) becomes (o + 8)||Sz — z||* — (a + B) <||a? —pl?+||Sz — x||* — ||Sz —p||2> <0
which further implies
(@t 8) (152 =l = o= l?) <0

From o + 8 > 0 we have
lp = Sz|* < ll= — pl%,
for all x € Y. Therefore, p € A(S). The converse is obvious.

O

Theorem 2.2. Let S : Y — Y be a monotone further generalized hybrid mapping then A(S)
is nonempty if and only if there exists z € Y such that {S™z} is bounded where X (Y, Ay) =
{z € Y|(Sz,z) € Agand (z,z) € As} is nonempty.

Proof. The proof is similar to last theorem. O

Now we present convergence theorems for finding attractive points of our mappings
in a Hilbert space endowed with partial order. First, we prove the following lemma which
will help us in establishing our main results.

Lemma 2.6. Let S : Y — Y be a monotone further generalized hybrid mapping. Suppose
that {x,} is a bounded sequence in Y and there exists y € Y such that either (z,,y) € A or
(Tn,y) € Ag. If xyy = zand limy, o0 ||Tn — STp|| = 0 then z € A(S).

Proof. Assume that (z,,y) € A; then since S is a monotone further generalized hybrid
mapping we have

al|Szy — Syl + Bllan — Syl* +v1Szn — ylI? + 8llzn — yl* + ellen — Szal* <0
for n € N. From (1.3) we obtain

a(nmn Sy 4 — Seal? - 2an — S — Sy>) T Bllan - Syl

+7<||wn = yl? + 1Sz — 2al® = 2w — S, 20 — y>> +0llen = ylI? + ellzn — Sza* <0
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Since
lim ||z, — Sx,|| =0,
n—oo
applying Banach limit yields
(@ + B)imllzn — Syl + (v + 6 lwn — yl* <0,

forally € Y. Asa+ B+~ +d > 0and o+ 3 > 0 we obtain ||z, — Sy||* < nullzn — y||*
Similarly, if (z,,y) € Ag then

a||Sy = S| + Blly — Saal® + vISy — zal|* + 8lly — xall® + €y — Syl* < 0.
Since
nh_fgo |zn — Szn| =0,
by applying Banach limit we obtain
(e +V)mallzn = Syl* + (8 + 8) [z — yl* + elly — Syl* <0,
forallye Y. Ase>0,a+8+~v+ 9 >0and o+ v > 0 we obtain
|20 — SyH2 < Mllzn — y”2
Thus, for both cases
Mallzn — SYII* < mallzn -yl
Further, since x,, — z, from
2 = SyllI* = llzn —ylI* + ly — SylI* + 2(zn — y,y — Sy)
we have
ly = SylI* +2(2 — y,y — Sy) < 0.
Using (1.3) we obtain
Iz = SylI> = [z —yl* <0
which implies
Iz = Syl < [l —yll,
forally € Y. Hence, z € A(S). O

Now we obtain a strong convergence result for approximation of attractive points of
our mapping using an inexact iterative process [4].

Theorem 2.3. Let Y be convex and S : Y — Y a monotone further generalized hybrid mapping
such that A(S) # ¢. Let x1 € H and {x,,} be a sequence in H generated by

(27) Tn+l = Ot + apTpn + ﬂnsxn +Tn

where w € Y denotes a fixed vector, 1, represents the residual. The nonnegative real numbers
Qs By O, be such that o, + By + 0, < 1forn > 1and lim, o6, = 0, Yo", 6, = 00,
Yoo (L= (an + Bn +8,)) < coand 307 |rnll < co. Suppose there exists y € Y such that

n=1

(Tn,y) € Ay or (zn,y) € Ag then {x,} — T = Py(s)u.

Proof. Letz, € Y. Suppose z,. € A(S) and since a,, + 3, < 1 — 4, then from (2.7) we have
(2.8) g1 — ool < max{|lu — x|, [[2n — 24|} + (1 = an — B — 0n) |24 || + |70 |-
Then by induction,

29)  Nwnsr — 2]l < max{|lu — @, llzn =@} + D e+ ol D (1 — an — B — 6k)

k=1 k=1
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for all n € N. Therefore,

210) [lans — @l < max{lu— a. |, a1 — @]} + 3 re+ el 31— @ - By - 5)
k=1 k=1

for all n € N. Since

(l_an_ﬁn_dn)<oo
n=1

and
o0
Z T < 00,
n=1

then from (2.10) we obtain that {x,,} is bounded. Since A(S) is nonempty, closed, and
convex the projection Py(syu exists. Let T = P4(syu. Now, we consider the following
cases:

Case 1. Let lim,,, o ||z, — T| exists. Then from (2.7) and (1.1) we have

|Zn41 — f||2 < (an + ﬁn)QH‘rn - 5”2 — anfBnl|zn — an”2+

200 (u—7)+ 1y — (1 — ap — B — 00)T, Tpy1 — I)

<A =dn)llzn — Tllz — apBullTn — an||2+
(2.11) 200 (u =T, xpi1 —T) + 2(rpn — (1 — ap — Bn — 0n)T, Tpy1 — T).
Since {z,} is bounded, we have

O Swn||2 < lzn — 5”2 — [[Znt1 — EHQ + on M5+
(1= an = B = 6n)Ms + |rnl| M7

for My, Mg, M7 > 0. Since liminf, o 3, > 0, lim, 00 6, = 0, D07 1 (1 — (a + B +
6n)) < ocand >07  ||rn|| < oo we obtain

n=1

(2.13) lim ||z, — Sz,| = 0.
n—oo

2.12)

As {z,} is bounded there exists a subsequence {x,,,} of {z,} such that limsup,,_, . (u —
T, x, — T) = lim; oo {u — T, z,, — T) where {z,, } converges weakly. Let z,, — p then by
(2.13) and Lemma 2.6, p € A(S). From property of projection we obtain lim sup,,_, .. (v —
T, xp, —T) = lim; oo (U — T, Ty, — T) = limsup,,_, (v — Z,p — T) < 0. Now, (2.11) implies
[2n41 = Z|* < (1= 6n) [z — T|* + 260 (u = T, 2041 — )
+ (1 — Op — Bn - 6n)M6 =+ ||T7L||M7

Then, Lemma 1.3 and conditions Y >~ (1 — ay, — 8, — 6,) < coand Y o, [[7a]| < co yield
lim,, ;o ||z, — Z|| = 0 that is 2,, converges to T € Py(g)u.
Case 2. Let T, = ||z, — Z||? for n > 1 and define ¢ : N — N by ¢(n) = max{k <n:T,, <

Iy - From (2.12), we have |[24(,,) — Sz 4| — 0. Now,
(2.14) [Zsm)+1 — T | < dpmyllu — T I + By 15T 3(n) — Tpn)
' 176y — (1 = gy = Bom) = 0p(n)) T l

Again, since {z,, } is bounded for all n and conditions lim,, o, 6, = 0, >_oo (1 — (o +Bn+
6n)) < ooand Y7, |Irn|l < oo are satisfied, we obtain ||z (,)+1 — Zg(n) || — 0as n — oc.
Since {z4(n)} is bounded there exists a subsequence which converges weakly to some
p € A(S). Asin Case 1, limsup,,, .. (v — T, Ty(n)+1 — T) < 0 which implies

[2omy+1 = ZN? < (1= pm)) [ To(n) = TII* + 204(n) (u — T, Ty — T)
+ (1 = agm) = Bom) — do(n)) Ms + ||7¢n) || Mx.
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Then, using Lemma 1.3 and conditions Y ;- (1 — a, — 8, — 8,) < occand > oo, [|ra] <

n=1
oo we obtain lim, .« [|[4n) — Z|| = 0. By (2.14) we have lim,, , ||74(n)+1 — Z|| = 0 or
lim,, o0 Lg(n)+1 = 0. Using Lemma 1.5 we have I';, < I'y(,,)41, therefore lim,, o ||z, —
Z|| = 0. Thus we have our conclusion. O

Now, we prove a weak convergence theorem for attractive points via iteration process
introduced in [17].

Theorem 2.4. Let Y be convex and S : Y — Y a monotone further generalized hybrid mapping
with A(S) # ¢. Suppose {x,,} is defined by ,

Tn+l = Sy’ru
(2.15) yn = S((1 — an)zn + nzn),

Zn = (1 - Bn)xn + ﬁnsxvu

where {a, } and {B,,} are such that 0 < a < oy, B, < b < 1. Suppose there exists y € Y such
that (z,,,y) € Ay or (xy,y) € Ay then {x,,} — p € A(S). Moreover, p = lim,, ;0 Pa(s)Tn.

Proof. Letu € A(S). Then from (2.15) we have ||z, 41 — u|| < ||y — u||. Further, we have
Yn — Ul < |[(1 — an)Ty + apzn —u

o6 o =l < (1 - @) ||

< (1= an)llzn — ull + anllzn — ull,

(2.17) lzn —ull < (1= Bo)llzn — ull + BullSzn — ull = [len —ul.

Therefore from (2.16) and (2.17) we have

(2.18) [y —ull < llzn —ull and  |lzp —ul < flon —ul.

Hence, {x, } is bounded and lim,,_, o ||z, — u|| exists. From (2.17) we have

(2.19) limsup ||z, — u|| < limsup ||z, —u| and limsup ||Sz, — u| < limsup ||z, — u]|.
n—o0o n—00 n—r00 n—00

Now,
(2.20) Jnsr — ull < (1 — )z — ull + anllzn — ul
which implies |“'E"“7“ll‘:”x"7“” < ||z — ul| = ||zr, — u]|. Since a,, € (0,1) we have
lomss — ull — 2 — uf < [#nt1 — ull = [z — ull
Qnp

< lzn — ull = flzn — -
Therefore, ||z,+1 — u|| < ||zn — u||. Furthermore,
(2.21) lim inf |znt1 —ul| < lim inf lzn — ul|.

From (2.19) and (2.21) we have lim,,_, » ||z, — ©|| = lim, & ||Z» — u|| and hence
(2.22) nhﬁrr;O |xn — ul| — nl;n;o Iz, — u|| = 0.
Now,
20 —ul® < (1= Ba)llen — ull® + Ball Szn — ull® = Bu(1 = B)llzn — Szn?
< lwn = ull® = Bu(1 = B)l|lzn — Szp|.
Then, 3, (1 — Bn) ||z — Szull? < ||zn — ul* — ||z — u||* which implies

1
a(l —b)

(2.23) ln — Sz * < (ln = ull* = llzn — ul®).
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Hence (2.22) and (2.23) yield lim,, o ||zr, — Sz, || = 0. Since {z,, } is bounded, there exists a
subsequence {z, } of {z,} such that z,,, — z. Now, from Lemma 2.6 we obtain z € A(S5).
Let {z,,} and {z,,} be two subsequences of {z,} such that {z,,} — 2z and {z,,} —
2. Since 21,2y € A(S) then lim,, o0 ||, — 21]|? and lim,, o ||, — 22||? exist. Put a =
limy o0 ([l2n — 21]|2 = [|[@n — 22[/?). Then from {z,,} — 21 and {z,,,} — 22 we obtain

a=2(z1,20— 21) + |z1]]? = lz2[* and a=2(z3,20 — 21) + |21 [|* — || z2?

which implies 2(z; — 21,22 — z1) = 0. Hence, 22 = z and {z,} converges weakly to
z € A(S). Now, we show that z = lim,, o Pa(s)®n. Since [[z,41 — 2| < [z, — 2] and
A(S) is closed and convex then from Lemma 1.4, P4(s)7, converges strongly to some
q € A(S). By property of projection (v, — Pa(s)Zn, Pa(s)Zn —p) > 0 forall p € A(S).
Taking n — oo we obtain (z — ¢, ¢ — p) > 0 for all p € A(S), in particular (z —¢,¢ — z) > 0,
which implies p = z = lim;, o0 Pa(s)Tn- O

3. NUMERICAL RESULTS

For numerical results first we construct an example of a monotone further generalized
hybrid mapping. Let Y = (0,2) C R where R is endowed with the usual order <. Clearly
Y is a convex subset of X and without loss of generality suppose that (z,y) € A;. Define

S-Y%Ybnyf—Qif0<x<%,sz%if%§x<1and1—§if1§x<2forall
zeY.lfx,y e (0,3) then

2
2172 y2

<
2 2 -

1 1 1
1Sz — Sy||* < 2 =27 < Lz =yl e+ yll* < Slly = Sz + g lle vl

L
4

Ifz €(0,3)and y € [3,1), thensince 2 < |ly — Sz|| < 1, we have

2 2

T 1

2
_ <
ISz - Syl? < |5 -

1,3, 1
< Z(= ) 2 2'

Ifz € (0,4)and y € [1,2) thensince I < |ly — Sz|| < 2, we have

2

x2 Yy
Ise- syl < || 5 - -

1,75 1
< Z(= - S 2 _ 2'
| < 3002 < lly— Sal?+ e~

Ifz €[3,1)and y € [1,2), then since 2 < |ly — Sz|| < 7, we have

1 1
s syl < ;- - ly— Sl + e — w2

Forz <y € [,1) and z,y € [1,2), the inequality is obvious. Hence, the mapping S is a
monotone further generalized hybrid mapping witha =1, = i, v = % and 8 = e = 0.
It can be seen that A(S) = (—00,0]. Setu = 1, ap = B = 1, 0n = 77555 and r, = 0 in
inexact iterative process (2.7).

For initial points 1 = 0.25,1,1.5 (2.7) converges to attractive point 0, see Figure 1.
Note that the choice of initial points affects the rate of convergence of iterative process
(2.7). Now we compare the convergence of the iteration (2.15) with the Ishikawa [18], S
[2] and Picard-Mann (P-M) iteration [5] by numerical experiments for different choices of
initial points and parameters.
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FIGURE 1. Convergence of modified inexact Krasnoselskii-Mann iteration
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FIGURE 2. Comparison of errors for Ishikawa iteration, P-M iteration, S-
iteration and the iteration (2.15)

Figure A and B represent the comparison of errors ||,+1 — | for the four iterative
processes. It is clear that the errors converge to zero faster for iterative process (2.15) as

compared to other iterative processes.
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