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Fixed point results for single valued and set valued
P-contractions and application to second order boundary
value problems

ISHAK ALTUN, HATICE ASLAN HANCER and ALI ERDURAN

ABSTRACT. In this paper, by considering the concept of set-valued nonlinear P-contraction which is newly
introduced, we present some new fixed point theorems for set-valued mappings on complete metric space. Then
by considering a single-valued case we provide an existence and uniqueness result for a kind of second order
two point boundary value problem.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper (M, p) will be a metric space. Pc (M) will be the collection of all
nonempty closed subsets of M, Pcg(M) will be the collection of all nonempty closed and
bounded subsets of M and Py (M) will be the collection of all nonempty compact subsets
of M. For A, B € Po(M), let

h,(A, B) = max {sup p(¢, B), sup p(1, A)} ,
CeEA neB

where p(¢, B) = inf {p((,n) : n € B}. Then h, is called generalized Pompeiu-Hausdorff
distance on Pc(M). It is well known that h, is a metric on Pcp(M), which is called
Pompeiu-Hausdorff metric induced by p. We can find detailed information about the
Pompeiu-Hausdorff metric in [3, 8].

An element ¢ € M is said to be a fixed point of a set-valued mapping 7' : M — P (M),
if ¢ € T¢. Nadler [11] initiated the study of fixed point theory for set-valued mappings on
metric space by introducing the concept of set-valued contraction mapping. A mapping,
which is Pcp(M) valued, is said to be set-valued contraction if there exists L € [0, 1) such
that h,(T¢,Tn) < Lp(¢,n) for all {,n € M (see [11]). Therefore, Nadler [11] proved that
every set-valued contraction on complete metric space has a fixed point. This result is an
extension of Banach fixed point theorem to set-valued case. Also by considering a certain
function ¢, which depending on the distance the points ¢ and 7, instead of the constant
L in the definition of set-valued contraction, Reich [13] presented another fixed point
theorem. However, in his result, since the mapping 7" is P (M) valued, it is different
from Nadler’s result. Then, Mizoguchi and Takahashi [10] proved the following theorem
which includes both Nadler’s and Reich’s results:
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Theorem 1.1. Let (M, p) be a complete metric space and T : M — Pcp(M) be a mapping.
Assume that there exists a map ¢ : (0,00) — [0, 1) such that
lim sup ¢(r) <1
r—tt

forallt € [0,00) and for any (,n € M and { # 1

ho(T¢, Tn) < ¢(p(¢,m)p(C,m)-
Then T has a fixed point.

The mapping ¢ which is mentioned in the above theorem is called Mizoguchi-Takahashi
type function (for short MT-function) in the literature.

Also, taking into account the following set IS, Feng and Liu [4] gave a fixed point
theorem, which includes the Nadler’s result as properly, for Pc (M) valued mappings:

Iy = {n € T : bp(¢,m) < p(¢, TO)},
where b € (0,1). Then Klim and Wardowski [9] extended and generalized the Feng and
Liu’s result by considering a MT-type function as follows:

Theorem 1.2 ([9]). Let (M, p) be a complete metric space and T : M — Pc (M) be a mapping.
Assume that the following conditions hold:
(i) f£(¢) = p(¢, TC) is lower semicontinuous;
(ii) there exist b € (0,1) and ¢ : [0,00) — (0, b) such that
lim sup ¢(r) <b

r—tt

forallt € [0,00) and there exists n € sz such that

p(n,Tn) < w(p(¢,n))p(¢,n)

forany ¢ € M.
Then T has a fixed point in M.

On the other hand, one of the numerous generalizations of the Banach Contraction
Principle for single valued mappings was given by Popescu [12]. Popescu considered the
following new contraction for a self mapping 1" of M: for all {,n € M

(1.1) p(T¢,Tn) < klp(¢,n) + [p(¢,TC) — p(n, T)],

where 0 < k < 1. We will call P-contraction to mapping 7" which satisfies (1.1). Briefly,
Popescu proved that every P-contraction on complete metric space has a unique fixed
point. Then recently taking into account some modified version of P-contraction for sin-

gle valued mappings, some authors presented new fixed point results (see [1, 5, 6]). The
concept of P-contraction was first taken into account by Hanger [7] in terms of set-valued
mappings and a version of Feng-Liu’s result was obtained.

In this study, we will present a nonlinear version of the concept of set-valued P-contractions

by taking the MT-function into account and then we will present a fixed point theorem

for such mappings, which is a new version of the Klim-Wardowski's result.

2. FIXED POINT RESULT
We will begin with the following definition:

Definition 2.1. Let (A, p) metric space and T' : M — P(M) be a set-valued mapping. If
there exist b € (0,1) and 6 : [0,00) — (0,b) such that

(2.2) lim sup 6(r) < b

r—tt



Fixed point results for single valued and set valued P-contractions 207

forallt € [0,00) and there exists i € T, ,f such that

(2.3) p(n,Tn) < w(p(¢,n)[p(Cn) + [p(¢, TC) — p(n, Tn)l],

for any ¢ € M, where ¢(t) = Qf%t()t) for t > 0, then T is called set-valued nonlinear

P-contraction mapping.

Now we present our one of the main results.

Theorem 2.3. Let (M, p) be a complete metric space and T : M — Pc(M) be a set-valued
nonlinear P-contraction mapping. If the function f(¢) = p(¢,T() is lower semicontinuous, then
T has a fixed point.

Remark 2.1. Since ¢(r) is positive and 0 < 6(r) = ffé(r) < b < 1forr > 0, we have

0 < ¢(r) < b < 1and also we have (1119(:()7”)) (152) < 1forr >0.

Proof of Theorem 2.3. Suppose that T has no fixed point, so p(¢,7'¢) > 0 for each { € M.
Since T¢ € Po(M) for any ¢ € M, then Iy is nonempty for any constant b € (0,1). Also
note that since p(¢,7¢) > 0 then ¢ ¢ T, zf for each ( € M. Let (, € M be an arbitrary point.
By the assumption, there exists (; € [ bc“ , (1 # (o such that

p(C1,T¢1) < w(p(Cos €1))[P(Co, C1) + |p(Co, To) — p(C1, TG,
and, for {; € M, there exists (5 € szl,Cl = (5 such that

p(C2, TC2) < p(p(C1,¢2))[p(C1, C2) + [p(C1, TC1) — p(C2, T'C2)]]-

Continuing this process, we can construct an iterative sequence {(,} such that ¢,11 €
Ig”,CnH # (, such that

(24) p(<n+1a TCn+1) S SO(P(Cm Cn+1)) [p(Cn; Cn—i—l)
+ |p(<n; TC'IL) - p(CTH-lv T<n+1)|]v

forn =0,1,2,.... Now, if there exists m € N such that

(Cm+17 TCm—O—l) (CWM Tgm)

then from (2.4) we have (note that, bp(¢m, Gmt1) < p(Cm, T'¢rm) since (i1 € Igm)

PCm+1, TCmt1) < @(p(Cmy Cmt1)) [P (G Cmat1)
+1p(Cms TCm) = p(Cmt 15 Trmr1)]]

= o(p(Cms Cm+1))[P(Cmy Gt 1)
+0(Cmt1, TCmr1) — P(Cms TG )]
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and so from Remark 2.1 we have

©(p(Cms Cm+1))
1- So(p(Cma <m+1))
_p(p(Gms Gmt1))
1- (p(p(<m7 Cm+1))
— (p(p(gnm Cm+1)) -
1= 9(p(Cms Gmt1)) [p(Cms Cmet1) = (s TGm)]

@(p(Cma Cm-‘rl))

P(Cmt1, TCmr1) < P(Cms Cmt1)

1
S T s o)y [5G TGn) = (G, TG
©(p(Cms Cmt1)) 1-0
= <1—<p(p(cm,cm+1))>( b )p(Cm’Tgm)
< p(Cms Tlm)
< p(Gna1s TCme1),

which is a contradiction. Therefore p((,+1,TCot1) < p(Cn, T¢,) for all n € N. Thus, we
have from (2.4)

p(<n+1a TCn+1) S @(p(Cna <n+1))[p(Cn» <n+1) + p(Cnv TCn) - p(Cn+17 TCn—i—l)]
and so

©(p(Cny Cnr1))
L+ ¢(p(Cny Cnt1))

2¢0(p(Cns Cnt1))
T 14 e(p(Cns Gntr))

Now since (12 € IbC”+1 we have

bp(§n+1, Cn+2)

P(Cnt1,TCrr1) < [P(Cns Cns1) + (G, T'Cr)]

p(gnv Cn-‘rl)'

IN

P(Cn+1, TCn,+1)
2¢0(p(Cny Cnt1))
1+ ¢(p(Cns Cnt1))

IN

p(Cm C?H‘l)a

and so

QW(p(ngn-i-l)) p
b(l + So(p(Cna Cﬂ+1)))

!

p((n-l-l’ Cn+2) < (Cnv Cn-i—l)

Therefore, we obtain

(2.5) p(Cner Cn+2) < p(Cm Cﬂ+1)a

foralln € N, since 8(p((n, (nt1)) < b. By (2.5), there exists § > 0 such that lim,,—, o p((n, (nt1) =
d%. Hence from (2.2) there exists q € [0, ) such that

. 290(/)(Cna§n+1)) 1 —
b S oo Copa)) 2 SR (G Gu)) = 4

Therefore, for any by € (g, b), there exists ng € N such that

(26) e(p(Cna CnJrl)) < bO
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for all n > ny. Consequently, from (2.4) and (2.6), for n > ny,we have (note that, bp((m, Gnt1) <
PGy TGm) since Gir € ;™)
0(p(Cns Cnt1))

P(Crt1,Cny2) < TP(QL,%H)

< G(p(CnEJCn-‘rl)) e(p(gngla Cn)),O(Cn—l,Cn)

< H(p(gn;)Cn+1)) e(p(gngla Cn)) 9(,0(42’ Cl))p(fo, Cl)

= B G PG 1,Ge)) = Op(Co, 1))} (Gor )

< P(C;)J;Cl) {6 " 0(p(Cro—15Cno)) -+ - 0(p(Co5 1))}

= <b£) o 9<p(gn0717Cn0220' B 9(P(CO,C1))p(CO7C1).

Hence we have
PN (CIENCTT RS (bl;)> 0 e(p(§7zo—1767zob)20-~-6(p(§0,§1))p@07<1)

= e(p(gnoflagno;)m'"e(p(CmCl))p(CO’Cl) Z (bl?) o
< 0o0.

This shows that > p((y41,Cnt2) is convergent and so {(,} is a Cauchy sequence. Ac-
n=nogo
cording to the completeness of ¢, there exists £ € M such that {(, } converges to &. Since

f is lower semicontinuous, we find that

p(&,TE) = [(©)
< liminf f(¢,)
= liminf p(¢y, TC,)
< liminf P(Cm <n+1) =0,

which contradict to the assumption that 7" has no fixed point. Therefore T" has a fixed
point. O

If the mapping T is Px (M) valued in Theorem 2.3, then the constant b can be relaxed
as 1. Hence we present the following result.

Theorem 2.4. Let (M, p) complete metric space and T : M — P (M) be a set-valued mapping.
Assume that the following conditions hold:

() f(¢) = p(¢, TC) is lower semicontinuous;

(ii) there exists 6 : [0,00) — (0, 1) such that

lim sup 6(r) <1

r—tt

forall t € [0,00) and for any ¢ € M there exists 1) € I such that

p(n, Tn) < @(p(C;m)lp(¢:m) + (¢, TC) = p(n, Tn)ll,
where p(t) = 22(;()0 fort > 0. Then T has a fixed point in M.
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Proof. Suppose that T has no fixed point, so p({,7¢) > 0 for each ¢ € M. Since T( €
Pr (M) for any ( € M, then there exists n € T'¢ such that p(¢,n) = p({,T¢). Therefore
n € If, that is, I{ is nonempty. Also since p(¢, T¢) > 0, then ¢ # 7.

Let (o € M be an arbitrary point. By the assumption, there exists (; € T'(y, {1 # (o such
that

(o, C1) = p(Go, T'Co),

and

p(C1,TC) < o(p(Co, €1))[p(Co, C1) + |p(Cos To) — p(Cr, TG
Similarly, for {; € M, there exists ¢, € T'(1,(1 # (2 such that
p(C1,¢2) = p(C1, TCr),

and

p(G2, TC2) < p(p(C1,C2))[p(C1, C2) + |p(C1, TC1) — p(C2, TG2)|]-
Continuing this way we can construct a sequence {(, } in M such that ;41 € T'¢p, Cut1 #
Cnr
p(Cna <n+1) = P(Cm Tcn)

and

PGt 1, TCnr1) < 0(0(Cns Crr1))[P(Cns Crug1) + 10(Cns TCr) — p(Crg1s TCnrn)]-

Since ¢(p(Cn; Cnt1)) < 1, then using the analogous method like in the proof of Theorem
2.3, we obtain that {(,} is Cauchy sequence. According to the completeness of M, there
exists £ € M such that {¢,,} converges to £. Since f is lower semicontinuous, we find that

0 < pleTE) = (©)

liminf f(¢,)

lim inf p(¢,, T'Cr)

lim inf p(Ga, Cot1) = 0,

which contradict to the assumption that T" has no fixed point. Therefore T" has a fixed
point. O

IN

IN

The following corollaries can be obtained from Theorem 2.3 and Theorem 2.4.

Corollary 2.1 (Theorem 2 in [7]). Let (M, p) complete metric space and T : M — P (M) be a
set-valued mapping. If for any ¢ € M there exists 1) € I such that

p(n,Tn) < c[p(C,n) + |p(¢, TC) = p(n, Tn)l],
where c is a positive real number satisfying ﬁ < 1. Then T has a fixed point in M provided

that f(¢) = p(¢, TC) is lower semicontinuous.

Proof. If we consider a constant map ¢(t) = c in Theorem 2.3, then the proof is complete.
|

Corollary 2.2 (Theorem 3 in [7] ). Let (M, p) complete metric space and T : M — Py (M) be
a set-valued mapping. If for any ¢ € M there exists n € I such that

p(n, Tn) < c[p(¢,n) + [p(¢, TC) — p(n, Tn)l]

where c is a positive real number satisfying ¢ < 1. Then T has a fixed point in M provided that
f (&) = p(¢,TC) is lower semicontinuous.

The following result can also be obtained from Theorem 2.3.
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Theorem 2.5. Let (M, p) complete metric space and T : M — Pc (M) be a set-valued mapping.
Assume that the following conditions hold:

(i) £(¢) = p(¢, TC) is lower semicontinuous;

(ii) there exists a function 0 : [0,00) — (0,1) such that

(2.7) sup {lim sup 9(7")} <1
te[0,00) r—tt

and for any ¢ € M and n € T'C such that

p(n,Tn) < w(p(¢,n)p(Cn) + [p(¢, TC) — p(n, Tn)|],

o) fort > 0. Then T has a fixed point in M.

where p(t) = 5000

Proof. By the assumption (2.7), there exists b(t) € (0,1) for all ¢ > 0 such that

lim sup 6(r) = b(t)

r—tt
and
sup b(t) =b< 1.

t€[0,00)
Since T'¢ is closed for every ( € M, then I, g is nonempty. Therefore, for any { € M there
existsp € [ lf such that (2.3) holds. Thus from Theorem 2.3, T has a fixed point. |

If we take the mapping T as a single-valued mapping in Theorem 2.4, we can obtain
the following corollary. Note that in this case we do not need the lower-semicontinuity of
f. Moreover, we can obtain the uniqueness of the fixed point.

Corollary 2.3. Let (M, p) complete metric space and T : M — M be a mapping. Assume that
there exists 0 : [0, 00) — (0, 1) satisfying
lim sup 6(r) < 1

r—tt

forall t € [0, 00) such that for any (,n € M

p(T¢, Tn) < p(p(¢,n)[p(¢,n) + (¢, TC) = p(n, Tn)l],

where p(t) = 22(79%) fort > 0. Then T has a unique fixed point in M.

Now we give an illustrative example.

Example 2.1. Let M = {&0° 2 = 1,2.-..} U {0, 1} with the usual metric defined by

2n
p(z,y) = |z —y| for z,y € X. Define a mapping T' : X — Pc(M) as
{¢ , ¢e{01}
Tx = it ’ ’ .
{%7(217132 ’ C:(_Qiln)anzl
In this case since
0 ¢e{0,1}
= ,T = 1" )
ro=sero-{ 3 0SSR

then f is lower semicontinuous. Now we claim that the inequality (2.3) is satisfied with
¢(t) = % and b = 1. To see this we have to consider the following cases:
Case 1. Let ¢ € {0, 1}, then for n = ( € I§ we have p(n,Tn) = p(¢,T¢) = 0 and so (2.3)
2

holds.
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Case 2. Let ( = (;i)n for n > 1, then for n = (721)::1 € IE we have
2

3
p(n,Tn) = oni3

and 3 3 97
Pp(Cm) +1p(C,TC) = p(n, T)l = 5m + 5o5a = era

Thus we have
3 2 27 2
P, TN) = 55 = omguga = 57 1P(Gm) + 1p(GTC) = p(n, )]
Therefore all conditions of Theorem 2.3 (and also Theorem 2.4) are satisfied and so 7" has
a fixed point in X.

3. APPLICATION TO SECOND ORDER TWO POINT BOUNDARY VALUE PROBLEM

In this section by considering the Corollary 2.3 we present an existence and uniqueness
theorem for the second order two point boundary value problem as follows:

—dw — f(t,u(t)), t € [0,1]
(3.8) { u(g) =u(l) =0

where f : [0,1] x R — R is a continuous function. By considering some certain conditions
on the function f, many existence results provided for this problem in the literature (see
[2, 14]). Here, we will consider a different type condition on f which is more general, and
so we provide a new existence and uniqueness result for this problem.
By considering the Green’s function defined as
tl—s) , 0<t<s<1
G(t,s) =
s(1—t) , 0<s<t<l1

we can see that the problem (3.8) is equaivalent to the integral equation

(3.9 u(t) = /0 G(t, s)f(s,u(s))ds, t € [0,1].

Therefore, u € C?[0,1] is a solution of (3.8) if and only if it is a solution of (3.9). Hence,
the existence of solution of (3.8) can be considered as the existence of fixed point of the
operator T' defined on X = C|0, 1] by

1
(3.10) Tu(t) = /o G(t,s)f(s,u(s))ds,

where X = C|0, 1] is the space of all continuous real vallued functions defined on [0, 1]. It
is clear that fol G(t,s)ds = @ and thus sup,¢g 1] fol G(t,s)ds = 3.

Consider the uniform metric po, on X, that is,

poo(u,v) = [lu —v[| = sup{|u(t) —v()] : t € [0,1]},

then, it is well known that the space (X, poo) is complete.
Theorem 3.6. Suppose the following conditions hold:

(i) there exists a continuous function p : [0, 1] — [0, co) satisfying

£t u(t) = f(t0(0)] < p(t) {lult) —v®)] + [llu = Tull = lv=Tvl|[},

(ii) there exists ¢ < 1 such that fol G(t,s)p(s)ds < c.
Then the second order two point boundary value problem given by (3.8) has a unique solution.
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Remark 3.2. Note that if max,c[,11p(s) < 8c for ¢ < 1, we have fol G(t,s)p(s)ds < c.

Proof of Theorem 3.6. Consider the complete metric space (X, p) and the operator 7' on
X given by (3.10). Then for any u,v € X and ¢ € [0, 1] we have

1 1
Tu(t) - To(t)] = / G(t, 5)f (s, u(s))ds — / G(t, 5)f (s, v(s))ds

1
< / G(t, ) |f(s,u(s)) — f(s,v(s))|ds
< / G(t, $)p(s) {lu(s) — v(s)] + |lu — Tul — [Jo — To]l[} ds
< {lu—oll + [lu— Tull — [lo - To|]} / G(t, 5)p(s)ds
0
< c{lu—o| +|lu—Tul - lo - To]l}.

Hence we have
|7 —Tol| < e {llu— vl + [lu— Tul [l — ||}
or equivalently
Poo(Tu, Tv) < c{poo(t, v) + |poo (U, Tu) — poo(v, TV)|}.

Therefore the contractive condition of Corollary 2.3 is satisfied for ¢(t) = c and 6(¢) =

12+CC. Hence the operator 7" has a unique fixed point, and thus the second order two point
boundary value problem given by (3.8) has a unique solution. O

4. CONCLUSIONS

We introduced the class of set-valued nonlinear P-contraction, which includes the
classes of set-valued contractions in the sense of Hanger [7], Feng-Liu [4] and Klim- War-
dowski [9]. We obtained fixed point results when such mappings are closed (compact)
set-valued. We presented some corollaries for single valued mappings. We gave an illus-
trative example. Finally, we presented an existence and uniqueness theorem for a kind of
second order two point boundary value problem.
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