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Iterating nonlinear contractive mappings in Banach spaces

ZORAN D. MITROVIC, STOJAN RADENOVIC, SIMEON REICH and ALEXANDER J.
Z.ASLAVSKI

ABSTRACT. We introduce a new class of nonlinear contractive mappings in Banach spaces, study their iter-
ates and establish a fixed point theorem for them.

1. INTRODUCTION AND PRELIMINARIES

Let (X, | - ||) be a Banach space and let K be a nonempty and closed subset of X.
Following [3, 7], we denote by F the set of continuous functions f : X — [0,00) with
£(0) = 0 satisfying the following two conditions:

(P1) For each positive number ¢, there is a positive number ¢ such that for each pair of
points =,y € K satisfying f(z —y) < J, wehave ||z — y|| < ¢

(P2) The function (z,y) — f(z —vy),z,y € K, is uniformly continuous on the set K x K
and for each point z € K, the function z — f(x—z2), € D, isbounded on every bounded
set D C K.

Let U denote the set of decreasing functions ¢ : [0,00) — [0, 1] satisfying 1 (¢) < 1 for
each positive number ¢.

We begin by recalling the following result, which has recently been established by Reich
and Zaslavski [8].

Theorem 1.1. Let f € F and 1 € ¥ be given, and let A : K — K be a continuous mapping
such that

(1.1) f(Azr — Ay) < Y(f(z —y)) f(z —y)

forall z,y € K. Then the mapping A has a unique fixed point x4 € K and Az — x4 asi — oo
for each x € K, uniformly on bounded subsets of K.

We also recall the following definition.

Definition 1.1. [1, 5] A self-mapping A of a metric space (X, d) is said to be p-continuous,
wherep =1,2,3, ..., if APz, — Az whenever {z,,} is a sequence in X such that AP~ 1z, —
z.

In this paper we introduce a new class of nonlinear contractive mappings in Banach
spaces, study their iterates and establish a fixed point theorem for them (see Sections 2
and 3 below). We conclude our paper with a few pertinent remarks and examples (see
Section 4 below).
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2. FIXED POINTS
Let f € F and let ¢, ¢, ¢ € ¥ be such that

(22) D(t) + o) + () <1
for all positive numbers t. A mapping A : K — K is said to be a nonlinear contractive
mapping of Reich type (cf. [6]) if

(23) f(Az—Ay) < o(f(z—y))f(z—y)+o(f(x— Az)) f(x — Az) +o(f (y — Ay)) f (y — Ay)
forall z,y € K.

Theorem 2.2. Let A : K — K be a p-continuous nonlinear contractive mapping of Reich type.
Then A has a unique fixed point x4 € K and A"x — x4 as n — oo foreach v € K.

Proof. Let z € K. We claim that
(2.4) FA™ Ty — A"T2g) < f(A"x — A™a),

for all n > 0. Indeed, if inequality (2.4) were not true, then there would exist ng € N such
that

(2.5) (AT g — Am0T2g) > f(AM0g — Ao tly),
Since ¢ € U, it would follow from (2.5) that
(2.6) p(f(AM Ty — A F2r)) < o(f(A™x — A" ).

From (2.3) we would then obtain
JOAM g — Am2) < (f(AT0r — ATHL)) (A — Am L)
+ ¢(f(A™x — A™Fla)) f(A"0z — A™ T a)
(A - AT g)) fATt g ATt
and using (2.6) we would have
YA — Aa)) + §(f (A" — 4™ 1))
T o(J(Ams — A1)
X f(A™0x — A™0Tlg)
< f(AMg — AMoTlg),
However, this inequality would contradict inequality (2.5). Therefore we conclude that
(2.4) is true, as claimed. Next, we intend to show that
2.7) lim f(A"x — A" ) =0.

n—oo

f(AnoJrlx _ A”°+2x) <

Indeed, if (2.7) were not true, then by (2.4) it would follow that there exists ¢ > 0 such that
the decreasing sequence { f(A"z — A"*x)} converges to ¢ and

(2.8) f(A" — A™Flg) > ¢
for all n > 0. From relation (2.3) we now obtain that
FA™ g — A 20) < p(f(A% — A"a)) f(A"x — A" )
+ O(f(A"a — A" ) f(ATe — A" )
Fp(f(AT e — AT (AT — AT g)
and since ¢, ¢, ¢ € ¥, from (2.8) we also see that
FA™ g = A7) < () (A — A )
+ G(Of (A — A1)
+ o) f(AM e — A" 2y).
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Hence

(2.9) f(AnJrla: — A"+2x) < w(le)__;zi(;)f(Anx - AnJrlx).

Taking n — oo on both sides of this inequality, we conclude that (2.7) is true, as claimed.
Now it follows from property (P1) and (2.7) that

(2.10) |A"z — A" 2| — 0asn — occ.

We claim that { A"z} is a Cauchy sequence. Indeed, if this were not true, there would exist
€ > 0 and two sequences of natural numbers {n;} and {ms} such that

(2.11) |A™z — Az > e,

for all £k € N. From (2.11) and property (P1) it would then follow that there exists 6 > 0
such that

(2.12) fA™ ez — A™Fg) > §
for all £ € N. Since ¢ € V¥, it follows that
(2.13) Y(f(A™ x — AT x)) < 9(6)

for all £ € N. Next, we note that from property (P2) and (2.10) it follows that there exists
ko € N such that

(2.14) Mg — Al (A — g < T2 0OD)

for all £ > ky. However, using (2.3), (2.7) and (2.13) we see that

FA™ 2 — A™g)  — fA™ g - A )
> (A" = A™2) - YO f(Ar — A7)
— G(f(A™ — AN ) f(Am e — A )

— o(f(A™e g — ATEL)) (AR g — AT
> 0(1—9(0))/2

for all large enough k € N. Since this contradicts (2.14), we conclude that { A"z} is indeed
a Cauchy sequence, as claimed. Therefore there exists a point x4 € K such that

(2.15) x4 = lim A"zx.

n—0o0
Since AP~ ' A"z — x4, the p-continuity of A implies that lim,,_,o APA"z = Az 4. Thus x4
is a fixed point of A. Its uniqueness follows from (2.3) because if y4 is any fixed point of
A, then

f(xa—ya) = f(Ava— Aya)
< Y(f(ra—ya))f(za—ya)
+ o(f(za—Aza))f(za — Aza)
+  o(f(ya — Aya))f(ya — Aya)
= U(f(ra—ya))f(®a—ya),

which implies that z 4 = y4. O
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3. UNIFORM CONVERGENCE

In this section we continue to use the notations, definitions and assumptions intro-

duced in the previous two sections. In addition, we assume that the following condition
holds:
(P3) the function f is bounded on bounded subsets of K — K.

Theorem 3.3. Assume that A : K — K is a p-continuous nonlinear contractive mapping of
Reich type which is bounded on bounded subsets of K and that x4 € K satisfies

(316) A.Z‘A =TA.
Then A"x — x4 asn — oo for all v € K, uniformly on bounded subsets of K.

Proof. Set A%z := z forall z € K and let e, M > 0. It has already been shown in the proof
of Theorem 2.1 that for all x € K, we have

(3.17) FAM gy — A"T22) < f(A™x — A" lg) for all integers n > 0
and

(3.18) Jim A"z — 24 = 0.

Since A is bounded on bounded sets, there exists a number M, > M such that
(3.19) | Az — z4|| < My for each = € K satisfying ||z — x| < M.

By (P3), there exists a number M; > M, such that

(3.20) f(z1 — z2) < My forall z1, 29 € K satisfying || 21|, ||22]| < |zl + Mo.
By (P1), there is §y € (0, ¢/2) such that

(3.21) if 21,20 € K and f(z1 — 22) < dg, then |z — z2|| < €/2.

By (P2), there exists d; € (0, dp) such that

(3.22) [f(z1 = 22) = f(&1 — &2)| <47160(1 — ¥(dp))

for all 21, 22, &1, &2 € K satisfying
Iz = &ll < 261, i =1,2.
Property (P1) implies that there exists a positive number
§ < (1= 1(d0))do/4

such that

(3.23) if 21,20 € K and f(2z1 — 22) < 4, then ||z1 — 23| < 4;.
Choose a natural number ng > 4 such that

(3.24) ((8) + ¢(6) + p(6))™ " < M.

and assume that

(3.25) z € Kand ||z —zal| < M.

We claim that there exists an integer ¢ € [0, ng] such that
f(A'z — A gy <6
Suppose to the contrary that no such integer exists. Then for each integer i € [0, ng),
(3.26) f(A — AT ) > 6.
Leti € {0,...,n9 — 1}. By (2.3), (3.17) and (3.26), we have
f(AT y — A2
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< Q(f(Alr — A7) f(Alz — A7) 1 §(f(A'x — A7) f(Alr — A )
<p(f(Ai+1:U o Ai+2$))f(Ai+1$ _ Ai+2x)
< (0 f(Alz — A1) + 6(8) f(A'z — A 1a) + p(8) (A — A™+2a)

(3.27) < f(A'z — AT ) (1 (0) + 6(0) + ¢(9)).-

In view of (3.27),

(3.28) flA™ e — Amx) < f(z — Ax)($(8) + ¢(8) + ¢(8)™ "
By (3.19), (3.20) and (3.25),

(3.29) flx — Azx) < M.

It follows from (3.26), (3.28) and (3.29) that
§ < f(A™ e — A™x) < (¥(8) + ¢(6) + @(6))" " M.

This, however, contradicts (3.24). The contradiction we have reached shows that there
indeed exists an integer j € {0, ...,n¢} such that

f(Alz — AT ) < 6.
When combined with (3.17) this implies that

(3.30) f(Alz — A" 1g) < ¢ for all integers i > ng.
By (3.23) and (3.30),
(3.31) |Afz — A" z|| < 6, for all integers i > ng.

Let the integers m; and m satisfy
ng < myp < ms.

We claim that
f(A™x — A™2x) < dp.

Suppose to the contrary that
(3.32) fA™x — A™2x) > .
By (2.3), (3.30) and (3.32), we have

f(A™ Ty Amatly

< Y(J (AT — ATE)) f(A™ 1 — A7)
T O(f(A™ i — A ) (A — A )
(A2 — ATEFLg)) f(AMeg — ATETlg)
< P(J(A™z — A™22)) [(A™ 0 — A7) + 25

< () f(A™x — A™2x) + 26.
Using the above relation, (3.32) and the choice of §, we obtain
f(A™ g — AM2g) — f(A™ Ty — Am2tly)

(3:33) = (1— () F(A™ 2 — A™a) — 20 = (1 —¥(60))00 — 20 = 27 30(1 — ¥(30)).
In view of (3.23) and (3.31),
(3.34) |A™ g — Ami || < 6y, ||[A™2x — A™2 || <6y
It now follows from (3.22) and (3.34) that
F(A™ g — A™2) — F(A™ g — A2 1g)] < 47160(1 — 1(d)).
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This, however, contradicts (3.33). The contradiction we have reached proves that indeed
we have

(3.35) FA™z — A2 1) < dy.
By (3.21) and (3.35),
|[A™ e — A™2 || < €/2
for all pairs of integers m;, ma > ng. When combined with (3.18) this implies that
|Amx — x4 <€

for all integers m > ny. This completes the proof of Theorem 3.3. O

We now present the following corollary of Theorems 2.2 and 3.3. It concerns nonlinear
contractive mappings of Kannan [4] type.

Corollary 3.1. Let f € F have property (P3), let ¢, € U, and let A : K — K be a continuous
mapping such that

(1) ¢(t) + (t) < 1forallt >0,
(2) f(Az — Ay) <o(f(z— Ax))f(z — Az) + o(f(y — A2)) f(y — Ay) forall z,y € K.

Then the mapping A has a unique fixed point x4 € K and A"x — x4 asn — oo forallz € K,
uniformly on bounded subsets of K.

4. SOME REMARKS AND EXAMPLES

Remark 4.1. Note that Theorem 1.1 follows from Theorems 2.2 and 3.3 by setting 1(t) = 0
and ¢(t) = 0 forall ¢ € [0, o).

Remark 4.2. It is not difficult to see that, as a matter of fact, in Theorem 1.1 the continuity
of the mapping A follows from the other assumptions.

Remark 4.3. A comparison of various definitions of contractive mappings can be found
in[2,9].

Remark 4.4. In the proof of Theorem 2.2 we use the p-continuity of the mapping A. Note
that in the case where the mapping A satisfies condition (1.1) instead of condition (2.3),
we have

(4.36) FA" = Az q) < B(FA a0 — 24) F(A" 22 — 1),
Therefore, in view of (2.15), we may conclude that

(4.37) f(A"r — Az s) — 0as — oo.

Now property (P1) implies that

(4.38) |A"x — Az || - 0asn — oo

and so we have

(4.39) |Azg — zall < [|[Aza — A"zpll 4+ |A"2 A — 24,

which implies that Az4 = x4. Therefore the condition that the mapping A is continuous
is superfluous.

Example 4.1. Let X =R, K = [0,1], Az = £, (t) = 7", f (z) = |#|. In this case the
assumptions of Theorem 1.1 are fulfilled.
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Example 4.2. Let X = R, K = [0,4] and let f(z) := 2 for all z € X. Define a mapping
A: K — Kby
1, ze€]l0,3],
Ax =
0, ze€ (3,4]

Then the following two statements hold true.
(a) The mapping A does not satisfy condition (1.1) and we cannot apply Theorem 1.1.
(b) The mapping A does satisfy condition (2.3) and therefore we can apply Theorems 2.2
and 3.3.

Indeed, since f(A3 — A4) = f(3 — 4), the mapping A is not a nonlinear contractive
mapping for which (1.1) holds. However, it is not difficult to see that

f(Az — Ay) < o(f(x — Ax)) f(x — Az) + o(f(y — Ay)) f(y — Ay)
for all z,y € K, where

1
3 1€ [0, 3],
o) = p(t) == { 3
-, t€(3,00).
t
Example 4.3. Let X = R, K = [0,4] and let f(z) := 2 for all z € X. Define a mapping
A: K — Kby
3, zel0,3],
Ax =
0, z€(3,4].
Now let .
g t€ [0, 3],
o) = o(t) =14
E, t e (3, OO)

Then the mapping A does not satisfy Kannan’s contractive condition, but it does satisfy
the assumptions of Theorems 2.2 and 3.3.

Remark 4.5. Regarding the relationship between continuity and p-continuity, see Exam-
ples 1.2-1.5 on page 3502 of [5].
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