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On (¢, p)?- contractive maps

RAKESH TIWARI', MOHAMMAD SAEED KHAN?Z, SHOBHA RANI! and VLADIMIR
RAKOCEVIC3

ABSTRACT. In this paper, we introduce the notion of generalized weakly contractive mapping of quadratic
type and we prove fixed point results for this type of mapping. We justify our result by suitable examples and
show that this mapping satisfies properties P and Q. Among other things, as corollaries we recover Banach and
Kannan fixed point theorems.

1. INTRODUCTION AND PRELIMINARIES

Let X be a set. We will denote the set all fixed points of a self mapping T" from X into
itself by F\(T),ie, F(T)={2 € X : Tz = z}.

It is obvious that if z is a fixed point of T then it is also a fixed point of 7" for each
n € N,i. e, F(T) C F(T™)if F(T) # (. However converse is false.

Definition 1.1. ([16]) Let T" be a self mapping of metric space with fixed point set F/(T") #
@. Then T is said to have property P if F(T") = F(T), for each n € N. Equivalently, a
mapping has property P if every periodic point is a fixed point.

Also a pair of maps S and 7" have property Q if F(S)EF(T) = F(S™)\F(T™) for
eachn € N.

Famous Banach fixed point theorem, usually called the Banach contraction principle,
from 1922 marks the beginning of the fixed point theory in metric spaces.

Definition 1.2. Let (X, d) be a metric space. A mapping f : X — X is a contraction if there
exists some ¢ € [0, 1) such that

(1.1) d(f(z), f(y) <q-d(z,y), forallz,ye X.

We shall also use the term g¢—contraction for contraction. 3

We observe that every contraction is a continuous mapping. The following theorem
shows the existence and uniqueness of a fixed point of an arbitrary contraction on a com-
plete metric space.

Theorem 1.1 (Banach contraction principle, [4]). If (X,d) is a complete metric space and
f+ X — X is a contraction, then the mapping f has a unique fixed point z € X.

In 1968, Kannan's [18] proved the following famous fixed point theorem.
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Theorem 1.2. If (X,d) is a complete metric, 0 < q < 1/2and f : X — X is a map which
satisfies the condition

(1.2) d(f(2), f(v)) < gld(z, f(2)) + d(y, f(y))], forall z,y € X,
then the mapping f has a unique fixed point.

In 1972, Chatterjee [9] proved the following variant of Kannan’s [18] fixed point theo-
rem.

Theorem 1.3. If (X, d) is a complete metric, 0 < g < 1/2and f : X — X is a map which
satisfies the condition

(1.3) d(f(x), f(v)) < gld(z, f(y)) +d(y, f(x))],  forall z,y € X,
then the mapping f has a unique fixed point.

For more details on the advances of fixed point theory can be found in [1, 5, 20, 24,
26, 27]. In 1977, Alber et al. [2] generalized Banachs contraction principle by introducing
the concept of weak contraction mappings in Hilbert spaces. Weak contraction principle
states that every weak contraction mapping on a complete Hilbert space has a unique
fixed point. Rhoades [25] extended weak contraction principle in Hilbert spaces to metric
spaces. Since then, many authors (for example, [3, 10, 12, 21, 22]) obtained generalizations
and extensions of the weak contraction principle. Khan et al. [19] obtained fixed point
theorems in metric spaces by introducing the concept of altering distance mappings. In
particular, Choudhury et al.[11] obtained a generalization of the weak contraction princi-
ple in metric spaces by using altering distance mappings.

Definition 1.3. [19] A mapping ¢ : [0, 00) — [0, 00) is called an altering distance mapping
if the following properties are satisfied
(a) 1 is strictly monotone increasing and continuous
(b) (t) =0if and only if t = 0.

We say that a mapping ¢ : [0,00) — [0, 00) is almost altering distance if ¢ is lower
continuous and satisfies the condition (b).

Inspired on the work on weak contraction mappings and generalized weak contraction
mappings, in this paper we introduce and study generalized weakly contractive mapping
of quadratic type. We prove fixed point results for this type of mapping, justify our result
by suitable examples and show that this mapping satisfies properties P and ). Among
other things, as corollaries we recover Banach and Kannan fixed point theorems.

Definition 1.4. Let the mapping T' : X — X in metric space (X,d). Then T is called
generalized weakly contractive mapping of quadratic type, shortly (1, ¢)?- contractive
map, if

(14) U(d*(Tz, Ty)) < $(Pr(z.y)) — 9(Qr(z,y)),

forall z,y € X, where

2(x,Tx 2
Pr(z,y) :maX{dQ(fE,y),d(x,Ty) -d(y, Tw), D TD) 4 (y’Ty)},

2

QT(xa y) = max{d2 (l’, y)7 d(.’E, Ty) : d(ya Tx)v d(xa Tl’) ' d(yv Ty)}v
1 is an altering distance mapping and ¢ is an almost altering distance mapping.

Conditions (1.4) is similar to Ciric’s (see [7, 8]) contractive conditions that do not ensure
unique fixed point.
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Example 1.1. If f is a g—contraction, then f is (1, ¢)?- contractive map with ¢(¢) = ¢ and
©(t) = (1 — ¢*)t. This follows by (1.1), since we have

F(f(x), f(v) < ¢ d*(z,y) < Q(x,y)
= Qslz,y) — (1 —¢*)Qs(z,y)
< Pi(z,y) — (1 - ¢*)Qs(z,y),
forall x,y € X.

Example 1.2. Kannan contraction (1.3) f is (¢, ¢)?- contractive map with ¢(¢) = ¢ and
o(t) = (1 — 4¢®)t. This follows from (1.3), since

d*(f(z), f(y)) ¢ - [d(z, f(x)) +d(y, f(y))]?

2¢° - [d*(x, f(x)) + d*(y, f(y))]

4q° P(x,y) = Pp(z,y) — (1 — 4¢°) Py (x,y),
Pr(z,y) — (1 —4¢*)Qy(z, ),

VAN VAN VAR VAN

(1.5)
forall z,y € X.

2. MAIN RESULTS
In this section, we give the main results of our paper.

Theorem 2.4. Let (X, d) be a complete metric space and T a (v, p)>- contractive map. Then T
has a unique fixed point p € X, and for any x € X the sequence of iterates T™x converges to p.

Proof. Let zy € X. We define a sequence {z,,} in X such that z,,+1; = Tz, foralln > 0. If
there exist a positive integer N such that zx = xx41, then zy is a fixed point of T. Hence
we shall assume that z,, # x,,41, for all n > 0.

From (1.4), we have for all n > 0,

w(dz(xn-‘rla 'T7l+2)) = ¢(d2(T-T7m T‘Tn-l—l))
(26) < ¢(PT($TL7 xn-l—l) - @(QT(xn’ In+1))
d

2((5717 xn+1> + d2($n+17 xn+2) })
2

<y (max{ (d2 (Tn, Tnt1),
_<P<max{d2 (Tns Tnt1), d(Tn, Tg1) - A(Tpg1, Tnta) )

Suppose that d(2,, Zpt1) < d(Tpt1,2n+2) for some positive integer n. Then by (2.6) we
have

(2.7) w(d2($n+1>$n+2)) < ¢(d2($n+17 xn+2)) - @(d<xnv$n+1) : d<xn+1v$n+2))-

Hence, p(d(xn, Tn+1) - d(@Xn+1, Tnye2)) < 0, which implies that d(z,,, Zn+1) - d(Tpt1, Tnta) =
0 Or 541 = Zpy2, contradicting our assumption that x,, # x,,+1, for each n. Therefore,

(2.8) d(Tpy1,Tpyo) < d(Xp,Tpy1), forall n >0

and {(d(zn,zn+1)} is @ monotone decreasing sequence of positive real number. Hence
there exists an r > 0 such that

(2.9) lim d(z,,zp+1) =1

n—oo

From (2.6) and (2.8) we have for alln > 0,
w(d2(xn+17xn+2)) < Qp(dQ(xnﬁCnJrl)) - ‘P(dQ(xmanrl))'
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Taking the limit as n — oo in the above inequality and using the continuities of ¢ and 1,
we have

b(r?) < Y(r?) — o(r?),

that is ¢(r?) < 0, which is contradiction unless r = 0. Hence
(2.10) lim d(zy,zp+1) =0.

n—oo
Now we show that {z,} is a Cauchy sequence. Suppose that {z,} is not a Cauchy se-
quence. Then, there exists an ¢ € (0,1) for which we find two sequences of positive
integer {m(k)} and {n(k)} such that for all positive integer k
n(k) > m(k) >k, d®(@mk), o)) =€ and  d*(Tpm), Togy—1) < €
Now
2
€ < d®(@m()s Tng)) < (A @) Tagry—1) + A@nk)—1, Tnk))) ">
that is
2
€ < d*(Tmrys Tnry) < (€+ d(@n(i)—1,Tnr))) -
Taking the limit as k¥ — oo in the above inequality and using (2.10), we have

. < li <€
(2.11) €< klgrgo (T (k)s Tnk)) < € <6,

which is a contradiction with our assumption on e¢. Hence {z,} is a Cauchy sequence.
From the completeness of X, there exist a p € X such that z,, = pasn — oco.
Putting « = z,,, y = p in (1.4) we have
Y(d*(@nt1,Tp)) = ¥(d*(Tzn, Tp))
< ’l/)(P(In,p)) - <P(Q('rnvp))

Taking n — oo in the above inequality and using (2.10) and the continuities of ¢ and v,
we obtain

1
which implies that d?(p, Tp) = 0, or p = T'p. Hence p is a fixed point of T.

Next we establish that the fixed point is unique. Let p and q be two fixed points of T
and suppose that p # ¢ Then putting x = p and y = ¢ in (1.4), we have

V(d*(p,q)) = ¥(d*(Tp, Tq)) < $(P(p,q)) — #(Qp,9)),
that is
w(d*(p,9)) < v (d*(p,q) — ¢(d*(p, ),
which is contradiction by virtue of a property of ¢. Therefore p = ¢ and the fixed point is
unique. g

The following corollary shows a relation between 7™ and T in the case when 7™ is a
(¢, ¢)?- contractive.

Corollary 2.1. Let (X, d) be a complete metric space and let T : X — X is a mapping such that
T™ be a (1, ¢)?- contractive map for some n € N, then T has a unique fixed point in X.

Proof. From previous theorem 7™ has a unique fixed point, say p € X. Then T"p = p
implies T"!p = Tp and T'p is also fixed point of T™. Since T™ has a unique fixed point,
we have p = T'p. To show the uniqueness fixed point of T, we suppose that there exists
q € X such that Tq¢ = g. Now, T"¢ = ¢, and since 7™ has unique fixed point it must be
qg=np. O

Now we recover the following well known result.
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Corollary 2.2. (Bryant [6]) If (X, d) is a complete metric space and f : X — X is a mapping
such that f™ is a contraction for some n € N, then f has a unique fixed point in X.

Proof. By Example 1.5 and Corollary 3.18. O

Corollary 2.3. Let (X, d) be a complete metric space and T : X — X is a (v, p)>- contractive
map. Then T has a property P.

Proof. By Corollaryy 3.18. O O
Now we can prove the following common fixed point result.

Theorem 2.5. Let (X, d) is a complete metric space. Let S, T : X — X be a self mappings such
that, forall x,y € X

Y(d?(Sx, Ty)) < lﬂ(max{dQ(a:,y), d(z, Ty) - d(y, Sz), d*(x, Sx) ;’ d?(y, Ty) })

(2.12) —p(max{d*(x,y),d(z,Ty) - d(y, Sz),d(z, Sz) - d(y,Ty)}),

1 is an altering distance mapping and ¢ is an almost altering distance mapping. Then S and
T have a unique common fixed point. Moreover, any fixed point of S is a fixed point of T and
conversely.

Proof. Let zp € X.

We define a sequence{z,} by zan+1 = Sxon, Tant2 = Txant1, n > 0. If there exist a
positive integer n such that x2,, = z2,41, then x9, is a fixed point of S and hence a fixed
point of T. A similar conclusion holds if z2,,11 = %2542, for some n. Therefore we may
assume that z,, # x,,41, for all n > 0.

By (2.12)
WA (22041, @20+2)) = Y(d* (Swan, Tr20+1))
2 2
(2.13) <4 (max{dQ(gan, S d*(®2n, Tani1) +2d (T2n+1, Tant2) }

—¢(max{d*(v2n, T2n+1), d(Ton, Tan+1) - A(Tant1, Tant2)}))-

Suppose that d(zoy,, Tant1) < d(@2n+1, Tant2) for some positive integer n. Then from
(2.13) we have

w(dQ (-r2n+17 x2n+2)) S w(dQ ('rQ'n-‘rl) $2n+2)) - Qs(d(x?m x2n+1) : d($2n+1, m2n+2))a

that is gb(d(fﬂgn, Z'Qn+1) . d(I2n+17 I2n+2)) < O, which 1mp11es that d2 ($2n+17 I2n+2) =0or
ZTon+1 = Tant2, contradicting our assumption that z,, # x,11, for each n.

Therefore d(xoy 11, Tant2) < d(Xon, Tant1), forall n > 0.

Similarly, d($2n+2, $2n+3) < d($2n+1, $2n+2), foralln > 0.

Thus {(d(zy,zn+1)} is @ monotone decreasing sequence of non-negative real numbers.
Hence there exists an r > 0 such that

(2.14) lim d(z,,zp+1) =7

n—oo

From (2.13) we have for all n > 0,
w(d2($2n+1, 332n+2)) < ¢(d2(if2mx2n+1)) - ¢(d2($2m$2n+1)).

Taking the limit as n — oo in the above inequality and using the continuities of ¢ and
1, we have

P(r?) < p(r?) — o(r?)
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that is ¢(r) < 0, which is contradiction unless » = 0. Hence

(2.15) lim d(zp,zp+1) =0.

n—oo

Now, as in the proof of Theorem 2.4, we can prove that that {z,, } is a Cauchy sequence.
From the completeness of X, there exist a p € X such that z,, — pasn — occ.
Putting « = 29, y = pin (2.12), we have
w(d2($2n+lan)) = @/}(dz(ngmTp))
o (] ) ez, 7o) - dlp i)

d2 " " d2 T
(2n, T2 +12) +d*(p, Tp) }) — @(maX{dQ(xanp)a

d(Izn, Tp) : d(p, 12n+1))7 d(fﬂzm $2n+1) : d(l% Tp)}).

Taking n — oo in the above inequality and using the continuities of ¢ and v, we get

IN

w(@ 1o < o T2 - p0),

which implies that d?(p, Tp) = 0, or p = T’p. Similarly we get that p is a fixed point of S.
Hence p is a fixed point of 7" and S.

Suppose that p and ¢ are common fixed point of S and 7', and p # ¢. From (2.12), we
have

W(d*(p.q)) = (d*(Sp,Tq))
2 2
< o (max{ @0 7o) dtg. 5p), WL TO L)
- p(max{d*(p,q),d(p, Tq) - d(q, Sp), d(p, Sp) - d(¢,Tq)})
< ¥(d*(p,q) — (d*(p, q))-

This is a contradiction of the property of . Hence p = ¢. Similarly we have that any fixed
point of T'is also a fixed point of S. 0O O

Corollary 2.4. Let (X, d) be a complete metric space. Let S,T : X — X be self mappings such
that, forall z,y € X,

2 . Sy 2 n
(8™, TMy)) < w(max{d2<x,y>,d<x,T”y>~d<y,smx>, e 50) + Ey, T y)})

(2.16) —p(max{d*(z,y),d(z,T"y) - d(y, S"x),d(z, 5™ z) - d(y, T"y)}),

m and n are fixed positive integers, 1 is an altering distance mapping and  is an almost altering
distance mapping. Then S and T have a unique common fixed point. Further, any fixed point of S
is a fixed point of T and conversely.

Proof. Let f = S™ and g = T". Then from Theorem 4.2, f and g have a common unique
fixed point p € X. Now, S™*p = S™(Sp) = Spand T"'p = T"(Tp) = Tp, and so
Sp = p and T'p = p. Hence, it follows that p is a common fixed point of S and T'.

Suppose that p is a fixed point of S. Then p is a fixed point of f. By Theorem 4.2, p is a
fixed point of g. From the uniqueness of common fixed point of f and g, it follows that p
is a fixed point of T'. Similarly it can be shown that any fixed point of 7" is also fixed point
of S. Condition (2.16) implies the uniqueness of p. O O
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Corollary 2.5. Let (X, d) be a complete metric space and S, T be self mapping of X. If S and T
satisfy (2.12), then S and T' have a property Q.

Proof. By Corollary 2.4. O O

Corollary 2.6. (Corollary 15 of [23]) Let (X, d) be a complete metric space and S, T be self
mapping of X. If there exists o € (0, 1|2) so that

(2.17) d*(Sz, Ty) < a - [d*(z, Sx) 4+ d*(y, Ty)]

holds true, for all x,y € X, then S and T have a unique common fixed point.

Proof. By Corollary 1.2 and Theorem 2.5. O O
Next example is given to support the usability of our results.

Example 2.3. Let X = [0,4+00) and d : X x X — R be given as
Vrty,  ifr#y,
d(z,y) =

0, ifx=uy.
Then (X, d) is a complete metric space.
Let ¢, ¢ : [0,00) — [0, 00) be defined by
Y(t) =1, t € 0,00)
and for s € [0, 00),

if s <1,

if s> 1.

Then 1 and ¢ have the properties in Theorem 4.1.
LetT : X — X be defined as follows

x—1, if x>1,
Tr =
0, if z €][0,1].

Then we discuss the following cases for z,y € X.
1. Ify € (1,400) and = > y, then

W(d*(Ta, Ty)) = Y(d*(z — 1L,y = 1)) = (z +y - 2)%,

Y(Pr(z,y)) = w(maX{ery,\/(x+y—1)-(x+y—1),%[(2x—1)+(2y—1)]})
= Ymax{z+y,/(z+y—1)-(z+y—1),z+y—1})
= Pe+y) = (= +y)
and
$(Qr(z,y) = emax{z+y,/(@+y—1)- -(z+y—1),/(2x—1) (2y—1)})
= bty =3
Hence,

(d*(Tx, Ty)) < Y(Pr(z,y)) — o(Qr(z,y)).
2. Ify € (1,400) and = y, then obviously condition (1.4) is satisfied.
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3.1fy €]0,1] and z € [1,+0), then
W(d (T, Ty)) = Y(d*(z - 1,0)) = (& — 1)%,

Y(Pr(z,y)) = w(max{dz(x,o),d(at,TO)~d(0,Ta:)7%[d2(x,Tx)+d2(O7T0)}})
= lmax{r, V/alo — 1), 3lo + (o~ D))

= Y(max{r, ) = ple) = o2,

and

QZJ(QT(% y)) = @(max{dQ(xa 0)7 d(:L', TO) : d(Ov T(L'), d(l’, Tx) ! d(O’ TO))})
= plmax{z, /alr —1),0)) = pla) = 5.

Thus all conditions of Theorem 4.1 are satisfied. Clearly, 0 is the unique fixed point of 7.
4. Ify,x € [0, 1], then obviously condition (1.4) is satisfied.

Remark 2.1. Let us remark that map 7" in Example 2.3 is not a g—contraction. It follows

from
Tn,T(n+1 -1 Von —1
d(Tn,T(n ) d(n ,n) 1 n .

dn,n+1) dn,n+1) 2n+1

Furthermore, map T' does not satisfy Kannan condition (1.2). It follows from

d(Tn,T(n+1)) B din—1,n)
d(n,Tn) +dn+1,T(n+1)) d(n,n—1)+d(n+1,n)
V2n —1 1

= — =, n—oo.
Von—1++v2n+1 2

Finally, map T does not satisfy Chatterjee condition (1.3). It follows from
d(Tn,T(n+1)) _ d(n—1,n) V2n—1 1

dn T+ 1) +dn+ 1,Tn)  dmn)+dntln-1 avan 2 "%

3. RESULTS IN COMPACT METRIC SPACES

In this section we prove some results on compact metric spaces. These results are re-
lated to our results from the previous section.

Theorem 3.6. Let (X, d) be a compact metric space and T : X — X be a continuous map. If

(3.18) W(d*(Tz, Ty)) < ¢(Pr(z,y)),
forall x,y € X, x # y, where

Pr(o.) = max{ (o). e, T0) -y, ), ST EWTI Y,

and 1 is an altering distance mapping, then T has a unique fixed point.

Proof. Let zp € X. We define a sequence {z,} in X such that z,,11 = Tz, foralln > 0. If
there exist a positive integer N such that v x = xn+1, then zy is a fixed point of T. Hence
we shall assume that z,, # 11, for all n > 0. From (3.18), we have for all n > 0,

(319) 1p(d2(xn+lvxn+2)) = w(d2(T$n7Txn+1)) < w(PT(xnvanrl)

2 2
= ¢(maX{(d2(xn,xn+1), " (@n, Tns1) +2d (xn+1’$n+2)}>.
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Suppose that d(z,,, zn+1) < d(Tn+1, Tnt2) for some positive integer n. Then by (3.19)
we have

(320) ¢(d2 (xn+17 xn+2)) < ¢(d2 (xn—&-la xn+2))7
Hence, a contradiction. Therefore,
(3.21) d(Tny1, Tny2) < d(Tn,Tnq1), forall n >0

and {(d(zn,zn+1)} is @ monotone decreasing sequence of positive real number. Hence
there exists an r > 0 such that

(3.22) lim d(zp,Tny1) =7
n—oo
Let {k(n)} be a sequence of positive integers such that {T%("z,} converges to p € X.
Hence, zj(n)41 — T'p and xj ()12 — T?%p, n — oo. We note that by (3.22) we have
lim d(xk(n)a xk(n)-&-l) = d(pv Tp) = lim d(xk(n)+1a xk(n)-&-?) = d(Tpv T2p) =r
Now, we claim that Tp = p. If T'p # p, by (3.18) we have

623) Y (Tp, T)) < 6(Pr(p,Tp)
2 2 2
= o (ma{ 7). dlp 2p) -y, 1), ST EORTI) iy 1),

hence, a contradiction. So T'p = p. If there is ¢ € X such that Tq = ¢, and p # ¢, then by
(3.18) we have

(3.24) P(d*(p, q)) = ¥ (d*(Tp,Tq)) < (Pr(p.q))
— o ({001l - dla), “EL D) i),
hence, a contradiction. O

Now, as corollaries, for ¥ (t) = t, by Theorem 3.6.we obtain the next results.

Corollary 3.7. (Edelstein [13]) Let (X, d) be a compact metric space and let f : X — X bea
map such that

d(f(x), f(y)) < d(z,y), forallz,y € X withz #y.
Then the mapping f has a unique fixed point.

Corollary 3.8. (Fisher [14], Gornicki [15]) Let (X, d) be a compact metric space and let f :
X — X be a map such that

029 dlsie ) < LED L0 10)

Then the mapping f has a unique fixed point.

forall x,y € X, with x # y.

Corollary 3.9. Let (X, d) be a compact metric space and let f : X — X be a map such that

(3.26) d(f(x), f(y)) < d*(z, T'x) ;Fdz(y,Ty)’

Then the mapping f has a unique fixed point.

forall z,y € X, with x # y.
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