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Quasilinear differential equations with strongly
unpredictable solutions

MARAT AKHMET, MADINA TLEUBERGENOVA and AKYLBEK ZHAMANSHIN

ABSTRACT. The authors discuss the existence and uniqueness of asymptotically stable unpredictable solu-
tions for some quasilinear differential equations. Two principal novelties are in the basis of this research. The
first one is that all coordinates of the solution are unpredictable functions. That is, solutions are strongly unpre-
dictable. Secondly, perturbations are strongly unpredictable functions in the time variable. Examples with numerical
simulations are presented to illustrate the theoretical results.

1. INTRODUCTION AND PRELIMINARIES

The major part of the theory of differential equations is devoted to oscillations, since of
demands of science and industry. Therefore, periodic, quasiperiodic and almost periodic
solutions are in the main focus of researchers [6] - [9], [11] .

A new type of oscillations, unpredictable functions, has been introduced in the paper
[1]. It was shown, in papers [1] and [4], that existence of an unpredictable solution implies
Poincaré chaos for a special dynamics in a functional space. Consequently, study of un-
predictable solutions is as much beneficial as is chaos. In the present paper we consider
oscillations with all coordinates unpredictable. Since of the chaos, irregularity is observ-
able in the oscillations. Another significant novelty is that perturbations are assumed to be
nonlinear functions of the time and space variables, and they are strongly unpredictable
in the time variable.

Throughout the paper, R and N will stand for the set of real and natural numbers,
respectively. Additionally, the norm ‖u‖1 = supt∈R ‖u(t)‖, where ‖u‖ = max

1≤i≤p
|ui| , u =

(u1, . . . , up), ui ∈ R, i = 1, 2, ..., p, will be used. Correspondly, for a square matrice A =

{aij}, i, j = 1, 2, ..., p, the norm ‖A‖ = max
i=1,...,p

p∑
j=1

|aij |, will be utilized.

The following definition is the starting point of our research.

Definition 1.1. [1] A uniformly continuous and bounded function v : R → Rp is unpre-
dictable if there exist positive numbers ε0, σ and sequences tn, un both of which diverge
to infinity such that v(t + tn) → v(t) as n → ∞ uniformly on compact subsets of R and
‖v(t+ tn)− v(t)‖ ≥ ε0 for each t ∈ [un − σ, un + σ] and n ∈ N.

In papers [3] - [5], an example of an unpredictable function was provided and it was
shown that properties of unpredictable functions are convenient to be verified and they
are easy for numerical simulations. Thus, existence of unpredictable solutions for the
differential equation

x′(t) = Ax(t) + f(x) + g(t),(1.1)
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where g(t) is unpredictable function, was investigated.
In the present investigation we extend Definition 1.1 to the class of functions with sev-

eral independent variables. The following new definition will be of use.

Definition 1.2. A continuous and bounded function f(t, x) : R×G→ Rp, f = (f1, f2, ..., fp),
G ⊂ Rp is a bounded domain, is unpredictable in t if it is uniformly continuous in t and
there exist positive numbers ε0, σ and sequences tn, un both of which diverge to infinity
such that sup

G
‖f(t + tn, x) − f(t, x)‖ → 0 as n → ∞ uniformly on compact sets in R and

inf
G
‖f(t+ tn, x)− f(t, x)‖ ≥ ε0 for t ∈ [un − σ, un − σ] and n ∈ N.

The present study contains two principal novelties. The first one is that strongly un-
predictable solutions are considered instead of unpredictable ones. Secondly, we consider
nonlinear perturbations, which are functions unpredictable in the time variable. Thus,
in the present paper we have significantly enlarged the set of systems, which can be in-
vestigated for unpredictable solutions. To this end, we shall need the following two new
notions, which are analogues to the last two definitions.

Definition 1.3. A uniformly continuous and bounded function v : R→ Rp, v = (v1, . . . , vp),
is strongly unpredictable if there exist positive numbers ε0, σ and sequences tn, un both
of which diverge to infinity such that v(t + tn) → v(t) as n → ∞ uniformly on compact
subsets of R and |vi(t+ tn)−vi(t)| ≥ ε0 for each t ∈ [un−σ, un+σ], i = 1, . . . , p and n ∈ N.

Definition 1.4. A continuous and bounded function f(t, x) : R×G→ Rp, f = (f1, f2, ..., fp),
G ⊂ Rp is a bounded domain, is strongly unpredictable in t if it is uniformly continuous
in t and there exist positive numbers ε0, σ and sequences tn, un both of which diverge to
infinity such that sup

G
‖f(t+ tn, x)− f(t, x)‖ → 0 as n→∞ uniformly on compact sets in

R and inf
[un−σ,un−σ]×G

|fi(t+ tn, x)− fi(t, x)| > ε0 for all i = 1, . . . , p and n ∈ N.

Comparing the Definitions 1.1 and 1.3 as well as Definitions 1.2 and 1.4 one can find
that an unpredictable function may admits some of coordinates which are not unpre-
dictable scalar valued functions. While, each coordinate of a strongly unpredictable func-
ton is an unpredictable function. That is, the set of all strongly unpredictable functions is
a subclass of unpredictable functions.

The main object of the present paper is the system of quasilinear differential equations

x′(t) = Ax(t) + f(t, x),(1.2)

where t ∈ R, x ∈ Rp, p is a fixed natural number, all eigenvalues of the constant matrix
A ∈ Rp×p have negative real parts, f : R×G → Rp, f = (f1, . . . , fp), G = {x ∈ Rp, ‖x‖ <
H}, where H is a positive number. It is true that there exist two real numbers K ≥ 1
and γ < 0 such that ‖eAt‖ ≤ Keγt for all t ≥ 0. Definition 1.2 implies that there exists a
positive number M such that sup

R×G
‖f(t, x)‖ = M <∞.

One can see that the main difference between system (1.1) and system (1.2) is that the
perturbation in the former one is less general than that of the latter one.

The following conditions will be needed in the paper:
(C1) the function f(t, x) is strongly unpredictable in the sence of Definition 1.2;
(C2) there exists a positive constant L such that the function f(t, x) satisfies

the inequality ‖f(t, x1)− f(t, x2)‖ ≤ L ‖x1 − x2‖ for all t ∈ R, x1, x2 ∈ G;
(C3) 2H(L+ ‖A‖) < ε0;

(C4) γ < −KM
H

;

(C5) γ < −KL.
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Our purpose is to prove that system (1.2) possesses a unique strongly unpredictable
solution, provided that the function f(t, x) is strongly unpredictable in t. Moreover, we
prove that the solution is uniformly globally exponentially stable. Additionally, existence
of an unpredictable solution, which is not strongly unpredictable, is considered for the
system.

2. MAIN RESULTS

Let U be the set of all uniformly continuous functions ψ(t) = (ψ1, ψ2, ..., ψp), ψi ∈ R,
i = 1, 2, ..., p, such that ‖ψ‖1 < H , andψ(t+tn)→ ψ(t) as n→∞ uniformly on each closed
and bounded interval of the real axis, where sequence tn is the same as for function f(t, x)
in system (1.2).

According to the theory of differential equations [10], a function ω(t) = (ω1, ω2, ..., ωp)
bounded on the whole real axis is a solution of system (1.2) if and only if the integral
equation

ω(t) =

∫ t

−∞
eA(t−s)f(t, ω(s))ds, t ∈ R,(2.3)

is satisfied.

Lemma 2.1. Suppose that conditions (C1) − (C5) are valid, then the system (1.2) possesses a
unique solution ω(t) ∈ U.

Proof. Define an operator Π on U such that

Πψ(t) =

∫ t

−∞
eA(t−s)f(s, ψ(s))ds, t ∈ R.(2.4)

Fix an arbitrary function ψ(t) that belongs to U . We have that

‖Πψ(t)‖ ≤
∫ t

−∞
‖eA(t−s)‖‖f(s, ψ(s))‖ds ≤ KM

|γ|
for all t ∈ R. Therefore, by condition (C4) it is true that ‖Πψ‖1 < H .

Fix an arbitrary positive number ε and a closed interval [a, b], −∞ < a < b <∞, of the
real axis. We will show that for sufficiently large n it is true that ‖Πψ(t+ tn)−Πψ(t)‖ < ε
on [a, b]. Let us choose two numbers c < a, and ξ > 0 satisfying

2KM

|γ|
eγ(a−c) <

ε

2
(2.5)

and
K

|γ|
ξ(L+ 1)[1− eγ(b−c)] < ε

2
.(2.6)

Consider n sufficiently large such that ‖f(t+tn, x)−f(t, x)‖ < ξ and ‖ψ(t+tn)−ψ(t)‖ < ξ
for t ∈ [c, b] and x ∈ G. Then, the inequality

‖Πψ(t+ tn)−Πψ(t)‖ ≤
∫ c

−∞
‖eA(t−s)‖‖f(s+ tn, ψ(s+ tn))− f(s, ψ(s))‖ds+∫ t

c

‖eA(t−s)‖‖f(s+ tn, ψ(s+ tn))− f(s, ψ(s))‖ds ≤
∫ c

−∞
2KMeγ(t−s)ds+∫ t

c

ξ(L+ 1)Keγ(t−s)ds ≤ 2

|γ|
KMeγ(a−c) +

K

|γ|
ξ(L+ 1)[1− eγ(b−c)](2.7)

is correct for all t ∈ [a, b].
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By inequalities (2.5) and (2.6) it is true that ‖Πψ(t+ tn)− Πψ(t)‖ < ε for t ∈ [a, b], and,
therefore, Πψ(t+ tn)→ Πψ(t) uniformly as n→∞ on each closed and bounded interval
of R.

It is easy to verify that Πψ(t) is a uniformly continuous function. Thus, the set U is
invariant for the operator Π.

We proceed to show that the operator Π : U → U is contractive. Let u(t) and v(t) be
members of U . Then, we obtain that

‖Πu(t)−Πv(t)‖ ≤
∫ t

−∞
‖eA(t−s)‖‖f(s, u(s))− f(s, v(s))‖ds ≤∫ t

−∞
Keγ(t−s)L‖u(s)− v(s)‖ds ≤ KL

|γ|
‖u(t)− v(t)‖1

for all t ∈ R. Therefore, the inequality ‖Πu−Πv‖1 ≤
KL

|γ|
‖u− v‖1 holds, and according

to condition (C5) the operator Π : U → U is contractive. The next task is to show that the
space U is complete. Consider a Cauchy sequence φk(t) in U , which converges to a limit
function φ(t) on R. Fix a closed and bounded interval I ⊂ R. We have that

‖φ(t+ tn)− φ(t)‖ < ‖φ(t+ tn)− φk(t+ tn)‖+ ‖φk(t+ tn)− φk(t)‖+ ‖φk(t)− φ(t)‖.(2.8)

Now, one can take sufficiently large p and k such that each term on right hand-side of
(2.8) is smaller than ε

3 for an arbitrary small ε and t ∈ I . The inequality implies that
‖φ(t+ tn)− φ(t)‖ < ε on I. That is the sequence φ(t+ tp) uniformly converges to φ(t) on
I. Likewise, one can check that the limit function is bounded and uniformly continuous
[10]. The completeness of U is proved. By contraction mapping theorem there exists the
unique fixed point, ω(t) ∈ U, of the operator Π, which is the unique bounded solution of
the system (1.2). The lemma is proved. �

Theorem 2.1. If conditions (C1)−(C5) are fulfilled, then system (1.2) admits a unique uniformly
globally exponentially stable strongly unpredictable solution.

Proof. According to Lemma 2.1, system (1.2) has a unique solution ω(t) ∈ U . What is left
is to show that there exist a positive integer number l and positive number κ such that
|ωi(t+ tn)− ωi(tn)| ≥ ε0

2l for each i = 1, ..., p, t ∈ [un − κ, un + κ] and all n ∈ N.
One can show that there exist a positive number κ1 and a positive integer l such that

the following inequalities are valid,

κ1 < σ,(2.9)

κ1

(
ε0 − 2H(L+ ‖A‖)

)
>

3ε0
2l
.(2.10)

Let the numbers κ1 and l as well as a number n ∈ N, and i = 1, 2, ..., p, be fixed.
Using the relations

ωi(t) = ωi(un) +

∫ t

un

p∑
j=1

aijωj(s)ds+

∫ t

un

fi(s, ω(s))ds

and

ωi(t+ tn) = ωi(tn + un) +

∫ t

un

p∑
j=1

aijωj(s+ tn)ds+

∫ t

un

fi(s+ tn, ω(s+ tn))ds
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we obtain that

ωi(t+ tn)− ωi(t) = ωi(un + tn)− ωi(un) +

∫ t

un

p∑
j=1

aij [ωj(s+ tn)− ωj(s)]ds+

∫ t

un

[fi(s+ tn, ω(s+ tn))− fi(s, ω(s))]ds.(2.11)

Denote ∆ = |ωi(un + tn) − ωi(un)| and consider two cases (i) ∆ ≥ ε0/l, (ii) ∆ < ε0/l
such that the remaining proof naturally falls into two parts.

(i) There exists a positive number κ ≤ κ1 such that

|ωi(t+ s)− ωi(t)| <
ε0
4l
, t ∈ R, |s| < κ.

Therefore, the relation

|ωi(tn + t)− ωi(t)| ≥ |ωi(tn + un)− ωi(un)| − |ωi(un)− ωi(t)| −

|ωi(tn + t)− ωi(tn + un)| ≥ ε0
l
− ε0

4l
− ε0

4l
=

ε

2l
,

is valid if t ∈ [un − κ, un + κ].
(ii) It is true that infG |fi(t+un, x)−fi(un, x)| ≥ ε0, for all ‖x‖ < H, t ∈ [un−κ1, un+κ1].
Then, using condition (C3) and relation (2.10) we get that

|ωi(tn + t)− ωi(t)| ≥
∫ t

un

|fi(tn + s, ω(tn + s))− fi(s, ω(tn + s))|ds−∫ t

un

|fi(s, ω(tn + s))− fi(s, ω(s))|ds−
∫ t

un

|
p∑
j=1

aij [ωj(s)− ωj(tn + s)]|ds−

|ωi(tn + un)− ωi(un)| ≥ κ1ε0 − 2κ1LH − 2κ1‖A‖H −
ε0
l

=

κ1(ε0 − 2H(L+ ‖A‖))− ε0
l
≥ ε0

2l
,

for t ∈ [un − κ1, un + κ1].
Thus, one can conclude that ω(t) is a strongly unpredictable function with positive

numbers ε0
2l , κ and sequences tn and un.

The asymptotical stability of the solution ω(t) can be verified as stability of a bounded
solution in [10]. The theorem is proved. �

We have considered the problem of existence and uniqueness of strongly unpredictabe
solutions. This requires a special condition, (C3). In what follows, we will search for
quasilinear systems with unpredictable solutions, which are not strongly unpredictable.
For this reason, assume that the following condition is valid.

(C6) The function f(t, x) is unpredictable in the sense of Definition 1.4.

Theorem 2.2. Suppose that the conditions (C2) − (C6) hold. Then the system (1.2) admits a
unique uniformly globally exponentially stable unpredictable solution.

Proof. One can easily see, proceeding in the way of the last theorem, that under the con-
ditions (C2) − (C6), there exists a unique solution ω(t) ∈ U for system (1.2). The solu-
tion is globally uniformly asymptotically stable. What is left is to show that there exist
a natural number l and positive number κ such that ‖ω(t + tn) − ω(tn)‖ ≥ ε0

2l for each
t ∈ [un − κ, un + κ] and all n ∈ N.
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We have that

ω(t+ tn)− ω(t) = ω(un + tn)− ω(un) +

∫ t

un

A[ω(s+ tn)− ω(s)]ds

+

∫ t

un

[f(tn + s, ω(s+ tn))− f(s, ω(s))]ds, t ∈ R.(2.12)

One can find a positive number κ1 and natural numbers l and k such that

κ1 < σ,(2.13)

‖ω(t+ s)− ω(t)‖ < ε0
k
, t ∈ R, |s| < κ1,(2.14)

κ1

(
1− (

1

l
+

2

k
)(L+ ‖A‖)

)
>

3

2l
.(2.15)

Denote ∆ = ‖ω(tn + un) − ω(un)‖ and consider two alternative cases (i) ∆ ≥ ε0/l and
(ii) ∆ < ε0/l.

(i) For the case ∆ ≥ ε0/l, fix additionally a positive number κ ≤ κ1 sufficiently small
for

‖ω(t+ s)− ω(t)‖ < ε0
4l
, t ∈ R, |s| < κ.

Therefore,

‖ω(tn + t)− ω(t)‖ ≥ ‖ω(tn + un)− ω(un)‖ − ‖ω(un)− ω(t)‖ −

‖ω(tn + t)− ω(tn + un)‖ ≥ ε0
l
− ε0

4l
− ε0

4l
=

ε

2l
,(2.16)

if t ∈ [un − κ, un + κ] and n ∈ N.
(ii) One can find that from (2.14) it follows that

‖ω(tn + t)− ω(t)‖ < ε0
l

+
ε0
k

+
ε0
k

= ε0

(1

l
+

2

k

)
(2.17)

if t ∈ [un − κ1, un + κ1].
It is true that infG ‖f(tn + un, x)− f(un, x)‖ ≥ ε0, t ∈ [un − κ1, un + κ1] and n ∈ N.
Now, using condition (C3), relations (2.15) and (2.17) we get that

‖ω(tn + t)− ω(t)‖ ≥
∫ t

un

‖f(tn + s, ω(tn + s))− f(s, ω(tn + s))‖ds−∫ t

un

‖f(s, ω(tn + s))− f(s, ω(s))‖ds−
∫ t

un

‖A‖‖ω(s)− ω(tn + s)‖ds−

‖ω(tn + un)− ω(un)‖ ≥ κ1ε0 − κ1Lε0
(1

l
+

2

k

)
− κ1‖A‖ε0

(1

l
+

2

k

)
− ε0

l
≥ ε0

2l

for t ∈ [un − κ1, un + κ1].
Thus, the solution ω(t) is unpredictable with positive numbers ε0

2l , κ and sequences
tn, un.

The theorem is proved. �
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3. EXAMPLES

First, we will construct two examples of unpredictable functions.
Example 1. Let ψi, i ∈ Z, be an unpredictable solution [1] of the logistic discrete equation

λi+1 = µλi(1− λi)(3.18)

with µ = 3.92. The sequence belongs to the unit interval [0, 1]. There exist a positive
number ε0 and sequences ζn, ηn both of which diverge to infinity such that |ψi+ζn−ψi| → 0
as n → ∞ for each i in bounded intervals of integers and |ψζn+ηn − ψηn | ≥ ε0 for each
n ∈ N.

Consider the following integral

Θ(t) =

∫ t

−∞
e−2(t−s)Ω(s)ds, t ∈ R,(3.19)

where Ω(t) is a piecewise constant function defined on the real axis through the equation
Ω(t) = ψi for t ∈ [i, i+ 1), i ∈ Z.

It is worth noting that Θ(t) is bounded on the whole real axis such that sup
t∈R
|Θ(t)| ≤ 1/2.

Next, we will show that Θ(t) is an unpreditable scalar function.
Consider a fixed bounded and closed interval [α, β], of the axis and a positive number

ε. Without loss of generality one can assume that α and β are integers. Let us fix a positive
number ξ and an integer γ < α, which satisfy the following inequalities e−2(α−γ) < ε

2 and
ξ[1 − e−2(β−γ)] < ε. Let n be a large natural number such that |Ω(t+ ζn)− Ω(t)| < ξ on
[γ, β]. Then for all t ∈ [α, β] we obtain that

|Θ(t+ ζn)−Θ(t)| = |
∫ t

−∞
e−2(t−s)(Ω(s+ ζn)− Ω(s))ds| =

|
∫ γ

−∞
e−2(t−s)(Ω(s+ ζn)− Ω(s))ds+

∫ β

γ

e−2(t−s)(Ω(s+ ζn)− Ω(s))ds| ≤∫ γ

−∞
e−2(t−s)2ds+

∫ β

γ

e−2(t−s)ξds ≤ e−2(α−γ) +
ξ

2
[1− e−2(β−γ)] < ε

2
+
ε

2
= ε.

Thus, |Θ(t+ ζn)−Θ(t)| → 0 as n→∞ uniformly on the interval [α, β].
There exists a positive number κ < 1 such that 1− e−2κ ≤ ε0

6 . Moreover, the following
inequalities are valid, |Ω(t+ ζn)− Ω(t)| = |ψζn+ηn − ψηn | ≥ ε0, t ∈ [ηp, ηp + 1), p ∈ N.

Let us fix the numbers κ and p = n and consider two alternative cases: (i) |Θ(ηn+ ζn)−
Θ(ηn)| < ε0

3 and (ii) |Θ(ηn + ζn)−Θ(ηn)| ≥ ε0
3 .

(i) Using the relation

Θ(t+ ζn)−Θ(t) = Θ(ηn + ζn)−Θ(ηn) +

∫ t

ηn

e−2(t−s)(Ω(s+ ζn)− Ω(s))ds(3.20)

we obtain that

|Θ(t+ ζn)−Θ(t)| ≥ |
∫ t

ηn

e−2(t−s)(Ω(s+ ζn)− Ω(s))ds| − |Θ(ηn + ζn)−Θ(ηn)| ≥∫ t

ηn

e−2(t−s)ε0ds−
ε0
3
≥ ε0

2
− ε0

3
=
ε0
6

for t ∈ [ηn, ηn + 1).
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(ii) From the relation (3.20) we get

|Θ(t+ ζn)−Θ(t)| ≥ |Θ(ηn + ζn)−Θ(ηn)| − |
∫ t

ηn

e−2(t−s)(Ω(s+ ζn)− Ω(s))ds| ≥

ε0
3
−
∫ t

ηn

e−2(t−s)2ds ≥ ε0
3
− [1− e−2κ] ≥ ε0

6

for t ∈ [ηn, ηn + κ).
Thus, the function Θ(t) is unpredictable (strongly) with positive numbers ε̄0 = ε0

6 ,
κ
3

and sequences tn = ζn and un = ηn + κ
2 .

Example 2. Consider the function g(t, x) = (arctan(x) + 2)Θ(t) of two variables t and x,
where Θ(t) is the function from the last example. It is easy to see that function g(t, x) is
continuously differentable if t 6= i, i ∈ Z, and bounded such that sup

R×G
|g(t, x)| =

π

4
+ 1.

Moreover, sup
R×G
|∂g(t, x)

∂x
| = 1/2, t 6= i, i ∈ Z.

Let us fix arbitrary compact interval I ⊂ R and positive number ε. We have that |Θ(t+
tn)−Θ(t)| < ε for t ∈ I sufficiently large n. Consequently,

|g(t+ tn, x)− g(t, x)| ≤ |arctan(x) + 2||Θ(t+ tn)−Θ(t)| < (
π

2
+ 2)ε.

That is g(t+ tn, x)→ g(t, x) as n→∞ uniformly for (t, x) ∈ I ×G.
On the other hand, it is true that |Θ(t+ tn)−Θ(t)| ≥ ε̄0 for all t ∈ [un − κ, un + κ] and

n ∈ N. This is why, we obtain that

|g(t+ tn, x)− g(t, x)| = |arctan(x) + 2||Θ(t+ ζn)−Θ(t)| ≥ (−π
2

+ 2)ε̄0,

for (t, x) ∈ [un − κ, un + κ] × G,n ∈ N. Thus, g(t, x) is an unpredictable (strongly) in t
function.
Example 3. Let us consider the system of differential equations

x′1 = −3x1 − x2 − x3 + 0.51g(t, x3)
x′2 = −x1 − 3x2 − x3 − 0.62g(t, x1)
x′3 = x1 + x2 − x3 + 0.51g(t, x2),

(3.21)

where g(t, x) is the function from the last example. The eigenvalues of the matrix of coef-
ficients are equal to −2,−2 and −3. One can find that conditions (C3)− (C6) are valid for
system (3.21) with γ = −2, K = 6 and L = 0.31. According to Theorem 2.2, there exists
the unique asymptotically stable unpredictable solution of system (3.21). The simulation
results for the solution of (3.21) with initial data ψ1(0) = 0.05, ψ2(0) = −0.1, ψ3(0) = 0.15
are seen in Figure 1. They confirm the irregularity of the dynamics.

FIGURE 1. The coordinates of the solution, ψ(t), of system (3.21).
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