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New univalence criteria for an integral operator with
Mocanu’s and Serb’s lemma

CAMELIA BARBATU and DANIEL BREAZ

ABSTRACT. In this paper we consider a general integral operator for analytic functions in the open unit disk
U and we obtain sufficient conditions for univalence of this integral operator, using Mocanu’s and Serb’s Lemma.
This integral operator was considered in a recent work Barbatu, C. and Breaz, D., [ The univalence conditions for a
general integral operator, Acta Univ. Apulensis Math. Inform., 51 (2019), 75-87]. The results derived in this paper
are shown to follow upon specializing the parameters involved in our results. Several corollaries of the main
results are also considered.

1. INTRODUCTION AND PRELIMINARIES

Let A denote the class of the functions of the form:
(1.1) f(z) = z—l—Zanz”,
n=2

which are analytic in the open unit disk
U={zeC:|z|<1}

and satisfy the following usual normalization conditions:

f(0) = £(0) = 1=0,
C being the set of complex numbers. We denote by S the subclass of A consisting of

functions f € A, which are univalent in U.
We consider the integral operator:

1D Mulfog)(e) = {6 [ [(ff)) (5 ®)" (*‘”j”)] dt}é,

where f;, g; are analytic in U, and «;, 3;,7; € Cforalli = 1,n,n € N\ {0}, § € C, with
Red > 0.

Remark 1.1. The integral operator M, (f;, g;) defined by (1.2), introduced by Brbatu and
Breaz in the paper [1], is a general integral operator of Pfaltzgraff, Kim-Merkes and Over-
sea types which extends also the other operators as follows:

i)Forn=1,0=1, a1 —1 = a; and 1 = 71 = 0 we obtain the integral operator which
was studied by Kim-Merkes [7]

Fuls) = /0 (ff))adt.
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if) Forn = 1,6 = 1 and oy — 1 = 1 = 0 we obtain the integral operator which was
studied by Pfaltzgraff [20]

GAd:=AZU%ﬂfdt

iii) For oy; — 1 = «; and 8; = 7; = 0 we obtain the integral operator which was defined
and studied by D. Breaz and N. Breaz [2]

- [s [ w1 (42) o]

this integral operator is a generalization of the integral operator introduced by Pascu and
Pescar [16].

iv) For a; — 1 = +; = 0 we obtain the integral operator which was defined and studied
by D. Breaz, Owa and N. Breaz [5]

I,L(Z) = [5/02 t‘;*l]:[[fi/(t)]ai dt] ,

this integral operator is a generalization of the integral operator introduced by Pescar and
Owain [19].

v) For o; — 1 = o; and 7; = 0 we obtain the integral operator which was defined and
studied by Pescar in [17]

Fnlz) = [5/03“]3 <ft(t)>a ()" dtr,

this integral operator is a generalization of the integral operator introduced by Frasin in
[6] and by Oversea in [12].
vi) For a; — 1 = «; and ; = 0 we obtain the integral operator which was studied by

Ularu in [21]
%@FA%IH(W§iW@Wﬂ

Thus, the integral operator M,,(f;, g;), introduced here by the formula (1.2), can be
considered as an extension and a generalization of these operators above mentioned.

1
)

The following two univalence conditions were derived by Pascu [14] and [15].

Theorem 1.1. (Pascu [14]) Let f € Aand ~ € C. If Rey > 0 and

2f"(2))
f'(z)

1 |Z|2Rew

Revy

<

forall z € U, then the integral operator

Fy(z) = (7/ ﬂ—lf’(t)dt> ’ ,
0

is in the class S.
Theorem 1.2. (Pascu [15]) Let § € C with Red > 0. If f € A satisfies

2f"(2))
f'(z)

1_ |Z|2RL’6

Red

<
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forall z € U, then, for any complex ~ with Rey > Red, the integral operator

1

F

= (o [ orirom)

Mocanu and erb, on the other hand, proved the next Theorem in [10].

is in the class S.

Theorem 1.3. (Mocanu - Serb [10]) Let My = 1, 5936... the positive solution of equation

(1.3) (2—M)eM =2.
If f € Aand
f"(2))
) ‘ = Mo,
for z € U, then
21'(2) .
75 1’ <1, (z € )

The bound M is sharp.

Finally, in our present investigation, we shall also need the familiar Schwarz Lemma

[8].

Lemma 1.1. (General Schwarz Lemma [8]) Let f be the function reqular in the disk
={ze€C:|z| < R,R >0} with |f(z)| < M for a fixed number M > 0 fixed. If f(z)
has one zero with multiplicity order bigger than a positive integer m for z = 0, then

M
The equality for z # 0 can hold only if

f(z) = ewRﬁmzm,
where 0 is constant.

2. THE MAIN UNIVALENCE CRITERION

In this paper, we obtain new conditions for the univalence of the general integral ope-
rator M, (f, g;), by applying the improvement of Becker univalence criteria, obtained by
Pascu in the paper [14]. Also, a lemma given by Mocanu and $Serb in the paper [10], will
be used to get some part of results.

Theorem 2.4. Let 7,4, a;, B;, vi be complex numbers, ¢ = Rey > 0, i = 1,n, My the positive
solution of the equation (1.3), My = 1,5936... and f;,g; € A. If

f(z) 9: (2)
fi(z) 9i(2)

(2.4)

= 05 S MO;

forall z € U, i =1,nand

(25) 7Z|a271|+ ( 2c+l Z|ﬂl|+ Zhﬂ <1

Then, for all 6 complex numbers, Re§ > Re'y, the integral operator My, (f;, gi), given by (1.2) is
in the class S.
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Proof. Let us define the function

= [TI (2O e (49 e

for f;,g; € A, i =1,n.

The function M, is regular in U and satisfy the following usual normalization conditi-
ons M, (0) = M, (0)— 1 = 0.

After some calculus we have

- > {(‘“ 1 <f<(>) ) i Zi?()) o (gg<(>) - 1” ’

i=1
forall z € U.
Applying the module and multiplying both members with *=2— we obtain
1L—|2]* | 2M}/(2)
¢ M, (2)
1— 2] & [ ’Zf-’( ‘ 9 (2) ’ 2gi(2) H
26 Si ai_]- L _1"‘51 +% : -1 9
2.6) SE 3 -5 1121 %53 |+ il | 22
forall z € U.
Using (2.4) and Lemma Mocanu and erb, from (2.6) we get
2fi(2) ’ 29;(2)
L -1 <1, -1 < 1,
fi(2) 9i(2)
forall z € U, i = 1,n and hence, we have
L— |2 | My (2)
c M! (z)
1 o 2c N | |26 n 1 2c n
2.7) < >l 2| Mo > |Bi] + Z il
i=1 i=1
forall z € U.
Since
(1= 121%) 12 >
(2.8) max = T
lz|<1 c (2c+ 1)
from (2.7) and (2.8) we obtain
1-— ZM”
(2.9) |2 | Z lo; — 2r+1 Z 1Bl + — Z Vil »
forall z € U.
Using (2.5), from (2.9) we have
1— |2 |2M/(z)
. n <1
R b7
forall z € U.

By Theorem 1.2 it results that M,,(f;,g;) € S.
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3. COROLLARIES AND CONSEQUENCES
First of all, upon setting 6 = 1 in Theorem 2.4, we obtain the following corollary:

Corollary 3.1. Let vy, a;, 8;, v be complex numbers, 0 < Rey < 1, ¢ = Rey, M the positive
solution of the equation (1.3), My = 1,5936... and f;,g; € A. If

fi'(2) 9i (%)
fi(2) 9i(2)

S M07

I 05

forall z € U, i =1,nand

*Zlaz_”'i' 2L+1 Zlﬁz“" Z|%

(2
N e (gi(f”)%] a

then, the integral opemtor M, defined by
Letting 6 = 1 and ~; = 0 in Theorem 2.4, we have:

I A
—_

(3.11) M (2) = /oﬁ [(fiit

is in the class S.

Corollary 3.2. Let v, o, B; be complex numbers, 0 < Rey < 1, ¢ = Re~y, M the positive solution
of the equation (1.3), My = 1,5936... and f;, g; € A. If

fi'(2)
fi(2)

=~ 05

1
gi, () ’ < My,
92(2)

forall z € U, i =1,nand

*Z‘O&Z*H‘F( )2p+1 Z‘BASI
1=1

then, the integral operator JF,, defined by

(3.12) Fn(z) = /OZZ]Z[l [(@)ai_l (gi'(t))ﬁi] dt

is in the class S.
Remark 3.2. The integral operator from (3.12) is a known result, proven in [21].
Letting 6 = 1 and 8; = 0 in Theorem 3.1, we have

Corollary 3.3. Let v, o, y;be complex numbers, 0 < Rey < 1, ¢ = Rey, My the positive solution
of the equation (1.3), My = 1,5936...and f;, g; € A, i = 1,n. If

fi'(2)
fi(z)

> 05

"
9:(2)

forall z € U, i =1,nand
1< 1 &
EZ|%—1|+EZ|%‘| <1
=1 i=1

then, the integral operator G,, defined by
a;—1 ) Yi
)) (gxtt))) ]dt

(3.13) Go(2) = /o]j Kfiit

is in the class S.
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Remark 3.3. The integral operator from (3.13) is another known result proven in [11].
Letting 6 = 1 and o; = 1 in Theorem 2.4, we obtain the next corollary:

Corollary 3.4. Let v, f5;,7; be complex numbers, 0 < Rey < 1, ¢ = Rery, My the positive solution
of the equation (1.3), My = 1,5936... and g; € A. If

9; (2)
9i(2)

S M07

forall z € U, i =1,nand

2M0 n 1 n
jZWH*—*ZWH <1
(2c+1) %= 3 ¢i=

then, the integral operator I, defined by

(.14) L)~ | L[ 0" (‘”f”ﬂ a

is in the class S.

Remark 3.4. The integral operator given by (3.14) was proved in [17].
Lettingn =1,6 = v = aand o; — 1 = §; = 7; in Theorem 2.4, we obtain:

Corollary 3.5. Let o be complex numbers, a = Rea > 0, My the positive solution of the equation
(1.3), Mo = 1,5936...and f,g € A. If

f"(2) 9"(2)
| [
forall z € U, and
2(a—1) <1+M> <1
@ (2a+41) =
then the integral operator M defined by
z a—1 %
(3.15) M(z) = {a [ [roso2?] dt} 7

is in the class S.

4. CONCLUSIONS AND FURTHER STUDY

The future research will study similar properties using other classes of analytical functi-
ons for the integral operators which were defined in this paper, further generalizing the
integral operators and getting results related to convexity, starlikeness, univalence condi-
tions, etc.
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