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On admissible hybrid Geraghty contractions

ERDAL KARAPINAR1,2, ADRIAN PETRUŞEL 3,4 and GABRIELA PETRUŞEL5

ABSTRACT. In this manuscript, we introduce the notion of admissible hybrid Geraghty contraction and we
investigate the existence of fixed points of such mappings in the setting of complete metric spaces. Our results
not only extend and generalize several results in the fixed point theory literature, but also unify most of them.
We give some corollaries to illustrate the novelty of the main result.

1. INTRODUCTION AND PRELIMINARIES

In 1973, Geraghty [7] introduced an interesting class of auxiliary function to refine the
Banach contraction mapping principle. Let G denote all functions β : [0,∞) → [0, 1)
which satisfies the condition:

lim
n→∞

β(tn) = 1 implies lim
n→∞

tn = 0.

Using the above class of functions, Geraghty [7] proved the following remarkable the-
orem.

Theorem 1.1. (Geraghty [7].) Let (X, d) be a complete metric space and f : X → X be an
operator. Suppose that there exists β ∈ G such that f satisfies the following inequality

(1.1) d(fx, fy) ≤ β(d(x, y))d(x, y), for any x, y ∈ X.
Then f has a unique fixed point in X .

The concept of α-orbital admissible was proposed in [16] and it is a refinement of α-
admissibility, defined in [21].

Let α : X ×X → [0,∞) be a function. We say that a mapping f : X → X is α-orbital
admissible (see [16]) if

α(x, fx) ≥ 1⇒ α(fx, f2x) ≥ 1.(1.2)

An α-orbital admissible mapping f is called triangular α-orbital admissible (see [16]) if

α(x, y) ≥ 1 and α(y, fy) ≥ 1⇒ α(x, fy) ≥ 1,(1.3)

for every x, y ∈ X.

Lemma 1.1. Let X be a non-empty set. Suppose that α : X × X → [0,∞) is a given
function and f : X → X is a triangular α-orbital admissible mapping. If there exists
x0 ∈ X such that α(x0, fx0) ≥ 1, and xn = fxn−1 for n = 0, 1, . . . , then, we have:

(1.4) (a) α(xn, xn+1) ≥ 1, for each n = 0, 1, 2, . . . .
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(1.5) (b) α(xn, xn+k) ≥ 1, for each n = 0, 1, 2, . . . and k = 1, 2, . . . .

Proof. On account of the assumptions of the theorem, there exists x0 ∈ X such that
α(x0, fx0) ≥ 1. Owing to the fact that f is α-orbital admissible, we find

α(x0, x1) = α(x0, fx0) ≥ 1⇒ α(fx0, fx1) = α(x1, x2) ≥ 1.

By iterating the above inequality, we derive that

α(xn, xn+1) = α(fxn−1, fxn) ≥ 1, for each n = 0, 1, . . . .

On the other hand, since it is triangular α-orbital admissible mapping, we have

α(xn, xn+1) ≥ 1 and α(xn+1, fxn+1) = α(xn+1, xn+2) ≥ 1⇒ α(xn, xn+2) ≥ 1.

Notice that, recursively we can prove that

α(xn, xn+k) ≥ 1,

for each n ∈ {0, 1, 2, . . .} and k ∈ {1, 2, . . .}. �

Definition 1.1. Let α : X × X → [0,∞) be a mapping. The set X is called regular with
respect toα if for a sequence {xn} inX such thatα(xn, xn+1) ≥ 1, for all n and xn → x ∈ X
as n→∞we have α(xn, x) ≥ 1 for all n.

Lemma 1.2. cf.[17] Let (X, d) be a metric space and let {xn} be a sequence in X such that
d(xn+1, xn) is non-increasing and

lim
n→∞

d(xn+1, xn) = 0.

If {xn} is not a Cauchy sequence, then there exist ε > 0 and two strictly increasing se-
quences {mk} and {nk} of positive integers such that the following sequences

d(xmk
, xnk

), d(xmk−1, xnk−1), d(xmk
, xnk−1), d(xmk−1, xnk

)

tend to ε when k →∞.

In this paper, we will introduce the notion of admissible hybrid Geraghty contraction
and we investigate the existence of fixed points of such mappings in the setting of com-
plete metric spaces. Our theorems not only generalize several results in the fixed point
theory literature, but also unify some of them, see [4], [5], [6], [8], [9], [13], [15], [16], [17],
[18], [22]. Our results are also related to the interpolative approach in fixed point theory,
see [1], [2], [3], [10], [11], [12]. Finally, we will deduce some corollaries to illustrate the
novelty of the main results.

2. MAIN RESULTS

We start with a definition of a new notion, namely that of admissible hybrid contrac-
tion, as follows.

Definition 2.2. Let (X, d) be a metric space. A self-mapping f is called an admissible
hybrid Geraghty contraction if there exist β ∈ G and α : X ×X → [0,∞) such that

(2.6) α(x, y)d(fx, fy) ≤ β
(
Hq
f (x, y)

)
Hq
f (x, y),

where q ≥ 0 and λi ≥ 0, i ∈ {1, 2, 3, 4, 5} such that
∑5
i=1 λi = 1 and, for every x, y ∈ X ,

we have
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(2.7)

Hq
f (x, y) :=



[
λ1d

q(x, y) + λ2d
q(x, fx) + λ3d

q(y, fy) + λ4

(
d(y,fy)(1+d(x,fx))

1+d(x,y)

)q

+λ5

(
d(y,fx)(1+d(x,fy))

1+d(x,y)

)q
] 1

q

, for q > 0,

[d(x, y)]λ1 ·[d(x, fx)]λ2 ·[d(y, fy)]λ3 ·
[
d(y,fy)(1+d(x,fx))

1+d(x,y)

]λ4

·
[
d(x,fy)+d(y,fx)

2

]λ5

,

for q = 0.

The main result of this manuscript is the following theorem.

Theorem 2.2. Let (X, d) be a complete metric space and let f : X → X be an admissible hybrid
Geraghty contraction. Suppose also that:

(i) f is triangular α−orbital admissible;
(ii) there exists x0 ∈ X such that α(x0, fx0) ≥ 1;

(iiia) f is continuous
or

(iiib) f
2 is continuous and α(fx, x) ≥ 1 for any x ∈ X with d(x, fx) > 0.

Then, f has at least one fixed point in X .

Proof. On account of the assumption (ii), there exists x0 ∈ X such that α(x0, fx0) ≥ 1.
Hence, starting this point, we shall construct an iterative sequence {xn} as follows:

(2.8) x0 := x and xn = fxn−1 for all n ∈ N.

We suppose that

(2.9) xn 6= xn−1 for all n ∈ N.

Indeed, if for some n ∈ N we have the inequality xn = fxn−1 = xn−1, then, the proof is
completed.

By Lemma 1.1, we have

(2.10) α(xn, xn+1) ≥ 1, and α(xn, xm) ≥ 1, for each n,m ∈ N0 with n > m.

By substituting x = xn−1 and y = xn in the inequality (2.6), we derive that

(2.11) d(xn, xn+1) ≤ α(xn−1, xn)d(fxn−1, fxn) ≤ β
(
Hq
f (xn−1, xn

)
Hq
f (xn−1, xn).

Case 1. For the case q > 0 we have

Hq
f (xn−1, xn) = [λ1d

q(xn−1, xn) + λ2d
q(xn−1, fxn−1) + λ3d

q(xn, fxn)+

+λ4

(
d(xn,fxn)(1+d(xn−1,fxn−1))

1+d(xn−1,xn)

)q
+ λ5

(
d(xn,fxn−1)(1+d(xn−1,fxn))

1+d(xn−1,xn)

)q
] 1

q

= [λ1d
q(xn−1, xn) + λ2d

q(xn−1, xn) + λ3d
q(xn, xn+1)+

+λ4

(
d(xn,xn+1)(1+d(xn−1,xn))

1+d(xn−1,xn)

)q
+ λ5

(
d(xn,xn)(1+d(xn−1,xn+1))

1+d(xn−1,xn)

)q
] 1

q

=
[
λ1d

q(xn−1, xn) + λ2d
q(xn−1, xn) + λ3d

q(xn, xn+1) + λ4 (d(xn, xn+1))
q] 1

q

= [(λ1 + λ2)d
q(xn−1, xn) + (λ3 + λ4)d

q(xn, xn+1)]
1/q ,
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and from (2.11) we get

(2.12)
d(xn, xn+1) ≤ α(xn−1, xn)d(fxn−1, fxn) ≤ β

(
Hq
f (xn−1, xn

)
< Hq

f (xn−1, xn)

< [(λ1 + λ2)d
q(xn−1, xn) + (λ3 + λ4)d

q(xn, xn+1)]
1/q .

If we suppose that d(xn−1, xn) ≤ d(xn, xn−1), then we get

(2.13) d(xn, xn+1) < (λ1 + λ2 + λ3 + λ4)
1/qd(xn, xn+1)

< d(xn, xn+1),

a contradiction. Therefore, for every n ∈ N we have

d(xn, xn+1) < d(xn−1, xn).

Consequently, we deduce that d(xn+1, xn+2) < d(xn, xn+1), for each n. Since the se-
quence {d(xn, xn+1)} is non-increasing.

As a next step, lim
n→∞

d(xn, xn+1) = 0. Indeed, since {d(xn, xn+1)} is non-increasing and
bounded below, we conclude that it converges to some non-negative real numbers, say r.

lim
n→∞

d(xn, xn+1) = r.

It is evident that

lim
n→∞

Hq
f (xn−1, xn) = r.

We assert that r = 0. Suppose, on the contrary that r 6= 0.
Letting n→∞ in the equation (2.12), we find

lim
n→∞

β(Hq
f (xn−1, xn)) = 1⇒ lim

n→∞
Hq
f (xn−1, xn) = 0.

As a consequence, r = 0 and so

(2.14) r = lim
n→∞

d(xn, xn+1) = 0.

In what follows, we claim sequence {xn} is a Cauchy sequence. Assume that {xn} is
not a Cauchy sequence then there exists ε > 0 and sequences {xnk

}, {xmk
} ;

nk > mk > k such that

(2.15) d(xmk
, xnk

) ≥ ε

(2.16) d(xmk
, xnk−1) < ε.

Now take x = xmk−1 and y = xnk−1 in (2.6), we have

α(xmk−1, xnk−1) ≥ 1 for all k

implies

(2.17)

d(fxmk−1, fxnk−1) ≤ α(xmk−1, xnk−1)d(fxmk−1, fxnk−1)

≤ β
(
Hq
f (xmk−1, xnk−1)

)
Hq
f (xmk−1, xnk−1)

< Hq
f (xmk−1, xnk−1),



On admissible hybrid Geraghty contractions 437

where
(2.18)

Hq
f (xmk−1, xnk−1)=


λ1d

q(xmk−1, xnk−1)+λ2d
q(xmk−1, fxmk−1)+λ3d

q(xnk−1, fxnk−1)

+λ4

(
d(xnk−1,fxnk−1)(1+d(xmk−1,fxmk−1))

1+d(xmk−1,xnk−1)

)q

+λ5

(
d(xnk−1,fxmk−1)(1+d(xmk−1,fxnk−1))

1+d(xmk−1,xnk−1)

)q


1
q

.

Due to Lemma 1.2, we have
(2.19)
lim
k→∞

d(xmk
, xnk

) = lim
k→∞

d(xmk−1, xnk−1) = lim
k→∞

d(xmk
, xnk−1) = lim

k→∞
d(xmk−1, xnk

) = ε.

If we letting k →∞ in (2.17) and keeping (2.18),(2.19) in mind, we get

ε = lim
k→∞

d(fxmk−1, fxnk−1) ≤ lim
k→∞

Hq
f (xmk−1, xnk−1) = (λ1 + λ4 + λ5)

1
q ε,

which is a contradiction. Thus, {xn} is a Cauchy sequence on a complete metric space, so
that, there exists z such that

(2.20) lim
n→∞

d(xn, z) = 0.

We shall indicate that z is a fixed point of f. If f is continuous, (due to assumption (iii))

lim
n→∞

d(xn+1, fz) = lim
n→∞

d(xn, fxn) = 0,

so, we get that fz = z, that is, z is a fixed point of f .

In the alternative hypothesis, that f2 is continuous we have f2z = lim
n→∞

f2xn = z and
we want to show that fz = z. Supposing that, on the contrary, fz 6= z, we have from (2.6)

d(z, fz) = d(f2z, fz) ≤ α(fz, z)d(fz, z) ≤ β
(
Hq
f (fz, z)

)
Hq
f (fz, z) < H

q
f (fz, z)

=

[
λ1d

q(fz, z) + λ2d
q(fz, f2z) + λ3d

q(z, fz) + λ4

(
d(z,fz)(1+d(fz,f2z))

1+d(fz,z)

)q

+λ5

(
d(z,f2z)(1+d(fz,fz))

1+d(fz,z)

)q
] 1

q

=

[
λ1d

q(fz, z) + λ2d
q(fz, z) + λ3d

q(z, fz) + λ4

(
d(z,fz)(1+d(fz,z))

1+d(fz,z)

)q

+λ5

(
d(z,z)(1+d(fz,fz))

1+d(fz,z)

)q
] 1

q

= [(λ1 + λ2 + λ3 + λ4)d
q(fz, z)]

1
q

= [(λ1 + λ2 + λ3 + λ4)]
1
q d(fz, z)

< d(fz, z).

This is a contradiction, so that fz = z.
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Case 2. For the case q = 0 taking x = xn−1 and y = xn we have

Hq
f (xn−1, xn) = [d(xn−1, xn)]

λ1 · [d(xn−1, fxn−1)]λ2 · [d(xn, fxn)]λ3

·
[
d(xn,fxn)(1+d(xn−1,fxn−1))

1+d(xn−1,xn)

]λ4

·
[
d(xn−1,fxn)+d(xn,fxn−1))

2

]λ5

≤ [d(xn−1, xn)]
λ1 · [d(xn−1, xn)]λ2 · [d(xn, xn+1)]

λ3 · [d(xn, xn+1)]
λ4

·
[
d(xn−1,xn)+d(xn,xn+1)+d(xn,xn))

2

]λ5

≤ [d(xn−1, xn)]
λ1+λ2 · [d(xn, xn+1)]

λ3+λ4 ·
[
[d(xn−1,xn)+d(xn,xn+1)]

2

]λ5

.

From (2.6)
(2.21)
d(xn, xn+1) ≤α(xn−1, xn)d(fxn−1, fxn)≤ β(H

q
f (xn−1, xn))H

q
f (xn−1, xn) < H

q
f (xn−1, xn).

As in the first case, we have that d(xn−1, xn) > d(xn, xn+1) since in the contrary case we
have a contradiction. Indeed, if we suppose ad absurdum that d(xn−1, xn) ≤ d(xn, xn+1),
we have

d(xn, xn+1) ≤ Hq
f (xn−1, xn)< [d(xn, xn+1))]

λ1+λ2λ3+λ4+λ5 = d(xn, xn+1),

which is a contradiction. Thus, we have

(2.22) d(xn, xn+1) < d(xn−1, xn).

By using the same arguments as the case q > 0 we shall easily obtain that {xn} is a Cauchy
sequence in a complete metric space and so, there exists z such that limn→∞ xn = z.

We claim that z is a fixed point of f .
Under the assumption that f is continuous we have

lim
n→∞

d(xn+1, fz) = lim
n→∞

d(fxn, fz) = 0,

and together with the uniqueness of limit, fz = z. Also, if f2 is continuous, as in case (1)
we have that fz = z and then

d(z, fz) = d(f2z, fz) ≤ α(fz, z)d(f2z, fz) ≤ β(Hq
f (f

2z, fz))Hq
f (f

2z, fz) < Hq
f (f

2z, fz)

≤ [d(z, fz)]λ1+λ2+λ3+λ4+λ5

< d(z, fz).

This contradiction shows us that z = fz.
�

If, instead the continuity condition on f , we propose the regularity condition, then we
get the following result.

Theorem 2.3. Let (X, d) be a complete metric space and let f : X → X be an admissible hybrid
Geraghty contraction. Suppose also that:

(1) f is triangular α−orbital admissible;
(2) there exists x0 ∈ X such that α(x0, fx0) ≥ 1;
(3) (X, d) is regular with respect to α.

Then, f possesses at least one fixed point.

Proof. Following the lines in the proof of the Theorem 2.2, we already know that for any
q ≥ 0, the sequence {xn} is Cauchy. Due to the completeness of the metric space (X, d),
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there exists a point z ∈ X such that lim
n→∞

d(xn, z) = 0. Since the space X is regular with
respect to α, inequality (2.6) together with the triangle inequality gives us

(2.23)

d(z, fz) ≤ d(z, xn+1) + d(xn+1, fz)

≤ d(z, xn+1) + α(xn, z)d(fxn, fz)

≤ d(z, xn+1) + β
(
Hq
f (xn, z)

)
Hq
f (xn, z)

≤ d(z, xn+1) +H
q
f (xn, z).

Again, we have to consider two separate cases. For the case q > 0,

Hq
f (xn, z) =

[
λ1d

q(xn, z) + λ2d
q(xn, fxn) + λ3d

q(z, fz) + λ4

(
d(z,fz)(1+d(xn,fxn))

1+d(xn,z)

)q
+

+λ5

(
d(z,fxn)(1+d(xn,fz))

1+d(xn,z)

)q
] 1

q

=

[
λ1d

q(xn, z) + λ2d
q(xn, xn+1) + λ3d

q(z, fz) + λ4

(
d(z,fz)(1+d(xn,xn+1))

1+d(xn,z)

)q
+

+λ5

(
d(z,xn+1)(1+d(xn,fz))

1+d(xn,z)

)q
] 1

q

.

Since lim
n→∞

Hq
f (xn, z) = (λ3 + λ4)d(z, fz), letting n → ∞ in (2.23) we obtain d(z, fz) ≤

(λ3 + λ4)d(z, fz) which implies that d(z, fz) = 0.

Similarly, for the case q = 0, we get lim
n→∞

Hq
f (xn, z) = 0 and then d(z, fz) = 0. �

Remark 2.1. In the case q = 0 of Definition 2.7, if x̃ ∈ X is a fixed point for f , then
Hq
f (x̃, y) = 0, for every y ∈ X . Thus, f is a constant function. Hence, trivially we have

a fixed point. On the other hand, we implicitly exclude this trivial case in our proof by
assuming xn 6= xn+1 = fxn.

Theorem 2.4. Let f : X → X be a mapping on the complete metric space (X, d) endowed with a
partial order � on X . Suppose that there exists β ∈ G, such that, for all x, y ∈ X with x � y, we
have

α(x, y)d(fx, fy) ≤ β
(
Hq
f (x, y)

)
Hq
f (x, y),

whereHq
f (x, y) is defined as in Theorem 2.2. Suppose also that the following conditions hold:

(i) there exists x0 ∈ X such that x0 � fx0;
(ii) f is continuous or (X,�, d) is regular.

Then f has at least one fixed point.

Proof. It is sufficient to define the mapping α : X ×X → [0,∞) by

α(x, y) =

{
1 if x � y or x � y,
0 otherwise.

Clearly, f is an admissible hybrid Geraghty contraction. From condition (i), we have
α(x0, fx0) ≥ 1. Moreover, for all x, y ∈ X , from the monotone property of f , we have

α(x0, fx0) ≥ 1⇔ x0 � fx0 ⇒ fx0 � f2x0 ⇔ α(fx0, f
2x0) ≥ 1.

The rest is satisfied in a straightway. �

Theorem 2.5. Let (X, d) be a complete metric space and f : X → X be a mapping. Suppose
there exists β ∈ G such that

(2.24) d(fx, fy) ≤ β
(
Hq
f (x, y)

)
Hq
f (x, y),
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where q > 0 and λi ≥ 0, i ∈ {1, 2, 3, 4, 5} are such that
∑5
i=1 λi = 1. Then the fixed point of f is

unique.

Proof. Let v ∈ X be another fixed point of f , different from z. By replacing in (2.6), and
taking into account the additional hypotheses, we have

d(z, v) = d(fz, fv) ≤ β(Hq
f (z, v))Hq

f (z, v) < Hq
f (z, v)

=

[
λ1d

q(z, v) + λ2d
q(z, fz) + λ3d

q(v , fv) + λ4

(
d(v,fv)(1+d(z,fz))

1+d(z,v)

)q

+λ5

(
d(v,fz)(1+d(z,fv))

1+d(z,v)

)q
] 1

q

= d(z, v)(λ1 + λ5)
1/q ≤ d(z, v),

which is a contradiction. Thus, z = v , so that f possesses exactly one fixed point. �

Corollary 2.1. Let (X, d) be a complete metric space and f : X → X be a mapping. If there
exists β ∈ G such that

(2.25) d(fx, fy) ≤ β
(
Aq
f (x, y)

)
Aq
f (x, y),

where q > 0, λi ≥ 0, i ∈ {1, 2, 3} are such that
∑3
i=1 λi = 1 and, for x, y ∈ X , we denote

(2.26) Aq
f (x, y) := [λ1d

q(x, y) + λ2d
q(x, fx) + λ3d

q(y, fy)]
1
q ,

then the fixed point of f is unique.

Corollary 2.2. Let (X, d) be a complete metric space and f : X → X be a mapping. Suppose
there exists β ∈ G such that

(2.27) d(fx, fy) ≤ β
(
Bq
f (x, y)

)
Bq
f (x, y),

where q > 0, λi ≥ 0, i ∈ {1, 2, 3} are such that
∑3
i=1 λi = 1 and, for x, y ∈ X , we denote

(2.28) Bq
f (x, y) :=

[
λ1d

q(x, y) + λ2

(
d(y,fy)(1+d(x,fx))

1+d(x,y)

)q
+ λ3

(
d(y,fx)(1+d(x,fy))

1+d(x,y)

)q
] 1

q

.

Then there exists a unique fixed point of f .

Corollary 2.3. Let (X, d) be a complete metric space and f : X → X be a mapping. If there
exists β ∈ G such that

(2.29) d(fx, fy) ≤ β
(
Sq
f (x, y)

)
Sq
f (x, y),

where q > 0, λi ≥ 0, i ∈ {1, 2} are such that
∑2
i=1 λi = 1 and, for x, y ∈ X , we denote

(2.30) Sq
f (x, y) := [λ1d

q(x, fx) + λ2d
q(y, fy)]

1
q , for q > 0,

then there exists a unique fixed point of f .

Remark 2.2. If we take λi = 0 for i ∈ {2, 3, 4, 5} and q = 1, then we derive the original
theorem of Geraghty, that is, Theorem 1.1. It is clear that for different choices of λi, i ∈
{1, 2, 3, 4, 5} and for q, we can list more corollaries.

Corollary 2.4. Let (X, d) be a complete metric space and the functions β ∈ G and α : X ×X →
[0,∞). Let f be a self map on X such that:

(i) f is triangular α−orbital admissible;
(ii) there exists x0 ∈ X such that α(x0, fx0) ≥ 1;

(iiia) either, f is continuous,
(iiib) or f2 is continuous and α(fx, x) ≥ 1 for any x ∈ X with d(x, fx) > 0,
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(iiic) or (X, d) is regular with respect to α.
If one of the below conditions (c1)-(c3) is satisfied, then f has at least one fixed point z ∈ X .

(c1) α(x, y)d(x, y) ≤ β
(
Cq
f (x, y)

)
Cq
f (x, y), where a1, a2, a3, a4 ∈ [0,∞) are such that a1 +

a2 + a3 + a4 = 1 and
(2.31)

Cq
f (x, y) :=



[
a1d

q(x, y)(x, y) + a2d
q(x, fx) + a3d

q(y, fy) + a4

(
d(y,fy)(1+d(x,fx))

1+d(x,y)

)q
] 1

q

,

for q > 0,

[d(x, y)]a1 · [d(x, fx)]a2 · [d(y, fy)]a3 ·
[
d(y,fy)(1+d(x,fx))

1+d(x,y)

]a4
,

for q = 0;

(c2) α(x, y)d(x, y) ≤ β
(
Dq
f (x, y)

)
Dq
f (x, y), where b1, b2, b3 ∈ [0,∞) are such that b1 +

b2 + b3 = 1 and

(2.32) Dq
f (x, y) =


[b1d

q(x, y)(x, y) + b2d
q(x, fx) + b3d

q(y, fy)]
1
q ,

for q > 0,

[d(x, y)]b1 · [d(x, fx)]b2 · [d(y, fy)]b3 ,
for q = 0;

(c3) α(x, y)d(x, y) ≤ β
(
E q
f (x, y)

)
E q
f (x, y), where c1, c2 ∈ [0,∞) are such that c1 + c2 = 1

and

(2.33) E q
f (x, y) =


[c1d

q(x, fx) + c2d
q(y, fy)]

1
q ,

for q > 0,

[d(x, fx)]c1 · [d(y, fy)]c2 ,
for q = 0.

Remark 2.3. As we get Theorem 2.5 by α(x, y) = 1 in Theorem 2.2 and Theorem 2.3,
we can conclude several corollaries by letting α(x, y) = 1 in Corollary 2.4. Furthermore,
for different combinations of λi, i = 1, 2, 3, 4, 5 and q, we can list more corollaries. For
instance, by taking λi = 0 for i = 2, 3, 4, 5 and q = 1 in Theorem 2.5, we derive original
theorem of Geraghty, that is, Theorem 1.1.

Example 2.1. Let X := {1, 3, 5, 7, 9} and f : X → X be defined by

f(x) :=

 1, x ∈ {1, 9}
3, x ∈ {5, 7}
9, x = 3,

Then all the conditions of Theorem 2.5 are satisfied with λ1 = 1, λ2 = λ3 = λ4 = λ5 = 0
and

α(x, y) :=

{
1, x and y ∈ {1, 5, 7, 9}
0, x or y ∈ {3},

and

β(t) :=

{
1

1+t , t ∈ [0, 1[
1
2 , t ∈ [1,∞[.

Moreover, the unique fixed point is x∗ = 1.
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