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Existence and nonexistence of positive solutions to a
discrete boundary value problem

JOHNNY HENDERSON', RODICA LUCA? and ALEXANDRU TUDORACHE?

ABSTRACT. We study the existence and nonexistence of positive solutions for a system of nonlinear second-
order difference equations subject to coupled multi-point boundary conditions which contain some positive
constants.

1. INTRODUCTION

The mathematical modeling of many nonlinear problems from computer science, eco-
nomics, mechanical engineering, control systems, biological neural networks and others
leads to the consideration of nonlinear difference equations (see [11], [12]). In the last de-
cades, many authors have investigated such problems by using various methods, such as
fixed point theorems, the critical point theory, upper and lower solutions, the fixed point
index theory and the topological degree theory (see for example [1], [2], [3], [4], [5], [7],
[10], [13], [14], [15]).

In this paper, we consider the system of nonlinear second-order difference equations

Azun—l + Snf(vn) =0, n=1,N—1,
(5) 2 _ I N_1
A0, 1 +tpg(u,) =0, n=1,N —1,

with the coupled multi-point boundary conditions

p q
(BC) ug =0, uy = Zaiv& +ag, v =0, vy = szum + by,

i=1 i=1
where N € N, N > 2, p, ¢ € N, A is the forward difference operator with stepsize 1,
Aty = Upyq — Up, A%Up_1 = Upq1 — 2Up +Up_1,n = k,mmeans thatn =k, k+1,...,m

fork, me N,aq; €R, & € Nforalli = 1,p,b; €R,m; € Nforalli =1,¢,1 < & < --- <
EESN—-1,1<nm <---<ny <N —1,a0and by are positive constants.

Under some assumptions on the functions f and g, we shall prove the existence of
positive solutions of problem (S) — (BC). By a positive solution of (S) — (BC) we mean
a pair of sequences ((un),_57, (vn),—g ) satisfying (S) and (BC) with u, > 0, v, >0
for all n = 1, N. We shall also give sufficient conditions for the nonexistence of positive
solutions for this problem. The system (5) with the uncoupled multi-point boundary
conditions

P q r l
(BCl) Ug = Zaiu& +ag, uny = Zbium, Vg = Zciv@_, UN = Zdﬂ]m + bg,
=1 =1 =1 =1

(ao, bp > 0) has been investigated in [6]. Some systems of difference equations with pa-
rameters subject to multi-point boundary conditions were studied in [7] and [8] by using
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the Guo-Krasnosel’skii fixed point theorem. We also mention the paper [9], where we
investigated the existence and multiplicity of positive solutions for the system A%u,,_; +
f(n,v,) =0, A%, 1 4+ g(n,u,) = 0,n =1, N — 1, with the multi-point boundary conditi-
ons (BCh) with ag = by = 0, by using some theorems from the fixed point index theory.

In Section 2, we present some auxiliary results from [8] which investigate a system of
second-order difference equations subject to the coupled boundary conditions (BC') with
ag = by = 0. In Section 3, we shall prove our main results, and in Section 4, we shall
present an example which illustrates the obtained theorems.

2. AUXILIARY RESULTS

In this section, we present some auxiliary results from [8] related to the following sy-
stem of second-order difference equations

(21) { Azunfl"‘xnzoa n:]-vN_la

A2vn—l +Yn 207 n= 17N_17

with the coupled multi-point boundary conditions

p q
(2.2) up =0, uy = Zaivgi, v =0, vy = Zbiumv

i=1 i=1

where NeN,N>2,p,gcN,a; €R, & € Nforalli =1,p,b; €R,n; € Nforalli =1,¢,
1< << ESN-L1I<my<---<ng<N-1,u;,y €Rforalli=1,N — 1.

Lemma 2.1. ([8]) Ifa; € R, & € Nforalli = 1,p,b; e R, m; € Nforalli =1,¢q,1 <& <
. <§p < N—].,]. Snl < v <’I7q < N—].,AO :Nz—( leazéz)(ztf:lbml) #0,{171(1
x;, ¥; € Rforalli =1, N — 1, then the unique solution of (2.1)-(2.2) is given by

N-1
Up = ZGl n,j)z; + Zngj)y], n=0,N,
2.3) s N
= Z G3(n7j)yj + Z G4(TL,j)LL‘j, n= 07N’
j=1 j=1
where
P q
Gl(nv.]) - gO n J K <Za2£1> (Z@%(ﬂu])) )
i=1
= Zaigo(&,j)a
(2.4) n q »
G3(n,j) = go(n, j) T A <mei> (Z%%(&‘J)) :
i=1 =1
szQO 7717
and

( )_i JIN=n), 1<j<n<N,
U1 =N n(N—j), 0<n<j<N-1,

foralln =0,Nand j=1,N — 1.
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Lemma 2.2. ([8]) Ifa; > 0,& € Nforalli =1,p,b; >0, n; 6 Nforalli=1,q,1<& < -+- <
GEESN-11<m << <N-—1and Ag = N*— (3 a;&) (>0 bini) > 0, then the
functions G, i = 1,4, given by (2.4), satisfy G;(n,j) > 0foralln =0,N,j =1,N —1,i =1,4.
Moreover, if x, > 0, y, > 0 forall n = 1, N — 1, then the solution ((un) = (Vn)p—gw) of
problem (2.1)-(2.2) (given by (2.3)) satisfies u,, > 0, v,, > 0 forall n =0, N.

Lemma 2.3. ([8]) Assume that a; > 0,& € Nforalli = 1,p, b; > 0,1m; € Nforalli =1,q,
1< < <ESN-1L,1<n <---<ng <N-—1,and Ay > 0. Then the functions G;,
i = 1,4 satisfy the inequalities

a1) Gi(n,j) < L(j), Vn=0,N, j=1,N —1, where

6i(j) = g0(4,7) + Aﬁo (Z aiEi) (Z biQO(%i)) ;

az) Forevery c € {1,...,[N/2]}, we have min Gi(n,j) > %Il(j), Vi=1,N—-1;

n=c,N—c

b1) Ga(n,j) < I(j), Yn=0,N, j=1,N —1, where I5(;j Zalgo &ir )

by) For every c € {1,...,[N/2]}, we have min Gaz(n,j) > —Ig( ), Vi=1,N-1

n=c,N—c

c1) Gs(n,j) < I3(j), Vn=0,N, j=1,N—1, where
p
I3(5) = 90(4, ) (Z bﬂh) (Z aigo(&,j)> ;
i=1

c2) Forevery c € {1,...,[N/2]}, we have min _G3(n, j) > %13(]'), Vi=1,N-1;

n=c,N—c

di) Ga(n,j) < Iu(j), Yn=0,N, j=T1,N — 1, where I,(j Zblgo (1,

da) For every ¢ € {1,...,[N/2]}, we have min Gy(n,j) > NLl( ), Vi=1N-1
n=c,N—c

where [N/2] is the largest integer not greater than N/2.

Lemma 2.4. ([8]) Assume that a; > 0, &, € Nforalli =1,p,b; > 0,n; € Nforalli =1,q,
1<& < <EESN-1L1<m<---<ng<N-1470>0,¢ce{l,...,[N/2]}, and
Zn, Yn > 0foralln =1, N — 1. Then the solution of problem (2.1)-(2.2) satisfies the inequalities

. & . C
min_ U, > — max Umy, min v, > — max Up,.
n=c,N—c m=0,N n=c,N—c m=0,N

Our main existence result is based on the Schauder fixed point theorem which we pre-
sent now.

Theorem 2.1. Let X be a Banach space and Y C X a nonempty, bounded, convex and closed
subset. If the operator A :' Y — Y is completely continuous (continuous, and compact, that is, it
maps bounded sets into relatively compact sets), then A has at least one fixed point.

3. MAIN RESULTS

We present first the assumptions that we shall use in the sequel.
(H1) a; > 0,& € Nforalli =1,p,b; > 0,1, € Nforalli =1,¢1<& <o <& <N-1,
1<m<--<n<N-1land Ag=N?—( z€z><21“m>>0
(H2) The constants s,,, t, > 0foralln =1, N — 1, and there exist ig, jo € {1,...,N—1}
such that s;, > 0, t;, > 0.
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(H3) f,g : [0,00) — [0,00) are continuous functions and there exists ¢y > 0 such
that f(u) < ¢, g(u) < ¢ for all u € [0,c], where L = max{ZﬁV:_ll siI1(i) +
vaz_ll t:I5(7), ZZ]\SI tiI3(7) +Ziji_11 $;14(?)} and I;, i = 1,4 are defined in Lemma
2.3.

(H4) f, g:[0,00) — [0, 00) are continuous functions and satisfy the conditions

lim —f(u) =00, lim 79(“) =
u—oo U u—o0 U
Our first theorem is the following existence result for problem (S) — (BC).

Theorem 3.2. Assume that the assumptions (H1) — (H3) hold. Then problem (S) — (BC) has
at least one positive solution for ag > 0 and by > 0 sufficiently small.

Proof. We consider the system of second-order difference equations
(35) A2hn—1 = 07 Aan—l = 07 n= 17N - la
with the coupled boundary conditions
P q
(3.6) ho =0, hy = aike, +ao, ko =0, kn =Y bihy, + b,
i=1 i=1

with ag > 0 and by > 0.
The above problem (3.5)-(3.6) has the solution

b q
(B.7) hn = Aio (aoN +bo Z%‘fi) ; k= Aﬂo (boN + ao mez) ;, n=0,N,

i=1 i=1

where Ag = N? — (3°F_ a;&) (31, bimi). By assumption (H1), we obtain h,, > 0 and
k, >0foralln =1, N.

We define the sequences (xn)n:ow and (yn)n:oW by zn = up — hn, Yn = U — kn,
n =0,N, where ((un), _57> (Vn),—57v) is a solution of (S) — (BC). Then (S) — (BC) can
be equivalently written as 7
{ Az, g+ Snf(Yn +kn) =0, n=1,N -1,

A%y, 1 +tng(xn +hy) =0, n=1,N—1,

(3.8)

with the boundary conditions

P q
(3.9) zo=0, ay = Zaiygi» Yo =0, yn = Z bizy,.
i=1 i=1

Using the Green’s functions G, i = 1,4 from Section 2, a pair ((1),,—g 7> (Yn)p—o %)
is a solution of problem (3.8)-(3.9) if and only if it is a solution for the problem
N-1 N-1
Ty = Z Gi(n,i)sif (y: + ki) + Z Ga(n,i)tig(xz; + h;), n=0,N,
(3.10) ot =t
Yn = Z Gs(n,i)tig(z; + h;) + Z Ga(n,i)s;f(y;: + ki), n=0,N,

i=1 i=1

where (h,,), _gx and (k,),_g 7 are given in (3.7).
We consider the Banach space X = RY*! with the maximum norm ||u|| = max |u,],
N

u = (un),_gp, and the space Y = X x X with the norm [|(z, y)[ly = |||+ [ly|- We define
the set

E = {(I’n)n:m, 0 § Tn S Co, Vn= O,N} c X.
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We also define the operators 51, So: Ex E — Xand S: Ex E =Y by

N—-1 N—-1
S(Iy <ZG1TZZ zf(yl+k +ZG2’I’L’L zg(xz+h)> >
=1 n=

=1 0,N

N-1 N-1
Sa(z,y) = (Zngz tig(xz; + hy) +ZG4nzslf(yl+k)> ,

=1 i=1 0,

Z

and S(z,y) = (51(:L‘7y), Sg($7y)) for (amy) = ((mn)n 0,N> (yn)n 0, N) cExE.
For sufficiently small ap > 0 and by > 0, by (H3) we deduce

G1) S+ ka) € Ty 9@+ ha) < P Vn=0N, ¥ (@) (yn)a € E.
Then, by using Lemma 2.2, we obtain (S1(z,y))n > 0, (S2(z,y)), > 0foralln =0, N
and z = (zn),,—g5 ¥ = (Yn)p—ox € E. By Lemma 2.3, for all (z,y) € E x E, we have

(Sl<x7y))n S le Szf y1+k + 212 zg xz"‘h)
c N—-1
0
<7 (;3111 +Zt12 ><c07 Vn=0,N,
N—-1
(S2(z,y))n SZL% Vtig(wi + hi) + > La(i)sif (yi + ki)
=1

IN
\

N—-1 N-1
c ‘ ‘
£ (E t;13(i) + E siI4(z)> <cp, Yn=0,N.

Therefore S(E x E) C E x E.

Using standard arguments, we deduce that S is completely continuous. By Theorem
2.1, we conclude that S has a fixed point (z,y) = ((zn),,—g x5 (Un)p—ox € E x £, which
represents a solution for (3.8)-(3.9). This shows that our problem (.5) — (BC') has a positive
solution (u,v) = ((un)n:Q—N, (Un>n:oTv) with w,, = z, + hp, Uy = Y + kn, n = 0, N,
(uy, > 0and v, > 0 for all n = 1, N) for sufficiently small ag > 0 and by > 0. O

In what follows, we present sufficient conditions for the nonexistence of positive solu-
tions of (S) — (BC).

Theorem 3.3. Assume that assumptions (H1), (H2) and (H4) hold. Then problem (S) — (BC')
has no positive solution for ag and by sufficiently large.

Proof. We suppose that ((un),,_g7 (vn),—g) is a positive solution of (S) — (BC). Then
(,9) = (#n) o5 Wn)pow) With o = wp — hny yn = vy — kp, 1 = 0,N, is a so-
lution for problem (3.8)-(3.9), where (h,k) = ((hn),—g 7 (kn),—g) is the solution of
problem (3.5)—(3.6) (given by (3.7)). By (H2) there exists ¢ € {1,2,...,[N/2]} such that
io, jo € {c — ¢} and then "N 5, 11(i) > 0, "Nt I,(i) > 0, N “t;I3(i) > 0
and Zz . 31]4( ) > 0. Now by using Lemma 2.2, we have z,, > 0, y, > Oforalln =0, N,
and by Lemma 2.4, we obtain min, _;x— =, > §|zll and min, _x—v» > 5 [ly|.-
Using now (3.7), we deduce that

ke
min_hy, = he = Hh|| ||h||7 min Ky, =k, = Hﬂkll = %llkw

n=c,N—c n=c,N—c
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Therefore, we obtain
in (20 + ha) > <[l + <[] = < ([l + [|]) > <z + &
min (x, n) > —||T — = —(||lx > —l|lx ,
n—eN—c N N N N

Cc c C Cc
min_(y + ) 2 lyll + bl = =yl + 15) 2 <y + 5

n=c,N—c

We now consider

2 N—c -1
(3.12) (NQZtIQ ) > 0.

By using (H4), for R defined above, we conclude that there exists A/, > 0 such that
f(u) > 2Ru, g(u) > 2Ru for all u > M,. We consider ay > 0 and by > 0 sufficiently large
such that
(3.13) min_ (x, + hyp) > Mo, min_ (y, + kn) > M.

n=c,N—c n=c,N—c
By (H2), (3.8), (3.9) and the above inequalities, we deduce that ||z|| > 0 and ||y|| > 0.
Now, by using Lemma 2.3 and the above considerations, we have
N-1 N—-1

= E Gi(c,i)sif (yi + ki) + g Ga(c,i)tig(x; + hi)
= 1 =1
N—c

212 tig(zi + hy) >*Zfz tig(zi + hy)

=

2Rc
E I iz + hy) g I t; min (z;+ h;
2 2 j=c,N— c( / )

| \/

I \/

2R2

Z Ly(i)til|lz + hll = 2|z + bl > 2]||z].

i=c

Therefore, we obtain ||z < z. < 3||z||, which is a contradiction, because ||z > 0.

Then, for a¢ and by sufficiently large, our problem (.S) — (BC') has no positive solution. [

Remark 3.1. In the proof of Theorem 3.3, instead of the constant R from (3.12), we can
also consider

2 N—c -1
(3.14) ( N Z sily(i ) ,
and in a similar manner as above we prove that Ye > 2|y + k|| > 2|ly||, and then |y|| <

1y < 3|y, which is a contradiction.

Similar results as Theorems 3.2 and 3.3 can be obtained if instead of boundary conditi-
ons (BC) we have

P q
(BCY) up = ap, UN = Zaivgi, v =0, vy = Zbium + by, or
i=1 i=1
p q
(BCQ) uy =0, uy = Zaiv& + ag, vg=by, VN = Zbiun“ or
i=1 i=1
p q
(BC3) uy = ag, UN = Zaiv&., vg = by, VN = Zbium,

i=1 i=1
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where a and b are positive constants.
For problem (S) — (BCh), instead of the pair of sequences (h,), _gx and (kn), g
from the proof of Theorem 3.2, the solution of system
A2h, 1 =0, A%k, 1 =0, n=1,N—1,

with the coupled boundary conditions

P q
ho = ap, hn = Zaikgﬂ ko =0, kn = Zbihm + by,

=1 i=1

hy = ALO {n [bo (il m&) + aj (-i ai@) <Zl bz) - NH
<i=1 m&) <; bimﬂ } n=0N,

q
aozbi(N—m)—FboN] , n=0,N.
=1

is given by

M=

“+ag NZ —

~ n
Fa= &

By assumption (H1) we obtain &, > 0 foralln = 0, N — 1,and k,, > 0 foralln = 1, N. For
the nonexistence of the positive solutions, we take here R given in (3.14), and we show
that y. > 2||y||, which leads us to a contradiction.
For problem (S) — (BC>), instead of the pair of sequences (hy), g and (kn),,_
from the proof of Theorem 3.2, the solution of system
A%h, 1 =0, A%kp_1=0, n=1,N—1,

with the coupled boundary conditions

oO,N

p q
ho =0, hy = aike, +ao, ko =bo, kn =Y bihy,,
=1 =1

is given by

P
hn =5 |aoN +bo ) _ai(N=&)|, n=0,N,

AO q 2
(o) (850) -]

e L {n [ao () o
(Z a@) (; bﬂh)] } n=0,N.

By assumption (H1) we obtain &,, > 0 foralln = 1, N, and k,, > 0 foralln = 0, N — 1. For
the nonexistence of the positive solutions, we take here R given in (3.12), and we prove
that 2. > 2||z||, which leads us to a contradiction.

For problem (S) — (BCj3), instead of the pair of sequences (hy),,_gx and (kn),,_
from the proof of Theorem 3.2, the solution of problem

A2}Aln—1 = 07 A2]%n—l = 07 n= laN - 17

with the coupled boundary conditions

+bo

oO.N

y4

ho = ao, hy = aike,, ko = bo, kN—thm,

=1 =1
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is given by

q

hn = Aio {n -—aoN—i-ao (Z bz> (ZmZ) +b02a1 (N-§&) 1

o (o) () -o

Q

=

kn = 5o {n —boN + by <Z az> (Z b,m> +ag» bi(N - m)}

(Soes) (S0} veoe

By assumption (H1) we obtain h, >0and k, > 0foralln =0, N — 1.
Therefore we also obtain the following results.

>
[t
=

+by | N2 —

Theorem 3.4. Assume that assumptions (H1) — (H3) hold. Then problem (S) — (BC1) has at
least one positive solution (u, > 0 foralln =0, N — 1, and v, > 0 for alln = 1, N) for ag > 0
and by > 0 sufficiently small.

Theorem 3.5. Assume that assumptions (H1), (H2) and (H4) hold. Then problem (S) — (BCh)
has no positive solution (u, > 0 foralln = 0, N — 1, and v,, > 0 for all n = 1, N) for ag and by
sufficiently large.

Theorem 3.6. Assume that assumptions (H1) — (H3) hold. Then problem (S) — (BCx) has at
least one positive solution (u, > 0 foralln = 1, N, and v, > 0 foralln = 0, N — 1) for ag > 0
and by > 0 sufficiently small.

Theorem 3.7. Assume that assumptions (H1), (H2) and (H4) hold. Then problem (S) — (BC3)
has no positive solution (u, > 0 foralln =1, N, and v, > 0 forall n = 0, N — 1) for ag and by
sufficiently large.

Theorem 3.8. Assume that assumptions (H1) — (H3) hold. Then problem (S) — (BCs3) has at
least one positive solution (u, > 0 and v, > 0 foralln = 0,N —1) for ag > 0and by > 0
sufficiently small.

4. AN EXAMPLE

We consider N =30,p=3,g=2,a1 =3,a2 =1,a3 =1/2,& =5,&& =15, & = 25,
by = 1, by = 1/2, 7y = 10, 52 = 20, s, = t, = 1 for all n = 1,29. We also consider

the functions f, g : [0,00) — [0,00), f(z) = g;’+3, g(z) = gifl, for all z € [0, 00), with

a, b> 0and a1, as > 2. We have lim, o, f(z)/z = lim, 00 g(x) /2 = 00
Therefore, we consider the system of second-order difference equations

Ay, + Evi =0, n=1,29,
0 5 bu®?
Ay, 4+ U 5 =T,29,
Un-1+ (Bu, +1) n
with the multi-point boundary conditions
(BCy) up =0, ugo =3vs + vis + v25/2 + ap, vo =0, v30 = 10+ u20/2 + bo,

where a and b are positive constants.
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We have Ay = N? — (328 a;&) (37, bimi) = 50 > 0. The functions I;, i = 1,4 are
given by

Ui 1<j<5,

(13355 —252), 1 <5 <10
60( ] J"), L7 = 1Y, 3 . < i<
L(j)={ &(15300- 195/ —2/%), 11<j <20, L(j)={ 30+, 6=i=I5
by A . 3(360 — 115), 16 < j < 25,
(15300 — 4805 — 52), 21 < j < 29, 5(510_173.)’ % < j < 20,
1 . 3] .
35(11405 — j%), 1 <j <5, 157 1< i <10
1 P 42 < i< 75 7= 5
I5)= £2?3280+—6g60'j—)'726 16]<_'1i7 95, 11() =9 18037, 11 <j <20,
5 i-5) 16<5<35 360 — 125, 21 < j < 29
(15300 — 4805 — 52), 26 < j < 29, LS =

Hence, we deduce that assumptions (H1), (H2) and (H4) are satisfied. In addition,
by using the above functions I;, i = 1,4, we obtain A := Zfil I (i) ~ 3974.8333333,
B =7 L(i) = 5962.5, C := 3.2° | I3(i) ~ 4124.83333333, D := >°2°  I,(i) = 2700, and
then L = max{A+ B,C+ D} = A+ B = 9937.33333333. We choose ¢y = 1 and if we select
a, b satisfying the conditions @ < 2,b < 4, then we conclude that f(z) < 1/L, g(x) < 1/L
forall z € [0, 1]. For example, ifa < 5- 10~* and b < 4-107%, then the above conditions for
f and g are satisfied. So, assumption (H3) is also satisfied. By Theorems 3.2 and 3.3 we
deduce that problem (Sy) — (BC)) has at least one positive solution for sufficiently small
ap > 0 and by > 0, and no positive solution for sufficiently large ag and by.

By the proofs of Theorems 3.2 and 3.3 we can find some intervals for ag and by such that
problem (Sy) — (BC)) has at least one positive solution, or it has no positive solution. We
considerd = 5104, b = 41074, ¢y = 1, L = A+ B (as above) a1 = 3and a, = 4. Then the
sequences (hy,),,_g35 and (k»),_g30 from (3.7) are h,, = 55(12a0 + 17b0) and k,, = % (3bo +
2aq) for all n = 0,30. If we choose ap <min{z5 [/ (1) -1, %97 ($) - 1]} and
bo < min{s5 [/ () —1], & [¢7" (+) — 1]}, then the inequalities (3.11) are satisfied.
Because f~!(+) ~ 1.00242 and g~ !(1) ~ 1.00194, then for ag < 5.37-107° and by <
3.79 - 107° our problem (Sy) — (BCp) has at least one positive solution.

Now we choose ¢ = 4 (the constant from the beginning of the proof of Theorem 3.3),
and then we obtain 2?24 I5(i) = 5476.5 and R ~ 0.01027116 (given by (3.12)). For R :=
2R + 0.1, the inequalities @ > R and %y) > R are satisfied for 2 > M{, ~ 483.66463109
and y > My ~ 30.23301425, respectively. We consider My = max{M, M/} = M,
and then for ag > 5%" and by > 5%“, the inequalities (3.13) are satisfied. Therefore, if
ap > 151.1452 and by > 100.7635, our problem (Sy) — (BCy) has no positive solution.
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