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Abstract linear second order differential equations with
two small parameters and depending on time operators

ANDREI PERJAN and GALINA RUSU

ABSTRACT. In a real Hilbert space H consider the following singularly perturbed Cauchy problem
{ eugs(t) +0uzs(b) + Alt)ues (t) = f(1), L €(0,T),
ues(0) = uo, 55 (0) = u1,
where A(t) : V C H — H,t € [0,00), is a family of linear self-adjoint operators, up,u1 € H, f : [0,T] — H
and ¢, ¢ are two small parameters.

We study the behavior of solutions u.s to this problem in two different cases: ¢ = 0and § > g > 0;e — 0
and § — 0, relative to solution to the corresponding unperturbed problem.

We obtain some a priori estimates of solutions to the perturbed problem, which are uniform with respect
to parameters, and a relationship between solutions to both problems. We establish that the solution to the
perturbed problem has a singular behavior, relative to the parameters, in the neighbourhood of ¢ = 0. We show
the boundary layer and boundary layer function in both cases.

1. INTRODUCTION

Let H be a real Hilbert space endowed with the scalar product (-,-) and the norm | - |,
and V be a real Hilbert space endowed with the norm || - ||. Let A(t) : V € H — H,
t € [0,T], be a family of linear self-adjoint operators. Consider the following Cauchy
problem:

culls (1) + Suly(t) + AW)us(t) = F(), te (0,T),
(Fes) {usa?m—uo, "ul5(0) = un,

where ug, u1, f : [0,T7] — H and ¢, § are two small parameters. We investigate the beha-
vior of solutions u.s to the problem (F.;) in two different cases:
(1) e = 0and § > dy > 0, relative to the solutions to the following unperturbed system:

(P ) 61:5(0 + A<t)l5(t) = f(t)v te (Oa T)a
’ 15(0) = uo;

(13) e — 0 and 6 — 0, relative to the solutions to the following unperturbed system:
(Fo) A@)o(t) = f(t), te[0,T).

The problem (P.s) is the abstract model of singularly perturbed problems of hyperbolic-
parabolic type. Many physical processes are described by systems of type (P.;). For
example in [3], is considered the equation

P+ v = o Av
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(where p, v, o are the mass density per unit area of the membrane, the coefficient of vis-
cosity of the medium, and the tension of the membrane, respectively). This equation
characterizes the vibration of a membrane in a viscous medium, and it can be rewritten as

2uy + up = Au,

with e = (po)'/2 /7.

In the case when the medium is highly viscous (y > 1), or the density p is very small,
we have ¢ — 0 and the formal “limit” of this equation will be the following first order
equation

Uy = Au.

Without pretending to make a complete analysis, let us mention some works dedicated
to the study of singularly perturbed Cauchy problems for linear or nonlinear differential
equations of second order of type (P.s). The case when 6 = 1 was widely studied by
various mathematicians (see, e.g. [4], [5], [10], [12] and the bibliography therein). In [7]
the asymptotic behavior of solutions to singular perturbation problems for second order
equations, as ¢ — 0 and 0 — 0, is studied. In [2], [8], [15], some numerical results about
singular behaviour of solutions to the problem (P.s) for some ordinary differential equa-
tions and their applicability in modeling of different physical and engineering processes
are presented.

The framework of our paper will be determined by the following conditions:

(H1) V is separable and densely and continuously embedded in H i.e.

lul® < vllul|?, VueV;

(H2) The operators A(t) : V. C H — H are linear, self-adjoint and positive definite for
t € 10,71, i.e. there exists w > 0 such that

(At)u,u) 2 wlul?, YueV, vtel0,T];

(H3) For each u,v € V the function t — (A(t)u,v) is twice continuously differentiable on
[0,T] and

[(A'(B)u, v)] + (A" (B)u, v)| < aollull [|v]],  Vu, v eV, Vte[0,T].

In [6] the following results concerning the solvability of problems (P.s) and (Ps) are
proved.

Theorem 1.1. Let T' > 0. Let us assume that the conditions (H1), (H2) are fulfilled and for each
u,v € V the function t — (A(t)u,v) is continuously differentiable on [0,T). If up € V, u1 € H
and f € L*(0,T; H), then there exists the unique function u.s; € W*2(0,T; H)( L*(0,T; V),
A(-)ues € L*(0,T; H) (strong solution) which satisfies the equation a.e. on (0,T) and the initial
conditions from (P-s). If, in addition, u; € V, f € WY2(0,T; H), then A(-)uss € WH2(0,T; H)
and ues € W32(0,T; H)YW12(0,T; V).

Theorem 1.2. Let T' > 0. Let us assume that the conditions (H1), (H2) are fulfilled and for each
u,v € V the function t — (A(t)u,v) is continuously differentiable on [0,T]. If up € H and
f € L*(0,T; H), then there exists the unique function l; € W2(0,T; H) ( L?(0,T; V') which
satisfies a.e. on (0,T) the equation and the initial conditions from (Py).

The problems (P.s) and (P5) can be rewritten as follows:

) { pU(s)+ Ul (s) + A(s)U,(s) = F(s), s € (0,T/5),

Uu(0) = uo,  UJ(0) = buy,
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and

) {L’(s) +A(s)L(s) = F(s), se€(0,T/5),

L(0) = uo,

where U,,(s) = u:5(8s), L(s) = l5(s5), A(s) = A(s8), F(s) = f(s6) and u = ¢/6%. Using
the results obtained in the paper [14] for solutions of problems (P,) and (P,) we get the
following two theorems.

Theorem 1.3. Let T > 0,8 > 09 > 0. Let us assume that the conditions (H1), (H2) and (H3) are
fulfilled. If ug,uy € V and f € WY2(0,T; H), then there exist constants go = £o(7, ag,w, 6),
g0 € (0,1),C =C(T,v,a9,w,do) > 0, such that

[|ues — l5||C([O,T];H) < 051/4(‘14(0)’[10‘ + |A1/2(0)u1| + ||f||W1v2(O,T;H))7 Ve € (0,e0],
where u.s and 5 are strong solutions to the problems (Pes) and (Ps), respectively.

Theorem 1.4. Let T > 0,6 > 09 > 0. Let us assume that the conditions (H1)—-(H3) are fulfilled.
If ug, A(O)ug,us, f(0) € V and f € W?>%0,T;H), then there exist constants
Eo0 = Eo(’y, agp, W, 50), gp € (O7 1), C = C(T, v, a0,W, (50) > 0, such that

< CeMt o vee (0, 0],

5%t
uls — U5 + Hggexp{ — —}
C([0,T;H)

I3

where Hos = 61 £(0) —ug — 6~ A(0)uo,
C= |A3/2(0)U0| + \A1/2(0)U1| + |A1/2(0)f(0)| +AC) Hes| | 22(0,00:m) + |1 f w220, 5

ues and ls are strong solutions to the problems (P.s) and (Ps), respectively.

2. MAIN RESULTS
The main result of this paper is presented in the following theorem.

Theorem 2.5. Let T' > 0. Let us assume that the conditions (H1)—(H3) are fullfiled. If
ug,uy € Vand f € WH2(0,T; H), then there exists constant C = C(T, v, ag,w) > 0, such that

c1/4

(2.1) ||u€5—v_h5||c([0,T]%H) <CM (W—’_\/g)a Ve € (O,,u052], Vo € (07 1}7

where u.s and v are strong solutions to the problems (P.s) and (P), respectively, and
. w
M = |AO)uo] + A O)us] || Fllwr oz, o = min {1, = .
The function h; is the solution to the problem

2.2) Sh(t) + A(t)hs(t) =0, te€(0,T),
| ha(0) = o — A~(0)£(0),

and |hs(t)| < lug — A7H(0)£(0)[e™2“ ¢ e0,T].

The proof of this theorem is based on two key points:

(i) a priori estimates of solutions to the perturbed problem (P,), which are uniform
with respect to small parameter y;

(11) the relationship between solutions to the problems (P,,) and (Py).

In what follows we will present some results, obtained in our previous researches,
which will be used to prove the last theorem.
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Lemma 2.1. Let us assume that the condition (H1) is fulfilled and the operators A(t) satisfy
conditions (H2) and (H3) with t € [0,00). If ug,u; € V and F € W2(0,00; H), then there

exist constants C (v, ag,w) > 0 and 1o = min {1; 6%0}, such that for every strong solution U,
to the problem (P,) the following estimate holds:

@3 AOU sy + 10 llos oty + A2O0l Ly a0 ery < OM.

Vi € (0, po], where M = |A(0)uol + [AY2(0)us| + [|F||w.2(0,00:81) -

Proof. From Theorem 1.1 it follows that the problem (P,) has a unique strong solution
U,, which possesses the following properties: U, € W*2(0,T; H) ( L*(0,T;V),A(-)U, €
L?*(0,T; H) for any T > 0.

Denote by

BUt) = UL OF + 3|0 + n(AOUL(0), V(1) +

t t

—|—/ (A(T)UL(7), Uy (7)) dr + u(U;t(t), Uu(t)) + u/ |U,;(7')|2d7', t>0.
0 0
For every strong solution U}, of problem (P, ) we have

%E(Uﬂ,t) = (F(t), Up(t) +2uU),(t)) + p(A'()UL(t), Uu(t)), Vt>0.

Integrating on (0,¢) we get
t
EU,,t)=EU,,0)+ / (F(T), Uu(r)+ 2uU/’L(7'))dT+
0

t

(2.4) tu / (A (YU, (7), Uy (7)) dr, Vit > 0.
0
If the conditions (H2) and (H3) are fulfilled for ¢ € [0, 00), then

(2.5) (A(t)u,u) = (A(6t)u,u) > wllul|>, YueV, Vte[0,00)
and

(2.6) |(A(t)u,v)| =6 [(A'(5t)u,v)| < agé|lull[v]], Vu,v€V, Vtel0,00],

(2.7) [(A"(t)u,v)| = 6% [(A"(t)u,v)| < ag 8 [|ul||[v]], Vu,v €V, Vte[0,00],

Therefore
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Thus
1 apdp /
E(U1) < BU.0) + (5+ “2F) [ (AU, Uum) drs
0
(2.8) +1 [ |UL(T ydT+ |F(7)|*dr, Vt>o0.
rsere(2) |
As
29 IULWP + 5 [0 + 1(Ua0),UL(0) 2 5 w2 U0 + 5 0P, m 20,

then from (2.8) it follows that
t
VUL + U0 + / (AU, (), Uy (7)) dr <
0

2 —min{1. %
SC’(E‘(UVM’O)—’—/ ‘F(T)| dT)7 Vt207 56(()’1]’ /’LE(O7M0]a MO_mln{1a6a0}~
0

The last estimate implies

U 2o 0,005y + 100,000 ) + A2V L2000y <

(2.10) < CM, Yue(0,u], Vée(0,1].

In what follows, let as observe that condition (H3) implies that A’(-)U,, € L?(0,T; H)
for any 7' > 0. Then, from Theorem 1.1 it follows that function V}, = U], is the strong
solution to the problem

p V' (@) + Vils) + A)Vu(t) = F'(¢) — A'()UL®R), t>0,
V(0) = ug, VI(0) = (f( ) — duy — A(O)uo)

1
S
A(-)V, € L*(0,T;H) for any T' > 0. Similarly as

and V, € W22(0,T; H) (" L*(0,T;V),
was obtamed the equality (2.4), we get
t
E(Vit) = E(Viu0) + [ (F'(r) = &)U (). Vilr) + 2 V() dr
0
t
+u / (A" (T)V,u(7), V(7)) dr, ¥Vt > 0.
0
Integrating by parts, we have

/ (A'(T)U(7), V(7)) dr = (A" () UL(1), Vu(t)) — (A'(0)U(0), Vu(0)) —
0
—/ (A" (T)UL(7), V(7)) dT—/ (A" (T)Vu(7), V(7)) dr, ¥Vt > 0.

0 0
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Then, using (2.5), (2.6), (2.7) and (2.10), we get

Qﬂ]/ (A/(1)UL(7), V() dr| < aowﬁ (18172 (O)uo[* + [4172(0)u|*) +
0

at %
= (Uu(®),Uu(0) + p (ADOVL(), Va () +
Qa 2 f a /
: Oj a / (A UL(r), Un(r)) dr + Oj“(gm) / (A(T)V,u(7), V() dr <
0 0

0
/|(F’(7-),VH(T)—&-Q,UV’:(T)HCZTS(1—1—2%)/|F’(7—)|2d7+
0 0

¢
1 2
—|—§ / (A(T)V,u(7), Viu(7)) dr + 1i° / |VIZ(T)| dr, Vt>0.
0 0
Thus, for § € (0,1] and u € (0, uo] we have

E(Vy,t) < E(Vy,0) 4+ p (A(t)VM(t), Vu(t))+
t t
/ (A(T)Vou(7), Vu(r)) dr + 2 / Vi (r)|*dr + C M2, Vit >0,
0 0
As the inequality (2.9) is also true for V,, and

E(V,,0) <CM? V§e(0,1), Vue(0,puo,
then from (2.11) it follows that

(2.11) +

W Do

t
RAVOR + VP + [ (Ar)Vilr). Vi) dr <
0
<CM? Yt>0, §€(0,1], ue(0,uol
The last estimate implies

12 HU;IL/”L"C(O}oo;H) + HUZL HC([0,00);H) + ||A1/2()UL| |L2(O,oo;H) <

(2.12) < CM, Yue(0,u], Ve(0,1].
From (2.12), using the equation from (P, ) we get
ACUI| o 0,001y S NI oo 0,001y + U v 0,000y + 1 11U 1w 0, 005m) <
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(2.13) <CM, VYpe(0,u], Voe(0,1].
Finally, using (2.10), (2.12) and (2.13), we obtain (2.3).
Lemma 2.1 is proved. O

In what follows for € > 0 denote by

K(t,7¢) = fg (Kl(t 76) + 3Ka(t, 7€) — 20K3(t, 7, s)), Ve > 0,
where Kylt.m.6) = exp { 3t 2527 }A<22t\;§¢)7
Fo(t, ) = exp { 3 LGT ! (2;\/%7)
Ks(t,7,2) = exp { T} (;;1) A@)::Amefdn

The properties of kernel K (¢, 7, ¢) are collected in the following lemma.

Lemma 2.2. [11] The function K (t, T, <) possesses the following properties:
(i) K € C([0,00) x [0,00)) N C?%((0,00) x (0,00));
(i) Ki(t,7,e) =eK,r(t,1,6) — K- (t,7,6), Vt>0, V7>0;
(iii) eK,(t,0,e) — K(t,0,e) =0, Vt>0;
1
(iv) K(0,7,¢) = *GXP{ - l}, V7> 0;

2e 2e
(v) For every t > 0 fixed and every q,s € N there exist constants Cy(q, s,t,e) > 0and

Cs(q, s,t) > 0 such that
|8f8$K(t, T, €)| < Ci(q, s,t,¢) exp{—Ca(q, s,t)T/e}, YT >0

i) K(t,7,e) >0, Vt>0, Vr>0;
(vii) For every continuous function ¢ : [0,00) — H with |p(t)| < M exp{~yt} the following
equality is true:

tlir%‘/ K(t,7,e)po(T)dr —/ e "p(2eT)dr| =0, for everye € (0, (27)71);
- 0

(viii)
/OO K(t,r,e)dr =1, Vt>0,
(ix) Let g € [0, 1]. Then ’
/OOO K(t,me)|t —7]%7dr < Ce?? (1+ V1), Ve>0, Vt>0;
(x) Letp € (1,00] and f: [0, 0c0) — H, f(t) € WHP(0,00; H). Then

- /OO K(t,7.2) ] (r)dr]| <
0

< C) I 'l Lr 0,050 (1 + \/E)% e=D/2p we s 0, V> 0.

Lemma 2.3. [11] Let us assume that the condition (H1) is fulfilled and the operators A(t) satisfy
conditions (H2) and (H3) with t € [0,00). If F € L*>(0,00; H), U, is the strong solution to
the problem (P,,) with U,, € W%°°(0,00; H) N L*>°(0,00; V'), A(-)U, € L>(0,00; H), then the
function w,,, defined by

s) :/0 K(s,7,p1)Uy(7)dr,
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is the strong solution in H to the problem

{w,’i(s) + A(s)wy(s) = Fo(s, p) + /000 K(s,7, 1) [A(s) — A(T)|Up(7)dr,a.e.5 > 0,
W,.(0) = ¢p,

Fo(s,p) = T[2exp{3s })\( 5) _)\(;\/i)}&“ +/O°° K(s,r,u) F(7) dr,
O = /OO e " U,(2ur)dr.
0

Proof of Theorem 2.5. During the proof, we will agree to denote by C all constants C (T, v, ag,w).
Consider the function f € W2(0,T; H). Define on [0, co) the function f as follows:

ft), 0<t<T,

~ 2T —t
ft) = 7+ [(T), T<t<2l,
0, t>oT.

FOR = () +2 / (F(s), f'(s))ds <

t
<[f(P +/ (G +1F ) ds <1 OF + 1 reormy, 0S7<t<T,
then integrating we get
T
Tlf(lf)IQS/O [f(D)Pdr + Tl |20, V€ [0,T],

equivalent to

1
lf@)] <4/1+ T [ fllwr.20,7;m), V€ [0,T].

Using the last estimate we obtain

(.19 1Filw 200 < 24/ T+ oy 1 fllws20 7o,
Also denote by
Alt), 0<t<T,
Aty ={ Apt), T<t<a+T,
Ao(T+a), t>a+T,
where

Aoft) = A(T) + A(T)(t = T) + %A”(T)(t Ty

_ 3 " i ’ _ 3 L " =AY _ 4

[ A"(T) g )| (= TP+ [ AY(T) + 5y A(T)] (6~ T,

and @ = min {1, 8%} If A(t) = A(6t), then, for each u,v € V the function t — (Au, v) is
0

twice continuously differentiable on [0, c0),

(A(tyu,u) > % lull, YueV, Vtelo,o0),

(2.15) ‘(E&'(t)u,v)] + ‘(&"(t)u,v)] < Collul||[v]l, Yu,veV, Vtelo,o00), Ve (0,1].
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If we denote by U, the unique strong solution to the problem (P,), defined on (0, c0)
instead of (0, ) with § = T'/6, A instead of A, f instead of f, and F(s) = f(sd) then, from
Lemma 2.1, it follows that U, € W?2°(0, 00; H)N W2(0,00; V), A(-)U, € L*(0, 00; H)
and ﬁu = U, on (0, S). Moreover,

1Pvssiomm = | [FGP 1P P ds = [ [If >|2+]flf<sa>]2] ds =
0 0
= [ [F@R + 0170 ds < (54 1) 1Py, 98>0
0

Then the estimate (2.14) imply
1F|[wr 20,0001y < 2(8%2 +6712)4 [T + *\|f||w1 2(0,15H) <

(2.16) < OMSYV2 w5 e (0,1].

Due to these estimates and Lemma 2.1, the following estimates
AUl oo (0,00 + 100 e (0,005 + A2 (VU w1 2(0,00;8) <

(2.17) <CMS V2 Yue (0,m], Ve (0,1],

are valid.
By Lemma 2.3, the function W,,, defined by

s) = / K (s, 7, 1) Uy, (7) dr,
0

is the strong solution in H to the problem
(2.18)

W,(s) + A(8)W,(s) = Fo(s, ) +/ K(s,7, 1) [A(s) — A(T)]Uu(7) dr, a.e.s > 0,

W (0) = ¢,

where

F(SH)—5f08MU1+/KSTM (1) dr,
0

o= = e S0 - ()

Using the property (x) from Lemma 2.2 and (2.17), we obtain that
||(7u - WuHC([O,s];H) <CM ,Ul/4 571/2 \ 1+ \/§ <

1/4

(2.19) gOM;m, Ve>0, Voe (0,1, Vselo,S].
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Denote by R(s, i1) = L(s) — W, (s), where L is the strong solution to the problem (P;) with
f instead of f, T' = oo and W, is the strong solution of (2.18). Then, due to Theorem 1.2,
R(-, ) € WH2(0,00; H) and R is the strong solution in H to the problem

R'(s, 1) + A(s)R(s, 1) = F(s, ) — / K(s,7,1) [A(s) — A(1)]Uu(7) dr, ae. t >0,

R<Oau) = Uy — Ppu,

where

(2.20) F(s,p / K(s,7,u)F(7)dr — 6 fo(s, ) uy.
0

Taking the inner product in H by R and then integrating, we obtain

RGP+ 2 [ |EORE | de < |RO.0P +2 [ 1FE ] IRE )| de-
0 0

s o0

.21 —2 / / K(& T, p) ([I&(g) - &(7)}I7M(T)7R(g,u)) drde, Vs> 0.

0 0

Using condition (2.15), property (ix) from Lemma 2 and (2.17), we get

/ / K(&, 7, 1) \([M) —&(T)}ﬁ”(T),R(g,u))‘dmg <

0 0

<C&Y2 M / [[R(E, )] OOK(@T, VIE—T|drdE <
0/ iz O/ I

<ca i [ RO RE W] 1+ VB de <

S

<CouM’ /<1+¢5>2d5+/8 \&1/2(£)R<£,u>\2 dé <
0

0

€ [~ 2
<OM 5 +/ ‘Al/z(f)R(f,u)‘ ¢, Vsel0,5], Vee (0,u8?], Ve (0,1
0
Then from (2.21) it follows that

g
R(s, ) + /\M R(&. )| de < RO +CM? St

+2 / Fe, ) |R(E )] dE, Vs € [0,5), Ve e (0,m08%], V6 € (0,1]
0
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Applying Lemma of Brézis (see, e.g., [9] ), we get

s 1/2
[B(s. )| + ( [ a2rew| ds) <
0

1/2 a
(222) < C (RO W) + M 555 +/ [F(E )] d€), Vs € [0, 5], Ve € (0, m06%], ¥4 € (0,1].
0

Using (2.17), we obtain
00 oo 2ut
|R(0, )| < / e UL (2u7) —uo‘dr < /e_T / U (&)| dédr <
0 0 0
(2.23) <CuMs 2 =cM 55/2, Ve € (0,062, V6 € (0,1].

In what follows, we will estimate | F (s, u)|. Using the property (x) from Lemma 2.2 and
(2.16), we have

/sz ) dr| < O F oy (14 V5) it <
1/4
(2.24) SCMZp, V>0, Vs>0.

Since efA(VE) < C, V& >0, the estimates

s s/p

/635/4%\/5/7) dé = p / AEN(VE) d&SOu/fE“difSCu, Vs >0,
0 0 0

/SA(;\/E)dfguf)\(;\/E)dggcu, Vs >0, Vu>0,
0 0

hold, then

(2.25) ‘5/ fo(g,u)uldg‘ < Cdplui| < CM % Ve>0, V6>0, Vs>0.
0

Using (2.24) and (2.25), from (2.20), we obtain

s]'—(& )| dg < S F(¢ K(¢, Pdrlde +oME <
0/‘ N| <0/‘ / T, 1) F T’ + 5 <

o1/4

226) <CM (S(SWJr 5) <CM ((;)ﬁ

From (2.22), using (2.23) and (2.26), we get the estimate

+%>, Vs e [0,5], VYe>0, §>0.

c1/4

(227) HRHC([O,S]; <CM 7 59/47 Ve € (07N0 52]a Vo € (Ov 1}
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Consequently, from (2.19) and (2.27), we deduce
10, = Llleqo,s1my < 0= Willeqo,sy:m) + IRl cqo,sm) <

c1/4

(2.28) <CM—+ soir VEE€ (0, 1o 0%], V6 € (0,1].
Since U, (s) = U,(s), L(s) = L(s), for all s € [0,5], U,(s) = u.5(6s) and L(s) = I5(5 ),
from (2.28) we get

cl/4
59/4°
In what follows, let us denote by Ry (t,0) = I5(t) — v(t) — hs(t), where l; is the solution
to the problem (Ps), v is the solution to the problem (FPy) and hs is the solution to the
problem

(2.29) [ucs — Usl| o,y < CM Ve € (0,10 6%, V6 € (0,1].

hs(0) = ug — A1(0)£(0).

Due to Theorem 1.2 and condition (H3), from the last statements, we deduce that R; is
the strong solution to the problem

{5R’1(t, §) + A(t)R1(t,6) = —6AT () (f'(t) — A/ ()A™(@) f(), te(0,T),

{(mg(t) + A(t)hs(t) =0, te(0,T),

Ry1(0) =
Taking the inner product in H by R; and then integrating, we obtain

t
2
5|R1(t,5)|2+2/ |AY2(r) Ra(r,0)| dr =
0

(2.30) —25/ (r) — A'(1) A~ (7) f(T)),Rl(T,(S)) dr, te(0,T).

Using conditions (H1), (H2) and (H3), we get
t

25 [ (A7) (). Rar, )] dr <25 / )] [Ba(r,8) dr <

0

26? ’y |2d7'

1
5/ |AY2 Ry (7,0)|?

and
t

20 | |(A'(1)ATH (1) f(7), A7 () Ru(7,0)| dr < 28aq /\IA’I(T)f(T)IIIIA’l(T)Rl(ﬂ 9)[ldr <
0

t t
1 2 2§%a34°
§§/ 412 Ry (7,5 ar + 22000 /|f(7’)|2dr
0

Then from (2.30) we obtain
SRy (L, 0)> <COM?§?, Vte[0,T], V§e(0,1].
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Consequently, we get
(2.31) |Ry(t,6)| < CMNVG, Ytelo,T], ¥de(0,1].

Thus, the estimate (2.1) is a simple consequence of (2.29) and (2.31). Theorem 2.5 is proved.
O

Remark 2.1. From estimate (2.1) it follows that ||ucs — v|[c(jo,7);7) — 0 only if ug —
A~1(0)f(0) = 0. In the opposite case the solution u.s has a singular behavior relative
to parameters € and ¢. In the neighbourhood of ¢ = 0 this behavior is defined by the
boundary layer function hs, which is solution to the problem (2.2).

Remark 2.2. If, in conditions of Theorem 2.5, f = 0, thenv = 0, Ry = 0, and Is = hs.
Consequently, the estimate (2.1) in this case takes the form

cl/4
lues = Uslleqoryan < € (JAO)uol +[4Y2(0)us]) 7. Ve € (0,10 6%, ¥ € (0,1]

Finally, let us consider the following example. Let 2 C R" be an open bounded set with
C' boundary 99. In the real Hilbert space L?(2) we consider the following boundary-
value problem:

€0 ucs + 6 Opucs + Az, t,0p) ues = flx,t), x€Q, te(0,7T),
(2.32) usé(xv 0) = u0<x)a O us&(xa 0) = ul(x)a T € ﬁv

u€5|aQ :07 te [O7T)?
where € > 0 and § are small positive parameters, u.s, f : [0,7) — L?(Q) and A(z,t,0,), is

defined as follows:
D(A) = H*(Q) N Hy (),

Az, t, 0p)u(x) = — Z O (aij(x, t)@xju(x,t» +a(z, t)u(z,t), u € D(A).
ij=1

In this case the corresponding problem (F,) takes the form:

Az, t, 0p)v(@,t) = f(x,t), =€, t€(0,T),

0|, =0, te€[0,T).
Let us assume that the coefficients a;; and « satisfy the following conditions:
aij, a € C*(Ax [0,7]), a(z,t) >0, Y(z,t)eQx][0,T]
a;j(z,t) = aj;(z,t), Vi,j=1,n, VY(z,t)€Qx][0,T],

(2.33)

(2.34) o
> aije )& & > wlEP, VEER, V(z,t) €Qx[0,T], w>0.
i,j=1
It is not difficult to see that conditions (2.34) provide the achievement of conditions (H1),
(H2) and (H3). Consequently, from Theorem 2.5 we obtain the following theorem.

Theorem 2.6. Let T' > 0. Let us assume that the conditions (2.34) are fulfilled. If
ug,u1 € H2(Q) (N H(Q) and f € WH2(0,T; L*(Q)), then there exists constants

C(T,~,ap,w) > 0and py = {1; JTO},such that
c1/4 ,
[ues — v — hsllogo,m;L2(0) < CM (W + \[5)7 Ve € (0,10 6%), V&€ (0,1],

where u.s and v are strong solutions to the problems (2.32) and (2.33), respectively,
I[hs ()| 12() < C Me™% vt e [0,T],

M = luollr2) + [lwillmz @) + [ fllwr20,1;r2(0))-
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