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On the Voronovskaja-type formula for the Bleimann,
Butzer and Hahn bivariate operators

DAN BĂRBOSU and DAN MICLĂUŞ

ABSTRACT. In this paper we present two new alternative ways for the proof of Voronovskaja-type formula
of the Bleimann, Butzer and Hahn bivariate operators, using the close connection between the recalled operators
and Bernstein bivariate operators, respectively Stancu bivariate operators.

1. INTRODUCTION

Let C[0, 1] = {f ∈ R[0,1] : f continuous on [0, 1]} be the space of real-valued functions
continuous on [0, 1]. For any positive integer m, the classical Bernstein operators [15] are
defined by

(1.1) Bm(g; s) =

m∑
k=0

pm,k(s)g
(
k
m

)
,

for any function g ∈ C[0, 1], any s ∈ [0, 1], where pm,k(s) =
(
m
k

)
sk(1 − s)m−k are the fun-

damental Bernstein polynomials. Let α, β be two real parameters satisfying the condition
0 ≤ α ≤ β. The Stancu operators [32] are defined by

(1.2) P (α,β)
m (g; s) =

m∑
k=0

pm,k(s)g
(
k+α
m+β

)
=

m∑
k=0

(
m
k

)
sk(1− s)m−kg

(
k+α
m+β

)
,

for any positive integer m, any g ∈ C[0, 1] and any s ∈ [0, 1]. If α = β = 0 the operators
(1.2) become the classical Bernstein operators (1.1). Forα = 0 and β = 1 we get a particular
case of operators (1.2) given by

(1.3) Pm(g; s) =

m∑
k=0

pm,k(s)g
(

k
m+1

)
=

m∑
k=0

(
m
k

)
sk(1− s)m−kg

(
k

m+1

)
.

Consider the space C[0,+∞) =
{
f ∈ R[0,+∞) | f continuous on [0,+∞)

}
. The Bleimann,

Butzer and Hahn operators [16] are defined by

(1.4) Lm(f ;x) = 1
(1+x)m

m∑
k=0

(
m
k

)
xkf

(
k

m+1−k

)
,

for any positive integer m, any function f ∈ C[0,+∞) and any x ∈ [0,+∞). In what
follows, for simplicity, the Bleimann, Butzer and Hahn operators (1.4) will be called ”BBH
operators”. A difficult problem concerning the BBH operators is to find the domain of
convergence. Totik [33] studied the uniform approximation properties of these operators
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when f belongs to the class of continuous functions, that have finite limits at infinity.
Jayasri and Sitaraman [21] considered the class

CPN
[0,+∞) =

{
f ∈ C[0,+∞) : f(x) = O

(
(1 + x)N

)
, x→ +∞

}
,

where N is a fixed positive integer. They proved that if f belongs to CPN
[0,+∞), then for

each x ≥ 0, lim
m→∞

Lm(f ;x) = f(x). In [18], Hermann defined a class of functions in the
following way

H = {f ∈ C[0,+∞) : log (|f(x)|+ 1) = o(x) as x→ +∞}
and proved that if f belongs to H then, for each x ≥ 0, lim

m→∞
Lm(f ;x) = f(x). Moreover,

if for some α > 0, f(x) = eαx, then lim
m→∞

Lm(f ;x) = +∞, provided that x is sufficiently
large. He also stated the following

Conjecture 1.1. [18] If f ∈ C[0,+∞) and Lmf converges pointwise to f on [0,+∞), then
f ∈ H.

An answer to the Hermann’s conjecture was given by Abel and Ivan in two different
papers. In [4], the authors determined the exact domain of convergence of Lmf for the
exponential function f(x) = ax, (a > 1) by showing that

lim
m→∞

Lm
(
at;x

)
= ax iff x ∈

[
0, 1

a−1

)
.

As a by-product of their results, they also confirmed that f ∈ H is a sufficient condition
for the pointwise convergence of Lmf to f and proved that Hermann’s conjecture is true
only for monotone functions. In [5], they gave a negative answer to Hermann’s conjecture
by constructing a counterexample function f satisfying lim

m→∞
Lm(f ;x) = f(x) pointwise

on [0,+∞), which is not an element of Hermann’s classH. Another class of functions

F =
{
f ∈ C[0,+∞) : for each A > 0, f(x) = O

(
eAx
)

as x→ +∞
}

was introduced by Jayasri and Sitaraman [22] , which proved that Lmf defines a point-
wise approximation process on F . In [16] is established that there exists a connection
between Bernstein operators Bm and BBH operators Lm, basically given by the rational
transformation h(u) = u/(1+u), u ∈ [0,+∞) and its inverse h−1(v) = v/(1−v), v ∈ [0, 1).
Several authors have tried to find different relationships between Bm and Lm. For in-
stance, Mercer [23], respectively Abel [1] established that

(1.5) Lm(f ;x) =

m∑
k=0

(
m
k

)
yk(1− y)m−kF

(
k

m+1

)
,

where y = x/(1 + x) and F (y) = f(y/(1 − y)), y ∈ [0, 1). In [12], the equality (1.5) was
rewritten in the form

(1.6) Lm

(
f ; y

1−y

)
= Pm(F ; y), y ∈ [0, 1),

where f ∈ C∗[0,+∞) = {f ∈ C[0,+∞) | f(x) = o(x), (x → ∞)} and Pm denotes the
Stancu type operator (1.3). Using the Voronovskaja-type formula for Stancu operators
[32], it was derived the appropriate Voronovskaja-type formula for BBH operators, given
by

(1.7) lim
m→∞

m · (Lm(f ;x)− f(x)) = 1

2
x(1 + x)2f ′′(x),

where f ∈ C∗[0,+∞) and the second order derivative f ′′ is continuous in a neighborhood
of x ∈ [0,+∞). The first Voronovskaja-type result for Lm was given by Totik [33], where
the factor 2−1 is missing. Further proofs of formula (1.7) were established by Adell and
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Badia [6], respectively Mercer [23]. In order to obtain several new results, respectively
new properties of the BBH operators, Ivan [19] had an excellent idea to show the close
connection between BBH operators and Bernstein operators, expressed by the formula

(1.8) Lm(f ;x) = (1 + x)Bm+1

(
f̃ ; x

x+1

)
, x ∈ [0,+∞),

where f ∈ R[0,+∞) and f̃ ∈ R[0,1] is defined by

(1.9) f̃(t) =

{
(1− t)f

(
t

1−t

)
, t ∈ [0, 1),

0, t = 1.

Using the relations (1.8) and (1.9) some of the best known properties of the Bernstein op-
erators can be directly transferred to the BBH operators. Developing the above ideas,
in [3] the authors got new approximation properties of the BBH operators. Agratini [7]
introduced and studied a generalization of the operators (1.4), while in [2] Abel consid-
ered BBH bivariate operators and studied some of their approximation properties. In [27]
and [29] were constructed Bézier type curves, respectively surfaces for the BBH operators.
Recent results concerning the Voronovskaja type theorem for certain linear positive oper-
ators were obtained in [9], [10], [11], [13], [14], [17], [24], [25], [26], [30]. Altin, Doğru and
Özarslan [8] considered BBH bivariate operators, defined for any f ∈ R[0,+∞)×[0,+∞) by

(1.10) Lm,n(f ;x, y) =
1

(1+x)m ·
1

(1+y)n

m∑
k=0

n∑
j=0

(
m
k

)(
n
j

)
xkyjf

(
k

m+1−k ,
j

n+1−j

)
and established some of their Korovkin type approximation properties. Independently of
them, Pop [28] reconsidered the BBH bivariate operators (1.10) and proved the following
Voronovskaja-type formula, given by

Theorem 1.1. Suppose that f ∈ R[0,+∞)×[0,+∞) and the second order partial derivatives f ′′x2 , f ′′y2
are continuous in a neighborhood of (x, y) ∈ [0,+∞)×[0,+∞). The following Voronovskaja-type
formula holds

lim
m→∞

m · (Lm,m(f ;x, y)− f(x, y)) = 1

2
x(1 + x)2 f ′′x2(x, y) +

1

2
y(1 + y)2 f ′′y2(x, y).(1.11)

Remark 1.1. The proof of Theorem 1.1 is classical, based on the Taylor expansion of the
function f in a neighborhood of (x, y).

The aim of the present paper is to derive the Voronovskaja-type formula (1.11) using
the close connection between Bernstein bivariate operators, respectively Stancu bivariate
operators and BBH bivariate operators.

2. THE CLOSE CONNECTION BETWEEN BERNSTEIN BIVARIATE OPERATORS AND BBH
BIVARIATE OPERATORS

The focus of this section is to obtain the Voronovskaja-type formula (1.11), using the
close connection between Bernstein bivariate operators and BBH bivariate operators. We
shall use the following notations:

[0, 1]2 = [0, 1]× [0, 1], R2
+ = [0,+∞)× [0,+∞),

C
(
[0, 1]2

)
=
{
f ∈ R[0,1]2

∣∣ f continuous on [0, 1]2
}
,

C
(
R2

+

)
=
{
f ∈ RR2

+

∣∣ f continuous on R2
+

}
,

C∗
(
R2

+

)
=
{
f ∈ C

(
R2

+

) ∣∣ f(x, y) = o(xy), (x→∞ or y →∞)
}
.
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We recall that, for any positive integers m,n, any f ∈ C
(
[0, 1]2

)
and any (x, y) ∈ [0, 1]2,

the classical Bernstein bivariate operators are defined by

(2.12) Bm,n(f ;x, y) =

m∑
k=0

n∑
j=0

pm,k(x)pn,j(y)f
(
k
m , jn

)
.

It is also known, see [31], the following Voronovskaja-type formula for the Bernstein bi-
variate operators (2.12).

Theorem 2.2. Suppose that f ∈ C
(
[0, 1]2

)
and the second order partial derivatives f ′′x2 , f ′′y2 are

continuous in a neighborhood of (x, y) ∈ [0, 1]2. The following Voronovskaja-type formula holds

lim
m→∞

m · (Bm,m(f ;x, y)− f(x, y)) = 1

2
x(1− x)f ′′x2(x, y) +

1

2
y(1− y) f ′′y2(x, y).(2.13)

Following the idea of Ivan [19], [20] for the univariate case, we associate to f ∈ C∗
(
R2

+

)
the function f̃ ∈ C

(
[0, 1]2

)
, defined by

(2.14) f̃(s, t) =

 (1− s)(1− t)f
(

s
1−s ,

t
1−t

)
, (s, t) ∈ [0, 1)× [0, 1),

0, s = 1 or t = 1.

Now, we can prove the following

Lemma 2.1. For any f ∈ C
(
R2

+

)
the following formula

(2.15) Lm,n(f ;x, y) = (1 + x)(1 + y)Bm+1,n+1

(
f̃ ; x

1+x ,
y

1+y

)
, (x, y) ∈ R2

+

holds true.

Proof. Taking the definition of the BBH bivariate operators (1.10) into account, it follows

Lm,n

(
f ; s

1−s ,
t

1−t

)
=

m∑
k=0

n∑
j=0

(
m
k

)(
n
j

)
sk(1− s)m−ktj(1− t)n−jf

(
k

m+1−k ,
j

n+1−j

)
=

=

m∑
k=0

n∑
j=0

(
m+1
k

)(
n+1
j

) (
1− k

m+1

)(
1− j

n+1

)
sk(1− s)m−ktj(1− t)n−j ·

·f
(

k
m+1

1− k
m+1

,
j

n+1

1− j
n+1

)
=

= 1
(1−s)(1−t)

m+1∑
k=0

n+1∑
j=0

(
m+1
k

)(
n+1
j

)
sk(1− s)m+1−ktj(1− t)n+1−j f̃

(
k

m+1 ,
j

n+1

)
=

= 1
(1−s)(1−t)Bm+1,n+1

(
f̃ ; s, t

)
, (s, t) ∈ [0, 1)× [0, 1).

Denoting x = s
1−s , y = t

1−t , for (s, t) ∈ [0, 1)× [0, 1) it follows (x, y) ∈ R2
+ and we get the

relation (2.15). �

The connection between the second order partial derivatives of f and f̃ follows by
straightforward calculation and is contained in the following

Lemma 2.2. If the function f̃ has the second order partial derivatives f̃ ′′s2 , f̃ ′′t2 at (s, t) ∈ [0, 1)×
[0, 1), the following equalities hold

(2.16) f̃ ′′s2(s, t) =
1− t

(1− s)3
f ′′s2
(

s
1−s ,

t
1−t

)
,
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(2.17) f̃ ′′t2(s, t) =
1− s

(1− t)3
f ′′t2
(

s
1−s ,

t
1−t

)
.

Theorem 2.3. If the function f ∈ C∗
(
R2

+

)
and the second order partial derivatives f ′′x2 , f ′′y2 are

continuous in a neighborhood of (x, y) ∈ R2
+, then the Voronovskaja-type formula (1.11) holds.

Proof. Taking the relations (2.15) and (2.14) into account, it follows

Lm,m(f ;x, y)− f(x, y) =

= (1 + x)(1 + y)
(
Bm+1,m+1

(
f̃ ; x

1+x ,
y

1+y

)
− f̃

(
x

1+x ,
y

1+y

))
.

Applying the limit on the above equality, we get

lim
m→∞

m · (Lm,m(f ;x, y)− f(x, y)) =

= (1 + x)(1 + y) lim
m→∞

m(m+1)
m+1

(
Bm+1,m+1

(
f̃ ; x

1+x ,
y

1+y

)
− f̃

(
x

1+x ,
y

1+y

))
=

= (1 + x)(1 + y) lim
m→∞

(m+ 1)
(
Bm+1,m+1

(
f̃ ; x

1+x ,
y

1+y

)
− f̃

(
x

1+x ,
y

1+y

))
.

Using the result from Theorem 2.2, it follows

lim
m→∞

m · (Lm,m(f ;x, y)− f(x, y)) =(2.18)

= (1 + x)(1 + y)

(
x

2(1 + x)2
f̃ ′′x2

(
x

1+x ,
y

1+y

)
+

y

2(1 + y)2
f̃ ′′y2
(

x
1+x ,

y
1+y

))
.

But, from Lemma 2.2 we have

f̃ ′′x2

(
x

1+x ,
y

1+y

)
=

(1 + x)3

1 + y
f ′′x2(x, y),

f̃ ′′y2
(

x
1+x ,

y
1+y

)
=

(1 + y)3

1 + x
f ′′y2(x, y).

Putting the above results in (2.18), we get

lim
m→∞

m · (Lm,m(f ;x, y)− f(x, y)) =

= (1 + x)(1 + y)

(
x

2(1 + x)2
(1 + x)3

1 + y
f ′′x2(x, y) +

y

2(1 + y)2
(1 + y)3

1 + x
f ′′y2(x, y)

)
=

=
1

2
x(1 + x)2 f ′′x2(x, y) +

1

2
y(1 + y)2f ′′y2(x, y),

which is the desired Voronovskaja-type formula (1.11). �

3. THE CLOSE CONNECTION BETWEEN STANCU BIVARIATE OPERATORS AND BBH
BIVARIATE OPERATORS

The focus of this section is to obtain the Voronovskaja-type formula (1.11), using the
close connection between Stancu bivariate operators and BBH bivariate operators. For
any positive integers m,n, any f ∈ C

(
[0, 1]2

)
and any (x, y) ∈ [0, 1]2, the Stancu bivariate

operators are defined by

(3.19) Pm,n(f ;x, y) =

m∑
k=0

n∑
j=0

pm,k(x)pn,j(y)f
(

k
m+1 ,

j
n+1

)
.

The following Voronovskaja-type formula for the Stancu bivariate operators (3.19) is well-
known and can be found, for instance in [28].
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Theorem 3.4. Suppose that f ∈ C
(
[0, 1]2

)
and the second order partial derivatives f ′′x2 , f ′′y2 are

continuous in a neighborhood of (x, y) ∈ [0, 1]2. The following Voronovskaja-type formula holds

lim
m→∞

m · (Pm,m(f ;x, y)− f(x, y)) =(3.20)

= −x f ′x(x, y)− y f ′y(x, y) +
1

2
x(1− x) f ′′x2(x, y) +

1

2
y(1− y) f ′′y2(x, y).

Following the idea in [12] for the univariate case, we associate to the function f ∈
C∗
(
R2

+

)
the function F ∈ C

(
[0, 1]2

)
, defined by

(3.21) F (s, t) =

 f

(
s

1−s ,
t

1−t

)
, (s, t) ∈ [0, 1)× [0, 1),

0, s = 1 or t = 1.

Now, we can prove the following

Lemma 3.3. For any f ∈ C
(
R2

+

)
the following formula

(3.22) Lm,n(f ;x, y) = Pm,n

(
F ; x

x+1 ,
y
y+1

)
, (x, y) ∈ R2

+

holds true.

Proof. Taking the definition of the BBH bivariate operators (1.10) into account, it follows

Lm,n

(
f ; s

1−s ,
t

1−t

)
=

m∑
k=0

n∑
j=0

pm,k(s) pn,j(t)f
(

k
m+1−k ,

j
n+1−j

)
=

=

m∑
k=0

n∑
j=0

pm,k(s) pn,j(t)f

(
k

m+1

1− k
m+1

,
j

n+1

1− j
n+1

)
=

=

m∑
k=0

n∑
j=0

pm,k(s) pn,j(t)F
(

k
m+1 ,

j
n+1

)
= Pm,n(F ; s, t), (s, t) ∈ [0, 1)× [0, 1).

Denoting x = s
1−s , y = t

1−t for (s, t) ∈ [0, 1) × [0, 1) it follows (x, y) ∈ R2
+ and we get the

relation (3.22). �

The connection between the first, respectively second partial derivatives of f and F
follows by straightforward calculation and is contained in the following

Lemma 3.4. If the function F ∈ C
(
[0, 1]2

)
has the first, respectively second order partial deriva-

tives F ′s, F ′t , F ′′s2 , F ′′t2 at (s, t) ∈ [0, 1)× [0, 1), the following equalities hold

(3.23) F ′s(s, t) =
1

(1− s)2
f ′s

(
s

1−s ,
t

1−t

)
,

(3.24) F ′t (s, t) =
1

(1− t)2
f ′t

(
s

1−s ,
t

1−t

)
,

(3.25) F ′′s2(s, t) =
2

(1−s)3
f ′s

(
s

1−s ,
t

1−t

)
+

1

(1−s)4
f ′′s2
(

s
1−s ,

t
1−t

)
,

(3.26) F ′′t2(s, t) =
2

(1−t)3
f ′t

(
s

1−s ,
t

1−t

)
+

1

(1−t)4
f ′′t2
(

s
1−s ,

t
1−t

)
.

Theorem 3.5. If the function f ∈ C∗
(
R2

+

)
and the second order partial derivatives f ′′x2 , f ′′y2 are

continuous in a neighborhood of (x, y) ∈ R2
+, then the Voronovskaja-type formula (1.11) holds.
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Proof. Taking the relation (3.22) into account, it follows

Lm,m(f ;x, y)− f(x, y) = Pm,m

(
F ; x

1+x ,
y

1+y

)
− F

(
x

1+x ,
y

1+y

)
.

Applying the limit on the above equality, we get

lim
m→∞

m · (Lm,m(f ;x, y)− f(x, y)) = lim
m→∞

m ·
(
Pm,m

(
F ; x

1+x ,
y

1+y

)
− F

(
x

1+x ,
y

1+y

))
.

The results from Theorem 3.4 leads to

lim
m→∞

m · (Lm,m(f ;x, y)− f(x, y)) =(3.27)

= − x

1 + x
F ′x

(
x

1+x ,
y

1+y

)
− y

1 + y
F ′y

(
x

1+x ,
y

1+y

)
+

x

2(1 + x)2
F ′′x2

(
x

1+x ,
y

1+y

)
+

+
y

2(1 + y)2
F ′′y2

(
x

1+x ,
y

1+y

)
.

From Lemma 3.4 we have

(3.28) F ′x

(
x

1+x ,
y

1+y

)
= (1 + x)2f ′x(x, y),

(3.29) F ′y

(
x

1+x ,
y

1+y

)
= (1 + y)2f ′y(x, y),

(3.30) F ′′x2

(
x

1+x ,
y

1+y

)
= 2(1 + x)3f ′x(x, y) + (1 + x)4f ′′x2(x, y),

(3.31) F ′′y2
(

x
1+x ,

y
1+y

)
= 2(1 + y)3f ′y(x, y) + (1 + y)4f ′′y2(x, y).

Taking (3.28)–(3.31) into account, from (3.27) it follows

lim
m→∞

m · (Lm,m(f ;x, y)− f(x, y)) = − x

1 + x
(1 + x)2f ′x(x, y)−

y

1 + y
(1 + y)2f ′y(x, y)+

+
x

2(1 + x)2
(
2(1 + x)3f ′x(x, y) + (1 + x)4f ′′x2(x, y)

)
+

+
y

2(1 + y)2
(
2(1 + y)3f ′y(x, y) + (1 + y)4f ′′y2(x, y)

)
=

=
1

2
x(1 + x)2 f ′′x2(x, y) +

1

2
y(1 + y)2 f ′′y2(x, y),

which is the desired Voronovskaja-type formula (1.11). �

REFERENCES

[1] Abel, U., On the asymptotic approximation with operators of Bleimann, Butzer and Hahn, Indag. Math., 7 (1996),
No. 1, 1–9

[2] Abel, U., On the asymptotic approximation with bivariate operators of Bleimann, Butzer and Hahn, J. Approx.
Theory, 97 (1999), No. 3, 181–198

[3] Abel, U. and Ivan, M., Some identities for the operator of Bleimann, Butzer and Hahn involving divided differences,
Calcolo, 36 (1999), 143–160

[4] Abel, U. and Ivan, M., On Bleimann, Butzer and Hahn operators on exponential functions, Bull. Austral. Math.
Soc., 75 (2007), 409–415

[5] Abel, U. and Ivan, M., An answer to Hermann’s conjecture on Bleimann-Butzer-Hahn operators, J. Approx. The-
ory, 160 (2009), 304–310

[6] Adell, J. A., Badia, F. G. and De la Cal, J., On the iterates of some Bernstein-type operators, J. Math. Anal. Appl.,
209 (1997), 529–541

[7] Agratini, O., Approximation properties of a generalization of Bleimann, Butzer and Hahn operators, Math. Pan-
nonica, 9 (1998), No. 2, 165–171
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[9] Bărbosu, D., Some applications of Shisha-Mond theorem, Creat. Math. Inform., 23 (2014), No. 2, 141–146
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