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Iterative methods for generalized split feasibility problems
in Banach spaces

QAMRUL HASAN ANSARI™? and AISHA REHAN!

ABSTRACT. Inspired by the recent work of Takahashi et al. [W. Takahashi, H.-K. Xu and J.-C. Yao, Iterative
methods for generalized split feasibility problems in Hilbert spaces, Set-Valued Var. Anal., 23 (2015), 205-221], in this
paper, we study generalized split feasibility problems (GSFPs) in the setting of Banach spaces. We propose
iterative algorithms to compute the approximate solutions of such problems. The weak convergence of the
sequence generated by the proposed algorithms is studied. As applications, we derive some algorithms and
convergence results for some problems from nonlinear analysis, namely, split feasibility problems, equilibrium
problems, etc. Our results generalize several known results in the literature including the results of Takahashi et
al. [W. Takahashi, H.-K. Xu and ].-C. Yao, Iterative methods for generalized split feasibility problems in Hilbert spaces,
Set-Valued Var. Anal., 23 (2015), 205-221].

1. INTRODUCTION AND FORMULATIONS
The split feasibility problem (in short, SFP) is formulated as:
(1.1) Find z* € C such that Az* € @,

where C and () are nonempty closed convex subsets of real Hilbert spaces H; and Ho,
respectively, and A : H; — H> is a bounded linear operator. There has been growing
interest in recent years in the theory of split feasibility problems. It has been considered
by many authors in several different directions because of its applications to medical im-
age reconstruction [7], intensity-modulated radiation therapy [12], signal processing and
image reconstruction [8], etc. For further details on SFP, we refer [3, 10, 11, 17, 25, 27]
and the references therein. In the recent past, several split type problems have been intro-
duced and studied. Byrne et al. [9] considered and studied the split common null point
problem (in short, SCNPP) in the setting of Hilbert spaces. They developed some algo-
rithms for finding the approximate solutions of SCNPP. Very recently, Takahashi and Yao
[26, 28] introduced SCNPP in the setting of Banach spaces. By using hybrid method and
Halpern-type method, they proposed some iterative algorithms for computing the ap-
proximate solutions of SCNPP. They also established some strong and weak convergence
theorems for such algorithms under some suitable conditions.

In this paper, we study the following generalized split feasibility problems (in short,
GSFP) in the setting of Banach spaces. Let B; and B; be uniformly convex and uniformly
smooth real Banach spaces. Let K : B; = B} be a maximal monotone set-valued mapping
such that K10 # 0, and S : B, — Bs be a nonexpansive mapping such that Fix(S) # 0
and A : By — B, be a bounded linear operator, where Fix(S) denotes the set of fixed
points of S. The generalized split feasibility problem in the setting of Banach spaces is
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defined as follows:
(1.2) Find z* € Fix(V) N K10 such that Az* € Fix(S),

where V : C' — C'is a mapping such that Fix(V') # 0 and C' is a nonempty closed convex
subset of B;. If we consider V' = I the identity mapping, then problem (1.2) reduces to
the following generalized split feasibility problem:

(1.3) Find z* € K0 such that Az* € Fix(S).

We denote by A and I' the solution set of problem (1.2) and (1.3), respectively, and
assume that A # fand T" # 0.

When B; = H, is a real Hilbert space and B, = H» is another real Hilbert space, then
problems (1.2) and (1.3) are considered and studied by Takahashi et al. [27].

In this paper, we propose iterative algorithms for finding the approximate solutions of
problems (1.2) and (1.3) in the setting of Banach spaces. We study the weak convergence
of proposed algorithms under some suitable conditions. At the end, we derive some
algorithms and convergence results for some problems from nonlinear analysis, namely,
split feasibility problems, equilibrium problems, etc.

2. PRELIMINARIES

Throughout this paper, we denote by N the set of positive integers and by R the set of
real numbers. Let B be a real Banach space with its topological dual space B* and (., .)
denote the duality pairing between B and B*. When {z,,} is a sequence in B, we denote
the strong convergence of {z,} to z by z,, — x and the weak convergence by z,, — .

Let S(B) be the unit sphere centered at the origin of B. The norm of B is said to be
Gateaux differentiable if the limit

o ety —
’ t—0 t

exists for each z,y € S(B). The space B is said to be smooth if its norm is Gateaux
differentiable. The norm of B is said to be uniformly Gateaux differentiable if for each
y € S(B), the limit in (2.4) is attained uniformly for all z € S(B). The space B is said to
be uniformly smooth if the limit in (2.4) is attained uniformly for all z,y € S(B). It is well
known that if B is uniformly smooth, then norm of B is uniformly Gateaux differentiable.
A Banach space B is said to be strictly convex if ||(x 4+ y)/2|| < 1 whenever z,y € S(B)
and = # y. The space B is said to be uniformly convex if for all ¢ € (0, 2], there exists § > 0
such that z,y € S(B) and ||z — y|| > e imply ||(z +y)/2|| < 1 — 0.

Lemma 2.1. [18, 30] Let B be a uniformly convex Banach space. Then for any given number
r > 0, there exists a continuous strictly increasing function g : [0,00) — [0,00) such that
9(0) = Oand ||tz + (1 = t)y||* < t]lx]|* + (1 = )ylI* = t(1 = )g(|l= - yll) for all z,y € B with
lz|| < rand|y| <r telo0,1]

A function p : [0, 00) — [0, 0), defined by

1
plr) =sup {3l 4l + e =yl = 1 5y € Bl =1, Il =7}

is said to be the modulus of smoothness of B [13]. It is known that B is uniformly smooth
[13] if and only if lim,_,¢ p(7)/7 = 0. For ¢ > 1, a Banach space B is said to be g-uniformly
smooth [13] if there exists a constant ¢ > 0 such that p(7) < ¢7? for all 7 > 0. It can be
easily seen that every g-uniformly smooth space is uniformly smooth.

The normalized duality mapping J : B = B* is defined as

J(z):={f*€B*: (z, f*) = |z|* = || f*||* forallz € B}.
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It is well-known that the normalized duality mapping J : B = B* is single-valued if B is
smooth (see, Theorem 4.3.1 in [23]).
The normalized duality mapping J from a smooth Banach space B into B* is said to

be weakly sequentially continuous if Jz,, — Jx whenever z,, — z, where — means the
weak™* convergence in the dual space. For further details on geometry of Banach spaces,
we refer to [2, 13, 23].

Lemma 2.2. [23] Let B be a smooth Banach space and J be the normalized duality mapping on
B. Then, (x —y,Jx — Jy) > 0 for all z,y € B. Furthermore, if B is strictly convex and
(x —y,Jx — Jy) =0, then x = y.

Lemma 2.3. [30] Let B be a 2-uniformly smooth Banach space with best smooth constant k > 0
and J be the normalized duality mapping on B. Then ||z + y||* < ||z||? + 2(y, Jz) + 2||xy]|? for
all z,y € B.

Let B be a smooth Banach space. Following Alber [1] and Kamimura and Takahashi
[16], let ¢ : B x B — R be the mapping defined by
(2.5) ¢(x,y) = [[«]* = 2(x, Jy) + |ly|[*, forallz,y € B.
If B is a Hilbert space, then we have ¢(z,y) = ||z — y||* for all 2,y € B. We know that

(2.6) (=] = llyID* < é(z,y) < (=] +llyl)?, forallz,y € B.
If B is strictly convex, then
(2.7) oz,y) =0 & z=y.
If C is a nonempty closed convex subset of a smooth, strictly convex and reflexive
Banach space B, then, for all z € B, there exists a unique point zy € C' such that

(2.8) llz — 0| =ggg||x—yll-

We denote such a point zy by Pcx. The mapping P¢ is called the metric projection from
Bonto C.
We also have

(2.9) o(x,x0) = {,%iél oy, x).

Following Alber [1], we denote such a point o by llcz. The mapping Il is called the
generalized projection from B onto C.
The following lemmas on metric projection and generalized projection are well known.

Lemma 2.4. [23] Let B be a smooth, strictly convex, and reflexive Banach space. Let C be a
nonempty closed convex subset of B, x € B and z € C. Then the following conditions are
equivalent.

(i) z = Pox;

(ii) (z—y,J(x —2)) >0forally e C.
Lemma 2.5. [1] (see also [16]) Let B be a reflexive, strictly convex, and smooth Banach space, C
be a nonempty closed convex subset of B, and x € B. Then

(i) xog =Hex & (xo—y,Jo — Jxg) > 0foreachy € C;

(i) ¢(y,lcz) + ¢(Ilcx, ) < ¢y, ) foreachy € C.

It is well known that the normalized duality mapping J of a Hilbert space is the identity

mapping. In the setting of Hilbert spaces, Po = Il¢.

Lemma 2.6. [16] Let B be a smooth and uniformly convex Banach space and {x,,} and {y,} be
sequences in B such that either {x,,} or {yn} is bounded. If ¢(x,,, yn) = 0, then ||z, — yn| = 0.
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Lemma 2.7. [16] Let r > 0 and B be a uniformly convex and smooth Banach space. Then
g(lly — z2ll) < é(y,2) forally,z € B, ={w € B : ||w| < r}, where g : [0,00) — [0,00) isa
continuous, strictly increasing, and convex function with g(0) = 0.

Definition 2.1. Let C' be a nonempty closed convex subset of a smooth Banach space B
and T : C — C be an operator. A point a € C is called an asymptotic fixed point [22] of T’
if there exists a sequence {z,} such that z,, — a and lim,,_, ||z, — Tz,|| = 0. The set of
asymptotic fixed points of T" is denoted by ﬁ(T)
The operator T': C' — C'is said to be:
(a) nonexpansive if [Tz — Ty|| < |jz —y| forallz,y € C;
(b) firmly nonexpansive type [18] if ¢(Tx, Ty) + ¢(Ty, Tx) + ¢(Tz,x) + ¢(Ty,y) <
¢(Tx,y) + ¢(Ty,x) forall z,y € C;
(c) relatively nonexpansive (see [18]) if the following properties are satisfied:
(i) Fix(T) # 0;
(i) ¢(p,Tz) < ¢(p,z) for all p € Fix(T), z € C;
(iii) Fix(T) = Fix(7T).
(d) strongly relatively nonexpansive (see [18, 22]) if the following properties are sat-
isfied:
(i) T is relative nonexpansive;
(i) nh_}rrgo &(Tzp, x,) =0 whenever {z,} isbounded sequence in C and nh_}rrolo (o(p, zn)
—¢(p, Txy)) = 0 for some p € Fix(T).
(e) nonspreading [19] if ¢(T'z, Ty) + ¢(Ty, Tx) < ¢(Tx,y) + ¢(Ty,x) forall z,y € C;
(f) generalized nonspreading [15, 20] if there are «, 5,7, ¢ € R such that

(210) a¢(Tz,Ty) + (1 — a)p(x, Ty) +{o(Ty, Tx) — ¢(Ty,x)}
< Bd(Tx,y) + (1 — B)d(x,y) + 5{(y, Tx) — #(y,x)}, forall z,y € C.

Remark 2.1. A generalized nonspreading mapping is nonspreadingifa =1,7v=1,8=1
and 0 = 0.

Remark 2.2. If B is a real Hilbert space, then ¢(z,y) = ||z — y||, and therefore we obtain
the following inequality from (2.10)

@11) al|Tz = Ty|* + (1 — )|z = Ty||* + +{||Tz — Ty||* — ||« — Ty|1*}
< BTz —ylI> + (1= B)|lx =yl + 6{|Tz — y|?> — [« — y|I*}, forallz,y e C.
This implies that
(212) (a+)|Tz = Ty|* + {1 = (a + )}z - Ty
<B+O)Te—yl|* +{1— (B+0)}z—yll*>, forallz,yeC.

So, from (2.12), T' is a generalized hybrid mapping on a Hilbert space (see, [15, 20]). Ob-
serve that if Fix(T) # 0, then ¢(p,Ty) < ¢(p,y) for all p € Fix(T) and y € C. Indeed,
putting z = p € Fix(T) in (2.10), we obtain

(2.13) ag(p,Ty) + (1 — a)o(p, Ty) + v{o(Ty,p) — &(Ty,p)}
< Bo(p,y) + (1= B)o(p, y) + 6{o(y, p) — d(y,p)}-

So, we have

(2.14) o(p, Ty) < o(p,y).
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Lemma 2.8. [15, 20] Let B be a strictly convex Banach space with a uniformly Gateaux differ-
entiable norm and C be a nonempty closed convex subset of B. Let T : C — C be a generalized
nonspreading mapping such that Fix(T) # (). Then Fix(T) = Fix(T) and Fix(7T) is closed and
convex.

Remark 2.3. In view of Lemma 2.8 and inequality (2.14), we can say that every general-
ized nonspreading mapping is relative nonexpansive provided Fix(T) # 0 (see [20]).

Let K : B = B* be a set-valued mapping. The domain, range, graph and inverse of K
are denoted by

DK)={xeB:K(z)# 0}, R(K)={z"€B":2"e Kux},
GK)={(z,2*):2* € Kz} and K '0={rec D(K):0¢c Kz},
respectively.

Definition 2.2. [18] A set-valued mapping K : B = B* is said to be
(a) monotone if (x — y,z* — y*) > 0 whenever (z, z*), (y,y*) € G(K).
(b) maximal monotone if its graph is not properly contained in the graph of any other
monotone operator.

Remark 2.4. If K is maximal monotone, then the solution set K 10 is closed and convex.

Lemma 2.9. [21] Let B be a smooth, strictly convex and reflexive Banach space and K :
B = B* be amonotone operator. Then K is maximal monotone if and only if R(J+AK) =
B* forall A > 0.

Let B be a smooth, strictly convex and reflexive Banach space and K : B = B* be a
maximal monotone operator. Then for A > 0 and x € B, consider

J¥r:={2€B:JxcJz+\K(2)}.
In other words, JX = (J + AK)~1J. Also, J¥X is known as relative resolvent of K for
A > 0. Following [18], we know the following properties:
(i) JE : B — D(K) is a single-valued mapping;
(i) K10 = Fix(J¥) for each A > 0;
(iii) JE is strongly relative nonexpansive.
We close this section by mentioning the closedness principle in the setting of uniformly
convex Banach spaces.

Lemma 2.10. [6] Let C be a nonempty closed convex subset of a uniformly convex Banach space
Band T : C — B be a nonexpansive mapping. If {z,} is a sequence of C such that x,, — x
and ||(I — T)xy|| — 0, then (I — T)x = 0, that is, x is a fixed point of T, where I is the identity
mapping on B.

3. ALGORITHMS AND CONVERGENCE RESULTS

Throughout this section, unless otherwise specified, we assume that By and B, are uni-
formly convex and 2-uniformly smooth real Banach spaces having smoothness constant

K satisfying 0 < k < % Let K : By = B be a maximal monotone set-valued mapping

such that K70 # 0, S : By — B, be a nonexpansive mapping such that Fix(S) # 0
and A : B; — By be a bounded linear operator whose adjoint is denoted by A*. Let J&
be a relative resolvent operator of K for A > 0 and V : ¢ — C be a mapping such that
Fix(V') # 0. We denote by Jp, and Jp, the normalized duality mappings on B; and B,
respectively.

We propose the following algorithm to solve the problem (1.2).
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Algorithm 3.1. Choose arbitrary z1 € C and 3,, € (0, 1), compute
(3.15)
ns1 = Jp, (Bud, (@n) + (1= B) 5, VIX (Jp, (b, (2n) — A" J5, (I = §)Axn)))

foralln eN,0<c<p,<d<1,7y€ (O,W)and)\>0.

We also propose the following algorithm to solve the problem (1.3).
Algorithm 3.2. Choose arbitrary x1 € By and compute
(3.16) Tng1 = 3 (g (I, (2n) = vA* Jp,(I — S)Axy,)), foralln € N,
where v € (O, W) and \ > 0.
We first establish weak convergence of the sequence generated by Algorithm 3.2 to a
solution of problem (1.3).

Theorem 3.1. If Jp, is weakly sequentially continuous, then the sequence {x,} generated by
Algorithm 3.2 converges weakly to an element z € T..

Proof. Letp € I'. Then JXp = pand S(Ap) = Ap. Let
Yn = JB (Jp, (xn) —vA* I, (I — S)Ax,,).
In view of equation (2.5) and Lemma 2.3, we have
¢(pyyn) = 0(p, I, (I, (wn) — YA I, (I — S)Axy))
||p||2 —2(p, Jp, (¥n) = YA I, (I = 8)Azp) + ||, (wn) — A" Ip, (I — S) Azn|®
= Ipll? = 2(p, J5, (20) = vA T, (I = §) Az} + | — 75} A" T, (I = ) A |®
(317) < |Ipll* = 2(p, Ip, (xa)) + 2v(Ap, Jp, (I — S) Azn)
+ ||7J§11A*J32 (I —8)Ax,|? = 2(zy, yA* T, (I — S)Ax,) + 2||kz, ||
< lIpI* = 2(p, Jp, (x4)) + 2v(Ap, Jp, (I — S)Azy,)
+2NAIPIT — S)Azal® - 2v(Awn, Tp, (I — 8) Azn) + ||zl
< é(p,zn) + VI AIPII — ) Azn* + 29(Ap — Az, Jp, (I — S) Azn).
From nonexpansiveness of S and Lemma 2.3, we have
(Ap — Az, Jp, (I — S)Ax,,)
= (40— St (1 = $)As) 10 - S) Az, |

1 1
< I = 8)Awn|* + *IIAp = S(Az,)|* = Sl Awn — Ap|* = ||(I = 5) A

2
1 1
= *5H(I — S)Awp|* + 5 15(Azn) — Ap||* - 5l Azn — Apl®
1
(18) =5 - S)Az,|?,
that is,
(3.19) 2y(Ap — Az, Jp,(I = S)Aw,) < —7[|(I = S) Az, |*.

Notice that v € (0,1/||A]|?) and making use of inequality (3.19) in (3.17), we have

B(pyn) < S0, 20) + VAP = 8) Az, ||* — Y|(I — S) Az ?
(3.20) = ¢(p, xn) — 71 = IAIP)II — S) Az, |
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In view of relative nonexpansiveness of J /{( and (3.20), we have

(3.21) < o(p,xn) =1 = A AP = S) Az |*
(3.22) < ¢(pyn).

Hence, from (3.22), the sequence ¢(p, z,,) is a decreasing sequence and from (2.6), it is
bounded below by 0. Consequently, it converges to some finite limit, so lim ¢(p,z,)
n—oo

exists and, in particular, ¢(p, z,,) is bounded. Then by (2.6), {x,,} is also bounded. Again
by the fact that v € (0,

i AlH?) and by passing to the limit in (3.21), we obtain

Y= AIR) lim (I = $)Azal?) < lim (@b, 20) = 62, 2n11))
so, we have

(3.23) lim (I — S)Azn| = 0.

Now, consider
G0, yn) = (T, I5,! (T, (20) — vA" Ip, (I — S)Axy)
= ||lznll? = 2(zn, I, (zn) — YA* Jp, (I — S)Az,,)
+ 1B, (zn) = yA* T, (I = 5) Az, |?
< Nznll? = 2(xn, I, (20)) + 2v(Az,,, Jp, (I — S)Ax,,)
+ llznll® = 29(Azn, Jp, (I = S)Azn) + V|| AlP[|(1 — S) Az, |?

(3.24) < Oz, zn) + AP = S) Awnll*.

In view of (2.7), (3.23) and (3.24), we have

(3.25) lim ¢(zn,yn) =0.
n—oo

By Lemma 2.6, we have
(3.26) lim ||z, — yn| = 0.
n—oo
In view of relative nonexpansiveness of JX and (3.22), we have
(327) < ¢(pv xn) - ¢(pa xn—‘—l) — 0asn — oo.

From (3.20), we obtain the boundedness of ¢(p, y,). Again in view of (2.6), we have the
boundedness of {y,, }. Thus by strongly relative nonexpansiveness of J¥, and from (3.27),
we have

(328) h_>m ¢(J/<(yna yn) = 07
so by Lemma 2.6, we have
(3.29) Tim [Ty =yl = 0.

Since B is uniformly convex, it is reflexive [13, Milman-Pettis’theorem, Theorem 1.17].
Therefore, B; is reflexive and by the boundedness of {z,}, there exists a subsequence
{zn,} of {z,,} such that z,,, — z € By (see [14, property 1.8]).

Now we show that z,, — z. In order to show this, we have to show that every sub-
sequence of x,, converges weakly to z. Assume to the contrary that there exists another
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subsequence {z,,} of {z,} such that z,,, — y € B; where z # y. Since Jp, is weakly
sequentially continuous, so Jp, =, A B,z and Jp, oy, Ny B.Y

(y—z,Jp,z)y = lim (y — z, Jp,xpn,) = lim (y — 2, Jp, Tp)
71— 00 n— o0

= lim (y — 2, JB,7n;) = (y — 2, JB,Y).
j—oo
Thus we obtain (z — y, Jp,z — Jp,y) = 0. Since By is uniformly convex, by [2, Theorem
2.14] it is strictly convex. Then by Lemma 2.2, we have z = y. Thus we have shown
that every subsequence of {z,} converges weakly to z. This implies that z,, — z. Since
A is bounded linear operator, so Az, — Az. Thus by (3.23) and using the fact that S is
demiclosed at 0, we have S(Az) = Az. From (3.26), we have y,, — z as follow: For all
e B,
< f(yn) = f@)ll + 11/ (2n) = FR]

(3.30) < Fllyn = znll + 1 (zn) = f(2)I] = Oasn = oo.

Thus y, — 2. By (3.29) and by the relative nonexpansiveness of J{, we have J&z = 2.
Thus we have shown that z,, — z such that = € K~'0 and Az € Fix(S). This completes
the proof. O

Theorem 3.2. Let C be a closed convex subset of By, K : By =% BY be a maximal monotone
operator such that D(K) C C and K=0 # 0. Let V : C — C be a generalized nonspreading
mapping such that Fix(V) # 0. If Jp, is weakly sequentially continuous, then the sequence {x,, }
generated by Algorithm 3.1 converges weakly to an element z € A, which is identified as the strong
limit of the orthogonal projection of {x,,} onto A, that is, z = lim,,_,oc a2y,

Proof. Lety, = J5! (Jp, (xn) —yA*Jp,(I — S)Azy)) and 2, = J¥y,. Then (3.15) takes the
following form
Tnt1 = J5 (Budp, (20) + (1 = Bn) I, Vin).
Letp € A. Then JXp = p, Vp = pand S(Ap) = Ap. It follows that
¢(p, Tnt1) = (0, I, (Bnd B, (Tn) + (1 = ) JB,(V24)))
= |lpll> = 2(p, Bnd B, @0 + (1 = B2) JB, (V20))
+ 180T B, (20) + (1= Bn) Jp, (V ()12
< lIplI* = 28 (p, Jp,2n) — 2(1 = Bu) (P, J5, (V20))
+ Bullzal® + 1 = Bu)IVzal?
< Bulllpll® = 2(p, Tpy ) + llznll?) + (L = Ba) (IPI* = 2(p, J5, Vizm) + [V 20 1%)
= Bnd(p,zn) + (1 = Bn)é(p, Van)

< Bnd(p,zn) + (1 = Bn)d(p, 2n)

= Bnd(p, xn) + (1 = Bn)d(D, I yn)

< Bnd(p, zn) + (1 = Bn)o(p, yn)

< B, 20) + (1= Ba)d(p, xn) — (1= Bn)*v(1 = A AIP)II(I = S) Az |”

(3.31) = ¢(p,xn) — (1= Bn) >y (1 = A AP (I = S) Az,
(3.32) < o(p, ).

Hence, from (3.32), the sequence ¢(p, z,,) is decreasing, and from (2.6) it is bounded be-
low by 0. Consequently, it converges to some finite limit, so ILm o(p, ) exists and, in
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particular ¢(p, z,,) is bounded. Then by (2.6), {x,, } is also bounded. Again by the fact that
v E (O7 W), 0 < ¢ < B, <d < 1, and by passing to the limit in (3.31), we obtain

(1= 811 A1) tim (I~ 8)Azs[?) < lim (6(p.2) — O(p. 2ns1).
so, we have

(3.33) lim [(1 = ) Az || = 0.
Since J& and V are relative nonexpansive, from (3.20), we have

o, Vzn) < o, 20) = d(p, I yn) < (0, yn) < d(p, x0).

Hence boundedness of ¢(p,x,) implies the boundedness of ¢(p, JXy,) and ¢(p, Vz,).
Thus from (2.6), {J¥y,} and {V 2, } are bounded. Put

r=sup {|[Jp, (@)ll; 175, (JX @a))ll, |75, (V20) 1}
neNU{0}

Since B; is uniformly smooth Banach space, B is a uniformly convex Banach space [13].
So by Lemma 2.1, we have

o(p, Tnt1)
= ¢(p, I, (Budp, (tn) + (1 = Bn)JB, (V2n)))
= [Ipl* = 2(p, Bud By 2 + (1 = Bn) T, (Vzn)) + | Bnd B, (n) + (1 = Ba) B, (V(20)) 12
< |pll* = 28n(p, I, n) — 2(1 = Bn)(p, I, (V2n)) + Bullznll?
+ (1= B)IVaul? = Bu(1 = Ba)g(1TB, (24) — JB,V2nl))
< Bu(lpl? = 2(p, T, 0) + lzall?) + (1 = Ba) P = 2(p, JB, V2n) + |V 20 ||)

= Bn(1 = Bn)g(| I, (x0n) — T, Vzal|)
= Bud(p, xn) + (1= B)d(p, Vizn) — Bl = Bu)g(| 5, (x0n) — I, (Vz)|)
< Bnd(pwn) + (1= Bn)d(p, 2n) = Bn(1 = Bu)g (B, (xn) — T, Vznl|)
= Bnd(p,zn) + (1 — By)o(p, J)\ yn) Bn(1 = Bn)g(|JB, () — IB, Vznll)
< Bnd(pon) + (1= Bn)d(p,yn) — Bn(1 = Bn)g(ll /B, (xn) — T, Vzul)
< Bud(p,wn) + (1= Bn)d(p, ) — (1= Ba)*y(1 = Al AI) (1 — 8) Az, |2
= Bn(1 = Bna)g(1VB, (%0) — I, Vznl])

= ¢(p,xn) — (1= Bn)*v(1 =Y AIP)IT = S)Azpl” = Bn(1 = Bu)g( T, (xn) — JB, V2ul),
and
(3.34) (1= B v = AAIPIT = 8) Az || + Bu(1 = Bn)g (1B, (z0) — B, (Vzn)|)

S qb(pa xn) - d)(p) Z’n+1),
using the fact0 < ¢ < 3, <d < 1,7 € (0, ”[;W) and by (3.33). Passing to the limit in
(3.34), we have
(335) T g1, () — T, (V2)|]) =0

Since g : [0,00) — [0,00) is a continuous, strictly increasing, and convex function with
g(0) = 0, therefore

(3.36) ILm lB, (xn) — I, (Vz,)| = 0.
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Since B is uniformly convex and uniformly smooth, it is a smooth, strictly convex and
reflexive Banach space. Then Jp, is a single-valued bijection. In this case, the duality
mapping Jp: from B} onto Bi* = B; coincides with the inverse of the duality mapping
Jp, from B onto BY, thatis, Jp; = J];ll. Since Bj is uniformly convex, B} is uniformly
smooth (see [13]). Therefore, by uniformly smoothness of Bj, ngl is uniformly norm-to-
norm continuous on bounded sets (see [13, 23]). Thus, we obtain

(3.37) Jim fla, = Vgl = lim HJ (I, (z0)) — J5 (JB, (Vz0))|| = 0.

Also, as y,, = ng (Jp, (xn) —vA*Jp, (I — S)Ax,)), we have
O(ns ) = G@n, T3 (T, (20) — 7A" T, (I — §) Aw)
el — 2 Ty (1) — YAy (I — ) A
+ B, (2) = A T, (I = S) Az, ||?
< lanll? = 2(xn, I, (20)) + 27(Azy, Jp, (I — S)Ax,,)
+ llzall? = 2(Azp, Jp, (I = S)Azy) + 7| AT — S) Az, ||

(3.38) < ¢(@n, zn) + VIAIPIT = S) Az,

In view of (2.7), (3.33) and (3.38), we have

(3.39) lim ¢(xp,yn) = 0.
n—oo

Thus in view of (3.39), boundedness of {z,,} and Lemma 2.6, we have

(3.40) lim ||z, — yn|| =0.
n—oo

Consequently, we have

(3.41) lim |y, — Vz,| =0,
n— oo

that is,

(3.42) lim [lyn — VI ya ]| = 0.

Since B; is uniformly convex, it is reflexive. By the boundedness of {z,,}, there exists a
subsequence {z,,} of {z,} such that z,, — 2z € Bj. Since Jp, is weakly sequentially
continuous, as in the proof of Theorem 3.1, x,, — %, and so Az,, — Az. Thus from
(3.33) and knowing the fact that S is demiclosed at 0, we have S(Az) = Az. In view of
(3.40), we have y,, — z. Further note that V' : C' — C is relative nonexpansive mapping
and JX : By — D(K) is strongly relative nonexpansive such that D(K) C C. Hence
in view of [5, Lemma 3.2 and 3.3], we have VJf : By — C is relative nonexpansive
mapping such that Fix(VJE) = Fix(V) N Fix(J&). Since y, — 2, from (3.42) and by
relative nonexpansiveness of V.JX, we have z € Fix(VJ¥). Thus we have JXz = z and
Vz = z. Thus we have shown that 2 € A := Fix(V) N K~'0 N A~ 'Fix(S). In view of
Lemma 2.8, Fix(V') is closed and convex. Since K is maximal monotone set-valued map,
so K710 is closed and convex (see Remark 2.4). Since S is nonexpansive, so Fix(S) is
closed and convex. By the continuity and linearity of 4, we have that A=*(Fix(S)) is
closed and convex. Thus A is closed convex subspace of B;. Now we have to show that
z = nlgrolo MMpz,. Let u, = px,, for each n € NU {0}. Then u,, € A and u,+1 = Ipzp 4.

Since inequality (3.32) holds for each p € A, we have
(3.43) O(tn, Tnt1) < d(Un, Tn)-
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From Lemma 2.5 (ii), we have
(b(uru HAanrl) + ¢(HAmn+17 xn+1) S ¢(un7 xn+1)7
which implies that
(3.44) ¢(HAxn+1> $n+1) < ¢(Una xn—&-l) - ¢(una HAwn+1)~
Since ¢(unp, [Iaz,11) > 0, we have
O(Unt1, Tng1) < O(Un, Tni1)
and hence from (3.43), we have
¢(un+17 xn-ﬁ-l) S (b(una xn)
So, ¢(un,x,) is a decreasing sequence. Since ¢(uy,z,) is bounded below by 0, it is con-
vergent. Also, in view of (3.43) and (3.44), we have
¢<un7 un+1) S (Z)(una xn+1) - ¢(Un+1, anrl) S ¢<un7 :L‘n) - ¢(un+la l‘n+1)-
By induction, we have
¢(una un+m) S ¢(un7 fn) - (b(unera $n+m)» fOI' each m eN.
Using Lemma 2.7, we have, for m, n with n > m,
Ilum — unl]) < G(Um, un) < G(Um, Tm) — ¢(Un, T0),
and hence
Jim g([[un —umlf) = 0.
Then the properties of g yield that
lim |Jup — | = 0.
n—oo

This implies that {u, } is a Cauchy sequence in A. Since B, is complete and A is closed,

therefore A is complete. Hence {u, } converges strongly to some point u € A. Now we
will show that u = z. Since u,, = IIyz,, so by Lemma 2.5 (i), we have

(3.45) (U — 2, I, Ty, — Jp,un) >0, foreachz € A.
Also, we know that {u,, } converges strongly to some u € A and Jp, is weakly sequentially
continuous. Letting n — oo in (3.45), we have
(u—z,Jp,z— Jp,u) >0, thatis, (u — z, Jg,u — Jp, z) < 0.
Also, the monotonicity of Jpg, implies that (v — z, Jg,u — Jp, z) > 0. Thus, (v — z, Jp,u —

Jp,z) = 0. By using the strict convexity of B; and Lemma 2.3, we obtain that u = z.
Therefore, {z,,} converges weakly to z = lim IIyx,. This completes the proof. O
n— oo

When V' = I the identity operator in Theorem 3.2, we have the following Corollary.

Corollary 3.1. If Jp, is weakly sequentially continuous, then the sequence {x,,} generated by the
following algorithm, for any x1 € By
(3.46)

Tn+l = ']1511 (BHJBH (zn) + (1 = Bn)JB, J){{ (JE} (B, (zn) —vA"JB, (I — S)Axn))) )
foralln € N, where 0 < ¢ < 3, <d < land~v € (O, W) converges weakly to an element
z € T, which is identified as the strong limit of the orthogonal projection of {x,,} onto T, that is,

z = lim,, oo Iz,

Remark 3.5. Theorems 3.1 and 3.2, and Corollary 3.1 are the extension of Theorems 4.2,
4.4 and 4.3 in [27] from Hilbert space setting to Banach space setting.
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4. APPLICATION
Let C be a nonempty closed convex subset of a smooth strictly convex and reflexive
Banach space B. Let i¢ be the indicator function for C C B, thatis, i¢(z) = 0ifx € C and
oo otherwise. Then i : B — (—00, 0] is a proper lower semicontinuous convex function.
Rockafellar’s maximal monotonicity theorem [21] ensures that the subdifferential dic C
B x B* of i¢ is maximal monotone. In this case, it is known that dic is reduced to the
normality operator N¢ for C, that is,
Ne(z) ={z" € B*: {y —x,2") < Oforally € C}.

Indeed, for any x € C,

dic(z) ={z* € B* tic(x) + (y — x,2") <ic(y) forally € B}

={2z* e B*: (y—z,2%) <0forally € C} = N¢(x).

We also know that I1¢ is the resolvent of N¢. In fact, e = (J + 271 Ng)~1J (see [18]).
Remark 4.6. If P¢ is a metric projection of B onto C, then (see [5, 24, 25]), we have

(Pcx — Pey, J(x — Pox) — J(y — Poy)) >0, forallz,y e C.

We also have that if z,, is a sequence in B such that z,, — p and ||z, — Pcx,| — 0, then
p = Pep, thatis, p € C.

Indeed, assume that z,, — p and ||z,, — Pox,|| — 0. It is clear that Pox,, — p and
|J(xr, — Poxy)|| = ||#n — Pozyn|| — 0. Since P¢ is the metric projection of B onto C, we
have

(Poxy — Pep, J(n — Poxy) — J(p— Pep)) >0, forall z,y € C.
Then,
~llp = Pepll* = (p = Pep, = (p = Pep)) 2 0, forallz,y € C,
and hence, p = Pcp.
4.1. Split Feasibility Problem. Let C' be a nonempty closed convex subset of B;. Con-
sider K = Oic and S = Pg, where Py is the metric projection onto a nonempty closed

convex subset () of By. Then, we have J f = Il and Fix(S) = Q. Now we recover the
split feasibility problem in the setting of Banach spaces as follow:

(4.47) Find z* € C such that Az™ € Q,
and the algorithm (3.16) reduces to the following algorithm: For any z; = z € By,
(4.48) Tni1 = e (Jg! (Jp, (xn) —vA*Jp,(I — Pg)Axy,)), foralln € N.

Let €2 denote the solution set of (4.47), thatis, @ = {x € C': Az € Q}.
The iterative scheme (4.48) is studied by Xu [31] in the setting of Hilbert spaces.

Theorem 4.3. Let By and By be uniformly convex and 2-uniformly smooth real Banach spaces

having smoothness constant k satisfying 0 < k < % Let C and Q) be nonempty closed convex

subsets of By and By, respectively, A : By — By be a bounded linear operator, and ~y € (O, W)

If Q # 0 and Jp, is weakly sequentially continuous, then the sequence {x,,} generated by (4.48)
converges weakly to an element z € Q.

Proof. Let p € Q. This implies that z,, — p, ep = p and Py (Ap) = Ap. Let
Yn = JJEII(JBl (l’n) - ’yA*JB2 (I - PQ)Axn>
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In view of equation (2.5) and Lemma 2.3, we have

d(p,yn) = 0(p, I, (I, (zn) — YA* Jp,(I — Pg)Axy,))
= |plI* = 2(p, J, (zn) — yA* J,(I — Py)Ax,)
+ |78, (2n) — YA I, (I — Pg) Az,
= |lpl* = 2(p, J, (zn) + yA* J,(I — Py)Az,)
+ |l —vJ5 A" I, (I — Po) Az, |?
(4.49) < lpll* = 2(p, J5, (xn)) + 2v(Ap, I, (I — Po)Azy,)
+ v 5 A" T, (I — Po)Ayl® — 2{xn, yA* I, (I — Po)Azy) + 2[| sy |2
< |Ipll* = 2(p, JB, (xn)) + 27(Ap, Jp,(I — Pq)Axy,)
+ 2 NAIPIT = Po)Azy|? — 2v(Azy, Jp,(I — Po)Awy) + ||z
< o(p, an) + VAP — Po) Az ||? + 2v(Ap — Az, Jp,(I — Po)Awy).

From Remark 4.6, we have

(Ap — Az, Jp,(I — Pg)Axy,)
— (Ap — Po(Azy), Ja,(I — Pg)Aay) — |(I — Po) Ay

(4.50) < —||(I — Pg)Az,|?,
that is,
(4.51) 27<Ap — Axy, JB2 (I - PQ)A$n> < 72’7”(‘[ - ]DQ)AwnH2

Notice that v € (0,2/[|A]|?) and making use of inequality (4.51) in (4.49), we have
$(pyn) < S0, 2n) + VAP = Po)Azal® = 29(|(I — Po)Azy|?
(4.52) = ¢(p, ) = ¥(2 = AP = Po) Az, |*.

In view of relative nonexpansiveness of II- and (4.52), we have

(p, xni1) = O, Meyn) < d(p, yn)
d(p,xn) — (2 =Y AIP) (I — Po)Azn|?
¢(p, xn)

(4.53)
(4.54)

IN A

Hence, from (4.54), the sequence ¢(p, z,,) is a decreasing sequence and from (2.6), it is
bounded below by 0. Consequently, it converges to some finite limit, so hm o(p, zy)

exists and, in particular ¢(p, x,,) is bounded. Then by (2.6), {z,,} is also bounded Again
by the fact that vy (O, W) and by passing to the limit in (4.53), we obtain

2= AAI2) lim (|~ Po)Az,[?) < Tim ($(p,20) — 6(p, 7us1),

so, we have

(4.55) lim ||(I = Pg)Az,|| = 0.
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Now, consider
gb(xn,yn) = (xn, JB (J31 (xn) - 'YA*JBQ (I - PQ)AIH)
= llznll* = 2(@n, T, (wn) — YA T, (I — Po)Axy)
+ [, (20) — ¥ A" Tp, (I — Pg) Az, |®
<l @all? = 2(zn, I, (zn)) + 27(Azp, Jp, (I — Pg)Az,)
+lznll® = 29{Azn, Jp, (I = Po)Azy) + 7| A|?[|(I — Po)Azy|?

(4.56) < @, on) + VAP — Po)Aznll*.
In view of (2.7), (4.55) and (4.56), we have

By Lemma 2.6, we have
(4.58) lim ||z, — yn|| =0.
n—oo
In view of relative nonexpansiveness of IIc and (4.54), we have

0< ¢(p, yn) - ¢(p, HCyn)
(4.59) < o(p,xpn) — d(p,Tpy1) — 0asn — oo.
From (4.52), we obtain the boundedness of ¢(p, y,). Again in view of (2.6), we have the

boundedness of {y, }. Thus by strongly relative nonexpansiveness of Il¢, and from (4.59),
we have

(4.60) ILm (T eYn, yn) =0,
so by Lemma 2.6, we have

Since B is uniformly convex, it is reflexive [13, Milman-Pettis’theorem, Theorem 1.17].
Therefore, B; is reflexive and by the boundedness of {z,}, there exists a subsequence
{zn, } of {z,,} such that z,,, — z € By (see [14, property 1.8]).

Now we show that z,, — z. In order to show this, we have to show that every sub-
sequence of z,, converges weakly to z. Assume to the contrary that there exists another
subsequence {z,,} of {z,} such that z,,, — y € By where z # y. Since Jp, is weakly

sequentially continuous, so Jp, Tp, Ny | B,zand Jp, Ty, Ny | B.Y,
(y—z,Jp,2) = lim (y — z,JB,&n,) = lim (y — 2z, Jp, )
n— o0
= lim (y —2,JB, %) =y — 2, IB,Y).

Thus we obtain (z — y, Jp, z — Jp,y) = 0. Since B is uniformly convex, by [2, Theorem
2.14] it is strictly convex. Then by Lemma 2.2, we have z = y. Thus we have shown that
every subsequence of {z,,} converges weakly to z. This implies that z,, — z. Since A is
bounded linear operator, so Az, — Az. Thus by (4.55) and using Remark 4.6, we have
Py(Az) = Az. From (4.58), we have y,, — z as follow: For all f € B}

1£ () = FE) = 1F () = F(a) + Faa) = F(2)]
< ) = el +11f @) - £(2)]
(4.62) < [l = 2all + £ (@0) = F) = Oasn — oc.
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Thus y,, — 2. Notice (4.61) and by the relative nonexpansiveness of II¢, we have Ilcz = 2.
Thus we have shown that z,, — z such that z € C and Az € (. This completes the
proof. O

As a consequence of Theorem 3.2, we have the following result.

Theorem 4.4. Let By and By be uniformly convex and 2-uniformly smooth real Banach spaces
having smoothness constant k satisfying 0 < k < % Let C be a nonempty closed convex subset
of Bi, A : By — By be a bounded linear operator, and S : By — By be a given nonexpansive
mapping such that Fix(S) # 0. Let V : C' — C' be a nonspreading mapping such that Fix(V) # 0.
Forany x1 = x € C, define
(4.63)

L1 = J5t (Budsy (@) + (1= B2) 5, VI (J5) (b, (20) — YA" T5, (I — S)Ax,)))

forall n € N, where B,, € (0,1) suchthat 0 < ¢ < 3, < d < land vy € (O,W). If Jp, is

weakly sequentially continuous, then the sequence {x.,,} generated by (4.63) converges weakly to
an element z € ®, where & = {z € Fix(V) : Az € Fix(S)}.

Proof. A generalized nonspreading mapping V' : ¢ — C is nonspreading by Remark
2.1. Also, the set of fixed points of nonspreading mapping 7" is closed and convex [19].
Furthermore, putting K = 0Oic in Theorem 3.2, we have that J /{( = Il for all A > 0.
Since Il¢ is strongly relative nonexpansive [18, Lemma 2.4 and Theorem 5.2], therefore
the desired result follows from the arguments given in the proof of Theorem 3.2. O

Now, we apply our results to the equilibrium problems.

Let C be a nonempty closed convex subset of a uniformly smooth, strictly convex and
reflexive Banach space B, and f : C' x C' — R be a bifunction. The equilibrium problem is
to find 2 € C such that

(4.64) flz,y) >0, forallye C.
The set of solutions of (4.64) is denoted by EP(f). For solving the equilibrium problem,

let us assume that the bifunction f satisfies the following conditions

(Al) f(z,xz)=0forallz € C;

(A2) fis monotone,i.e., f(z,y)+ f(y,2) <Oforall z,y € C;

(A3) limy f(tz+ (1 —t)x,y) < f(z,y) forall z,y,z € C;

(A4) foreachz € B,y — f(z,y) is convex and lower semicontinuous.

Takahashi and Zembayashi [29] obtained the following result.

Lemma 4.11. Let f : C x C' — R be a bifunction satisfying (A1)—(A4). For r > 0, define a
resolvent operator of f by T, : B — C by

1
T.x = {zeC:f(z,y)JrT(yz,JzJ:v) ZOforallyGC’},

forall x € B. Then the following assertions hold:
(a) T is single-valued;
(b) T, is a firmly nonexpansive-type mapping;
(c) Fix(T;) = EP(f);
(d) EP(f) is closed and convex.

The following result is a special case of a result by Aoyama et al. [4, Theorem 3.5].
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Lemma 4.12. Let f : C' x C' — R be a bifunction satisfying (A1)-(A4). Let Ay : B = B* bea
set-valued mapping defined by

€ B*: f(z,y) > {y —x,z*) forally e C, ifzeC,
Af(x){ fl@,y) = (y ) forall y if

(4.65) 5 FodC

Then, Ay is a maximal monotone operator with D(Ay) C C and EP(f) = A]710. Furthermore,
for r >0, the resolvent T,. of f coincides with the resolvent (J + rA f)‘1J of Ay, that is,

(4.66) T.(z) = (J+rAp) " J(z)
As a consequence of Theorem 3.2, we have the following results.

Theorem 4.5. Let By and By be uniformly convex and 2-uniformly smooth real Banach spaces
having smoothness constant k satisfying 0 < k < % Let C be a nonempty closed convex subset
of Bi, f : C x C — R satisfy the conditions (A1)-(A4), and T denote the resolvent of Ay (as
defined in (4.66)) of index A\ > 0. Let A : By — By be a bounded linear operator and S : By — Bs
be a given nonexpansive mapping such that ¥ix(S) # (. For any x1 = x € By, define

(4.67) @ny1 =J5 (Budp, (@n) + (1= ), Tx (J5! (I, (20) — vA* I, (I — S)Axy,)))

forall n € N, where 3, € (0,1) such that 0 < ¢ < 3, < d < land v € (O,W). If Jp, is

weakly sequentially continuous, then the sequence {x,,} generated by (4.67) converges weakly to
an element z € =, where Z = {z € EP(f) : Az € Fix(S)}.

Proof. Putting V' = I and K = Ay in Theorem 3.2, we have that J* = T) for all A >
0. Since T}, is firmly nonexpansive type, so by [18, Theorem 5.2], it is strongly relative
nonexpansive. Thus the result follows from the arguments given in the proof of Theorem
3.2. O

Theorem 4.6. Let By and By be uniformly convex and 2-uniformly smooth real Banach spaces
having smoothness constant k satisfying 0 < k < % Let C be a nonempty closed convex subset
of B1. Let f : C x C' — R satisfy the conditions (A1)—(A4), and T denote the resolvent of Ay (as
defined in (4.66)) of index X > 0. Let A : By — Bs be a bounded linear operator, S : By — Bs
be a given nonexpansive mapping such that Fix(S) # 0, and V. : C — C be a generalized
nonspreading mapping such that Fix(V) # (. For any x1 = x € C, define

(4.68)

Tng1 = Jg5 (Bud, (20) + (1 = Bn) I, VT (J5, (I, (20) — vA* I, (I — S)Axy)))

foralln € N, where 8, € (0,1) such that0 < ¢ < 3, <d < land~ € (0,@). If Jp, is

weakly sequentially continuous, then the sequence {x,} generated by (4.68) converges weakly to
an element z € {z € EP(f) N Fix(V) : Az € Fix(S)}.

Proof. Putting K = A in Theorem 3.2, we have that J K = T, for all A > 0. Hence the
conclusion follows from Theorem 3.2. O
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