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Maia-Perov type fixed point results for PreSi¢ type operators

MARGARETA-ELIZA BALAZS

ABSTRACT. Starting from the results, established in [Albu, M., A fixed point theorem of Maia-Perov type. Studia
Univ. Babes-Bolyai Math., 23 (1978), No. 1, 76-79] and [Muresan, V., Basic problem for Maia-Perov’s fixed point
theorem, Seminar on Fixed Point Theory, Babes Bolyai Univ., Cluj-Napoca, (1988), Preprint Nr. 3, pp. 43-48]
where fixed point theorems of Maia-Perov type are proved, the main aim of this paper is to extend this results
to product metric spaces, using Presi¢ type operators. An existence, uniqueness and data dependence theorem
related to the solution of the system of integral equations of Fredholm type in product metric spaces, is also
presented.

1. INTRODUCTION

In 1966, Perov A. 1. and Kibenco A. V. [10], proved a fixed point result related to Banach
contraction mapping principle, where « is replaced with a convergent matrix towards 0,
A € M,,,(R). Their fixed point theorem can be stated as follows:

Theorem 1.1. [1] Let (X, d) be a generalized complete metric space with the metric d : X x
X — R"and f : X — X an mapping such that there exists a convergent matrix towards 0,
A € M, (R), having the property of d(f(x), f(y)) < Ad(z,y), for any z,y € X.

Under these conditions the mapping f has a unique fixed point x* which can be obtained by the
succesive approximations method starting from any element xo € X. Moreover, the estimation
d(m,z*) < A™(I — A)~d(z0, 1) takes place.

In 1968, M. G. Maia [5] generalized the Banach contraction mapping principle for sets
endowed with two comparable metrics and is connected with Bielecki’s method of chan-
ging the norm in the theory of differential equations. Maia type fixed point results for
singlevalued or multivalued operators have been studied in [12], [14], [15], [16], [17], [18].
An enriched variant of Maia fixed point theorem can be stated as follows:

Theorem 1.2. [17]
Let X be a nonempty set, d and p two metrics on X and f : X — X an operator. We suppose
that:
(i) d(z,y) < p(x,y) forall z,y € X;
(ii) (X, d) is a complete metric space;
)

(iii) f : (X,d) — (X, d) is continuous;

(iv) f : (X, p) = (X, p) is an a-contraction.
Then:

@) Fy = {e}:

(b) f(z) L 2* asn — oo, forall x € X;
(c) f*"(zx L x*asn — o0, forall x € X;
(d) p(z,x*) < Tp(x, f(x)), for each z € X.
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In 1978, Albu M.[1], established a fixed point theorem of Maia-Perov type by which she
obtained a new existence and uniqueness theorem related to a system of integral equati-
ons of Fredholm type.

Theorem 1.3. [1] Let X be a set endowed with the generalized metrics d,p : X x X — R". If
the conditions are fulfilled:

(1) d(x,y) < p(a,y), for any 2,y € X;

(2) (X, d) is a complete metric space;

(3) f: (X,d) = (X,d) is continuous;

(4) there exzsts a matrix convergent towards 0

A € My, (R) such that

p(f(x), f(y)) < Ap(x,y) for any x,y € X,

then the application f has a unique fixed point x*, which can be obtained by the succesive
approximations method starting from any element xo € X.
Moreover, the following estimation takes place:

p(xm, x*) < A™(I — A) " p(x0, 21).

Remark 1.1. From Theorem 1.3 we obtain the following two known results:
1. For d = p we get the Perov fixed point theorem.
2. For n = 1 and A = o we get the Maia fixed point theorem.

Presi¢ S. B. [13] extended the famous Banach contraction principle [3] to the case of
product spaces in 1965. Recently, in 2007, Ciri¢ and Pregi¢ [4], generalized the Presi¢’s the-
orem introducing Ciri¢-Pre$i¢ contraction condition. Other important Prei¢ fixed point
theorem generalizations and some related results can be found in Pdcurar’s papers [7],
(8].

In an extended version [9], Presi¢’s result may be stated as follows:

Theorem 1.4. [9] Let (X, d) be a complete metric space, k a positive integer and f : X* — X a

k
Presic operator, it is, a mapping for which there exists ay, aa, ..., o € Ry, > oy = a < 1such
i=1
that:
k
(11) d(f(.’l’,‘o, ce ,xk_l), f(l‘l, N ,l‘k)) < Z Oéid(l‘i_l, l‘i),

forall xg,...,z, € X.
Then:
1) f has a unique fixed point x*;
2) the sequence {y, }n>0,

Yn+1 = f(y’mynv s 7yn)7n Z 07
converges to x*;
3) the sequence {x,, } >0 with xg, ..., x_1 € X and

Tp = f(xn—kaxn—k—&-l; DR axn—l)yn Z ka

also converges to x*, with a rate estimated by

d(xpy1,2%) < ad(zp,2*)+ M -0",n>0,
where M > 0 is constant.
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Remark 1.2. Particular cases:

1. From Maia fixed point theorem, when d = p, we get Banach contraction mapping prin-
ciple.

2. From Presi¢ fixed point theorem, when k=1, we get Banach contraction mapping prin-
ciple.

3. From Perov fixed point theorem, when A = «, n = 1, we get Banach contraction
mapping principle.

Starting from the previous results, the aim of this paper is to unify Theorem 1.1, Theo-
rem 1.2, Theorem 1.3, Theorem 1.4 by proving a Maia-Perov fixed point theorem for Presi¢

type mappings.
To this end we need the following concepts:

Definition 1.1. Let (X,d) be a metric space, d : X x X — R", k a positive integer,
k
A, Ag, o Ay € My (Ry), Y0 A = A < I, Ais a matrix convergent towards 0 and

i=1
f:XF~Xa mapping satisfying

d(f(l‘o,l‘l, . ,J?k_1), f(a:l,xg, . ,xk)) < A d(.l?o,l‘l) + Ay - d($1, $2)+

(1.2) +-+ A - d(Tp—1, k),

for any xg, z1,..., 2, € X.
Then f is called a Presi¢-Perov type operator.

The following lemma is an extension of Presic¢ [13] result using Perov fixed point theo-
rem and we shall use it in the proof of our main result.

Lemma 1.1. Let k € N,k # 0and Ay, As, ..., A, matrices convergent towards 0 such that
k

A; = A < I,. If {Ay }n>1 is a sequence of positive numbers satisfying
=1

(1.3) Apir SAIA, + AN+ + ApApgg—1,n > 1,

then there exist L > 0 and 6 € (0,1) such that

(1.4) A, <L-0" foralln>1.

Remark 1.3. Let f : X¥ — X be a mapping, k a positive integer. We consider

d((z1,22,...,2k), (a1, a2, ..., ak)) = d(21,a1) + d(z2,a2) + - + d(@k, ax).

f: (X% d) — (X,d) is said to be continuous in a = (ay, as, ..., a;) € X" if
_ Forany e > 0, there exists § = §(¢) > 0 such that for any « = (z1,22,...,2;) € X* with
d((z1, 22, ..., x), (a1,a2,...,a;)) < §, wehave d(f(z1,z2,...,xk), f(a1,a2,...,a;)) < &.

Remark 1.4. [14] For any operator f : X* — X, k a positive integer, we can define its
associate operator F': X — X by

F(z) = f(z,...,x), z € X.

x € X is a fixed point of f : X* — X if and only if z is a fixed point of its associate
operator F.
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2. MAIN RESULTS

The purpose of our first result is to solve the basic problem of the metrical fixed point
theory for the Maia-Perov’s fixed point theorem in product metric spaces. For this to be
done, we start from the results obtained by Muresan V. in [6], Albu M. in [1] and Rus I. A.
in [15].

Theorem 2.5. Let X be a nonempty set endowed with the generalized metrics d,p : X x X — R"
and f : X* — X a Presi¢-Perov operator w.r.t. p.

We suppose that:

(7) there exists a matrix C' € M,, ,,(Ry) such that

d(f(:EOa Tlyee- 7‘,1/‘]671)7 f(l'h.’EQ, ey mk:)) S C- p(m07xk)a
forall zg,x1,..., 21 € X;
(i) there exists ¢; > 0 such that
p(xo,71) < c1 - d(xo, 1),

forall xo, 21 € X;
(71) (X, d) is a complete metric space;

(iv) f: (X*,d) — (X, d) is continuous.

Then:

(@) f has a unique fixed point x* = f(z*,...,z*);

(b) the sequence {xy,}n>0 with xg,...,xp—1 € X and xpp1 = f(@n, Tn-1,.. ., Tn_k41),
n >k — 1, converges to x* w.r.t. d, with a rate estimated by
(2.5) d(xpt1,2") <c1-C-A-d(xp—g,x*)+c1 - C? M- Fk1,

where M = L[A; + (A1 4+ A2)07  + -+ (A1 + -+ A4-1)07%] > 0
(c) let g : X* — X be a mapping which approximates the mapping f. More precisely we
assume that there exists n € R™ such that for all x € X
d(f(x,z,...,x),9(x,z,...,x)) <n,
Ifry € Fy oy = g(xy,xy,...,2;), then

* * * * * * n
(2.6) d(f(xfa‘rfv"'7xf)7g(xg7$ga"'7xg))g m

(d) If (X%, | |l1, I |l2) is a linear space with two norms and

d(z,y) = ||z — yll = max|z(t) - y(t)],

ple,y) = Iz — yll2 = ( /X j2(t) — y(0)Pde)

where v,y € X*, and (i) — (iv) holds, then 1xr — f : X* — X is a bijective mapping.
Moreover, if det(I,, — c;C) # 0, then 1xx — f : (X*,||-|[1) — (X, ||-||1) is @ homeomorphism.

Proof. (a) and (b):
Let {xn}nzOr Tpt+1 = f(«rnv Tp—1y--- axn—k+1)a n>k-1,

p(l'n)xn-‘rl) = p(f(xn—laxn—% e axn—k)a f(xnaxn—la e axn—k-‘rl)) S

S Alp(mnfla xn) + AZP(xnf% xnfl) + -+ Akp(xnfka xnfk%»l)
By Lemma 1.1, we have

(27) p(x’ﬂflyxn> < L- enan > 17
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Forn > 1,m > 1, by (2.7) we obtain:

P(zm zn-{-m) S P(Im zn-&-l) + P(In-q—l, xn+2) +-- 4+ p(xn+m—1a In-{—m) S
<L 4 L9t q 4 Lo =
:L9n+1(1+9+02++9m—1)

SO

1 —gm

1-6
Since # € (0, 1), it follows that {z, },>¢ is a Cauchy sequence in (X, p).
Forn <m,

p(azn,mn+m)§L~9"+1~ ,n>1m>1.

d(l‘n, xn-i—m) S d($n7 xn-&-l) + d(xn-ﬁ-la -rn+2) +--- 4+ d(xn-i-m—l; xn-&-m)

From relation () we obtain:

ATy Tny1) = d(Tni1,20) = d(f(Tns Tt Tnkr1), f(Tno1,Tn2 oo T kg1, Tnok)) <
<C-: p(‘rnv xnfk)
and k
_ 1-6
Pl any) < L-6"7F S
Since 11%9; < 1, we have
(2.8) Ay, ) < C - L- g7 FFL
Similarly
A(Tpy2,Tni1) <C - L-0" 2 d(2pyms Tnpm—1) < C - L-gn7km,
So,

d(llfn, xn+m) S d(ﬂ?n, zn-&-l) + d(mn-&-la xn+2) +-- 4+ d(mn—&-m—l, xn—&-m) S
<C-L-ogvFlypc.L.ovM2 440 LR =

=C-L-0" % (0+6*+..-40m) =

1—gm
1-6°
Since 6 € (0,1), it follows that {x, },>0 is a Cauchy sequence in the complete metric
space (X, d) so {zy, }n>0 is also convergent: there exists * € X such that

_ C-L-97L_k+1 .

lim d(z,,z")=0.

n—oo

By continuity of f and considering the associate operator F' : X — X, F(z) = f(z,z,...,x),
for any z € X we have:

d(F(z*),z*) =d(f(z",z",...,2"),2") =

d(f(nh_{gox"’""nlin;ox"_k‘*‘l)’m ) =

= nhﬁn;o d(f(xp, . Tpn_ks1),2") =
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= lim d(z,q1,2%) =
n—oo
=0.
Therefore z* = f(z*,z*,...,2*) = F(z*) is a fixed point of f.
We suppose that f has another fixed point y* = f(y*,y*,...,y").

p(x™,y") = p(f(z*, ", ..., 2"), fly",y",...,y")) <

+p(f(‘r*7x*7"'7y*)7f(x*7"'7x*7y*7y*))+
4+ p(fay" Ly fW YT y)) <

S A -p(a®, Y )+ Ay - p(a™ ")+ -+ Ay p(at,yt) =

k
= p(z*,y") - ZAi'

i=1

k
As > A; < I, we obtain p(z*,y*) = 0, so * = y*. The uniqueness of fixed point is
i=1
proved.
To obtain the estimation (2.5) we use (i), the Presi¢-Perov type contraction condition

and (i7):

IN

d(xpt1,2") =d(f(Tn, Tn-1, .-y Tn—gt1), f(™, 2%, ..., 2%))
<C-p(xn,z*)=C-p(f(®n_1,Tn-2,. .., Tn_k), flz*,2",...,2%)) <
<C-lp(f(n-1,Zn-2, s Tn-p), [ (@n_2,. ., Tn_k,z"))+
+o(f(@n—2, s Tk, ), [(Tn—3, s Tp—g, ", %)) + -+
+o(f(Tn—k,z", ..., 2%), f(z",a",...,2"))] <
<C-[Ap(n—1,Tn—2) + A2p(Tn—2,Tn-3) + - + App(Tp_p, ")+
+A1p(Tn—2,Tn—3) + A2p(Tn—3,Tn—a) + - + Ap_1p(Tn—k, ") + App(z”, 2%)+
oo Ap(n i 3) + Agp(a®,a") o+ Agple®, 2] <
<ecp-C-[Ard(@p_1,2n—2) + Asd(p_2,Tp_3) + -+ Apd(@p_g, ")+
+A1d(xn—2,Tn-3) + Asd(zp_3,Tn-a) + -+ Ap—1d(Xp_, ") + Ard(x™, %)+
+-o+ Ard(zp—g, ) + Asd(x*, %) + - - - + Agd(z*, 2¥)]

d(xpy1,2%) <1+ C-[Ard(xp_1,Tn—2) + (A1 + A2)d(xp—2,Tn_3)+
+(A1+As+As)d(zn—3,Zn—a)+- -+ (A1 +As+- -+ Ap_1)d(@n—k—1, Tn—k) +Ad(Tp_k, ")]
Now using (2.8) it follows that
d(zpy1,2") <c-C-[A1-C-L-0" 1 1 (A + Ay)-C-L-9"F 24
(A1 + A+ A3)-C-L-0"* 3o (A + Ax -+ A1) -C- L0 L Ad(2y, g, 2%)] =
=1 C Ad(Tpp,x*)+c1-C* L™ F 1A + (A + A2)0 + 4 (A + -+ A1) F]

Denoting M = L[A;+ (A1 +A2)07 1+ -+ (A1 +- -+ Ag_1)0~ "], we obtain the estimation
2.5).
(c) :



Maia-Perov type fixed point results for Presi¢ type operators

271
d(x},zy) = d(f (xf,:cf,.. ,T3), 9(Ty, Ty, wy)) <
< d(f(xf, . a), g, ag, . xy)) +d(f (g, g, wg), 9(wg, 2, 2y)) <
<d(f(a}, 2%, ..., 2%), f(xg, 2y, .., g))+77<cp(f(x},x;‘c,...,x*)j(az;,xg, ;)41 <
<C-lp(f(x}, 2%, .-, xf) fl@h,. .. :cf, wy)) + p(f(xf, . xf, xy), f(@), . 2, 2y, 7))+
o+ p(f(@f, g, xg), fag, ag, . ag))] + 1
and further on

< C - [Aip(x}, o}) + Asp(ah, x}) + -+ Axp(a}, xy)+
+A1P(l’?, ry) A Apap(@y, xg) + Arpl(ay, zy)+
-+ Alp(‘rf7xf) + AQp( g7 g)

st App(a, @)+ =
=C-A-p(x},25) +n

d(z},zy) <ep-C-A-d(z},zy) +1

* * 77

d < .

S A
(d) :
Letx,y € X, 2 = (v1,22,...,%%), ¥ = (Y1,Y2,- - -, U)- Lx» — f : X¥ — X is injective if
from 1xx — f(z) = 1x+x — f(y), wehavex =y
Ian’“_f(x)lek_f(y)/le(xm .,I):(l',l' ,x),sof(a:)zf(y)

d(f(x), f(y)) = d((z1, 22, .., 2k), (Y1, Y2, - - Yk)) = 1 — y1| + |22 — 2| + -+ + |28 — Yi|

and
d(f(z), f(y)) = [ f(z) = f)] =0
SO
T =Y, Ta =Y, ..., Tk = Yi, thatisx =y.
Iyt — f: X* — X is surjective if for any y € X, there exists z = (z1, 7a,..., ;) € X*
such that 1x» — f(z) = .
We define the mapping g : X* — X by
(xlvaa"'vxk)'_)f(xlvl'Qv 'axk)—’_y'
We have
||9(5U17x27~~~»xk)_9(x27$3» 'a‘rk+1)”2: ||f($1,$2,...,xk)—f(fEQ,.’Eg, '7xk+1)H2 S
< Agljzy — 222 + Aoljze — 232 +
forall z1,20,..., 2141 € X.

- Agller = 2pgalls

By Presi¢-Perov type fixed point theorem, Corollary 2.2, the mapping g has a unique

fixed point, z* = f(z*,2*,...,2%),and z* — f(z*) = v.
We obtain 1y« — f : X*¥ — X is a bijective mapping, from (), (iii), (iv) and f a Pre$i¢-

Perov operator. B

From (iv), 1xx — f : (X*,d) — (X, d) is continuous

Let be yp,+1 LN y for n — oo, where yn11 = f(Uns Ynys - Un ), ¥y = F(U, Yy - -, Y)-

There exists x,+1 = f(Tpn, X1, -, Tn—k+1) and x = f(z,x

,x) € X* such that
Tyt — [(Tns1) = Ynp1 and v — f(z) =y
Then

lz —zpiills = lly + (@) = Yns1 — f(@nr)lt < |y — ynsalls + | f(2)
<y = yns1llt + C - |lz = pyalle < |y — ynsalls + a1

[ = zppalls < (In =1 -

— f(@ni)lr <

[ ey [}
C) My = yn+1lla
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It follows that x,, 1 I, therefore (1xx — f)~1: (X% d) — (X, d) is continuous.

Solxk — f: (XE, ||[[1) = (X, |]l1) is a homeomorphism for det(I,, — ¢;C) # 0. O

Remark 2.5. We have the following important particular cases of Theorem 2.5:

1. If Kk = 1, by Theorem 2.5 we get a Maia-Perov type fixed point theorem, given by
Muresan V. in [6].

2.If d = pand k = 1 by Theorem 2.5 we get Perov’s [10] fixed point theorem 1.1.

Remark 2.6. If the conditions (7) and (4¢) from Theorem 2.5 are replaced with (1) d(x,y) <
p(x,y), for all z,y € X*, then we obtain the following result, presented as a Corollary.

Corollary 2.1. Let X be a nonempty set endowed with the generalized metrics d, p : X x X — R"
and f : X* — X a Presi¢-Perov operator w.r.t. p.

If the conditions are fulfilled:

(1) d(z,y) < p(x,y), forall z,y € X*;

(2) (X, d) is a complete metric space;

(3) f: (X%, d) — (X,d) is continuous.

Then

(@) f has a unique fixed point x*, z* = f(z*,z*, ..., z%);

() the sequence {xy, }rn>0 With g, ..., xp—1 € X and 41 = f(Tn, Tn_1,. .., Tn_k+1), N >
k — 1, converges to x* w.r.t. d;

(c) the sequence {yn }n>0s Yn+1 = f(Yn, Yns- -+, Yn), 1 > 0, converges to x* w.r.t. p;

(d) the following estimation takes place: p(xp41,2*) < A+ p(@p_jy1,2%) + N - 0", where
N=L [A1+ (A1 +A2) -0+ + (A1 + Ao+ - + Aj_1) - 0752] > O,,.

Remark 2.7. If d = p, from Corollary 2.1 we obtain a Presi¢-Perov type fixed point theo-
rem:

Corollary 2.2. Let (X, d) be a generalized complete metric space, with the metricd : X x X —
R™, k a positive integer and f : X* — X a Presi¢-Perov operator, it is, a mapping for which there
k

exists Ay, As, ..., Ay € M,,(R) matrices convergent towards 0, > A; = A < I,, such that:
i=1

(29) d(f(xo7 N ,xk,l), f(l'l, ey $k)) S Z Aid(l'i,l,.’ﬂi),

forall xg,...,x € X.

Then:

1) f has a unique fixed point x*;
2) the sequence {y, }n>0,

Yn+1 = f(ynyyna e 7yn)a n >0,
converges to x*;
3) the sequence {x, }n>0 With zo,...,xx—1 € X and 11 = f(Tn, Tn-1, -, Tn—k+1), 1 >
k — 1, converges to x* with a rate estimated by

d(Tnt1,2") < A d(Tp_py1,2%) + N -0,
where N = L-[Ay + (A1 + A2) -0+ -+ (A1 + Ag + -+ A1) - 07F2] > O,,.
Remark 2.8. We have the following important particular cases of Corollary 2.1:

1. If k = 1, by Corollary 2.1 we get a Maia-Perov fixed point theorem from [1];
2. If d = p, by Corollary 2.1 we get a Presi¢-Perov type fixed point theorem, Corollary 2.2.
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Following the result in [6] and using Theorem 2.5, we can study the existence, uni-
queness and dependence of data for the solution of the system of integral equations of
Fredholm type:

(2.10) w@%jAK@ww@Ww+ﬂ@

where K € C(Q2 x QO x X*¥ R™), f € X and Q € R™ bounded domaine.
We denote X = C(Q,R™) and let A : X* — X be the operator defined by

/ K(x,y,¢()dy + f(x)
We consider the generalized metric space X, endowed with the following two metrics
d(e,¥) = o = Ylle@rm) = (ler = Dille@ys -« lom = Ymlle@)

plp,¥) = [l = Yl 2rm) = (o1 — Yillz2@)s - - -5 l9m — Ymllz2 (),
where

A 1
[uillog@) = max{lui(t)] : t € 2}, [luill20) = (/Qluz'(t)IZdt) :
We get the following existence and uniqueness theorem of the solution

Theorem 2.6. If the following conditions are fulfilled
(i) KeCQxQx XFR™), feX
(13) there exists L : Q@ x Q — M, (R4 ) nonnegative, with

1 ..
sup (/ |Lij($7y)|2dy)2 < 00, fOT anyi,j=1,m
zeQ JQ

so that |K (z,y,u) — K (z,y,v)| < L(z,y)|u—v|, forany z,y € Q,u,v € X* and |K(z,y,0)| <
r(z,y) where r € C(Q x Q, R™) nonnegative.
(141) there exists a convergent matrix toward 0, S € M, ,,(R) such that

{/ Lij(a,y)|?dzdy}2)m < S

then

(a) the system of equations (2.10) has in X* one and only one solution ¢* which can be obtained
by the succesive approximations method starting from any element from X*.

(b) If 1 € X* is so that

D)= [ Haw vy + ),
where H € C(Q x Q x X* R™) and there exists 1 € R™ so that
‘K(xvyvu) - H($7y7u)| < m,

forany z,y € Qand u € X*
then

(9)771
" — 1/)||C(Qme) = ﬁ

where

=({ | Lij(x, y)|*dxdy} 2 )
QxQ
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1
e = (m(Q))*,
C = (sup|[ Lij (t, )l 22 () ) m-
te
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