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Approximation by generalized Stancu type integral
operators involving Sheffer polynomials

M. MURSALEEN1, SHAGUFTA RAHMAN2 and KHURSHEED J. ANSARI3

ABSTRACT. In this article, we give a generalization of integral operators which involves Sheffer polynomials
introduced by Sucu and Büyükyazici. We obtain approximation properties of our operators with the help of
the universal Korovkin’s theorem and study convergence properties by using modulus of continuity, the second
order modulus of smoothness and Peetre’s K-functional. We have also established Voronovskaja type asymp-
totic formula. Furthermore, we study the convergence of these operators in weighted spaces of functions on the
positive semi-axis and estimate the approximation by using weighted modulus of continuity.

1. INTRODUCTION

In 1950, Szász [28] defined the positive linear operators:

(1.1) Sn(f ;x) := e−nx
∞∑
k=0

(nx)k

k!
f

(
k

n

)
,

where x ≥ 0 and for functions f ∈ C[0,∞) for which the series is convergent. Motiva-
ted by this work, many authors have investigated several interesting properties of these
operators. Mazhar and Totik [19] modified the Szász operators given by (1.1) and defined
another class of linear positive operators

(1.2) S∗n(f ;x) := ne−nx
∞∑
k=0

(nx)k

k!

∫ ∞
0

e−nt
(nt)k

k!
f(t)dt.

In 1969, Jakimovski and Leviatan [17] introduced a generalization of Szász operators by

means of Appell polynomials. Let g(z) =
∞∑
k=0

akz
k (a0 6= 0) be an analytic function in the

disk |z| < R, (R > 1) and suppose that g(1) 6= 0. The Appell polynomials pk(x) have
generating functions of the form

(1.3) g(u)eux =

∞∑
k=0

pk(x)uk.

Under the assumption that pk(x) ≥ 0 for x ∈ [0,∞), Jakimovski and Leviatan introduced
the positive linear operators Pn(f ;x) via

(1.4) Pn(f ;x) :=
e−nx

g(1)

∞∑
k=0

pk(nx)f

(
k

n

)
,

and gave the approximation properties of the operators.

Received: 26.04.2017. In revised form: 15.01.2018. Accepted: 22.01.2018
2010 Mathematics Subject Classification. 41A10, 41A25, 41A36.
Key words and phrases. Szász operators, modulus of continuity, rate of convergence, Weighted space, Sheffer

polynomials.
Corresponding author: M. Mursaleen; mursaleenm@gmail.com

215



216 M. Mursaleen, Shagufta Rahman and Khursheed J. Ansari

Ciupa [9] modified the sequence of operators (1.4) as follows:

(1.5) P ∗n(f ;x) :=
e−nx

g(1)

∞∑
k=0

pk(nx)
nλ+k+1

Γ(λ+ k + 1)

∫ ∞
0

e−nttλ+kf(t)dt,

where Γ denotes gamma function and λ ≥ 0.

Case 1. For g(1) = 1, with the help of (1.3) we easily find pk(x) = xk

k! and from (1.4),
we meet again the Szász operators given by (1.1).

Case 2. For g(1) = 1 and λ = 0 the sequence of operators defined by (1.5) becomes
operators S∗n given by (1.2).

Atakut and Büyükyazici modified the operators (1.5) as follows:

(1.6) P ∗n(f ; an, bn;x) :=
e−anx

g(1)

∞∑
k=0

pk(anx)
bλ+k+1
n

Γ(λ+ k + 1)

∫ ∞
0

e−bnttλ+kf(t)dt,

where {an}, {bn} are strictly increasing sequences of positive real numbers satisfying

lim
n→∞

1
bn

= 0, lim
n→∞

an
bn

= 1 + O
(

1
bn

)
and pk(x) =

k∑
r=0

ak−rbrx
r, k = 0, 1, 2, . . . are Appell

type polynomials given by the generating functions (1.3).
Ismail [15] presented another generalization of Szász operators (1.1) and Jakimovski

and Leviatan operators (1.4) by using Sheffer polynomials. Let A(z) =
∞∑
k=0

akz
k (a0 6= 0)

and H(z) =
∞∑
k=1

hkz
k (h1 6= 0) be analytic functions in the disk |z| < R (R > 1) where ak

and hk are real. The Sheffer polynomials pk(x) have generating functions of the type

(1.7) A(t)exH(t) =

∞∑
k=0

pk(x)tk, |t| < R.

Using the following assumptions:
(i) for x ∈ [0,∞), pk(x) ≥ 0,

(ii) A(1) 6= 0 and H ′(1) = 1.
Ismail investigated the approximation properties of the positive linear operators given

by

(1.8) Tn(f ;x) :=
e−nxH(1)

A(1)

∞∑
k=0

pk(nx)f

(
k

n

)
, for n ∈ N.

Sucu and Büyükyazici [27] revised the operators Tn via

(1.9) T ∗n(f ;x) :=
e−nxH(1)

A(1)

∞∑
k=0

pk(nx)
nλ+k+1

Γ(λ+ k + 1)

∫ ∞
0

e−nttλ+kf(t)dt,

and gave the approximation properties of these operators.

Case 1. For H(t) = t, it can be easily seen that the generating functions (1.7) return to
(1.3) and, from this fact, the operators (1.8) and (1.9) reduces to the operators (1.4) and
(1.5), respectively.

Case 2. For H(t) = t and A(t) = 1, one get the Szász operators from the operators (1.8).
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Case 3. For H(t) = t, A(t) = 1 and λ = 0 the operator defined by (1.9) becomes ope-
rator S∗n given by (1.2).

In this paper, inspired by the operators (1.6) we introduce Stancu type generalization
of the operators (1.9) given by

(1.10) T ∗n,α,β(f ;x) =
e−anxH(1)

A(1)

∞∑
k=0

pk(anx)
bλ+k+1
n

Γ(λ+ k + 1)

∫ ∞
0

e−bnttλ+kf

(
bnt+ α

bn + β

)
dt,

where 0 ≤ α ≤ β are two real parameters and {an}, {bn} are strictly increasing sequences
of positive real numbers satisfying lim

n→∞
1
bn

= 0, lim
n→∞

an
bn

= 1+O
(

1
bn

)
and pk(x) are Sheffer

polynomials given by the generating functions (1.7). The case an = bn = n and α = β = 0
yield the operator T ∗n given by (1.9). For more results on such type of operators, we refer
the readers to see [6, 20, 21, 22].

The purpose of this paper is to study the convergence properties of our constructed
operators (1.10) by using modulus of continuity, second order modulus of smoothness
and Peetre’s K-functional. Some graphical examples are also given to in claim of con-
vergence of operators towards the function. We have also established Voronovskaja type
asymptotic formula. Furthermore, we study the convergence of these operators in weigh-
ted space. One of the most useful examples of positive linear operators is Szász-Mirakyan
operators. Recently, many generalizations of these operators have been intensively stu-
died in a different direction (see [1], [2],[3],[5],[26]).

We propose the readers to study the further properties of the operators such as con-
vergence properties via summability method (see, for example [7, 8, 11, 18, 23, 24, 25]).

2. MOMENTS ESTIMATION AND PRELIMINARY RESULTS

To obtain the moments of the operators (1.10), we need the following Lemmas:

Lemma 2.1. By (1.7), we obtain that
∞∑
k=0

pk(anx) =A(1)eanxH(1),

∞∑
k=0

kpk(anx) =[anxA(1) +A′(1)]eanxH(1),

∞∑
k=0

k2pk(anx) =[a2nx
2A(1) + anx{A(1)(1 +H′′(1)) + 2A′(1)}+A′′(1) +A′(1)]eanxH(1),

∞∑
k=0

k3pk(anx) =[a3nx
3A(1) + a2nx

2{3A(1)(1 +H′′(1)) + 3A′(1)}+ anx{A(1)(H′′′(1) + 3H′′(1) + 1)

+ 3A′(1)(2 +H′′(1)) + 3A′′(1)}+ (A′(1) + 3A′′(1) +A′′′(1))]eanxH(1),

∞∑
k=0

k4pk(αnx) =[a4nx
4A(1) + a3nx

3{6A(1)(1 +H′′(1)) + 4A′(1)}+ a2nx
2{A(1)(4H′′′(1) + 3(H′′(1))2

+ 18H′′(1) + 7) +A′(1)(12H′′(1) + 18) + 6A′′(1)}+ anx{A(1)(H(iv)(1) + 6H′′′(1)

+ 7H′′(1) + 1) +A′(1)(4H′′′(1) + 18H′′(1) + 14) +A′′(1)(6H′′(1) + 18) + 4A′′′(1)}

+A′(1) + 7A′′(1) + 6A′′′(1) +A(iv)(1)]eanxH(1).

Lemma 2.2. Let
{
T ∗n,α,β

}
be the sequence of operators given by (1.10). For each x ≥ 0, the

following equalities hold:
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(1) T ∗n,α,β(1;x) = 1,

(2) T ∗n,α,β(t;x) = 1
bn+β

[
anx+ 1 + λ+ α+

A′(1)
A(1)

]
,

(3) T ∗n,α,β(t2;x) = 1
(bn+β)2

[
a2nx

2 +anx

{
2(λ+α+ 2) +H′′(1) + 2

A′(1)
A(1)

}
+

{
(λ+ 1)(λ+ 2) + 2α(λ+

1) + α2 + 2(λ+ α+ 2)
A′(1)
A(1)

+
A′′(1)
A(1)

}]
,

(4) T ∗n,α,β(t3;x) = 1
(bn+β)3

[
a3nx

3 + a2nx
2

{
3(λ+α+ 3) + 3H′′(1) + 3

A′(1)
A(1)

}
+ anx

{
3λ2 + 12λ+ 12 +

3α(2λ+ 3) + 3α2 +H′′′(1) + 3H′′(1) + 3(λ+ α+ 2)(1 +H′′(1) + 2
A′(1)
A(1)

) + 3(H′′(1) + 2)
A′(1)
A(1)

+

3
A′′(1)
A(1)

}
+

{
(λ + 1)(λ + 2)(λ + 3) + 3α(λ + 1)(λ + 2) + α3 + (3λ2 + 12λ + 11 + 3α(2λ + 3) +

3α2)
A′(1)
A(1)

+ 3(λ+ α+ 2)
A′′(1)+A′(1)

A(1)
+
A′′′(1)+3A′′(1)+A′(1)

A(1)

}]
,

(5) T ∗n,α,β(t4;x) = 1
(bn+β)4

[
a4nx

4 +a3nx
3

{
4(λ+α+4)+6H′′(1)+4

A′(1)
A(1)

}
+a2nx

2

{
6λ2 +30λ+42+

4α(3λ+6)+6α2+4H′′′(1)+3(H′′(1))2+18H′′(1)+6(2λ+2α+5)(1+H′′(1)+
A′(1)
A(1)

)+(12H′′(1)+

18)
A′(1)
A(1)

+6
A′′(1)
A(1)

}
+anx

{
4λ3+30λ2+70λ+51+4α(3λ2+12λ+11)+6α2(2λ+3)+4α3+Hiv(1)+

6H′′′(1)+7H′′(1)+(6λ2+30λ+35+4α(3λ+6)+6α2)(1+H′′(1)+2
A′(1)
A(1)

)+2(2λ+2α+5)(H′′′(1)+

3H′′(1)+1+3(H′′(1)+2)
A′(1)
A(1)

+3
A′′(1)
A(1)

)+(4H′′′(1)+18H′′(1)+14)
A′(1)
A(1)

+(6H′′(1)+18)
A′′(1)
A(1)

+

4
A′′′(1)
A(1)

}
+

{
(λ+1)(λ+2)(λ+3)(λ+4)+4α(λ+1)(λ+2)(λ+3)+6α2(λ+1)(λ+2)+4α3(λ+2)+

α4+(4λ3+30λ2+70λ+50+4α(3λ2+12λ+11)+6α2(2λ+3)+4α3)
A′(1)
A(1)

+(6λ2+30λ+35+4α(3λ+

6) + 6α2)
A′′(1)+A′(1)

A(1)
+ 2(2λ+ 2α+ 5)

A′′′(1)+3A′′(1)+A′(1)
A(1)

+
Aiv+6A′′′(1)+7A′′(1)+A′(1)

A(1)

}]
.

Lemma 2.3. Let
{
T ∗n,α,β

}
be the operators given by (1.10). Then the following equalities hold:

(2.11) T ∗n,α,β((t− x);x) =

(
an

bn + β
− 1

)
x+

1

bn + β

(
λ+ α+ 1 +

A′(1)

A(1)

)
,

T ∗n,α,β((t− x)2;x) =

(
1−

an

bn + β

)2

x2

+

[
an

(bn + β)2

{
2(λ+ α+ 2) +H′′(1) + 2

A′(1)

A(1)

}
−

2

bn + β

{
λ+ α+ 1 +

A′(1)

A(1)

}]
x

+
1

(bn + β)2

[
(λ+ 1)(λ+ 2α+ 2) + α2 + 2(λ+ α+ 2)

A′(1)

A(1)
+
A′′(1)

A(1)

]
,(2.12)

T ∗n,α,β((t− x)4;x)

=

(
1−

an

bn + β

)4

x4 +

[
an3

(bn + β)4

{
4(λ+ α+ 4) + 6H′′(1) + 4

A′(1)

A(1)

}
−

12an2

(bn + β)3

((λ+ α+ 3) +H′′(1) + 3
A′(1)

A(1)

}
+

6an

(bn + β)2

{
2(λ+ α+ 2) +H′′(1) + 2

A′(1)

A(1)

}
−

4

bn + β

{
λ+ α+ 1 +

A′(1)

A(1)

}]
x3 +

[
an2

(bn + β)4

{
6λ2 + 30λ+ 42 + 4α(3λ+ 6) + 6α2

+ 4H′′′(1) + 3(H′′(1))2 + 18H′′(1) + 6(2λ+ 2α+ 5)(1 +H′′(1) +
A′(1)

A(1)
)

+ (12H′′(1) + 18)
A′(1)

A(1)
+ 6

A′′(1)

A(1)

}
−

4an

(bn + β)3

{
3λ2 + 12λ+ 12 + 3α(2λ+ 3) + 3α2

+H′′′(1) + 3H′′(1) + 3(λ+ α+ 2)(1 +H′′(1) + 2
A′(1)

A(1)
) + (H′′(1) + 2)

A′(1)

A(1)
+ 3

A′′(1)

A(1)

}
+

6

(bn + β)2

{
(λ+ 1)(λ+ 2) + 2α(λ+ 1) + α2 + 2(λ+ α+ 2)

A′(1)

A(1)
+
A′′(1)

A(1)

}]
x2
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+

[
an

(bn + β)4

{
4λ3 + 30λ2 + 70λ+ 51 + 4α(3λ2 + 12λ+ 11) + 6α2(2λ+ 3) + 4α3 +Hiv(1)

+ 6H′′′(1) + 7H′′(1) + (6λ2 + 30λ+ 35 + 4α(3λ+ 6) + 6α2)(1 +H′′(1) + 2
A′(1)

A(1)
)

+ 2(2λ+ 2α+ 5)(H′′′(1) + 3H′′(1) + 1 + 3(H′′(1) + 2)
A′(1)

A(1)
+ 3

A′′(1)

A(1)
) + (4H′′′(1) + 18H′′(1)

+ 14)
A′(1)

A(1)
+ (6H′′(1) + 18)

A′′(1)

A(1)
+ 4

A′′′(1)

A(1)

}
−

4

(bn + β)3

{
(λ+ 1)(λ+ 2)(λ+ 3)

+ 3α(λ+ 1)(λ+ 2) + α3 +

(
3λ2 + 12λ+ 11 + 3α(2λ+ 3) + 3α2

)
A′(1)

A(1)

+ 3(λ+ α+ 2)
A′′(1) +A′(1)

A(1)
+
A′′′(1) + 3A′′(1) +A′(1)

A(1)

}]
x

+
1

(bn + β)4

[
(λ+ 1)(λ+ 2)(λ+ 3)(λ+ 4) + 4α(λ+ 1)(λ+ 2)(λ+ 3) + 6α2(λ+ 1)(λ+ 2)

+ 4α3(λ+ 2) + α4 + (4λ3 + 30λ2 + 70λ+ 50 + 4α(3λ2 + 12λ+ 11) + 6α2(2λ+ 3) + 4α3)
A′(1)

A(1)

+ (6λ2 + 30λ+ 35 + 4α(3λ+ 6) + 6α2A
′′(1) +A′(1)

A(1)
+ 2(2λ+ 2α+ 5)

A′′′(1) + 3A′′(1) +A′(1)

A(1)

+
Aiv + 6A′′′(1) + 7A′′(1) +A′(1)

A(1)

]
.(2.13)

Let δ > 0 and f ∈ C[0,∞). The modulus of continuity is denoted by ω(f, δ) and is
defined as

(2.14) ω(f, δ) = sup
x,y∈[0,∞), |x−y|≤δ

|f(x)− f(y)|.

If λ is any positive real number, then

(2.15) ω(f, λδ) ≤ (1 + λ)ω(f, δ).

If f is uniformly continuous on (0,∞), then it is necessary and sufficient that

lim
δ→0

ω(f, δ) = 0.

The second order modulus of continuity of f ∈ CB [0,∞) is defined by

ω2(f, δ) = sup
0<t≤δ

‖f(.+ 2t)− 2f(.+ t) + f(.)‖CB
,

where CB [0,∞) is the class of real valued functions defined on [0,∞) which are bounded
and uniformly continuous with the norm ‖f‖CB

= sup
x∈[0,∞)

|f(x)|.

The Peetre’s K-functional [10] of the function f ∈ CB [0,∞) is defined by

K(f, δ) := inf
g∈C2

B [0,∞)

{
‖f − g‖CB

+ δ‖g‖C2
B

}
,

where
C2
B [0,∞) :=

{
g ∈ CB [0,∞) : g′, g′′ ∈ CB [0,∞)

}
,

and the norm ‖g‖C2
B

:= ‖g‖CB
+ ‖g′‖CB

+ ‖g′′‖CB
. It is clear that the following inequality

(see [10]) :

K(f, δ) ≤M
{
ω2(f,

√
δ) + min(1, δ)‖f‖CB

}
,

is valid, for all δ > 0. The constant M is independent of f and δ.
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Lemma 2.4. ([14]) Let g ∈ C2[0,∞) and (Pn)n≥0 be a sequence of positive linear operators with
the property Pn(1;x) = 1. Then

(2.16) |Pn(g;x)− g(x)| ≤
√
Pn
(
(s− x)2;x

)
‖g′‖+

1

2
Pn
(
(s− x)2;x

)
‖g′′‖.

Lemma 2.5. ([29]) Let f ∈ C[a, b] and h ∈
(
0, b−a2

)
. Let fh be the second-order Steklov function

attached to the function f . Then the following inequalities are satisfied:
(1) ‖fh − f‖ ≤ 3

4ω2(f, h),
(2) ‖f ′′h ‖ ≤ 3

2h2ω2(f, h).

We now consider the weighted spaces of the functions which are defined on the
semi-axis [0,∞) satisfying the inequality |f(x)| ≤Mfρ(x) where ρ(x) = x2 + 1 is a weight
function and Mf is a constant depending only on f . By Bρ[0,∞), we denote the set of
functions that satisfy the above inequality and by Cρ[0,∞), the subspace of all continuous
functions belonging to Bρ[0,∞). We also denote by C∗ρ [0,∞), the subspace of all conti-
nuous functions f ∈ Cρ[0,∞), for which lim

x→∞
f(x)
ρ(x) = kf < ∞. Obviously, Cρ[0,∞) is a

normed linear space with the ρ-norm ‖f‖ρ = sup
x∈[0,∞)

|f(x)|
ρ(x) .

It is well-known that the first and second order modulus of continuity in general
do not tend to zero with δ → 0 on [0,∞), so we use the following weighted modulus of
continuity [16]:

(2.17) Ω(f, δ) = sup
|t−x|≤δ

sup
t,x∈[0,∞)

|f(t)− f(x)|
[1 + (t− x)2]ρ(x)

.

We have the following lemma:

Theorem 2.1. ([12, 13]) Let (Ln)n≥1 be the sequence of positive linear operators which acts from
Cρ[0,∞) to Bρ[0,∞) such that

lim
n→∞

‖Ln(tk;x)− xk‖ρ = 0, k ∈ {0, 1, 2}.

Then, for any function f ∈ C∗ρ [0,∞)

lim
n→∞

‖Lnf − f‖ρ = 0.

Lemma 2.6. ([16]) Let f ∈ C∗ρ [0,∞). Then, we have
(1) lim

δ→0
Ω(f, δ) = 0, for each δ > 0,

(2) Ω(f, λδ) ≤ 2(1 + λ)(1 + δ2)Ω(f, δ).
From this inequality, for t, x ∈ [0,∞), we get

(2.18) |f(t)− f(x)| ≤ 2
(

1 +
1

δ
|t− x|

)
(1 + δ2)(1 + x2)(1 + (t− x)2)Ω(f, δ).

3. APPROXIMATION RESULTS

Theorem 3.2. Let T ∗n,α,β be the operators given by (1.10). Then, for any function f ∈ C[0,∞)∩
E,

lim
n→∞

T ∗n,α,β(f ;x) = f(x),

uniformly on each compact subset of [0,∞), where

E := {f : x ∈ [0,∞),
f(x)

1 + x2
is convergent as x→∞}.
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Proof. According to Lemma 2.2 (1)-(3), we have

lim
n→∞

T ∗n,α,β(ti;x) = xi, i ∈ {0, 1, 2}.

If we apply the Korovkin theorem [4], we obtain the desired result. �

For A(t) = exp(t), H(t) = t and A(t) = t,H(t) = t, comparison of the convergence of
T ∗n(f ;x)(blue) and T ∗n,0,0(f ;x)(red) towards the function f(x) = x2 exp(−3x)(black −−) is
illustrated in Fig.1 and Fig.2, respectively, where an = n+

√
n+ 1, bn = n+ 3 and n = 9.
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0

0.01
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FIGURE 1

0 0.5 1 1.5 2 2.5 3
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

FIGURE 2

Theorem 3.3. If f ∈ C[0,∞) ∩ E, then we have

|T ∗n,α,β(f, x)− f(x)| ≤
{

1 + ϑn,α,β(x)

}
ω

(
f,

1√
bn + β

)
,

where

ϑn,α,β(x) =

[
1

bn + β

{
(λ+ 1)(λ+ 2) + α2 + 2α(λ+ 1) + 2(λ+ α+ 2)

A′(1)

A(1)
+
A′′(1)

A(1)

}
+

{
an

bn + β

(
2(λ+ α+ 2) +H ′′(1) + 2

A′(1)

A(1)

)
−2

(
λ+ α+ 1 +

A′(1)

A(1)

)}
x+

(bn + β − an)2

bn + β
x2
] 1

2

.

Proof. From the definition of T ∗n,α,β and the well-known properties of the modulus of
continuity, we have

|T ∗n,α,β(f ;x)− f(x)| ≤e
−anxH(1)

A(1)

∞∑
k=0

pk(anx)
bλ+k+1
n

Γ(λ+ k + 1)

∫ ∞
0

e−bnttλ+k
∣∣∣∣f(bnt+ α

bn + β

)
− f(x)

∣∣∣∣dt
≤
{

1 +
1

δ

e−anxH(1)

A(1)

∞∑
k=0

pk(anx)
bλ+k+1
n

Γ(λ+ k + 1)

∫ ∞
0

e−bnttλ+k
∣∣∣∣bnt+αbn + β

−x
∣∣∣∣dt}

× ω(f, δ).
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By using Cauchy-Schwartz inequality,∫ ∞
0

e−bnttλ+k
∣∣∣∣bnt+ α

bn + β
− x
∣∣∣∣dt ≤ (∫ ∞

0

e−bnttλ+kdt

) 1
2
(∫ ∞

0

e−bnttλ+k
(
bnt+ α

bn + β
− x
)2

dt

) 1
2

≤ Γ(λ+ k + 1)

bλ+k+1
n

{
1

(bn + β)2

(
(λ+ k + 1)(λ+ k + 2) + α2

+ 2α(λ+ k + 1)

)
− 2x

bn + β
(λ+ α+ k + 1) + x2

} 1
2

.

So, we have

|T ∗n,α,β(f ;x)− f(x)| ≤
{

1 +
1

δ

e−anxH(1)

A(1)

∞∑
k=0

pk(anx)

[
1

(bn + β)2

(
(λ+ k + 1)(λ+ k + 2)

+α2 + 2α(λ+ k + 1)

)
− 2x

bn + β
(λ+ α+ k + 1) + x2

] 1
2
}
ω(f, δ).

Again, applying Cauchy-Schwartz inequality, we have

|T ∗n,α,β(f ;x)− f(x)| ≤
{

1 +
1

δ

[
e−anxH(1)

A(1)

∞∑
k=0

pk(anx)

{
1

(bn + β)2

(
(λ+ k + 1)(λ+ k + 2)

+α2 + 2α(λ+ k + 1)

)
− 2x

bn + β
(λ+ α+ k + 1) + x2

}] 1
2
}
ω(f, δ)

≤
{

1 +
1

δ

1√
bn + β

[
1

bn + β

{
(λ+ 1)(λ+ 2) + α2 + 2α(λ+1)+ 2(λ+

α+2)
A′(1)

A(1)
+
A′′(1)

A(1)

}
+

{
an

bn+β

(
2(λ+α+ 2)+H ′′(1)+2

A′(1)

A(1)

)
−2

(
λ+ α+ 1 +

A′(1)

A(1)

)}
x+

(bn + β − an)2

bn + β
x2
] 1

2
}
ω(f, δ).

Choosing δ =
1√

bn + β
in the above inequality, we obtain the desired result.

�

Theorem 3.4. Let f be defined on [0,∞) and f ∈ C[0, a], then the rate of convergence of the
operators T ∗n,α,β is given by

|T ∗n,α,β(f ;x)− f(x)| ≤ 2

a
‖f‖h2 +

3

4
(a+ 2 + h2)ω2(f, h),

where

h := hn(x) = 4

√
T ∗n,α,β((t− x)2;x),

and the second order modulus of continuity is given by ω2(f, δ) with the norm ‖f‖ = max
x∈[a,b]

|f(x)|.

Proof. Let fh be the second-order Steklov function attached to the function f . By virtue of
the identity T ∗n,α,β(1;x) = 1, we have

|T ∗n,α,β(f ;x)− f(x)| ≤ |T ∗n,α,β(f − fh;x)|+ |T ∗n,α,β(fh;x)− fh(x)|+ |fh(x)− f(x)|
≤ 2‖fh − f‖+ |T ∗n,α,β(fh;x)− fh(x)|.(3.19)
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Taking into account the fact that fh ∈ C2[0, a], it follows from Lemma 2.4 that

(3.20) |T ∗n,α,β(fh;x)− fh(x)| ≤ ‖f ′h‖
√
T ∗n,α,β((t− x)2;x) +

1

2
‖f ′′h ‖T ∗n,α,β((t− x)2;x).

Combining the Landau inequality and Lemma 2.5, we can write

‖f ′h‖ ≤
2

a
‖fh‖+

a

2
‖f ′′h ‖

≤ 2

a
‖f‖+

3a

4

1

h2
ω2(f, h).(3.21)

From the last inequality, (3.20) becomes, on taking h = 4

√
T ∗n,α,β((t− x)2;x),

(3.22) |T ∗n,α,β(fh;x)− fh(x)| ≤ 2

a
‖f‖h2 +

3a

4
ω2(f, h) +

3

4
h2ω2(f, h).

Substituting (3.22) in (3.19), Lemma 2.5 hence gives the proof of the theorem. �

Theorem 3.5. Let f ∈ C2
B [0,∞). Then

|T ∗n,α,β(f ;x)− f(x)| ≤ 1

bn + β
γ(x)‖f‖C2

B
,

where

γ(x) =

(
1 +

H ′′(1)

2

)
x+

1

2

(
(λ+ 1)(λ+ 2 + 2α) + 2(λ+ α+ 2)

A′(1)

A(1)
+
A′′(1)

A(1)
+ α2

)
.

Proof. Using the Taylor expansion of the function f ∈ C2
B , we have

f(t) = f(x) + f ′(x)(t− x) +
1

2
f ′′(ξ)(t− x)2,

where ξ ∈ (x, t). Due to linearity property of the operators T ∗n,α,β , we can write

|T ∗n,α,β(f ;x)− f(x)| ≤ ‖f ′‖CB
T ∗n,α,β(t− x;x) +

1

2
‖f ′′‖C2

B
T ∗n,α,β

(
(t− x)2;x

)
.

Using Lemma 2.3, we have

|T ∗n,α,β(f ;x)− f(x)| ≤ ‖f ′‖CB

{(
an

bn + β
− 1

)
x+

1

bn + β

(
λ+ α+ 1 +

A′(1)

A(1)

)}
+

1

2
‖f ′′‖CB

[(
1− an

bn + β

)2

x2 +

{
an

(bn + β)2

(
(λ+ α+ 2) +H ′′(1)

+2
A′(1)

A(1)

)
− 2

bn + β

(
λ+ α+ 1 +

A′(1)

A(1)

)}
x+

1

(bn + β)2

{
(λ+ 1)

(λ+ 2α+ 2) + α2 + 2(λ+ α+ 2)
A′(1)

A(1)
+
A′′(1)

A(1)

}]
.

For sufficiently large n, we obtain

|T ∗n,α,β(f ;x)− f(x)| ≤ 1

bn + β

{(
1 +

H ′′(1)

2

)
x+

1

2

(
(λ+ 1)(λ+ 2 + 2α) + 2(λ+ α+ 2)

A′(1)

A(1)
+
A′′(1)

A(1)
+ α2

)}
‖f‖C2

B
.

�
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Theorem 3.6. Let f ∈ CB [0,∞). Then

|T ∗n,α,β(f ;x)− f(x)| ≤ 2M
{
ω2(f,

√
δ) + min(1, δ)‖f‖CB

}
,

where δ =
γ(x)

2(bn + β)
and M > 0 is a constant independent of the function f and δ. Note that

γ(x) is defined as in Theorem 3.5.

Proof. Let g ∈ C2
B [0,∞). Theorem 3.5 allows us to write

|T ∗n,α,β(f ;x)− f(x)| ≤ |T ∗n,α,β(f − g;x)|+ |T ∗n,α,β(g;x)− g(x)|+ |g(x)− f(x)|

≤ 2‖f − g‖CB
+

1

bn + β
γ(x)‖g‖C2

B

= 2
{
‖f − g‖CB

+
1

2(bn + β)
γ(x)‖g‖C2

B

}
.(3.23)

The left-hand side of inequality (3.23) does not depend on the function g ∈ C2
B [0,∞), so

(3.24) |T ∗n,α,β(f ;x)− f(x)| ≤ 2K

(
f,

γ(x)

2(bn + β)

)
.

By using the relation between Peetre’s K-functional and second modulus of smoothness
and choosing δ = γ(x)

2(bn+β)
(3.24) becomes

|T ∗n,α,β(f ;x)− f(x)| ≤ 2M

{
ω2(f,

√
δ) + min(1, δ)‖f‖CB

}
.

�

Now, we prove Voronovskaja type result for our operators T ∗n,α,β given by (1.10):

Theorem 3.7. For f ∈ C2
B [0,∞), we have the following formula:

lim
n→∞

an
(
T ∗n,α,β(f ;x)− f(x)

)
=

(
λ+ α+ 1 +

A′(1)

A(1)

)
f ′(x) +

(
1 +

H ′′(1)

2

)
xf ′′(x),

for every x ∈ [0, a].

Proof. For a fixed x ∈ [0,∞) and for all t ∈ [0,∞), by the Taylor formula, we have

(3.25) f(t)− f(x) = (t− x)f ′(x) +
1

2
(t− x)2f ′′(x) + ϕ(t, x)(t− x)2

where ϕ(t, x) is a function belonging to the spaceCB [0,∞) and lim
t→x

ϕ(t, x) = 0. By Lemma
2.2 (1) and (3.25), we can write

an
(
T ∗n,α,β(f ;x)− f(x)

)
=anT

∗
n,α,β

(
(t− x);x

)
f ′(x) +

1

2
anT

∗
n,α,β

(
(t− x)2;x

)
f ′′(x)

+ anT
∗
n,α,β

(
ϕ(t, x)(t− x)2;x

)
,(3.26)

for every n ∈ N. Using (2.11) and (2.12), we have

(3.27) lim
n→∞

anT
∗
n,α,β

(
(t− x);x

)
= λ+ α+ 1 +

A′(1)

A(1)
,

(3.28) lim
n→∞

anT
∗
n,α,β

(
(t− x)2;x

)
= (2 +H ′′(1))x.
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Applying the Cauchy-Schwartz inequality for the third term on the right hand side of
(3.26), we get

anT
∗
n,α,β

(
ϕ(t, x)(t− x)2;x

)
≤
√
a2nT

∗
n,α,β

(
(t− x)4;x

)√
T ∗n,α,β

(
ϕ2(t, x);x

)
.(3.29)

From Lemma 2.2, we can find

(3.30) lim
n→∞

a2nT
∗
n,α,β

(
(t−x)4;x

)
=

(
12(1 +H ′′(1)) + 3(H ′′(1))2 + 8(2 +H ′′(1))

A′(1)

A(1)

)
x2.

Since for the function ψ(t, x) = ϕ2(t, x), x ≥ 0, we have ψ(t, x) ∈ CB [0,∞) and
lim
t→x

ψ(t, x) = 0. Then it follows from Theorem 3.2 that

(3.31) lim
n→∞

T ∗n,α,β
(
ϕ2(t, x);x

)
= lim
n→∞

T ∗n,α,β
(
ψ(t, x);x

)
= ψ(x, x) = 0,

uniformly with respect to x ∈ [0, a]. So, considering (3.29)-(3.31), we obtain

(3.32) lim
n→∞

anT
∗
n,α,β

(
ϕ(t, x)(t− x)2;x

)
= 0.

Now, taking the limit as n→∞ in (3.26) and using (3.27), (3.28) and (3.32), we have

lim
n→∞

an
(
T ∗n,α,β(f ;x)− f(x)

)
=

(
λ+ α+ 1 +

A′(1)

A(1)

)
f ′(x) +

1

2
(2 +H ′′(1))xf ′′(x).

Thus the proof is completed. �

4. APPROXIMATION PROPERTIES IN WEIGHTED SPACES

Theorem 4.8. Let T ∗n,α,β be the sequence of positive linear operators defined by (1.10). Then for
each function f ∈ C∗ρ [0,∞),

lim
n→∞

‖T ∗n,α,βf − f‖ρ = 0.

Proof. It is enough to prove that the conditions of the weighted Korovkin type theorem
given by Theorem 2.1 are satisfied. From Lemma 2.2 (1), it is immediate that

(4.33) lim
n→∞

‖T ∗n,α,β(1;x)− 1‖ρ = 0,

and by Lemma 2.2 (2), we have

sup
x∈[0,∞)

|T ∗n,α,β(t;x)− x|
1 + x2

≤
∣∣∣∣ an
bn + β

−1

∣∣∣∣ sup
x∈[0,∞)

x

1 + x2
+

1

bn + β

∣∣∣∣λ+α+1+
A′(1)

A(1)

∣∣∣∣ sup
x∈[0,∞)

1

1 + x2
.

Which implies that

(4.34) lim
n→∞

‖T ∗n,α,β(t;x)− x‖ρ = 0.

By means of Lemma 2.2 (3), we get

sup
x∈[0,∞)

|T ∗n,α,β(t2;x)− x2|
1 + x2

≤
∣∣∣∣ a2n
(bn + β)2

− 1

∣∣∣∣ sup
x∈[0,∞)

x2

1 + x2
+

an
(bn + β)2

∣∣∣∣2(λ+ α+ 2) +H ′′(1),

+ 2
A′(1)

A(1)

∣∣∣∣ sup
x∈[0,∞)

x

1 + x2
+

1

(bn + β)2

∣∣∣∣α2 + (λ+ 1)(λ+ 2)

+ 2(λ+ 2)
A′(1)

A(1)
+
A′′(1)

A(1)

∣∣∣∣ sup
x∈[0,∞)

1

1 + x2
.

that follows

(4.35) lim
n→∞

‖T ∗n,α,β(t2;x)− x2‖ρ = 0.
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From (4.33)-(4.35), for k ∈ {0, 1, 2}, we have

lim
n→∞

‖T ∗n,α,β(tk;x)− xk‖ρ = 0.

Applying Theorem 2.1, we obtain the desired result. �

Theorem 4.9. For f ∈ C∗ρ [0,∞), the following inequality

sup
x≥0

|T ∗n,α,β(f ;x)− f(x)|
(1 + x2)3

≤ KΩ

(
f,

1√
bn + β

)
is satisfied for a sufficiently large n, where K is a constant independent of an and bn.

Proof. From (2.18), we can write

|T ∗n,α,β(f ;x)− f(x)|

= 2Ω(f, δn)(1 + x2)(1 + δ2n)
e−anxH(1)

A(1)

∞∑
k=0

pk(anx)
bλ+k+1
n

Γ(λ+ k + 1)

∫ ∞
0

e−bnttλ+k

×
(

1 +
1

δn

∣∣∣∣bnt+ α

bn + β
− x
∣∣∣∣)(1 +

(
bnt+ α

bn + β
− x
)2)

dt

≤ 4Ω(f, δn)(1+x2)

{
1+

1

δn

e−anxH(1)

A(1)

∞∑
k=0

pk(anx)
bλ+k+1n

Γ(λ+k +1)

∫ ∞
0

e−bnttλ+k
∣∣∣∣bnt+αbn+β

−x
∣∣∣∣dt

+
e−anxH(1)

A(1)

∞∑
k=0

pk(anx)
bλ+k+1n

Γ(λ+k +1)

∫ ∞
0

e−bnttλ+k
(
bnt+α

bn +β
−x
)2

dt

+
1

δn

e−anxH(1)

A(1)

∞∑
k=0

pk(anx)
bλ+k+1n

Γ(λ+k +1)

∫ ∞
0

e−bnttλ+k
∣∣∣∣bnt+ α

bn + β
− x
∣∣∣∣(bnt+ α

bn + β
− x
)2

dt

}
,

for any δn > 0. Applying Cauchy-Schwartz inequality, we get

(4.36) |T ∗n,α,β(f ;x)− f(x)| ≤ 4Ω(f, δn)(1 + x2)

(
1 +

2

δn

√
φ1 + φ1 +

1

δn

√
φ1φ2

)
,

where φ1 = T ∗n,α,β((t − x)2;x
)

and φ2 = T ∗n,α,β((t − x)4;x
)

given by (2.12) and (2.13),
respectively. Using the conditions on {an} and {bn}, we get

φ1 = O

(
1

bn + β

)
(x2 + x),

φ2 = O

(
1

bn + β

)
(x4 + x3 + x2 + x).

Substituting the above equalities in (4.36), we have

|T ∗n,α,β(f ;x)− f(x)|

≤4Ω(f, δn)(1 + x2)

(
1 +

2

δn

√
O

(
1

bn + β

)
(x2 + x)

+O

(
1

bn + β

)
(x2 + x) +

1

δn
O

(
1

bn + β

)√
(x4 + x3 + x2 + x)(x2 + x)

)
,

and choosing δn =
1√

bn + β
, for sufficiently large n, we obtain the desired result. �
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5. CONCLUSION

In this paper, we give a generalization of integral operators which involves Sheffer
polynomials introduced by Sucu and Büyükyazici and studied their approximation and
convergence properties. For the function f(x) = x2 exp(−3x), we have plotted the re-
sults for both operators T ∗n(f ;x) and T ∗n,0,0(f ;x). It is clear from figure that our modified
operator gives better approximate to the curve.
Acknowledgement. The authors extend their appreciation to the Deanship of Scientific
Research at King Khalid University for funding this work through research groups pro-
gram under grant number R.G.P. 1/13/38.
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