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Approximation by generalized Stancu type integral
operators involving Sheffer polynomials

M. MURSALEEN!, SHAGUFTA RAHMAN? and KHURSHEED J. ANSARI®

ABSTRACT. In this article, we give a generalization of integral operators which involves Sheffer polynomials
introduced by Sucu and Biiytiikyazici. We obtain approximation properties of our operators with the help of
the universal Korovkin’s theorem and study convergence properties by using modulus of continuity, the second
order modulus of smoothness and Peetre’s K-functional. We have also established Voronovskaja type asymp-
totic formula. Furthermore, we study the convergence of these operators in weighted spaces of functions on the
positive semi-axis and estimate the approximation by using weighted modulus of continuity.

1. INTRODUCTION

In 1950, Szasz [28] defined the positive linear operators:

= (nz)E (K
1) S.(fi) =S (1),
k=0
where z > 0 and for functions f € C[0, c0) for which the series is convergent. Motiva-
ted by this work, many authors have investigated several interesting properties of these
operators. Mazhar and Totik [19] modified the Sz4sz operators given by (1.1) and defined
another class of linear positive operators

(1.2) Sr(fix) :=ne™ "™ i (n:')k /000 e (TZ')kf(t)dt
k=0

In 1969, Jakimovski and Leviatan [17] introduced a generalization of Szdsz operators by
means of Appell polynomials. Let g(z) = > ax2* (ag # 0) be an analytic function in the
k=0

disk |z| < R, (R > 1) and suppose that g?l) # 0. The Appell polynomials py(x) have
generating functions of the form

(1.3) g(u)e™™ = Zpk(x)uk
k=0

Under the assumption that pi(z) > 0 for z € [0, ), Jakimovski and Leviatan introduced
the positive linear operators P, (f;z) via

) Y (]
k=0

and gave the approximation properties of the operators.
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Ciupa [9] modified the sequence of operators (1.4) as follows:

/ - e AR £ (1) dt

e~ oo )\+k+1
1. Px( =

where I" denotes gamma funct1or1 and A>0.

Case 1. For g(1) = 1, with the help of (1.3) we easily find py(z) = %k, and from (1.4),
we meet again the Szdsz operators given by (1.1).

Case 2. For g(1) = 1 and A = 0 the sequence of operators defined by (1.5) becomes
operators .S}, given by (1.2).

Atakut and Biiytikyazici modified the operators (1.5) as follows:

1.6)  P*(f:am, bu: ) —Li (anr) Lo / bt f (1)
. n\J s an,On; = g(l) k:opk n F()\+k+1) o

where {a,}, {b,} are strictly increasing sequences of positive real numbers satisfying

lim ;- =0, lim e =14 0(3) and pi(z) = Zak ybra”, k= 0,1,2,... are Appell

n—oo ’n
type polynomlals given by the generating functlons (1.3).
Ismail [15] presented another generalization of Szdsz operators (1.1) and Jakimovski

and Leviatan operators (1.4) by using Sheffer polynomials. Let A(z) = 3 axz* (ag # 0)
k=0

and H(z) = Z hiz® (h1 # 0) be analytic functions in the disk |z| < R (R > 1) where a;,
and hy, are real The Sheffer polynomials pj(z) have generating functions of the type

(1.7) At)e”H® = ipk(x)tk, lt| < R.

Using the following assumptions:
(i) forz € [0,00), pr(z) >0,
(i) A(1)#0and H'(1) = 1.
Ismail investigated the approximation properties of the positive linear operators given
by

efn:z:H(l) 0 k
(1.8) T.(f;2) = M};)pk(nx)f(n>,forn€N.
Sucu and Biiyiikyazici [27] revised the operators T, via
—na:H(l) )\+k+1 [o'e) Nk
(1.9) T, (f;x) = Zpk m / e AT f(t)at

and gave the approximation propertles of these operators.

Case 1. For H(t) = t, it can be easily seen that the generating functions (1.7) return to
(1.3) and, from this fact, the operators (1.8) and (1.9) reduces to the operators (1.4) and
(1.5), respectively.

Case 2. For H(t) =t and A(t) = 1, one get the Szdsz operators from the operators (1.8).
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Case 3. For H(t) = t, A(t) = 1 and A = 0 the operator defined by (1.9) becomes ope-
rator S} given by (1.2).

In this paper, inspired by the operators (1.6) we introduce Stancu type generalization
of the operators (1.9) given by

o—anzH(1 pAh+L 0 bt +
110) T*, 4(fiz) = ot A e d
( 0) n,a,ﬁ(f7x) Zpk a )\—‘,—kj—i—l)/ € f bn+ﬁ ’

where 0 < o < 3 are two real parameters and {ay,}, {b,} are strictly increasing sequences
of positive real numbers satisfying lim ; =0, lim %= = 1+O( ) and py,(z) are Sheffer
n—oo °n n—oo

bn

polynomials given by the generating functions (1.7). The case a,, = b, =nand a = =0
yield the operator T}; given by (1.9). For more results on such type of operators, we refer
the readers to see [6, 20, 21, 22].

The purpose of this paper is to study the convergence properties of our constructed
operators (1.10) by using modulus of continuity, second order modulus of smoothness
and Peetre’s K-functional. Some graphical examples are also given to in claim of con-
vergence of operators towards the function. We have also established Voronovskaja type
asymptotic formula. Furthermore, we study the convergence of these operators in weigh-
ted space. One of the most useful examples of positive linear operators is Szasz-Mirakyan
operators. Recently, many generalizations of these operators have been intensively stu-
died in a different direction (see [1], [2],[3],[5],[26])-

We propose the readers to study the further properties of the operators such as con-
vergence properties via summability method (see, for example [7, 8, 11, 18, 23, 24, 25]).

2. MOMENTS ESTIMATION AND PRELIMINARY RESULTS

To obtain the moments of the operators (1.10), we need the following Lemmas:
Lemma 2.1. By (1.7), we obtain that

(oo}
> pilanz) =A(1)etnH O,

kpi(anz) =[anzA(1) + A'(1)]e®oH 1)

e

0

Epr(anz) =[a222A(1) + anz{A1)(1 + H" (1)) + 24’ (1)} + A”(1) + A’(1)]etn=HO)

s 7

El
Il
<}

E3pr(anz) =[a3 22 A1) + a222{3A1)(1 + H" (1)) + 34 (1)} + anz{A1)(H"'(1) + 3H" (1) + 1)

[]8

>
Il
=}

+3A'(1)(2 + H"(1)) +3A" (1)} + (A'(1) + 347 (1) + A (1))]e " H D),

E'pr(anz) =[alz? A1) + a3 23{6A(1)(1 + H" (1)) +4A’ (1)} + a2 22 {A(1)(4H"' (1) + 3(H" (1))?

]38

B
I
o

+ 18HH(1) + 7) + A’(l)(l?H”(l) + 18) + 6A”(1)} + a,LJ:{A(l)(H(w)(l) + 6H///(1)
+7H"(1) +1) + A/ (1) (4H"" (1) + 18H" (1) + 14) + A”(1)(6H" (1) + 18) + 44" (1)}
+ A1) + TA"(1) + 64" (1) + AW (1)]etn=H D),

Lemma 2.2. Let {T:a B} be the sequence of operators given by (1.10). For each x > 0, the
following equalities hold:
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(1)
(2)

(3)

4)

(5)
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T, pz)=1,

T;,a,ﬂ(tix) =555 +5 [anx—i-l—‘f-/\-i-a.l,_ A((l))j|

T 0s(t%0) = gz [aix2 +anz{2(A+a +2)+H"(1)+24 ((” } + {(A+ DA+2)+2a(A+

D +a? +200+a+2) 48 + “}4(‘1)’}}

T ast2) =5 imS{ 2% + a2 { (A+a+3)+3H"(1 }+an${3>\2+12>\+12+

A'(1)
A T

3a(2A+3) +3a2 + H" (1) +3H"(1) +3(A+a+2)(1+ H"(1 )+2A(1> )+ 3(H"(1)+2)

3“;((119} n {(,\ F DO+ 2)(M+3) + 30+ 1A+ 2) + a® + (332 + 12X + 11 + 3a(2\ + 3) +

A AN Q) A E3AY ) A ()
am T30+ at )T 5 A H

* A/
Ty o5 (th2) = G [a t+adz {4(/\+a+4)+6H”(1)+4 A((11>)}+a%x2{6)\2+30)\+42+

4a(3A+6)+6a2+4H""(1)+3(H" (1)) +18H" (1) +6(2XA+2a+5)(1+H" (1) + i‘l(% )+ (12H" (1)+

18)4 (U)) +6 “;((11)) }+anx{4/\3+30)\2+70)\+51+4a(3>\2+12)\+11)+6a2(2)\+3)+4a3+H“(1)+

6H"(1 )+7H"(1)+(6A2+30A+35+4a(3x+6)+6a2)(1+H"(1)+2j’gg)+2(2A+2a+5)(H"'(1)+

BH(1)+14+3(H" (1) +2) 50 +3 408 4+ (4H (1) +18H" (1) +14) KB + (617 (1) +18) A D +

4 A({)’ }+ {()\+1)(A+2)(>\+3)(>\+4)+4a()\+1)(>\+2)(A+3)+6a2()\+1)()\+2)+4a3()\+2)+

o+ (AN3 43002+ TOA+50+ 40 (3X2+ 12X+ 11)+6a2 (2A+3) +4a3) ’;'((11)) +(6A2+430A+35+4a(3A+

6) + 6a2) A (%;x (M) 4 92\ + 20+ 5)A (1)+3:(1§1)+A (1) | A™+64 (I)I(Z)A L+4'(1) H

Lemma 2.3. Let {T} , 5} be the operators given by (1.10). Then the following equalities hold:

@.11)

(2.12)

§ v an 1 A
n,a,ﬁ((t_x)7x)_<w 1>$+bn+5<”\+a+l+A(1)>’

2

a
T* t— 2; — 1— n 2
Taslt—apin = (1- 22 )

an " A'(1) 2 A'(1)

* {wnw)z{g(”a”)” W+2730 } - bn+ﬁ{“““+ A1) }]x
1 e AW AT

+7(bn+5)2 {()\-i-l)()\-i-? +2)+ +2()\+ +2) A(l) A(l) :|

Ty 0p((t —2)%2)

__an 4364 an® N " AW 12a,2
(1 5.55) (g 0 rer 0 o sa gl - e

" A'(1) 6an " A'(1)
(A+a+3)+H"(1)+3 o) }+ (bn+5)2{2(>\+a+2)+H (1)+2A(1)}

4 A'()H 3 { an? { 2 2
— A+ a+ 1+ z° 4+ | ————— 962" + 30\ +42 + 4a(3\ + 6) + 6«
| A1) T+ B (32 +6)

+4H" (1) 4+ 3(H"(1))2 + 18H" (1) + 6(2A + 20+ 5)(1 + H" (1) +

AL A1) dan
am A } on T 5

A'(1)
A1)

)

+ (12H"(1) + 18) {3A2 + 12X 4 12 + 3a(2X + 3) + 302

+H"()+3H"(1) +3A+a+2)(1+ H( A((ll)) (H"(1 )+2)Al(1)) +3‘i;/((11))}
6 o o2 o A'(1) ) 22
R o L R P TR ]
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+ [(1717"[3)4{4%’ 43022 + 70X + 51 4+ 4a(3X\% + 12X + 11) + 622 (21 + 3) + 4a® + H™(1)
n

A1
+6H" (1) 4+ 7TH" (1) + (6A% + 30\ + 35 4+ 4a(3X + 6) + 6a2) (1 + H" (1) + 2%)

A1) | ,AT)

+2(2A + 20+ 5)(H" (1) + 3H" (1) + 1+ 3(H" (1) +2) A1) T A1)

)+ (4H'' (1) + 18H" (1)

A'(1) / A”(1) A"(1) 4
+ 14) o) + (6H" (1) + 18) A +4 e }— (bn+ﬁ)3{(x+1)(A+2)(A+3)
+3aA+1)(A+2)+a® + (3/\2 + 12X + 11 + 3a(2X + 3) + 3a2) ’:((11))

F30tato W EAM) AT +347() + A1) H .

A1) A(1)

T ot AR Jlrﬁyl {(H DA+ 2)(A+3)(A +4) + 4a(X + DA+ 2)(A + 3) + 602 (A + 1)(A +2)
+4a3(A 4 2) + ot + (423 + 3072 + 70X + 50 + 4(302 4 12X + 11) + 6a2(2A + 3) + 4a?) ‘:,((11))
A1) +3A7(1) + A'(1)

A1)

2 A(1) + A'(1)

+ (62 4 30\ + 35 + 4a(3\ + 6) + 6 e

+2(2\ + 20+ 5)

A+ 6A" (1) 4+ TA"(1) + A'(1)

(13) + A0

Let§ > 0and f € C[0,00). The modulus of continuity is denoted by w(f,d) and is
defined as

(2.14) w(f,0) = sup [f(x) = f(y)l-

z,y€[0,00), [z—y|<o
If A is any positive real number, then
(2.15) w(f,A0) < (14 Nw(f,d).
If f is uniformly continuous on (0, c0), then it is necessary and sufficient that
lim w(f,8) = 0.
The second order modulus of continuity of f € Cg[0, 00) is defined by
wo(f,0) = sup [|f(-+2t) =2f(-+1) + f()los,
0<t<s

where Cg[0, 00) is the class of real valued functions defined on [0, co) which are bounded

and uniformly continuous with the norm || f|lc, = sup |f(z)
z€[0,00)

The Peetre’s K-functional [10] of the function f € Cgl0, ) is defined by

K ,6 = inf - 5 T 0 2§
(f.0) e {Ilf = glles +dllgllcs, }
where
CE[0,00) := {g € Cp[0,00) : ¢, g" € Cp[0,00)},
and the norm ||g[|cz, := [|9llcs +119'[lcs + 9" | c5- Itis clear that the following inequality
(see [10]) :

K(fa 5) < M{w2(f7 \/S) + min(L 5)||fHCB }a
is valid, for all § > 0. The constant M is independent of f and ¢.



220 M. Mursaleen, Shagufta Rahman and Khursheed J. Ansari

Lemma 2.4. ([14]) Let g € C?[0, 00) and (P,,)n>0 be a sequence of positive linear operators with
the property P, (1;x) = 1. Then

(2.16) |Po(g;2) — g(z)| < \/Pu((s —2)%2) ||| + Pn(( z)% ) 9"l

Lemma 2.5. ([29]) Let f € Cla,bland h € ( ) Let fj, be the second-order Steklov function
attached to the function f. Then the following znequalztzes are satisfied:

D) |l fn = fll < 3wa(f,h),
(2) ||f || < 2h2w2(f7 )

We now consider the weighted spaces of the functions which are defined on the
semi-axis [0, o) satisfying the inequality | f(x)| < M¢p(x) where p(z) = z? + 1 is a weight
function and M} is a constant depending only on f. By B,[0,00), we denote the set of
functions that satisfy the above inequality and by C, [0, 00), the subspace of all continuous
functions belonging to B,[0,00). We also denote by C7[0, o), the subspace of all conti-

nuous functions f € C,[0,00), for which lim ! g”% = k¢ < oo. Obviously, C,[0,0) is a
x—00
normed linear space with the p-norm || f||, = sup L/ Eg‘
z€[0,00) P

It is well-known that the first and second order modulus of continuity in general
do not tend to zero with é — 0 on [0, o), so we use the following weighted modulus of
continuity [16]:

N F (G R 1G]
(217) D= o 2 Tt = 2Pl

We have the following lemma:

Theorem 2.1. ([12, 13]) Let (L,,)>1 be the sequence of positive linear operators which acts from
C,[0,00) to B,[0, c0) such that

lim | Ly (t5;2) — 2%, = 0, k € {0,1,2}.
Then, for any function f € C[0,00)
i |Laf — fll, =0.

Lemma 2.6. ([16]) Let f € C;[0,00). Then, we have

(1) (%in%Q(f, 0) =0, foreach § > 0,

—
(2) Q(f,A0) < 2(1+ A)(1+6*)Uf,9).
From this inequality, for t, x € [0, c0), we get

@18) 1f(0)— @) < 2(1+ 5l = 2l) 1+ A+ )1+ (- 291, 0)

3. APPROXIMATION RESULTS

Theorem 3.2. Let T} , 5 be the operators given by (1.10). Then, for any function f € C[0,00) N

E,
nh—>ngo Tnﬂa)g(f;l') = f(x)7
uniformly on each compact subset of [0, c0), where

f(z)

E::{f:xe[o,oo),1+x2

is convergent as x — co}.



Approximation by generalized Stancu type integral operators involving Sheffer polynomials 221

Proof. According to Lemma 2.2 (1)-(3), we have

lim T, , 5(t L) =1 i€{0,1,2}.
n—0o0 oo
If we apply the Korovkin theorem [4], we obtain the desired result. O

For A(t) = exp(t), H(t) = tand A(t) = t, H(t) = t, comparison of the convergence of
T (f;x)(blue) and T}  (f; x)(red) towards the function f(z) = 2% exp(—3z)(black ——) is
illustrated in Fig.1 and Fig.2, respectively, where a, =n++vn+1, b, =n+3andn = 9.

FIGURE 1 FIGURE 2

Theorem 3.3. If f € C[0,00) N E, then we have

) = @ = {14 000s(0) b (1.5,

where
+{ bna: 5 (2()\ +a+2)+H"(1) + 2‘28)
A'(1) (b + B —a,)? ,]°
SGEREES o)) e

Proof. From the definition of T; , ; and the well-known properties of the modulus of
continuity, we have
bpt +
(5s) - @

- dt}

efaan(l) 0 b)\+k+1 o] btk
T2 s (Fi2) = F@) <o S pr(ana) ot / ettt dt
0

A1) &= T\ +k+1)

1 e—aw'rH(l) b)\+k+1 00 —b oAk
{1+ Zp’“a” A+k+1)/ ot

bpt+a
b + B

x w(f, )
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By using Cauchy-Schwartz inequality,

- . 1 0o 2 3
/ e_b"’ttAJrk bnt + a _ x‘dt < (/ e—bntt)\-‘rkdt> 2 (/ e—bntt)\-‘rk (W _ .’L‘> dt) ’
0 bn + 8 0 0 bn + 8

PA+Ek+1 1
< (b;ki ){(bn+ﬁ)2(()\+k+1)(>\+k+2)+a2

2x
by + 8

1
2

()\+a+k+1)+x2} )

+2a(/\—|—k—|—1)> -

So, we have

1 e_aan(l) e

Thasfin) = 1O < {14 355003 o)

(()\+k+1)()\+k+2)
k=0

1
(bn + B)?

+a2+2a()\+k+1)>— (/\+a+k+1)+x2]2}W(f75).

2z
bn + 5
Again, applying Cauchy-Schwartz inequality, we have

1 67(1an(1) 1
|’rL(xB( r) — f(x)] < {1+5[A(1)kz_%pk(anm){(bn-l-ﬁ)?<(>\+k+1)(/\+k+2)
+a2+2a(A+k+1)> - bn2i5()\+a+k+l)+x2HQ}w(f,é)
11 1 )
< {1+5\/m[bn+5{()\+1)()\+2)+a +2a(A+1)+2(A +
A1) A"(1 A'(1
0‘+2)A((1))+A((1))}+{ba+5< (A +a+2)+ H”(1)+2A((1)))
—2(>\+ a+1+ ‘jg;) }x + Wﬁ] Q}w(f, 5).
Choosing § = \/lJ;Tﬂ in the above inequality, we obtain the desired result.

O

Theorem 3.4. Let f be defined on [0,00) and f € C|0,a|, then the rate of convergence of the
operators T, , 5 is given by

[T s(F50)  F@) < ZIFIR2 + Fat 2+ W) (F, ),

where

h—h \/naﬁ t—SU x)a

and the second order modulus of continuity is given by wa (f, §) with the norm || f|| = m[a)i |f(z)].
S

Proof. Let fj, be the second-order Steklov function attached to the function f. By virtue of
the identity 7)) , 5(1;2) = 1, we have

Tna,(fi2) = f()] T s (f = I )|+ 1T o 5 (s ) = fu(@)| + [ fu (@) — f ()]
(3.19) 20fn = fI + 175 a5 (fn; ) = fu(2)].

<
<
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Taking into account the fact that f;, € C?[0, a], it follows from Lemma 2.4 that

(320) [Ty ,5(fns ) = fule |<Hfh||\/ map((t—2)% ) + ||f 1T 0,5 ((t = 2)%5 ).

Combining the Landau inequality and Lemma 2.5, we can write

IN

*Ilfhll +*||f I

1171
> % 1

(321) < I+ el

From the last inequality, (3.20) becomes, on taking h = \/ Ty o 5t —2)%2),

(322) (T (s ) = ()\<*||f|\h2 sz(f, )+1hzwz(f7h)-

Substituting (3.22) in (3.19), Lemma 2.5 hence gives the proof of the theorem. O

Theorem 3.5. Let f € C%[0,00). Then

1
Ty ap(fi2) — f(@)] < bn+57(l’)Hf||cg,
where
y(w) = <1+ HI;(1)>:,;+ ;((AJr1)(>\+2+2a)+2()\+a+2)i/((11)) + fg((ll)) +a2).

Proof. Using the Taylor expansion of the function f € C%, we have
1
F(t) = f(@) + f'(2)(t —2) + SOt — )%,
where ¢ € (z,t). Due to linearity property of the operators 7}, , 5, we can write

| nozB( ) ( )‘ < ||f||CB na,@(t_ ) ||f”||C% naﬂ((t_x)2;-r)~

Using Lemma 2.3, we have

T as(fi2) = f@)] < Hf’ch{(bfiﬁ”)%ig(“‘””f&(ff)}

ot (1-5255) e (O a2 ey

flq/((ll))) - bniﬂ i((ll))> v W{(H !
A'(1) n A"(l)}]

A T A f)

+2 </\+a+1+

A +2a+2)+a® +2(\+a+2)

For sulfficiently large n, we obtain

T aplfi) ~ f@)] < 5 iﬁ{<1+Hﬂ2(1)>’I+;((/\+1)(/\+2+204)+2(>\+a+2)

AW 2D 4 ) iy,
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Theorem 3.6. Let f € Cp[0,00). Then

Ty o,5(f32) = f(2)] < 2M{ws(f,V5) + min(1,6)[ flles },
V()

on+ B and M > 0 is a constant independent of the function f and 6. Note that
~(x) is defined as in Theorem 3.5.

where § =

Proof. Let g € C%[0,00). Theorem 3.5 allows us to write
T ap(fix) = f@)] < T 0 p(f = g:2)[ + 1T 0 (g5 2) — g(2)| + |g(x) — (=)

1
< 2f —dlles + —=57@ gl
1
(3.23) = 2{|If —9gllcs +m7($)“9“cg}~
The left-hand side of inequality (3.23) does not depend on the function g € C%[0, ), so
624) T i) = 0] < 2 (525 ).
“ 2(bn + )

By using the relation between Peetre’s K-functional and second modulus of smoothness

and choosing § = Q(Z(i 77 (3.24) becomes

T3 o p(i2) — Fla)] < 2M{w2<f, Vo) + min<1,6>|f||cs}.

Now, we prove Voronovskaja type result for our operators 7, , 5 given by (1.10):

Theorem 3.7. For f € C%[0, oc), we have the following formula:

i (T3 00652 = 1) = (3014 G0 ) o+ (14 2 Doy o)

n—»00 2
for every x € [0, al.

Proof. For a fixed = € [0,00) and for all ¢ € [0, 00), by the Taylor formula, we have

(3.25) fO) = fla) =t —=2)f (x) + %(t —2)*f"(2) + o(t,2)(t - 2)

where ¢(t, ) is a function belonging to the space C'5[0, o0) and }gn ¢(t,z) = 0. By Lemma
2.2 (1) and (3.25), we can write '

an (T o,5(fi2) = f(2)) =anTy o 5((t = 2);2) f'(2) + lanTS ap((t —2)%2) f"(2)

2
(3.26) +a, T, .5 (<p(t, x)(t— x)2; x),
for every n € N. Using (2.11) and (2.12), we have
) — A'(1)
(3.27) nlgr;OanTnaﬁ((t—x),x) —)\—i—a—l—l—i—m,
(3.28) lim a,T . 5((t—x)*2) =2+ H'(1))z.

n—oo
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Applying the Cauchy-Schwartz inequality for the third term on the right hand side of
(3.26), we get

(329) an naﬁ(@(tax)(tfx)z;x) — \/a%T:;aB \/ na,@ iL’)

From Lemma 2.2, we can find

(3.30) lim apTy, o((t—2)%2) = (12(1+H”(1))—|—3(H”(1))2+8(2+H”(1))A/(1)>m2.

Since for the function ¢ (t,z) = ¢*(t,x), = > 0, we have ¥(t,z) € Cg[0,00) and
tlim ¥ (t,z) = 0. Then it follows from Theorem 3.2 that
—x

(3.31) hm TL o B( 2(t,x); a:) = nhﬁngo Ty op (w(t,x);x) =Y(z,z) =0,
uniformly with respect to = € [0, a]. So, considering (3.29)-(3.31), we obtain
(3.32) lim a, 7T, (0t 2)(t — )% ) =0.

n—o0

Now, taking the limit as n — oo in (3.26) and using (3.27), (3.28) and (3.32), we have

A/
Wi ay (T (i) — f(2)) = (A fa+l+ A((ll))>f’(w) @+ H ()af" (@)
Thus the proof is completed. U

4. APPROXIMATION PROPERTIES IN WEIGHTED SPACES

Theorem 4.8. Let T} , ;5 be the sequence of positive linear operators defined by (1.10). Then for
each function f € C}0, 00),
i ([T 00 — £, = 0.

Proof. 1t is enough to prove that the conditions of the weighted Korovkin type theorem
given by Theorem 2.1 are satisfied. From Lemma 2.2 (1), it is immediate that

(4.33) lim [T, 5(1;2) — 1|, =0,

n—oo

and by Lemma 2.2 (2), we have

| naﬁ(t’x) —(E| Qnp, z A/(l) 1
sup < —1| sup ——=+—— | tat+l+ sup ———.
z€[0,00) 1+ 22 bn, + ﬁ z€[0,00) 1+ a2 bn + ﬂ A(l) z€[0,00) 1+ a2
Which implies that
(434) nh~>Holo ||Tn,a,,8(t; I) - x“p =0.

By means of Lemma 2.2 (3), we get

.132

s Ty o 5(t%5 @) — 22| ap 1| swp o tat2) 4 )
z€[0,00) 1+ 22 (bn + ﬁ)z z€[0,00) 1+ 22 (bn + 6)2 ’
A'(1) T 9
+2 +A+1D(N+2
A(1) mesféﬂo) 1122 " (b + B)2|” ( I )
A1) A"(1)
+2(0+2 -
A+230 T A setoigy 1+ 22
that follows
(4.35) lim [T}, 5(t% @) — 2|, = 0.

n—roo
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From (4.33)-(4.35), for k € {0, 1,2}, we have

i |75 ot 2) — ¥, = 0.
Applying Theorem 2.1, we obtain the desired result. O

Theorem 4.9. For f € C*[O, oo), thefollowing inequality

<1+a:> <K9(f’m+5)

is satisfied for a sufficiently large n, where K is a constant independent of a,, and b,.

Proof. From (2.18), we can write
T ap(fi2) — f(2)]

—apxH(1) Ak+1 o)
= 20,81+ )1+ 63 S pyane >(b7 / e bt AT

AN = T(A+k+1)
(gl o) (e (g o) o
< 4ﬂ<f76n><1+x2>{1+;e‘Z’Zguéman Dy [ et iy
FZZ:S(D;PIC(%J:)% /OOO e bntE (mé x) th
%e_zzg(l):opk(an )F()l?/\J:Jil) /OO “butyAtk l;’:fi; —x’(i::g —m>2dt},

for any 6,, > 0. Applying Cauchy-Schwartz inequality, we get

30 [Tasfio) ~ @] < 400.8,)0+ ) (14 Va0 + 01+ 5-+/oudm).

where ¢1 = T, 5((t — )% ) and ¢ = Ty, 5((t — x)*;x) given by (2.12) and (2.13),
respectively. Using the conditions on {a,, } and { b,}, we get

?1 :O<bn:—ﬁ)($2+m)7
P2 =O<bniﬁ)(x4+a:3+x2+x).

Substituting the above equalities in (4.36), we have

T a,s(f32) = f()]

<40(f,5,)(1 —|—x2)<1 + i\/()(bn 1+ B) (@2 + 2)

+O<bniﬁ)(x o)+ s O(b :_B>\/(x4+1:3+1:2+:17)(:1:2+;17)),

and choosing ¢,, = for sufficiently large n, we obtain the desired result. O

1
Vo, + 8’
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5. CONCLUSION

In this paper, we give a generalization of integral operators which involves Sheffer
polynomials introduced by Sucu and Biiytikyazici and studied their approximation and
convergence properties. For the function f(z) = 22 exp(—3z), we have plotted the re-
sults for both operators T, (f; x) and T}; ; o(f;z). It is clear from figure that our modified
operator gives better approximate to the curve.
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