
CARPATHIAN J. MATH.
34 (2018), No. 1, 103 - 113

Online version at http://carpathian.ubm.ro

Print Edition: ISSN 1584 - 2851 Online Edition: ISSN 1843 - 4401

The Fekete-Szegö functional for a subclass of analytic
functions associated with quasi-subordination

H. M. SRIVASTAVA1,2, SAQIB HUSSAIN3, ALIA RAZIQ3 and MOHSAN RAZA4

ABSTRACT. In the present paper, we introduce and investigate the Fekete-Szegö functional associated with
a new subclass of analytic functions, which we have defined here by using the principle of quasi-subordination
between analytic functions. Some sufficient conditions for functions belonging to this class are also derived. The
results presented here improve and generalize several known results.

1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

Let A be the class of functions of the form:

(1.1) f(z) = z +

∞∑
n=2

anz
n,

which are analytic in the open unit disk

U = {z : z ∈ C and |z| < 1} .
We also denote by P the class of functions φ, analytic in U, such that

φ(0) = 1 and <
(
φ(z)

)
> 0 (z ∈ U).

In order to introduce the principles of subordination and quasi-subordination, we let
f and g be two analytic functions in U. We say that the function f is subordinate to the
function g, written as follows:

f ≺ g or f(z) ≺ g(z) (z ∈ U),

if there exists a Schwarz function ω, which is analytic in U with

ω(0) = 0 and |ω(z)| < 1 (z ∈ U),

such that
f(z) = g

(
ω(z)

)
(z ∈ U).

Furthermore, if the function g is univalent in U, then we have the following equivalence
relation (see also a recent investigation by Tang et al. [15] on applications of the principles
of differential subordination and differential superordination between analytic functions):

f(z) ≺ g(z) ⇐⇒ f(0) = g(0) and f(U) ⊂ g(U).
Further, for two functions f and g analytic in U, the function f is said to be quasi-subordinate
to the function g in U, written as follows:

f(z) ≺q g(z) (z ∈ U),
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if there exists an analytic function ϕ (z), with

|ϕ(z)| 5 1 (z ∈ U),
such that the function:

f(z)

ϕ (z)

is analytic in U and
f(z)

ϕ (z)
≺ g(z) (z ∈ U),

if there exists the above-mentioned Schwarz function ω such that

f(z) = ϕ (z) g
(
ω(z)

)
.

The concept of quasi-subordination was given by Robertson [11]. It is clear that, in the
special case when

ϕ (z) = 1 (z ∈ U),
the quasi-subordination ≺q coincides with the usual subordination ≺ . Furthermore, for
the Schwarz function ω given by

ω (z) = 1 (z ∈ U),
the quasi-subordination ≺q becomes the majorization�, and we are led to the following
relation:

f(z) ≺q g(z) =⇒ f(z) = ϕ (z) g(z) =⇒ f(z) � g(z) (z ∈ U).
We begin by recalling each of the following subclasses of the class A of normalized

analytic functions in U.

Definition 1.1. (see Owa et al. [10]) We say that a function f ∈ A is in the class S∗ (α, b) of
Sakaguchi type functions if it satisfies the following inequality:

(1.2) <
(
(1− b) zf ′ (z)
f (z)− f (bz)

)
> α (z ∈ U; 1 6= b ∈ C; |b| 5 1; 0 5 α 5 1).

The Sakaguchi type function class S∗ (α, b) was studied by Owa et al. [10]. Obradović
[9] introduced the class of non-Bazilević functions f ∈ A, which satisfy the following
inequality:

(1.3) <

(
f ′ (z)

(
z

f (z)

)1+ρ
)
> 0 (z ∈ U; 0 < ρ < 1).

More recently, by using of the above-defined concept of quasi-subordination, the fol-
lowing subclasses of the class A of normalized analytic functions in U was defined by
Sharma and Raina [13].

Definition 1.2. Let the function φ ∈ P be univalent in U and let φ (U) be symmetrical
about the real axis with

φ′ (0) > 0.

We say that a function f ∈ A is in the class Gρq (φ, b) if the following quasi-subordination
holds true:

(1.4) f ′ (z)

(
(1− b) z

f (z)− f (bz)

)ρ
− 1 ≺q [φ (z)− 1] (z ∈ U; 1 6= b ∈ C; |b| 5 1; ρ = 0).

Motivated by each of the above definitions, we now make use of the concept of quasi-
subordination to introduce the following subclass of the class A of normalized analytic
functions in U.
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Definition 1.3. Let the function φ ∈ P be univalent in U and let φ (U) be symmetrical
about the real axis with

φ′ (0) > 0 (z ∈ U).
Then a function f ∈ A is said to be in the class J ρq (φ, b, α) if

(1.5) (1− α) f (z)
z

+ αf ′ (z)

(
(1− b) z

f (z)− f (bz)

)ρ
− 1 ≺q [φ (z)− 1]

(z ∈ U; 1 6= b ∈ C; |b| 5 1; ρ = 0; 0 5 α 5 1).

It is clear from Definition 1.3 that f ∈ J ρq (φ, b, α) if and only if there exists a function ϕ
with

|ϕ (z)| 5 1 (z ∈ U)
such that

(1.6)
(1− α) f (z)

z
+ αf ′ (z)

(
(1− b) z

f (z)− f (bz)

)ρ
− 1

ϕ (z)
≺ [φ (z)− 1] (z ∈ U).

For different choices of the parameters involved in Definition 1.3 and (1.5), we have the
following specialized subclasses of the analytic function class A:

(i) For
ϕ (z) = 1 (z ∈ U)

in the subordination (1.6) , we have the class J ρ (φ, b, α) defined by the following condi-
tion:

(1.7) (1− α) f (z)
z

+ αf ′ (z)

(
(1− b) z

f (z)− f (bz)

)ρ
≺ φ (z) (z ∈ U).

(ii) For α = 1 in the subordination (1.6) , we have the class Gρq (φ, b) studied by Sharma
and Raina [13].

(iii) For

φ (z) =
1 + z

1− z
(z ∈ U),

the class J 2 (φ, 0, 1) reduces to the class studied by Nunokawa et al. [8].

(iv) The classes
J 1
q (φ, 0, 1) and J 0

q (φ, 0, 1)

coincide with the classes
S∗q (φ) and Rq (φ) ,

respectively, defined in [6].

(v) The class J 1 (φ, b, 1) reduces to the class S∗ (φ, b) studied by Goyal and Gowswami [4].

(vi) For

φ (z) =
1 + z

1− z
(z ∈ U),

we get the class S∗s given by
J 1 (φ,−1, 1) =: S∗s ,
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which happens to be the class of starlike functions with respect to symmetric points intro-
duced by Sakaguchi [12].

The Fekete-Szegö functional given, for the Taylor-Maclaurin coefficients in (1.1), by∣∣a3 − µa22∣∣
is due to Fekete and Szegö [3]. It has indeed been studied extensively (see, for example,
[14] and the references cited therein). Our main aim in this paper is to study the correspon-
ding Fekete-Szegö inequality for the above-defined analytic function class J ρq (φ, b, α) .

In proving our results, we use an inequality due to Keogh and Merkes [5] which is gi-
ven in following lemma.

Lemma. Let the Schwarz function ω (z) be given by

(1.8) ω (z) = ω1z + ω2z
2 + ω3z

3 + · · · (z ∈ U) .

Then

(1.9) |ω1| 5 1 and
∣∣ω2 − κω2

1

∣∣ 5 1 + (|κ| − 1) |ω1|2 5 max {1, |κ|} (κ ∈ C).

The result is sharp for the function given by

ω (z) = z or ω (z) = z2.

2. MAIN RESULTS AND THEIR CONSEQUENCES

Let the function f ∈ A be of the form (1.1) . Then it is clearly seen that

f (z)− f (bz)
1− b

= z +

∞∑
n=2

δnanz
n (z ∈ U),

where

(2.10) δn =
1− bn

1− b
= 1 + b+ b2 + · · ·+ bn−1 (n ∈ N).

Therefore, for ρ = 0, we find that

(2.11)
(

(1− b) z
f (z)− f (bz)

)ρ
= 1− ρδ2a2z + ρ

(
1 + ρ

2
δ22a

2
2 − δ3a3

)
z2 + · · · .

Throughout this paper, we assume that ρ and b are such that

ρδn 6= n (z ∈ U) and ρδn < n (n ∈ N \ {1}; b ∈ R).

We also suppose that the function φ ∈ P is of the form:

(2.12) φ (z) = 1 + c1z + c2z
2 + · · · (c1 > 0; z ∈ U)

and that the ψ (z), analytic in U, is of the form:

(2.13) ψ (z) = b0 + b1z + b2z
2 + · · · (z ∈ U).

Theorem 2.1. Let the function f ∈ A be in the class J ρq (φ, b, α) . Then

|a2| 5
c1

|1 + α− αρδ2|
and, for some µ ∈ C,

(2.14)
∣∣a3 − µa22∣∣ 5 c1

|1 + 2α− αρδ3|
max

{
1,

∣∣∣∣c1L− c2
c1

∣∣∣∣} ,
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where

(2.15) L =
µ (1 + 2α− αρδ3)
(1 + α− αρδ2)2

−
ρ

(
1 +

3α− 1− αδ2
1 + α− αρδ2

)
δ2

2 (1 + α− αρδ2)

and δn (n ∈ N) is given by (2.10) .

Proof. Suppose that the function f ∈ J ρq (φ, b, α) is given by (1.1). Then, by using the
concept of subordination with Schwarz function ω (z) given by (1.8) and for the analytic
function ψ (z) defined in (2.13) , it follows that

(2.16) (1− α) f (z)
z

+ αf ′ (z)

(
(1− b) z

f (z)− f (bz)

)ρ
− 1 = ψ (z) [φ (z)− 1] (z ∈ U).

Moreover, in view of (2.12) , it is easy to see that

ψ (z) (φ (z)− 1) =
(
b0 + b1z + b2z

2 + · · ·
) [
c1ω1z +

(
c1ω2 + c2ω

2
1

)
z2 + · · ·

]
= b0c1ω1z +

[
b0
(
c1ω2 + c2ω

2
1

)
+ b1c1ω1

]
z2 + · · · .(2.17)

Since f ∈ A, by using (1.1) together with (2.11) and after simple computations, we
obtain

(1− α) f (z)
z

+ αf ′ (z)

(
(1− b) z

f (z)− f (bz)

)ρ
− 1

(2.18)

= (1 + α− αρδ2) a2z +
[
(1 + 2α− αρδ3) a3 − αρ

(
2− 1

2
(1 + ρ) δ2

)
δ2a

2
2

]
z2 + · · · .

Now, upon substituting the values from (2.17) and (2.18) into (2.16) and equating the
coefficients of z and z2, we have

(2.19) (1 + α− αρδ2) a2 = b0c1ω1

and

(2.20) (1 + 2α− αρδ3) a3 − αρ
[
2− 1

2
(1 + ρ) δ2

]
δ2a

2
2 = b0

(
c1ω2 + c2ω

2
1

)
+ b1c1ω1.

Since |b0| 5 1 and |c1| 5 1, we find from (2.19) that

(2.21) |a2| 5
c1

|1 + α− αρδ2|
.

Now, from (2.19), (2.20) yields

(1 + 2α− αρδ3) a3 = αρ

(
4− (1 + ρ) δ2

2 (1 + α− αρδ2)2

)
δ2b

2
0c

2
1ω

2
1 + b0

(
c1ω2 + c2ω

2
1

)
+ b1c1ω1,

which implies that
(2.22)

a3 =
c1

1 + 2α− αρδ3

b1ω1 + b0

ω2 +

b0ρ
(
1 +

3α− 1− αδ2
1 + α− αρδ2

)
δ2c1

2 (1 + α− αρδ2)
+
c2
c1

ω2
1


 .

Also, for some µ ∈ C, we find from (2.21) and (2.22) that

(2.23) a3 − µa22 =
c1

1 + 2α− αρδ3

[
b1ω1 +

(
ω2 +

c2
c1
ω2
1

)
b0 − c1Lω2

1b
2
0

]
,
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where L is given in (2.15) . Since the function ψ defined in (2.13) is analytic and bounded
in U, by using a result recorded by Nehari [7], we have

(2.24) |b0| 5 1 and b1 =
(
1− b20

)
x

for some x (|x| 5 1) . Thus, upon substituting the value of b1 from (2.24) into (2.23) , we
get

(2.25) a3 − µa22 =
c1

1 + 2α− αρδ3

[
xω1 +

(
ω2 +

c2
c1
ω2
1

)
b0 −

(
c1Lω

2
1 + xω1

)
b20

]
.

For b0 = 0 in (2.25) , it follows that∣∣a3 − µa22∣∣ 5 c1
|1 + 2α− αρδ3|

.

For the case when b0 6= 0, we consider

g (b0) = xω1 +

(
ω2 +

c2
c1
ω2
1

)
b0 −

(
c1Lω

2
1 + xω1

)
b20,

which is a polynomial in b0 and is, therefore, analytic in |b0| 5 1, and the maximum of
|g (b0)| is attained at b0 = eiθ (0 5 θ < 2π) . We find that

max
05θ<2π

|g (b0)| = |g (1)| (b0 = eiθ)

and

(2.26)
∣∣a3 − µa22∣∣ 5 c1

|1 + 2α− αρδ3|

∣∣∣∣ω2 −
(
c1L−

c2
c1

)
ω2
1

∣∣∣∣
Finally, by using the Lemma in Section 1, we have the assertion (2.14) of Theorem 2.1.

It is easily seen that the result is sharp for the function f (z) given by

(2.27) (1− α) f (z)
z

+ αf ′ (z)

(
(1− b) z

f (z)− f (bz)

)ρ
= φ (z)

(1 6= b ∈ C; |b| 5 1; ρ = 0; z ∈ U)
or

(2.28) (1− α) f (z)
z

+ αf ′ (z)

(
(1− b) z

f (z)− f (bz)

)ρ
= φ

(
z2
)

(1 6= b ∈ C; |b| 5 1; ρ = 0; z ∈ U)
or

(2.29) (1− α) f (z)
z

+ αf ′ (z)

(
(1− b) z

f (z)− f (bz)

)ρ
− 1 = z [φ (z)− 1]

(1 6= b ∈ C; |b| 5 1; ρ = 0; z ∈ U)
This complete the proof of Theorem 2.1 �

By suitably specializing Theorem 2.1, we obtain the following sharp results for the
classes

S∗q (φ) and Rq (φ) ,
which were introduced in Section 1.
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Corollary 2.1. Let the function f ∈ A of the form (1.1) be in the class S∗q (φ) . Then

|a2| 5 c1
and, for some µ ∈ C, ∣∣a3 − µa22∣∣ 5 c1

2
max

{
1,

∣∣∣∣c2c1 + (1− 2µ) c1

∣∣∣∣} .
The result is sharp.

Corollary 2.2. Let the function f ∈ A of the form (1.1) be in the classRq (φ) . Then

|a2| 5
c1
2
,

and, for some µ ∈ C, ∣∣a3 − µa22∣∣ 5 c1
3

max

{
1,

∣∣∣∣c2c1 − 3µ

4
c1

∣∣∣∣} .
The result is sharp.

Remark 2.1. In the special case of Theorem 2.1 when b = 0, α 6= 1 and ρ = 1, we obtain
the following result:

|a2| 5 c1
and, for some µ ∈ C,∣∣a3 − µa22∣∣ 5 c1

1 + α
max

{
1,

∣∣∣∣c2c1 + (α− µ (1 + α)) c1

∣∣∣∣} .
Remark 2.2. In the special case of Theorem 2.1 when b = 0, α 6= 1 and ρ = 0, we obtain
the following result:

|a2| 5
c1

1 + α
and, for some µ ∈ C,∣∣a3 − µa22∣∣ 5 c1

1 + 2α
max

{
1,

∣∣∣∣∣c2c1 − (2α+ 1)µ

(1 + α)
2 c1

∣∣∣∣∣
}
.

Theorem 2.2. Let f ∈ J ρ (φ, b, α) . Then

|a2| 5
c1

|1 + α− αρδ2|
and, for some µ ∈ C,

(2.30)
∣∣a3 − µa22∣∣ 5 c1

|1 + 2α− αρδ3|
max

{
1,

∣∣∣∣c2c1 − c1L
∣∣∣∣} ,

where L is given by (2.15) and δn (n ∈ N) is given by (2.10) . The result is sharp.

Proof. Suppose that the function f ∈ J ρ (φ, b, α) is given by (1.1). Then ψ (z) ≡ 1, which
implies that

b0 = 1 and bn = 0 (n ∈ N).
Now, by using (2.21) and (2.23) in conjunction with the Lemma in Section 1, we obtain
the required result (2.30). Sharpness of this result can be verified for the function f (z)
given by

(2.31) (1− α) f (z)
z

+ αf ′ (z)

(
(1− b) z

f (z)− f (bz)

)ρ
= φ (z)

or
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(2.32) (1− α) f (z)
z

+ αf ′ (z)

(
(1− b) z

f (z)− f (bz)

)ρ
= φ

(
z2
)
.

�

Our next result (Theorem 2.3 below) is associated with the familiar concept of majori-
zation.

Theorem 2.3. Let 1 6= b ∈ C, |b| 5 1 and 0 5 α 5 1. If the function f ∈ A of form given by
(1.1) satisfies the following majorization condition:

(2.33) (1− α) f (z)
z

+

[
αf ′ (z)

(
(1− b) z

f (z)− f (bz)

)ρ
− 1

]
� [φ (z)− 1] (z ∈ U),

then
|a2| 5

c1
|1 + α− αρδ2|

and, for some µ ∈ C,∣∣a3 − µa22∣∣ 5 c1
|1 + 2α− αρδ3|

max

{
1,

∣∣∣∣c2c1 − c1L
∣∣∣∣} ,

where δn (n ∈ N) is given by (2.10) and L is given by (2.15) . The result is sharp.

Proof. By using the concept of majorization and Theorem 2.1, we have ω (z) ≡ z in (1.8) .
This implies that

ω1 = 1 and ωn = 0 (n ∈ N \ {1}).
Thus, if we make use of (2.21) and (2.23) , we get

|a2| 5
c1

|1 + α− αρδ2|
and

(2.34) a3 − µa22 =
c1

1 + 2α− αρδ3

(
b1 +

c2
c1
b0 − c1Lb20

)
.

Upon substituting the value of b1 from (2.24) into (2.34) , we find that

(2.35) a3 − µa22 =
c1

1 + 2α− αρδ3

(
x+

c2
c1
b0 − (c1L+ x) b20

)
.

If b0 = 0, then

(2.36)
∣∣a3 − µa22∣∣ 5 c1

|1 + 2α− αρδ3|
.

Also, for b0 6= 0, we consider

H (b0) = x+
b0c2
c1
− (c1L+ x) b20,

which is a polynomial in b0 and is, therefore, analytic in |b0| 5 1, and the maximum of
|H (b0)| is attained at b0 = eiθ (0 5 θ < 2π) . We thus find that

max
05θ<2π

∣∣H (eiθ)∣∣ = |H (1)| .

Therefore, we have

(2.37)
∣∣a3 − µa22∣∣ 5 c1

|1 + 2α− αρδ3|

∣∣∣∣c1L− c2
c1

∣∣∣∣ .
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Now, from the inequality (2.37) together with (2.36), we have the result asserted by The-
orem 2.3. The result is sharp for the function given by

(1− α) f (z)
z

+ αf ′ (z)

(
(1− b) z

f (z)− f (bz)

)ρ
= φ (z) .

�

We now find the bounds of the Fekete-Szegö functional
∣∣a3 − µa22∣∣ when µ and b are

real numbers. We first obtain the following result for the class J ρq (φ, b, α).

Corollary 2.3. Let the function f ∈ J ρq (φ, b, α) be of the form (1.1). Then, for real values of µ
and b,
(2.38)

∣∣a3 − µa22∣∣ 5



c1
1 + 2α− αρδ3

[
c1

(
ρ {4α− α (1 + ρ) δ2} δ2 − 2µ (1 + 2α− αρδ3)

2 (1 + α− αρδ2)2
+
c2
c1

)]
(µ 5 ν)

B1c1
1 + 2α− αρδ3

(ν 5 µ 5 ν + 2γ)

c1
1 + 2α− αρδ3

[
c1

(
2s (1 + 2α− αρδ3)− ρ {4α− α (1 + ρ) δ2} δ2

2 (1 + α− αρδ2)2

)
− c2
c1

]
(µ = ν + 2γ),

where

(2.39) ν =
ρ [4α− α (1 + ρ) δ2] δ2
2 (1 + 2α− αρδ3)

− (1 + α− αρδ2)2

1 + 2α− αρδ3

(
1

c1
− c2
c21

)
,

(2.40) γ =
(1 + α− αρδ2)2

c1 (1 + 2α− αρδ3)
and δn (n ∈ N) is given by (2.10) . The result is sharp.

Proof. For real values of µ and b, by applying (2.14), we get the result asserted by Corollary
2.3 under the following cases:

c1L−
c2
c1
5 −1, −1 5 c1L−

c2
c1
5 1 and c1L−

c2
c1
= 1,

where L is given by (2.15) .

(1) For µ < ν or µ > ν + 2γ, the equality holds true if and only if ω (z) = z or one of its
rotations.

(2) For ν < µ < ν + 2γ, the equality holds true if and only if ω (z) = z2 or one of its
rotations. �

Theorem 2.4. Let the function f ∈ J ρq (φ, b, α) be of the form (1.1). Then, for real values of µ
and b,

(2.41)
∣∣a3 − µa22∣∣+ (µ− ν) |a2|2 5

c1
1 + 2α− αρδ3

(ν < µ 5 ν + γ)

and

(2.42)
∣∣a3 − µa22∣∣+ (ν + 2γ − µ) |a2|2 ≤

c1
1 + 2α− αρδ3

(γ + ν < µ < ν + 2γ),

where ν and γ are given by (2.39) and (2.40) , respectively, and δ3 is given by (2.10) .
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Proof. Suppose that the function f ∈ J ρq (φ, b, α) is given by (1.1). If ν < µ 5 ν + γ, then
we find from (2.21) and (2.26) that

∣∣a3 − µa22∣∣+ (µ− ν)
∣∣a22∣∣

5
c1

1 + 2α− αρδ3

[
|ω2| −

c1 (1 + 2α− αρδ3)
(1 + α− αρδ2)2

(µ− ν − γ) |ω1|2

+
c1 (1 + 2α− αρδ3)

1 + α− αρδ2
(µ− ν) |ω1|2

]
.

Hence, by applying the Lemma in Section 1, we get∣∣a3 − µa22∣∣+ (µ− ν)
∣∣a22∣∣ 5 c1

1 + 2α− αρδ3
,

If γ+ ν < µ < ν+2γ, then we again make use of (2.21) and (2.26) in conjunction with the
Lemma in Section 1. We thus find that∣∣a3 − µa22∣∣+ (ν + 2γ − µ) |a2|2

5
c1

1 + 2α− αρδ3

[
|ω2|+

c1 (1 + 2α− αρδ3)
(1 + α− αρδ2)2

(µ− ν − γ) |ω1|2

+
c1 (1 + 2α− αρδ3)
(1 + α− αρδ2)2

(ν + 2γ − µ) |ω1|2
]
,

so that, by using the Lemma in Section 1 once again, we obtain∣∣a3 − µa22∣∣+ (ν + 2γ − µ) |a2|2 5
c1

1 + 2α− αρδ3
.

Hence we have established the result asserted by Theorem 2.4. �

Remark 2.3. We observe that, on choosing α = 1 and ρ = 1, the inequality (2.38) and
its subsequently-improved version given by Theorem 2.4 would coincide with a known
result of Goyal and Goswami [4].

3. CONCLUSION

In our present investigation, we have introduced and systematically studied the fami-
liar Fekete-Szegö functional which is associated with a new subclass of the normalized
analytic function classA. We have defined this interesting subclass by using the principle
of quasi-subordination between analytic functions. In particular, we have derived some
sufficient conditions for functions belonging to this subclass. Our results in this paper are
shown to improve and generalize several known results which were derived in a number
of recent works. We choose also to cite some recent investigations on the subject of this
paper by (for example) Altınkaya and Yalçın (see [1] and [2]).
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functions, Complex Variables Theory Appl., 44 (2001), 145–163
[15] Tang, H., Srivastava, H. M. and Deng, G.-T., Some families of analytic functions in the upper half-plane and their

associated differential subordination and differential superordination properties and problems, Appl. Math. Inform.
Sci., 11 (2017), 1247–1257

1DEPARTMENT OF MATHEMATICS AND STATISTICS

UNIVERSITY OF VICTORIA

VICTORIA, BRITISH COLUMBIA V8W 3R4, CANADA

2DEPARTMENT OF MEDICAL RESEARCH

CHINA MEDICAL UNIVERSITY HOSPITAL

CHINA MEDICAL UNIVERSITY

TAICHUNG 40402, TAIWAN, REPUBLIC OF CHINA

E-mail address: harimsri@math.uvic.ca

3DEPARTMENT OF MATHEMATICS

COMSATS INSTITUTE OF INFORMATION TECHNOLOGY

ABBOTTABAD, PAKISTAN

E-mail address: saqib math@yahoo.com
E-mail address: aliyaraziq93@gmail.com

4DEPARTMENT OF MATHEMATICS

GOVERNMENT COLLEGE UNIVERSITY

FAISALABAD, PAKISTAN

E-mail address: mohsan976@yahoo.com


