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The Fekete-Szego functional for a subclass of analytic
functions associated with quasi-subordination

H. M. SRIVASTAVA 2, SAQIB HUSSAIN®, ALIA RAZIQ® and MOHSAN RAaza*

ABSTRACT. In the present paper, we introduce and investigate the Fekete-Szego functional associated with
a new subclass of analytic functions, which we have defined here by using the principle of quasi-subordination
between analytic functions. Some sufficient conditions for functions belonging to this class are also derived. The
results presented here improve and generalize several known results.

1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

Let A be the class of functions of the form:

(1.1) fR) =2+ anz",

n=2
which are analytic in the open unit disk
U={z:2z€C and |z < 1}.
We also denote by P the class of functions ¢, analytic in U, such that
#(0)=1 and  R(¢(2)) >0 (z€U).

In order to introduce the principles of subordination and quasi-subordination, we let
f and g be two analytic functions in U. We say that the function f is subordinate to the
function g, written as follows:

f=g or  f(z) <g(2) (z€U),
if there exists a Schwarz function w, which is analytic in U with
w(0)=0 and lw(z)| <1 (2 €0),
such that
f@)=g(w(z) (z€T).
Furthermore, if the function g is univalent in U, then we have the following equivalence

relation (see also a recent investigation by Tang ef al. [15] on applications of the principles
of differential subordination and differential superordination between analytic functions):

f(z) <g(z) = f(0)=g(0) and  f(U)Cg(U).
Further, for two functions f and ¢ analyticin U, the function f is said to be quasi-subordinate
to the function g in U, written as follows:

f(2) < 9(2) (2€0),
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if there exists an analytic function ¢ (z), with
() =1 (z€),

such that the function:

f(z)
¢ (2)
is analytic in U and
/(z)
Lo e e,

if there exists the above-mentioned Schwarz function w such that

f(z) = ¢ (2) g(w(2))-
The concept of quasi-subordination was given by Robertson [11]. It is clear that, in the
special case when

pz)=1 (€U,
the quasi-subordination <, coincides with the usual subordination < . Furthermore, for
the Schwarz function w given by

w(z)=1 (z € 1),

the quasi-subordination <, becomes the majorization <, and we are led to the following
relation:

f(2) =4 9(2) = f(z) =¢(2)9(2) = f(2) < g(2) (2€D).

We begin by recalling each of the following subclasses of the class A of normalized
analytic functions in U.

Definition 1.1. (see Owa et al. [10]) We say that a function f € Ais in the class $* (o, b) of
Sakaguchi type functions if it satisfies the following inequality:

(1-b)=f (Z)>
1.2 §R< >« zeU; 1#beC; b =21, 02 a=1).
(12 e ( £beC o )

The Sakaguchi type function class S* (a, b) was studied by Owa et al. [10]. Obradovi¢
[9] introduced the class of non-Bazilevi¢ functions f € A, which satisfy the following
inequality:

14+p
z
1.3) R f’z() >0 2€U; 0<p<).
( ( O\7m ( p<1)
More recently, by using of the above-defined concept of quasi-subordination, the fol-
lowing subclasses of the class A of normalized analytic functions in U was defined by
Sharma and Raina [13].

Definition 1.2. Let the function ¢ € P be univalent in U and let ¢ (U) be symmetrical
about the real axis with

¢ (0) > 0.
We say that a function f € A is in the class G/ (¢, b) if the following quasi-subordination

holds true:
) 7@ (F52255) 1< b@ -1 Geli14bet St p20)
: DN\ | — z) — z€T; ;b =15 p20).
7 )= f2) ’ ’
Motivated by each of the above definitions, we now make use of the concept of quasi-
subordination to introduce the following subclass of the class .A of normalized analytic
functions in U.
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Definition 1.3. Let the function ¢ € P be univalent in U and let ¢ (U) be symmetrical
about the real axis with

¢ (0)>0 (z €U).
Then a function f € A is said to be in the class J7 (¢, b, a) if

O L apn (A== ) —
S orar ) (75 00g) 1 < b -1

(€U 1#beC =1 p20; 0= a<S1).

(1.5) (1—a)

It is clear from Definition 1.3 that f € J/ (¢, b, @) if and only if there exists a function ¢
with
lp()l =1 (2€U)
such that

f(2) / (1-bz \*
-l var e (5= 0) -
¢ (2)

For different choices of the parameters involved in Definition 1.3 and (1.5), we have the
following specialized subclasses of the analytic function class .A:

(1.6) <[ (2) —1] (z € ).

(i) For

p(z)=1 (2€0)
in the subordination (1.6) , we have the class J” (¢, b, o) defined by the following condi-
tion:

(1.7) (1-a) 1) +af (z) <

z

Fo-gm) <40 <O

(ii) For a = 1 in the subordination (1.6), we have the class G/ (¢,b) studied by Sharma
and Raina [13].

(iii) For
1+z2
6(2) =

the class J2 (¢, 0,1) reduces to the class studied by Nunokawa et al. [8].

(z €0),

(iv) The classes
Jl($,0,1) and  J2(¢,0,1)
coincide with the classes
Sg(@)  and Ry (9),
respectively, defined in [6].

(v) The class J! (¢, b, 1) reduces to the class S* (¢, b) studied by Goyal and Gowswami [4].

(vi) For
142

0) =

(z € 0),

we get the class S given by
'~71 (qﬁ, _17 1) = 8;7
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which happens to be the class of starlike functions with respect to symmetric points intro-
duced by Sakaguchi [12].

The Fekete-Szego functional given, for the Taylor-Maclaurin coefficients in (1.1), by
a3 = a3
is due to Fekete and Szeg6 [3]. It has indeed been studied extensively (see, for example,
[14] and the references cited therein). Our main aim in this paper is to study the correspon-
ding Fekete-Szego inequality for the above-defined analytic function class J7 (¢, b, a) .

In proving our results, we use an inequality due to Keogh and Merkes [5] which is gi-
ven in following lemma.

Lemma. Let the Schwarz function w (z) be given by

(1.8) w(2) = w1z + w2 w3 4 (z €U).
Then
1.9 |wi|S1  and  |we —kw}| S 1+ (8] = 1) wi]® £ max {1,|k]} (k€ C).

The result is sharp for the function given by

w(z) ==z or w(z) = 22

2. MAIN RESULTS AND THEIR CONSEQUENCES

Let the function f € Abe of the form (1.1) . Then it is clearly seen that

%{)wz):z—kz%anz" (z €,
n=2
where
1-b" 2 n—1
(2.10) Op = 1_b:1+b+b +---4b (n €N).
Therefore, for p = 0, we find that
1-0)z ’ 14+p
(211) <M> = 1 — p(SQCLQZ + p <2 5%@% — 53(13) 22 + s,

Throughout this paper, we assume that p and b are such that
pon, #n (2 € U) and pon, <n (neN\{1l}; beR).
We also suppose that the function ¢ € P is of the form:

(2.12) G (2) =14 crz+cp2® +--- (1 >0; z€ )

and that the 1) (2), analytic in U, is of the form:

(2.13) Y (2) =bo+brz +by2® 4+ (2 € U).

Theorem 2.1. Let the function f € Abe in the class Jf (¢,b, ) . Then
C1

asl £ ——
la2] = |1+ a — apds|
and, for some p € C,

C2
ClL - —

(2.14) |a3 — ua§| < c—1| max {1,
C1

|1+ 20 — apds

b
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_1_
+3a a52>62

1
(2.15) Lu(1+2a—ap53)p< 1+ o — apdy
. (1+afap62)2 2(14+a— apds)

and §,, (n € N) is given by (2.10) .

where

Proof. Suppose that the function f € J/ (¢,b, ) is given by (1.1). Then, by using the
concept of subordination with Schwarz function w (z) given by (1.8) and for the analytic
function 1 (z) defined in (2.13) , it follows that

L8 sar o) (755255 ) ~1-v@bR-1 e
Moreover, in view of (2.12) , it is easy to see that

1/)(2’) (gb(z) — 1) = (bo +blz+b2z2 + ) [clwlz+ (CIWZ Jngwf) 22 + }
(2.17) = bpciwiz + [bo (c1w2 + CQUJ%) + b101w1] 224,

2.16) (1-aq)

Since f € A, by using (1.1) together with (2.11) and after simple computations, we
obtain

(2.18)

z — y p
1-a & var o) (755005) -

1
=(1+a—apd)az+ [(1+2a—ap63)a3—ap<2—2(1+p) 62)52@%} 224

Now, upon substituting the values from (2.17) and (2.18) into (2.16) and equating the
coefficients of z and 22, we have
(219) (]. + o — ap(sg) ags = boclwl

and
1
(2.20) (1420 — apds)as — ap [2 ~3 (1+p) 52} 52a§ = by (clwg + 020.;%) + bieiwy.

Since |bg| £ 1 and |¢1| £ 1, we find from (2.19) that
C1

2.21 <
221) o] = |1+« — apds]

Now, from (2.19), (2.20) yields

4—(14+p)6
(14 20— apds)az = ap (2 (1 +( P) 52)2> 52530540% +bo (Clwz + cwf) + bicrwn,
o — po2

which implies that

(2.22)
—1-—ad
bop (HM) 5y
a5 =—— 1 |hw +bo { w2 + Lo apd S
P I 2a—apds | TR 2(1+ a—apdy) c1 !

Also, for some u € C, we find from (2.21) and (2.22) that

&1

2.23 —pai = ————
223 4 He =T + 2a — apds

{blwl n <w2 T Z%%) by — clefbg} ,
1
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where L is given in (2.15) . Since the function ¢ defined in (2.13) is analytic and bounded
in U, by using a result recorded by Nehari [7], we have

(2.24) bo| <1  and b= (1-0))x

for some z (Jz| £ 1). Thus, upon substituting the value of b; from (2.24) into (2.23) , we
get

C1 C2
(225) az — /,Lag = m |:CUUJ1 + <W2 + Clw%) bO - (ClLUJ% + 1'0.)1) b(z) .
For by = 0in (2.25), it follows that
<
jas — pa3] < 1+ 20 — apds|’

For the case when by # 0, we consider
c
g (by) = zwy + (w2 + ;wf> bo — (c1Lwi + zwi) b,
1

which is a polynomial in by and is, therefore, analytic in |by| = 1, and the maximum of
lg (bo)| is attained at by = € (0 < 0 < 27) . We find that

max |g(bo)| =lg (W) (bo= ¢

0560<2
C2
wo — e L — — w%
C1

Finally, by using the Lemma in Section 1, we have the assertion (2.14) of Theorem 2.1.
It is easily seen that the result is sharp for the function f (z) given by

and
C1

2.26 R I —
(2.26) |a3 ,ua2| T 14 200 — apds|

f(z) / 1-b=z \"_

(2.27) (1-a) - +af (z) (f(z)—f(bz)) =¢(2)
(1#beC; b|=1; p20; 2€ 1)

or
f (z) / (1 — b) o g _

(2.28) (1-a) = taf (2) (f(z)f(bz)) =0 (2*)
(1#beC; b £1; p20; z€0)

or

f(z) / 1-b=z \"_, _

(2.29) (1—a)7+af (2) (f(z)—f(bz)) —1=z[p(z) - 1]
(1#beC; b £1; p20; z€ )

This complete the proof of Theorem 2.1 O

By suitably specializing Theorem 2.1, we obtain the following sharp results for the
classes

S, (9) and Ry (¢),
which were introduced in Section 1.
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Corollary 2.1. Let the function f € A of the form (1.1) be in the class S; (¢) . Then

laz| < 1

and, for some p € C,

C C
jay — pa| < & max{l, 2L (1-2pe

c1
The result is sharp.
Corollary 2.2. Let the function f € A of the form (1.1) be in the class R4 (¢) . Then
c
jaz] < 5

and, for some p € C,

Ca 3uc
——C1

2 G
|a3—ua2| < 3 max{l, o 4

b

Remark 2.1. In the special case of Theorem 2.1 when b = 0, o # 1 and p = 1, we obtain
the following result:

The result is sharp.

laz| = 1
and, for some p € C,

C C:
Jag — ] < 1 max{l,'c‘jﬂau(lw»cl

b

Remark 2.2. In the special case of Theorem 2.1 when b = 0, o # 1 and p = 0, we obtain
the following result:

C1
<
jaz] = 1+a

and, for some p € C,

2 1
las — paZ] < — max{ 1, %_Mcl _
1+ 2a 1 (1+a)
Theorem 2.2. Let f € J? (¢,b,«). Then
C1
ay] £ ——m——
ja2] = 1+ o — apds|
and, for some p € C,
C1 C2
2.30 —pai £ —— 1,|—= —c L
( ) |(l3 :U’a’2’ = |1—|—20¢—Ozp53| max{ ) 1 C1 ’}7

where L is given by (2.15) and 6,, (n € N) is given by (2.10) . The result is sharp.
Proof. Suppose that the function f € J? (¢,b,a) is given by (1.1). Then ¢ (z) = 1, which
implies that
bo=1 and b, =0 (n€eN).
Now, by using (2.21) and (2.23) in conjunction with the Lemma in Section 1, we obtain

the required result (2.30). Sharpness of this result can be verified for the function f (z)
given by

2.31) (1—a) @ +af (2) <M) —6(2)

or



110 H. M. Srivastava, Saqib Hussain, Alia Raziq and Mohsan Raza
f(2) / (1-b)z g 2
(2.32) l—a) " paf (2) [l ) =¢(22).
( )=, (2) =107 (%)
J

Our next result (Theorem 2.3 below) is associated with the familiar concept of majori-
zation.

Theorem 2.3. Let 1 # b € C, |b| £ 1and 0 < « < 1. If the function f € A of form given by
(1.1) satisfies the following majorization condition:

f(z) / 1=tz \*
then o
ja2] = |14+ a — apds|
and, for some p € C,
C1 2
’CL3 —ua%! § m max{l, a —ClL },

where 6, (n € N) is given by (2.10) and L is given by (2.15) . The result is sharp.

Proof. By using the concept of majorization and Theorem 2.1, we have w (z) = zin (1.8).
This implies that

wy =1 and w,=0 (neN\({1}).
Thus, if we make use of (2.21) and (2.23) , we get

1
< -
o] = |14+ a — apds|
and
234 —pad=—— (b + 2y — e L3
234) s — Kz 14 2a — apds 1+010 5%
Upon substituting the value of b; from (2.24) into (2.34) , we find that
2.35 —pai=— L 2py — (1L b2 ).
(2.35) az — pas G y——— x+c1o (e1L 4 x) b
If bo =0, then
C1
2.36 —pa3] £ —— M.
(2:36) a3 — o3| < |1+ 200 — apds|
Also, for by # 0, we consider
b
H (bo) = 2+ 2= — (a1 L +2) f,
1

which is a polynomial in by and is, therefore, analytic in |by| < 1, and the maximum of
|H (bo)| is attained at by = ¢ (0 < 6 < 27) . We thus find that
max |H (ew)| =|H (1)].

0s0<2m
Therefore, we have
C1

C2
< S P .2
11+ 20— apds| | '

(2.37) as — pa3| <
C1
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Now, from the inequality (2.37) together with (2.36), we have the result asserted by The-
orem 2.3. The result is sharp for the function given by

(=)=~ 7))~

O

We now find the bounds of the Fekete-Szego functional ’ag — pa3| when p and b are
real numbers. We first obtain the following result for the class J7 (¢, b, a).

Corollary 2.3. Let the function f € Jf (¢,b, ) be of the form (1.1). Then, for real values of
and b,

2.38)
c1 [c (p{4a—a(1+p)62}52—2u(1+2a—ap63)+072)}
1+2a—apds | 2(1+ a — apds)? el
(n=v)
Bic
—padl <! <u<
=192 S\ T390 — apds (v=E=psv+2y)
c1 [c (28(14’2&70&,053)7p{4a706(1+p)62}52)7672:|
1420 —apds | ' 2(1+ a — apdz)’ c1
(hZv+2y),
where
(2.39) V_p[4a—a(1+p)62]527(1+a—ap52)2 1 o
'  2(1+2a — apds) 1420 —apds \c1 2]’
1+a—apdy)’
(2.40) (14 a = apd)

T o (14 2a — apds)
and §, (n € N) is given by (2.10) . The result is sharp.

Proof. For real values of ;«and b, by applying (2.14), we get the result asserted by Corollary

2.3 under the following cases:
aL-2<1, 1<aL-2<1 and  aL-2>1,
C1 C1 C1

where L is given by (2.15) .

(1) For p < v or 4 > v + 27, the equality holds true if and only if w (z) = z or one of its
rotations.

(2) For v < pu < v + 2, the equality holds true if and only if w(z) = 2? or one of its
rotations. O

Theorem 2.4. Let the function f € Jf (¢,b, ) be of the form (1.1). Then, for real values of p
and b,

241 5 — j1a2 _ 2 a0 <

@4 Jaa—ped + ()l S gt e w<uSv)

and

242 — a2 9y — 2 a0 2
(242)  |ag — paj| + (v + 2y — p)ao|” < 790 —apy; OtV <e<vE)),

where v and ~ are given by (2.39) and (2.40) , respectively, and d3 is given by (2.10) .
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Proof. Suppose that the function f € Jf (¢, b, ) is given by (1.1). If v < pp = v + 7, then
we find from (2.21) and (2.26) that

Jas — pa| + (= ) [
C1

< c1 (1420 — apds)
~ 14 2a — apds

]
(1+a—apdy)

|wa| —

c1 (14 2a — apds) 2
e, WVl
Hence, by applying the Lemma in Section 1, we get
a
|CL3 - ,ua§| +(p—v) ’a§| < ma

If v+ v < p < v+ 27, then we again make use of (2.21) and (2.26) in conjunction with the
Lemma in Section 1. We thus find that

|as — pa3| + (v + 2y — p) |as|”
c1 (14 2a — apds)
(14« — apds)’

_a
14 20— apds

A

2
|w2| + (n—v—7)wi]

c1 (14 20 — apds)
(1+a— apdy)?

2
(V+2’Y_M)‘w1‘ )

so that, by using the Lemma in Section 1 once again, we obtain

2 2 ‘1
- 2y — < —.
|ag — pa3| + (v + 27y — p) az|” < T y——
Hence we have established the result asserted by Theorem 2.4. O

Remark 2.3. We observe that, on choosing a = 1 and p = 1, the inequality (2.38) and
its subsequently-improved version given by Theorem 2.4 would coincide with a known
result of Goyal and Goswami [4].

3. CONCLUSION

In our present investigation, we have introduced and systematically studied the fami-
liar Fekete-Szego functional which is associated with a new subclass of the normalized
analytic function class .A. We have defined this interesting subclass by using the principle
of quasi-subordination between analytic functions. In particular, we have derived some
sufficient conditions for functions belonging to this subclass. Our results in this paper are
shown to improve and generalize several known results which were derived in a number
of recent works. We choose also to cite some recent investigations on the subject of this
paper by (for example) Altinkaya and Yalcin (see [1] and [2]).

REFERENCES

[1] Altinkaya, S. and Yalgin, S., Coefficient estimates for two new subclasses of bi-univalent functions with respect to
symmetric points, ]. Funct. Spaces, 2015 (2015), Article ID 145242, 1-5

[2] Altinkaya, S. and Yalcin, S., On a new subclass of bi-univalent functions of Sakaguchi type satisfying subordinate
conditions, Malaya J. Math., 5 (2017), 305-309

[3] Fekete, M. and Szego, G., Eine Bemerkung Uber Ungerade Schlichte Funktionen, . London Math. Soc., 8 (1933),
No. 2, 85-89



The Fekete-Szego functional for a subclass of analytic functions - - - 113

[4] Goyal, S. P. and Goswami, P., Certain coefficient inequalities for Sakaguchi type functions and applications to
fractional derivative operator, Acta Univ. Apulensis, 19 (2009), 159-166
[5] Keogh, E. R. and Merkes, E. P, A coefficient inequality for certain classes of analytic functions, Proc. Amer. Math.
Soc., 20 (1969), 8-12
[6] Mohammad, M. H. and Darus, M., Fekete-Szego problems for quasi-subordination classes, Abstr. Appl. Anal.,
2012 (2012), Article ID 192956, 1-14
[7] Nehari, Z., Conformal Mapping, McGraw-Hill Book Company, New York, 1952
[8] Nunokawa, M., Obradovi¢, M. and Owa, S., One criterion for univalency, Proc. Amer. Math. Soc., 106 (1989),
1035-1037
[9] Obradovi¢, M., A class of univalent functions, Hokkaido Math. J., 2 (1988), 329-335
[10] Owa, S., Sekine, T. and Yamakawa, R., On Sakaguchi type functions, Appl. Math. Comput., 187 (2007),
356-361
[11] Robertson, M. S., Quasi-subordination and coefficient conjectures, Bull. Amer. Math. Soc., 76 (1970), 1-9
[12] Sakaguchi, K., On a certain univalent mapping, J. Math. Soc. Japan, 11 (1959), 72-75
[13] Sharma, P. and Raina, R. K., On a Sakaguchi type class of analytic functions associated with quasi-subordination,
Comment. Math. Univ. St. Paul., 64 (2015), 59-70
[14] Srivastava, H. M., Mishra, A. K. and Das, M. K., The Fekete-Szego problem for a subclass of close-to-convex
functions, Complex Variables Theory Appl., 44 (2001), 145-163
[15] Tang, H., Srivastava, H. M. and Deng, G.-T., Some families of analytic functions in the upper half-plane and their
associated differential subordination and differential superordination properties and problems, Appl. Math. Inform.
Sci., 11 (2017), 1247-1257

IDEPARTMENT OF MATHEMATICS AND STATISTICS
UNIVERSITY OF VICTORIA
VICTORIA, BRITISH COLUMBIA V8W 3R4, CANADA

2DEPARTMENT OF MEDICAL RESEARCH

CHINA MEDICAL UNIVERSITY HOSPITAL

CHINA MEDICAL UNIVERSITY

TAICHUNG 40402, TAIWAN, REPUBLIC OF CHINA
E-mail address: harimsri@math.uvic.ca

SDEPARTMENT OF MATHEMATICS

COMSATS INSTITUTE OF INFORMATION TECHNOLOGY
ABBOTTABAD, PAKISTAN

E-mail address: sagib-math@yahoo.com

E-mail address: aliyarazig93@gmail.com

4DEPARTMENT OF MATHEMATICS
GOVERNMENT COLLEGE UNIVERSITY
FAISALABAD, PAKISTAN

E-mail address: mohsan976Q@yahoo.com



