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An iterative process for a hybrid pair of generalized
I-asymptotically nonexpansive single-valued mappings
and generalized nonexpansive multi-valued mappings in
Banach spaces

ALI FARAJZADEH!, PREEYANUCH CHUASUK?, ANCHALEE KAEWCHAROEN? and
MOHAMMAD MURSALEEN?

ABSTRACT. In this paper, an iterative process for a hybrid pair of a finite family of generalized I-asymptotically
nonexpansive single-valued mappings and a finite family of generalized nonexpansive multi-valued mappings
is established. Moreover, the weak convergence theorems and strong convergence theorems of the proposed
iterative process in Banach spaces are proven. The examples are established for supporting our main results.
The obtained results can be viewed as an improvement and extension of the several results in the literature.

1. INTRODUCTION

The fixed point theory for multi-valued nonexpansive mappings using the Pompeiu-
Hausdorff metric was initiated by and Nadler [8] and Markin [7]. Since then there exist
extensive literatures on multi-valued fixed point theory which have applications in di-
verse areas, such as control theory, convex optimization, differential inclusion, and eco-
nomics (see [5] and references cited therein). Different iterative processes have been used
to approximate fixed points of nonexpansive and multi-valued nonexpansive mappings.
Sastry and Babu [12] proved that Mann and Ishikawa iterations for a multi-valued map-
ping T with a fixed point p converges to a fixed point of T'.

Let X be a Banach space and let D be a nonempty subset of X. Let CB(D) and KC(D)
denote the families of nonempty closed bounded subsets and nonempty compact convex
subsets of D, respectively. The Pompeiu-Hausdorff metric on CB(D) is defined by

H(A, B) = max{sup dist(x, B), sup dist(y, A)} for A, B € CB(D),
T€A yeB

where dist(z, B) = inf{||z — y|| : y € B} is the distance from a point z to a subset B,
for more details see [2]. Let ¢ be a single-valued mapping of D into D and T be a multi-
valued mapping of D into C'B(D). The set of fixed points of ¢t and 7" will be denoted by
Ft)={zeD:z=ta}and F(T) = {x € D : © € Tz}, respectively. A point z is called a
common fixed point of t and T if x = to € Tx.

In 2011, Sokhuma and Kaewkhao [14] introduced the following iterative process of a
pair of a nonexpansive single-valued mapping ¢ and a nonexpansive multi-valued map-
ping T

(1 1) Yn = (1 - an)zn + anzn,
: Tnt1 = (1 = Bn)xn + Butyn, n €N,
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where 21 € D,z, € Tz, and 0 < a < ayp, B, < b < 1. They assured the existence of
a strong convergence theorem for the iterative process (1.1) in uniformly convex Banach
spaces.

In 2011, Eslamian and Abkar [4] introduced the following iterative process for a pair
of a finite family of asymptotically nonexpansive single-valued mappings {¢;}Y; and a
finite family of quasi-nonexpansive multi-valued mappings {7;}}¥;:

(12) g = B0 + S5, B2,

xn—&-l — 067(1 )xn + ZiZI S)t?ym n c N7
where 1 € D, 2\ € Tiz,,, and {a,f } {By(f)} are sequences in [0,1] foralli = 1,2,..., N
such that Zfio agf) = Efvo 7(1) =1.

In 2015, Suantai and Phuengrattana [16] extended the results of [3, 4, 14] in uniformly
convex Banach spaces. They introduced the following iterative process for a pair of a
finite family of generalized asymptotically nonexpansive single-valued mappings {¢;},
and a finite family of quasi-nonexpansive multi-valued mappings {T;}}¥ ;:

(0) ()()
(1.3) {y" zn + Tis L

Tpt1 = asLo)a:n + Zl 1 asf)t’-‘y”, n €N,

where 1 € D, 2\ € Tiz,,, and {a } {ﬁn)} are sequences in [0,1] foralli = 1,2,...,N
such that Zi:O ald) = ZZ 0 B — 1.

They [16] proved the weak convergence theorems and strong convergence theorems of
the iterative process defined in (1.3) in Banach spaces.

Definition 1.1. ([17]) Lett¢ : D — D and I : D — D be single-valued mappings. We say
that ¢ is generalized /-asymptotically nonexpansive if there exist sequences {k, } C [1,00)
and {s,} C [0, 00) with lim,,_, o k,, = 1 and lim,,_,, $,, = 0 such that

[t"z — t"y|| < kull Iz — Ty + sn,
forallz,y € Dandn € N.

If I is an identity mapping, then a single-valued mapping ¢ reduces to a generalized
asymptotically nonexpansive mapping. If s,, = 0, for all » € N, and [ is an identity map-
ping, then a single-valued mapping ¢ is called an asymptotically nonexpansive mapping.
In particular, if k,, = 1, s, =0, forall » € N, and [ is an identity mapping, a single-valued
mapping ¢ reduces to a nonexpansive mapping. The fixed point theorems for generali-
zed [-asymptotically nonexpansive single-valued mappings in uniformly convex Banach
spaces can be found in [17].

Since the class of generalized I-asymptotically nonexpansive single-valued mappings
is larger than the class of generalized asymptotically nonexpansive single-valued map-
pings, we are interested in extending and improving the above work for a pair of a finite
family ofgeneralized I-asymptotically nonexpansive single-valued mappings {¢;}, and
a finite family of quasi-nonexpansive multi-valued mappings {7;}¥ ;.

In this paper, an iterative process for a hybrid pair of a finite family of generalized I-
asymptotically nonexpansive single-valued mappings and a finite family of generalized
nonexpansive multi-valued mappings is established. Moreover, the weak convergence
theorems and strong convergence theorems of the proposed iterative process in Banach
spaces are proven. The obtained results can be viewed as an improvement and extension
of the several results in [3, 4, 6, 14, 16, 20].
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2. PRELIMINARIES

In this section, we recall some definitions, propositions and lemmas that will be used
in the sequel.
Recall that a multi-valued mapping 7' : D — C'B(D) is called to be quasi-nonexpansive
if F(T) # 0 and
H(Tw,Tp) < ||z = pl,

forallz € Dand p € F(T).
In 2011, Abkar and Eslamian [1] introduced a new condition on multi-valued mappings
called condition (E,,) as follows.

Definition 2.2. ([1]) A multi-valued mapping T': D — CB(D) is said to satisfy condition
(E,) where ;o > 0 if for each z,y € D,

dist(z, Ty) < pdist(z, Tz) + ||z — y||
We say that T satisfies condition (E) whenever T satisfies (E,,) for some p > 1.
Remark 2.1. We observe that if T' is nonexpansive, then T satisfies the condition (E).

Recall that a Banach space X is said to be uniformly convex if for each ¢ > 0 there
is 6 > 0 such that for all z,y € X with |z]] < 1,|ly|| < 1, and |z — y|| > € imply
I+ yll < 2(1 = 9).

A Banach space X is said to satisfy the Opial property (see [9]) whenever {x, } conver-
ges weakly to « € X, then the following inequality holds:

limsup ||z, — x| < limsup ||z, — y|,
n—oo n— oo
for each y € X with y # «. A Hilbert space is one of the examples of Banach spaces which
satisfies the Opial property and L?[0, 2] fails to satisfy the Opial property for all p with
1 < p # 2 (see [16]).

Proposition 2.1. ([18]) Let X be a uniformly convex Banach space and let r > 0. Then there
exists a strictly increasing continuous convex function g : [0,00) — [0, 00) with g(0) = 0 such
that

Az + (1= Nyl* < Mal® + 1 = Vyll* = A1 = Ng(llz - yl).
forallz,y € B, ={z€ X : ||z|| <r}and A € [0,1].

Definition 2.3. ([10]) Let F' be a nonempty subset of a Banach space X and let {z,,} be a
sequence in X. We say that {z,,} is of monotone type (I) with respect to F' if there exist
sequences {4, } and {e,, } of nonnegative real numbers such that >~ ; d,, < 00, >~ | &, <
oo, and ||zp+1 — pl| < (1+6,)||n — p|| +€n foralln e Nand p € F.

Proposition 2.2. ([10]) Let F' be a nonempty subset of a Banach space X and let {z,,} be a
sequence in X. If {x, } is of monotone type (I) with respect to F' and liminf,, . dist(z,, F)) = 0,
then imy, o0 n, = p for some p € X satisfying dist(p, F') = 0. In particular, if F' is closed, then
peF.

Lemma 2.1. ([19]) Let {a,, }, {bn} and {c,,} be sequences of nonnegative real numbers satisfying
an+1 < (14 cp)apn + by, foralln € N,

where Y " by < ooand Y. ¢, < oo. Then:

(i) lim,,_, oo @, exists;
(i) if liminf, , a, =0, then lim,_, a, = 0.
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Lemma 2.2. ([13]) Let X be a uniformly convex Banach space, let {\,,} be a sequence of real
numbers such that 0 < a < A\, <b < 1, foralln € N, and let {x,,} and {y,} be sequences of X
satisfying, for some r > 0,
(i) limsup,,_, . l|lzn] <7,

(ii) limsup,,_, . |lynll < 7;

(iii) lim, o0 | AnTn + (1 = Ap)ynl| = 7.
Then lim, o0 ||Trn — yn|| = 0.
Lemma 2.3. ([15]) Let X be a Banach space which satisfies the Opial property and {x,} be a

sequence in X. Let u,v € X be such that lim,,_, o ||, — u| and lim,,_, oo ||, —v|| exist. If {x,,, }
and {x,, } are subsequences of {x,,} which converge weakly to u and v, respectively, then u = v.

3. MAIN RESULTS

Let D be a nonempty closed convex subset of a Banach space X. Suppose that {I;}¥ ;
is a finite family of asymptotically nonexpansive self-mappings of D into itself with se-

quence of real numbers {V,(f)} C [1, 00) with lim,,_, oo 5 = 1. Therefore

17z — 17yl < vz =y,
for all z,y € D, for alli = 1,2,...,N and for all n € N. Assume that {t;}}¥, is a finite
family of generalized I, i—asymptohcally nonexpansive self-mappings of D into itself with
the sequences of real numbers {k$’} C [1,00) and {s\'} C [0,00) with lim, . kY = 1
and lim,,_, oo s = 0. Therefore

[t7x — iyl < kD17 — IPy| + s,
forall:vyeDforallz—12 ., N and for alln € N.
Letting k,, = max1<z<N{k } and s, = max1<7<N{sn)} It follows that lim,, .o k,, = 1,
and lim,,_,o, s, = 0 and
[tie — iyl < knllLi'z — L'y + sn,

forall z,y € D, for all i=1,2,.,Nand foralln € N.
Letv, = maxlSiSN{V,(f)}. It is clear that lim,, o, v, = 1 and

[L7e = Iyl < vallz =y,
forallz,y € D, foralli=1,2,..., N and for alln € N.
Put r, = max{k,, v, }. Thus we have lim,, oo 7, = 1, |[I7'z — Iy|| < rpljz — y|| and

[t72 — 7yl < kallIfa — Iyl + sn < 72l =yl + sn,

forallz,y € D, foralli=1,2,..., N and for alln € N.
The following lemma plays a crucial role in the sequel.

Lemma 3.4. Let D be a nonempty closed convex subset of a Banach space X. Let {t;}, be a finite

family of generalized I;-asymptotically nonexpansive single-valued mappings of D into itself with
sequences {ky,} C [1,00) and {s,} C [0,00) such that >~ (r3 — 1) < coand Y .7 | s, < 00
and {I;}}¥., be a finite family of asymptotically nonexpansive single-valued mappings of D into
itself with sequence {v,} C [1,00). Let {T;}¥, be aﬁnite family of quasi nonexpansive multi-
valued mappings of D into CB(D). Assume that F = ﬂ — F(t) N ﬂz L F(L) N ﬂi]il F(T;)
is nonempty closed and T;p = {p} forallp € Fandi=1,2,...,N. Let z1 € D and the sequence
{x} be generated by

(3.4) { " xn+zz 15(1 In (Za ()ETxn

Tpt1 = ozglo)xn + Z 1 a%)t”yn, n €N,
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where {ag)} and {B,(f)} are sequences in [0,1] forall i = 1,2, ..., N such that Zi\;o o) =1and
SN B = 1. Then lim,, o ||, — p|| exists for all p € F.

Proof. Assume that p € F. Therefore

N
|1 = pll = laf@n + Y alDtly, - pl]
i=1

N N
= o, + 3 Pty — 3 ol
i=1 =0

N N
= [laf e + Y aP iy, —ahp =Y allp|
i=1 i=1

N
< 0@ s —pll + 3 a2y, — ol
=1
N
< 0@z, —pf +3 ol (riuyn o+ )
=1

foralli =1,2,...,N.
Since

N
lyn = pll = 182720 + 3_ BT 20—l

=1
N . . N .
=180z, + > BT = B0y
i=1 =0

N
< BONzn —pll + > BVIP2D — p

i=1

N
< Bz = pll + D Bl = = pll
i=1

N
= B0 |zn = pll + Y B radist(=1, Tip)
i=1

N
< 6120) |zn — pll + Z ﬁr(zi)TnH(Tixna Tip)

i=1
N
< BONzn —pl + > BVl — pll,
i=1
we obtain that

N
e =oll < @ =l + 3502 (2~ + 50
=1

N N
< aPlen —pl+ ol (Ti(ﬁfzo)llwn —pll+ > BV rnllen —pll) + sn)

i=1 =1
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N N N N
= (0l 4723 o) B0 — pl 133000 30 A0 —pll + 3 ol
=1 i=1 i=1 i=1
N N N
(@l 72 3 Bl = ol 7 3 ol 32 8 =+ 5
1=1 3 3

N
< alPlen —pll +ralrs Y ol B wn — pH+r3Za“Zﬁ“llxn Pl + sn
i=1

i=1 i=1

IN

N
= oz, —pll + 7 Z%@ > Bz = pll + 5n
i=1 i=0

N

= aPaen —pll +75 D oz —pll + s
i=1

AN

N
< rhaD e —pl+ 7Y ol e = pll + sn
i=1

N
:TLZO‘ )Hxn pll + sn
=0

n”xn pll + sn
=1+ () = ))zn —pll + 5n-

It now follows from Lemma 2.1, we have lim,_, ||z, — p|| exists for all p € F. This
completes the proof. O

Theorem 3.1. Let D be a nonempty closed convex subset of a Banach space X. Let {t;}}¥, bea
finite family of generalized I;-asymptotically nonexpansive single-valued mappings of D into itself
with sequences {k,,} C [1,00) and {s,} C [0,00) such that 3 o> (r3 —1) < coand 377, s, <
oo and {I;}, be a finite family of asymptotically nonexpansive single-valued mappings of D mto
itself with sequence {v,} C [1,00). Let {T;}, be a ﬁnite family of quasi nonexpansive multi-
valued mappings of D into CB(D). Assume that F = ﬂ — F(t) N ﬂz LF(IL) N ﬂi]\il F(T;)
is nonempty closed and T;p = {p} forallp € Fandi=1,2,...,N. Let z1 € D and the sequence
{zn} be generated by

n (%) ,
(35) { BTL xn+21 15” —{l Zn , Zn ETan

Tpa1 = a%o)xn + Zz 1 an)tﬂyn, n €N,
where {aﬁf)} and {55;")} are sequences in [0,1] for all i = 1,2,..., N such that Zivzo o) =1
and Zivzo ) = 1. Then the sequence {xy} converges strongly to a point in F if and only if
liminf,, o dist(x,, F) = 0.

Proof. The necessity is obvious. For proving the converse, suppose that lim inf,,_, . dist
(xn, F) = 0. It follows from the proof of Lemma 3.4 that the sequence can conclude that
the sequence {x,, } is of monotone type (I) with respect to F. By Proposition 2.2, we obtain
that the sequence {z, } converges to a point in F . O

Recall that a single-valued mapping ¢ : D — D is said to be a uniformly L-Lipschitzian
mapping if there exists a constant L > 0 such that ||t"2 — t"y|| < L||z — y| forall z,y € D
andn € N.
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The following lemma is a main tool for proving our results.

Lemma 3.5. Let D be a nonempty closed convex subset of a uniformly convex Banach space X.
Let {t;}, be a finite family of uniformly L-Lipschitzian and generalized 1;-asymptotically nonex-
pansive single-valued mappings of D into itself with sequences {k,} C [1,00) and {s,} C [0, 00)
such that 307 (r3 — 1) < oo and .77 | s, < oo and {I;}N | be a finite family of uniformly
I'-Lipschitzian and asymptotically nonexpansive single-valued mappings of D into itself with se-
quence {v,} C [1,00). Let {T;}}¥, bea ﬁnite family of quasi nonexpansive multi-valued map-

pings of D into CB(D). Assume that F= ﬂ — F(t) N ﬂl VF(I)n ﬂl 1 F(T;) is nonempty
closed and T;p = {p} forallp € Fandi = 1,2,..,N. Let x1 € D and the sequence {x,} be
generated by

(0 N o) () (@) '
(3.6) { Yn = T+ )i 1ﬁn Iz’ zn € Tixy

0
Tn41 = Oégl )Z‘n + Zz 1 a%)tnym nec Na

where {aﬁf)} and {ﬁff)} are sequences in [0, 1] forall i = 1,2, ..., N such that Zfio o) =1and
Zf\io ) = 1. Then we have the followings:

(i) limy oo |20 — 1725 || = 0 forall i = 1,2, ..., N;
(i) lim, o0 ||Tn — tixyn|| = 0foralli =1,2,...,N;
(iii) if limy, o0 |25 — IV 25| = 0, then limy, o0 ||@n — Lizy| = 0 foralli =1,2, ..., N.

Proof. (i) Let p € F. We conclude from Lemma 3.4 that lim,,_, ||z, — p|| exists. Assume
that lim,,_, « ||z, — p|| = ¢. This implies that

7 9n — pll < 77 llyn — Pl + sn

N
= 28O0 + Y B0l 50

i=1

N
< B lwn —pll 72 Y BN —pll + sn

i=1

N
< 2B llwn = pll +72 Y B vall2l) — pll + sn
i=1

N
< B lwn —pll i Y BN = pll + 5w

i=1

=128 e — pll + 77, Zﬂ(l dist(z\), Tip) + sn

§7€ﬁ§Wxn—pH+Ti§:6ﬁn¥ﬂkmuﬂp)+sn

=1
N

< B e —pll + 75 Y B |wn = pll + sn
=1

= 2z — pll + 50
It follows that

lim sup ||}y, — p|| < limsup(ry [lyn — pll + sn) < limsup(ry [z, — pll + 5n).
n—o0 n—o0 n—00
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Since lim,,_yoo 7, = 1 and lim,, o s, = 0, we have

(3.7) lim sup ||ty — p|| < limsup ||y, — p|| < limsup |lzn — p|| = ¢
n— oo n— oo
Because of limy, o0 201 — pll = limy o0 [0 (2, — p) + 2N, o' (t7y,, — p)|| and by
Lemma 2.2, we obtain that
(3.8 lim ||z, —tlyy||=0foralli=1,2,...,N.
n—oo
Since
N

|zns1 = pll < alPllzn —pl + > D [[t7yn — p

i=1
(-

N
o)z = pll+ Y @ £y, — ol

=1

o)) vl + Za 72 lgn = pIl) + 50,

-

&
Il
-

IA
/_\
Mz

=1
we have
N
|2n1 = pll = [lon = pll <> a2y = pll = 20 — pll + 5n).-
This implies that
Zn+1 —pll = llzn — pl |Zn+1 = pll = llzn — pll
_ < _
i= 1
<72 |lyn — pll — IIxn —pll + sn + lzn — 1|
= T?LHyn - p” + Sn.
By (3.7), this yields
oo e (@ = pll = llzn —pll
€= hnrgggf( N + [lzn —pll)
< hminf(r%”yn - p“ + Sn)
n— o0
= liminf [|y, —p||
n— o0
< limsup ||y, — pl| < c.
n— o0
Since

117257 = pll < wall2) = pll = vadist(z), Tip) < vnH(Tian, Tip) < vnllzn — p|),
it follows that
limsup |12 — p|| < limsup v, ||z, — p|| = ¢
n—oo n—oo
Therefore
N
— L _pll = T (0) _ @) (n (1) _
c= lim |ly, —p|l = lim |5} (2, —p) + Z;ﬁn (= = p)l|.
1=

By Lemma 2.2, we have

lim |z, — 1720 =0 forall i =1,2, .., N.
n—oo
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(ii) Since t; is generalized I;-asymptotically nonexpansive, for all¢ = 1,2, ..., N, we obtain
that
(67 @0 — zpll = [[t7 20 — Eyn + Yy — za|
< |t zn = tynll + 18 yn — znll
< ralln = ynll + sn + 187y — 20l
Using the definition of {z,}, we have y,, — z,, = Zfil @) (I{’z,(f) — z,). This implies that

N
[t7Tn — zpll < riZﬁg)HIZ"zT(f) = Znll + [tiyn — Tl + sn
i=1

< TiHIinZg) = Zp|| + 1t Yn — xall + sp-
By (i) and (3.8), we obtain that
(3.9) lim ||z, — t}x,| =0 forall i=1,2,...,N.

n—oo
Foreachi=1,2,..., N, we have

[Zn — tizn|| < |20 —2nial|+ | Tn1 — t?+1xn+l|‘ + ”t?+1xn+1 - t;H_lan + ||t?+1xn — Tl

<|wn = Tpgl| + |Tng1 — t?JrlanrlH + Ll|Tpi1 — znll + Ht?Jrlxn — tiTn|

<A+ D)llzn = zoga |l + [[Tn41 — t?JrlCEnJrl” + L[t} wy — ||
N

<1 +L0) Y a2 — yall + [2ns1 — £ 21|l + LIt e, — al.
=1

By using (3.8) and (3.9), we can conclude that lim,,_, o ||z, —t;2,|| =0foralli =1,2,...,N.
(iii) Since
120 — | < (|20 — Iznzr(zl)H + ||I:LZ,EL1) — Ty
< vnllen = 20N + 1172 — @nll
< vn(lan = B2 4+ 117250 = 200) + 172 — 2|
and by (i), we obtain that
(3.10) nh_)n;O Iz, — x| = 0.
Since
|20 —Lizn| < ||a:n—xn+1|\—|—||a:n+1—If+1xn+1H+||Ii"+1xn+1 - Iin—HInH + ”Iin-Hxn — Lizy||
< llan = zprl| + 2 = EH wpia |+ Tllwnsr — ol + 17 ey — Lizg |

< (I =Dllwn — ppal| + |Tns1 — Iz'm_lxn-‘rl” + T[]z — 20|

N
< (=13 Dl — 9l + [n 1 = T ||+ T, — 2
i=1
and by (3.8) and (3.10), we can conclude that lim,,_, ||z, — I;z,|| = 0foralli =1,2,...,N.

]

Next, we prove a strong convergence theorem of the proposed iterative process in uni-
formly convex Banach spaces.
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Theorem 3.2. Let D be a nonempty compact convex subset of a uniformly convex Banach space X.
Let {t;}}¥, bea finite family of uniformly L-Lipschitzian and generalized I;-asymptotically nonex-
pansive single- valued mappings of D into itself with sequences {k,} C [1,00) and {s,} C [0,0)
such that 307 (r3 — 1) < coand Y o7 | s, < oo and {I;}X, be a finite family of uniformly
I'-Lipschitzian and asymptotically nonexpansive single-valued mappings of D into itself with se-
quence {v,} C [1,00). Let {T;}N, be a finite family of quasi- nonexpansive multi-valued map-
pings of D into CB(D) satisfying condition (E). Assume that F = ﬂl 1 F( i) N ﬂz L F(L)N

ﬂl 1 F(T;) is nonempty closed and T;p = {p} forallp € Fandi=1,2,...,N. Let z1 € D and
the sequence {x.,,} be generated by

(0) n () 00
(3.11) {yn— $n+ZHﬁnIzn, € Tix,

Tpt1 = a%o)scn + Zl 1 a%)t”yn, n €N,

where {ani } and {ﬂni)} are sequences in [0, 1] for alli = 1,2,..., N such that Zf;o o) =1
and SN B = 1. Suppose that lim,, s ||25) — I 20| = 0 forall i = 1,2, ..., N. Then the
sequence {x,, } converges strongly to a point in F.

Proof. Using Lemma 3.4, we obtain that {z,, } is bounded. By the compactness of D, there
exists a subsequence {,; } of {z, } converging strongly to p € D. By condition (E), there
exists ;1 > 1 such that

dist(p, Tip) < ||p — @y, || + dist(zy,, T;p)
< p = an, || + pdist(zy,, Tizn,) + [lan, — pll
= 2”an - p” + NdiSt(mnjvTixnj)
< 2l|zn, = pll + pllzn, — 23|l
< e, = pll+ pllen, = L7200 + 1720 = 201,
foralli =1,2,..., N. By using Lemma 3.5 (i), we obtain that p € Tip foralli =1,2,...,N.
This implies that p € ﬂfvzl F(T;). Since t; is uniformly L-Lipschitzian, we have
[tip = pll < ltip = tizn, | + [tizn, — 2n,; | + 20, — Pl
< Lljzn, = pll + [[tizn; — o, || + [[2n, — pll
= (L4 Dllzn, —pll + ltizn, — zn, ],
foralli =1,2,...,N. By Lemma 3.5 (ii), we obtain that ¢;p = p forall i = 1,2,..., N. This
implies that p € ﬂfil F(t;). Since I; is uniformly I'-Lipschitzian, we have
[Lip = pll < Mip — Liwn, | + [Mizn, — 2, || + |20, — pll
< Ullan, = pll + Hizn, — x|l + 20, —pll
=T+ Dllen, —pll + iz, — n, ],
foralli = 1,2,...,N. By Lemma 3.5 (iii), we obtain that I;p = p foralli = 1,2,...,N.
It follows that p € ﬂ i~ F'(I;). Thus p € F. Since lim, o ||z, — p| exists, we have

lim, o0 | — pl| = limj o0 ||, — pl| = 0. Hence {x,,} converges strongly to a point
in F.

The following example illustrates Theorem 3.2.

Example 3.1. Let R be the real line with the usual norm | - | and let D = [0,1]. Define
single-valued mappings ¢i,t2, 1, and I on D as follows:

T
tiz = arctanz, tox = 22, 1o = z and Loz = 5
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Define multi-valued mappings 71 and 75 on D by
T T x
Tll' = [O, g] and TQl‘ = [Z, 5]
Let {z,,} and {y,, } be generated by
. Tny1 = a%@)mn + Zz 1 a%)tnyn7 ne Na

o _ 1 (1) _ 12n—1 _(2) _ 12n—1 /p(0) _ 1 (1) _ 10n—1 p(2) _ 10n—1
where an’ = o, an’ = S, o = Hg, B = 1550 B’ = 35,0 B 5n 7

for all n € N. Then the sequence {z,} converges strongly to 0, where {0} = ﬂ?zl F(t;)n
2 2
(i1 F(L) N izy F(T).

Solution We first show that ¢; is a generalized I;-asymptotically nonexpansive and
uniformly L-Lipschitzian single-valued mapping. Let k,, = 1 and s, = (%)™ foralln € N.
Therefore lim,, oo k, = 1 and lim,,_, . s,, = 0. Since

|t1e — 1y
|z =y

<14 ( )" forall x,y € D,

3l —y|
we have

[tTx — Tyl < |z —y|+ s, forall n € N,
and we can show that ¢, is a uniformly L-Lipschitzian mapping with L > 2. Since t5 is
a single-valued nonexpansive mapping of D, we have ¢ is a uniformly L-Lipschitzian
and generalized [»-asymptotically nonexpansive single-valued mapping of D. Moreover
ﬂ?zl F(t;)) = {0} = ﬂ?zl F(I;). Both T} and T3 are quasi-nonexpansive multi-valued
mappings satisfying condition (F) and ﬂl 1 F(T;) = {0} (see [16]). Thus ﬂz 1 F)n
N, F(I;) NN2_, F(T;) = {0}. Forevery n € N, a\)) = L, a{l) = 12n-1 () _ 12n—1

12n’ 36n / 18n 7

0 — 10%, o = 71%&1, @) = 101’5711 Therefore the sequences {a(o)} {a(l)} {a@)}
{5n0)} {ﬁfll)}, {5,(12)} satisfy all assumptions in Theorem 3.2. By putting 2 = %o, and
2D = % for all n € N and by using the algorithm 3.12 with the initial point z; = 0.5. The

sequence {x,} converges strongly to 0, where {0} = (°_, F(t;)N:_, F(L) N>, F(T}).

Finally, we prove a weak convergence theorem of the proposed iterative process in
uniformly convex Banach spaces.

Theorem 3.3. Let D be a nonempty closed convex subset of a uniformly convex Banach spaces
X with the Opial property. Let {t;}X, be a finite family of uniformly L-Lipschitzian and ge-
neralized I;-asymptotically nonexpansive single-valued mappings of D into itself with sequences
{kn} C [1,00) and {s,} C [0,00) such that Y 7" (k3 — 1) < coand 377 | s, < oo and
{I;}X., be a finite family of uniformly T-Lipschitzian and asymptotically nonexpansive single-
valued mappings of D into itself with sequence {v,,} C [1,00). Let {T;}, be a finite family of
quasi-nonexpansive multi-valued mappings of D into KC(D) satisfying condition (E). Assume
that F = ﬂi]il F(t;) ﬁﬂﬁil F(I )ﬂﬂl 1 F(T;) is nonempty closed and T;p = {p} forallp € F
andi=1,2,...,N. Let x1 € D and the sequence {x,,} be generated by

3.13 A
( ) Tn+1 = OZ'SLO)xn + Zf\il ag)t?:%u nec Na

where {a,f)} and {BT(Li)} are sequences in [0,1] for all i = 1,2,..., N such that Zz 0 o) =1
and YN ) = 1. Suppose that lim,,_,o. |25 — 172 = Ofor all i = 1,2,...,N. Then the
sequence {x,, } converges weakly to a point in F.
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Proof. By using Lemma 3.4, we obtain that {z, } is bounded. Since X is a uniformly
convex Banach space, there exists a subsequence {z,,} of {z,} converging weakly to

p € D. By Lemma 3.5, we have lim; o ||zn, — I;" 25 (@) VNl =0, im0 ||2n, — tixy, || = 0 and

limy, 500 [ li#0n, — Tp,|| = 0 foralli = 1,2,. N We will show that p € F. Since Tp is
compact, for all j € N, we can choose w,; € Tl psuch that ||z,,, —w,,, || = dist(x,,;, T1p) and
the sequence {w,; } has a convergent subsequence {wy,, } with lim;_, wy,, = w € Tip. By
using condition (E), we obtain that

dist(zy,,, T1p) < pdist(z,,, T12n,) + |20, — |-
This yields
I, = wll < Kon, = wn |+ o, = ]
= dist(zy,, T1p) + ||lwn, — w||
< dist(wn, s Tywn,) + [, — pll + [0, — w]
< pillan, = 201+ |20, = pll + lwn, — w]
< plln, = 172N + pll 17 25) = 2801 + Nz, = pll + [lwn, — w]|-
It follows that

lim sup ||z, — w|| < thUPHwnk pll-
k—o0 k—

From the Opial property, we can conclude that p = w € Typ. Similarly, it can be shown

thatp € Typ foralli = 1,2, ..., N. Therefore p € ﬂt 1 F(T}). By mathematical induction,
we obtain that

(3.14) lim [|2y,; —t]"2y,|| = 0 for each m € N,
j—o0
forall¢ = 1,2,...,N. Indeed, the conclusion it true for m = 1. Suppose the conclusion

holds for m > 1. Since ¢; is a uniformly L-Lipschitzian single-valued mapping, we obtain
that

_ t;”‘”ﬁﬁnj | < ||a:nj — " T, | + ||t;n$nj _ tzm+1mnj I

= ”zm - tinwmll + LHxnj 7tiz"]‘H-

||xnj

This implies that im;_, o ||2,,, — /"2, || = O forallé = 1,2, ..., N. Therefore (3.14) holds.
By (3.14), we have foreachz € D, m € Nandi=1,2,..., N,

(3.15) limsup (|2, — = = limsup [[t]"2,, — z|.
j—o00 j—o00

Since t; is generalized I;-asymptotically nonexpansive, we obtain that

limsup [|t;" 2y, — t{"p|| < limsup(kp, || 1" Tn, — pll + 5m)
Jj—o0o Jj—roo
< Hmsup(p (Vi |0, — pl|) + 5m)
j—o0
< limsup(r%”xnj —pll + sm)-

It follows that

(3.16) lim sup <lim sup ||t 2y, — tlmpH) < limsup ||z, — p|.

m—o0 Jj—o0 Jj—o0
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By Proposition 2.1, there exists a strictly increasing continuous convex function g : [0, 00) —
[0, 00) such that

D _|_ tmp 2 1 1 2
ST TR T—
1 1 1
< Sl I + 3llan, — 179l — 300l — 17'0l).
Therefore
+t" 1 1.
hmﬁup‘ Ty, — UH ~limsup ||z,, — p||* + = limsup ||z, — ¢"p|?
Jj—o0 2 j—o0 2 Jj—o0
(3.17) - Zg(llp —t"pl)).
Since X satisfies the Opial property and {z,,, } converges weakly to p, we obtain that
tUL
limsup ||z, — p[|* < hmsup |20, — I%HQ
j—o0 i

By using (3.17), we have

1 1. 1.
19(lp = #"pl) < Slimsup ||z, — p|* + 5 limsup [, — ¢"p|”

J—00 J—00

p+t2”pH2

— lim sup ’
j—>OO

Tn; —

: 1.
< S limsup 2, — pl> +  limsup |lo, — 6p?
2 j—o0 2 j—o0

- limsup ||a:nj - pHQ.

]—>OO
Therefore
(3.18) g(llp = t"pll) < 2limsup |z, — t7"p||* — 2limsup [z, — p]*.
j—oo Jj—oo

Using (3.15), (3.16), and (3.18, these yield

e

limsup g(|[p — ¢;"pl) < 2limsup(limsup ||lz,; — tmpl|?) — 2limsup ||z, —p|)?
m—r oo m—roo

<0.

Therefore lim,, o g(||p — t7*p||) = 0 for all i = 1,2, ..., N. By using the properties of g, we
have lim,, o ||p — t7*p|| = 0 for all i = 1,2, ..., N. This implies that

[tip — pll < lltsp — " pll + (|t p — pl]
< Lllp = t"pll + [[t7"+'p — pl|.

This implies that tlp pforalli =1,2,...,N. Therefore p € ﬂfv 1 F(t;). Similarly, we can
prove that p € ﬂl 1 F(I;). Thus we obtam p € F. We now show that {z,,} converges
weakly to p. Suppose on the contrary. Then there exists a subsequence {xy, } of {z,} such
that {x,, } converges weakly to ¢ € D and ¢ # p. By the same argument as above, we can
show that ¢ € F. By Lemma 3.4, we obtain that lim,,_, ||z, — p|| and lim,_, ||z, — ¢||
exist. Using Lemma 2.3, we obtain that ¢ = p. Hence {z,,} converges weakly to a point in
F. This completes the proof. O

We now present the following example for supporting Theorem 3.3.
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Example 3.2. Let R be the real line with the usual norm | - | and let D = [0, +00). Define
single-valued mappings t1, 2, I1, and I on D as follows:

T T T
tll':i, tgﬂjzi, le: and IQLL': .
14z 142z 142z 14 3z
Define multi-valued mappings 771 and 75 on D by
Tiz = [0, g] and Thr = [g,%.
Let {z,,} and {y,,} be generated by
o) = B0+ L, B0, ) T
Tpy1 = a%o)xn + Z?Zl a%)t?yn, neN,
(0) 1 (1) _ 12n—1 _(2) _ 12n-1 p0) _ 1 (1) _ 10n—1 (2 _ 10n-1
where an” = o, an’ = S5, an Ti8n s Pn T Tons Pn T T3on 4P T Tisn v

for all n € N. Then the sequence {x,,} converges weakly to 0, where {0} = ﬂ?zl F(t;) N
Ny F(L) N, F(Ty).

Solution We first show that ¢; is a generalized I;-asymptotically nonexpansive and
uniformly L-Lipschitzian single-valued mapping. Let k,, = 1 and s,, = (3)" foralln € N.
Therefore lim,,_,oc k, = 1 and lim,,_,~. s,, = 0. Since

lz—yl 142z 142y ~ '"1+22 1—|—2y

\—i—
1

forall z,y € D and n € N. Next, we show that ¢, is a generalized I>-asymptotically
nonexpansive and uniformly L-Lipschitzian single-valued mapping. Let k,, = 1 and s,, =
(%)” for all n € N. Therefore lim,,_,~. k,, = 1 and lim,,_,. s,, = 0. Since

If’fw—f?y|<| x NP v 1
[t —y] ~ 143z 143y ~—'1+4+3zx 1+3y

1

< k ‘I2I712y|+ﬁ

forall z,y € D and and n € N. Moreover, we obtain that ¢, t5, I; and I, are uniformly

L-Lipschitzian single-valued mappings (see [11]). It can verify that T} and 7T} are quasi-
nonexpansive multi-valued mappings satisfying condition (E). Furthermore, we have

NP_y F(ts) NN, F(L) NN, F(T;) = {0} Forevery n € N, af) = L, ) = 1221

12n”’

2 0 1 2 0

P = lz’gnl, ©0) _ o= (1) o1, (2) _ 10n=1 " Therefore the sequences {an)},
{aiY, o), (B, (B, {82} satisfy all assumptions in Theorem 3.3. By putting
2 = % and 2? = % for all n € N and by using the algorithm 3.19 with the initial

point x; = 5. Then the sequence {2} converges weakly to 0, where {0} = (°_, F(t;) N
Nizy FUL) NI F(T).
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