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Most continuous and increasing functions have two
different fixed points

SIMEON REICH ! AND ALEXANDER J. ZASLAVSKI 2

ABSTRACT. We study the space of all continuous and increasing self-mappings of the real interval [0, 1]
equipped with the topology of uniform convergence. In particular, we show that most such functions have at
least two different fixed points.

1. INTRODUCTION

For nearly sixty years now, there has been considerable research activity regarding the
fixed point theory of certain nonlinear mappings. See, for example, [2, 4, 5,7, 8, 9, 10,
11, 12, 13, 15, 16, 17, 18, 19, 20, 23, 24] and references cited therein. This activity stems
from Banach’s classical theorem [1] regarding the existence of a unique fixed point for a
strict contraction. It also concerns the convergence of (inexact) iterates of a nonexpansive
mapping to one of its fixed points. Since that seminal result, many developments have
taken place in this field including, in particular, studies of feasibility, common fixed point
problems and variational inequalities, which find important applications in engineering,
medical and the natural sciences [3, 6, 21, 22, 23, 24].

In the present paper we consider the space of all continuous and increasing self-mappings
of the real interval [0, 1].

It is well known that a continuous and monotone self-mapping of an interval in a Ba-
nach space X ordered by a closed and convex cone X has a fixed point if the norm is an
increasing function on X and the following property holds:

(a) Every increasing and bounded (in the sense of the order) sequence converges.

See, for example, Theorem 3.1 on page 42 of [14].

If property (a) is not assumed, then the situation becomes more difficult and less un-
derstood. Nevertheless, some existence results were obtained for certain subspaces of the
space of increasing operators using the Baire category approach (see [18] and references
mentioned therein). For instance, a generic existence result was obtained for the subspace
of increasing mappings A which satisfy the condition

A(az) > aA(z)

for each o € [0,1] and each x belonging to the domain of A. For this subspace, we estab-
lished the existence of a set F, which is a countable intersection of open and everywhere
dense subsets of the space, such that each mapping in F has a unique fixed point and all
its iterates converge uniformly to this fixed point.

In the present paper we answer the question if such a result is true for the whole space
of continuous and increasing mappings. It turns out that such a result is not true even in
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the one-dimensional case. As a matter of fact, we show below (see Theorem 2.1) that most
continuous and increasing functions f : [0,1] — [0, 1] have at least two different fixed
points.

2. RESULTS
Denote by A the set of all continuous and increasing functions f : [0,1] — [0, 1], that is,
all continuous self-mappings of [0, 1] such that
f(z) < f(y) for all z,y € [0, 1] satisfying = < y.
For each f,g € A, set
d(f,g) == sup{|f (&) — g()| : @ € [0,1]}.
It is clear that (A, d) is a complete metric space. We begin with a few results regarding

this space. The proof of our main result (Theorem 2.5 below) is relegated to the next
section.

Proposition 2.1. There exists an open and everywhere dense set F C A such that for each f € F,
{0,130 f([0,1]) = 0.
Proof. Let f € Aand take v € (0,1). Define
Fyl@) = (1 =) f(z) + 271y, z €[0,1].

It is clear that f, € A and

£(0,1]) € 271y, 1 =271,
There exists an open neighborhood U( f, ) of f, in A such that for each g € U(f,~),

g([ov 1]) C [471’7, 1- 471’7]‘
Define

Fo=0{U(f,y): feA ve(01)}

It is clear that F is an open and everywhere dense set in A and that for each f € F, we
have

0,1} n f([0,1]) = 0.
This completes the proof of Proposition 2.1. O

Proposition 2.2. There exists a set F C A, which is countable intersection of open and every-
where dense subsets of A, such that each f € F is a strictly increasing function.

Proof. Given f € Aand « € (0, 1), define
f’Y(x) = (1 - V)f(x) +z, T € [07 1]
Clearly, f, € A.
Let i > 1 be an integer. Then for each 1,z € [0, 1] satisfying 22 — z1 > i~!, we have
Fy(wa) = fy(wn) = y(wp — 21) Z i
This implies that there exists an open neighborhood U/( f,~, ) of f, in A such that for each
g € U(f,v,i) and each z1, x5 € [0, 1] satisfying x5 — 1 > i~!, we have
g(xa) = g(z1) > ~(20)7 .
Define
F =02 U{U(f,7,i): feA v€(0,1), i > qisaninteger}.
It is not difficult to see that F is a countable intersection of open and everywhere dense

subsets of A and that each f € F is a strictly increasing function. Proposition 2.2 is
proved. O
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Example 2.1. Let the function f be defined by
fz) =0, z €[0,1/3],
flx) =1, z €[2/3,1]
and
flx)=3x—1, z €(1/3,2/3).
Clearly, f € A. It is not difficult to see that for each h € A satisfying ||h — g|| < 1/4, we have
h([0,1/3]) € (£(10,1/3]) + [<1/4,1,4)) N [0,1] € [0,1/4]
and
h([2/3,1]) C (f([2/3,1]) + [-1/4,1,4])n[0,1] C [3/4,1].
These equations imply that there exist two points
& € [0,1/3], & € [2/3,1]
such that h(&;) = &,1=1,2.

Example 2.2. Let a € (0,1), p > 1 and let the function f be defined by f(x) = ax® for all
x € [0,1]. Then zero is the unique fixed point of f.

Theorem 2.1. There exists an open and everywhere dense set F C A such that each function
f € F has at least two different fixed points.

3. PROOF OF THEOREM 2.1
Given f € Aand v € (0, 1), define

(@)= (1 =) f(z) +4 'y + 27y, 2 €[0,1]. (3.1)
Clearly, f, € A, the function f, is strictly increasing,
£(10,1]) € [471y, 1~ 471] (3-2)
and
Iy = fIF <7 (3-3)
There exists a point z, € [0, 1] such that
fy(@.) = o (3.4)
In view of (3.2) and (3.4),
z, €[4y, 1 —4714]. (3.5)

Let i > 1 be an integer. Since the function f, is continuous and strictly increasing, there
exists

A € (0,871) (3.6)
such that
Fy(@a) < fy(@e + Do) < fy (i) +1/i (3.7)
and
Jy(@) =1/1 < fy(ze — Do) < fy(a4). (3.8)
By (3.5), (3.7) and (3.8), there exist positive numbers A; and A, such that
A+ A <Ay (3.9)
and
Ay < min{fy (x4 + Do) — T4, T — fy(xe — Do)} (3.10)

By (3.10), there exists a number A > 1 such that
(2)\ — 1)A1 <A1+ A, (311)
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and

T + AAL < f(xs + Do), s — AAL > f(ze — Ap). (3.12)
Now define a function g : [0,1] — R! as follows. For each point z € [0, z, — Ag] U [z, +
Ag, 1], set

g(z) == fy(z). (3.13)
Next, define
g(x) ==z + Mo — z0), x € [2e — Ar, T + Ay, (3.14)
g(x) =2 + AA1, 2 € (2 + A1, 20 + A1 + Ag] (3.15)
and
g(x) := e — AAL, 2 € [2 — AL — Ao,z — Aq). (3.16)
Equations (3.10), (3.15) and (3.16) imply that
g(xs + A1+ Do) = 24 + AA; < fry(zs + Ag) (3.17)
and
9@ — A1 — Ag) =z — AAL > fr(ze — Ag). (3.18)

For each z € [z, + A1 4+ Ag, z. + Ay, set
(@) == T + AN+ (A0 — A1 — A2) H(fy (24 + Do) — 7 — ML) (T — 24 — Ay — Ag) (3.19)
and for each = € [z, — Ag, z« — A1 — Ag], set
g(x) := 2 — AAT+ (A — Ay —Ag)_l(—fv(x* —Ag)+ e —AA ) (x — 2 — A1 — Ag). (3.20)
Put
frii=9-

It follows from (3.13)—(3.16), (3.19) and (3.20) that the function g is continuous and increas-
ing and that g € A. In view of (3.7), (3.8) and (3.13), we have

lg = foll < 47 (3.21)
By (3.15) and (3.16),
9([Ts + A1,z + A1 4+ Ag]) = {xe + AA1} (3.22)
and
g([ze — A1 — Ag,zh — Aq]) = {zs — ANAL}. (3.23)

Denote by U(f,v,%) the open neighborhood of ¢ = f,; in A such that for each 1 €

U, 1),
d(h, fr0) < (A= 1)A; (3.24)
(see (3.11)). Consider
heU(f,v,i). (3.25)
It follows from (3.11) and (3.22)—(3.25) that

h([ze + Ay, e + A1 + Ag]) C g([zs + Ary 2w + A1+ Ag]) + [ (A = 1A, (A= 1)A]

C [3?* + A,y + (2)\ — 1)A1] - [l‘* + A,z + A1 + AQ] (326)
and
h([.’l?* — A7 — AQ,.%'* — Al]) C g([l'* — A7 — AQ,.’L‘* — AI]) + [—()\ — 1)A1, ()\ — l)Al]
Clze — A= 1DA, 2 — A] C e — Ay — Ag, e — Ay (3.27)

In view of (3.26) and (3.27), there exist points
§1 € [z + Ar, i + A1+ Ag]

and
62 S [:L‘* - A — A27CL‘* - AI}
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such that
h(&) =&, i=1,2.
Thus any function in 2/(f, v, 7) has at least two different fixed points. Define

F =U{U(f,v,3): feA ve€(0,1), i > 1lisaninteger}.

It is clear that F is an open set. Since the set {f, : f € A, v € (0,1)} is everywhere
dense, inequality (3.21) implies that F is also an everywhere dense set in .A. By construc-
tion, each function in F has at least two different fixed points. This completes the proof
of Theorem 2.1.
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