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ABSTRACT. In the setting of Hilbert spaces, we show that a hybrid steepest-descent algorithm converges
strongly to a solution of a convex minimization problem over the fixed point set of a finite family of multi-
valued demicontractive mappings. We also provide numerical results concerning the viability of the proposed
algorithm with possible applications.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, we assume that # is a real Hilbert space, and D C H is nonempty,
closed and convex. Let S : D — D be a nonexpansive mapping (i.e., , a mapping satisfy-
ing ||Su — Sv|| < |Ju — v||) and let & : # — R be a convex and bounded below function.
The minimization problem over the fixed point set of a mapping is defined as:

(1.1) find u € Fiz(S) such that ®(u) = inf &(Fiz(S5)),

where Fiz(S) = {u € D: Su = u} denotes the fixed point set of S.
It is remarked that the problem (1.1) is equivalent to the following variational inequal-
ity problem VIP(®, Fiz(S)) ([13]):

(1.2) find u € Fiz(S) such that (v — u, ®(u)) > 0, Vv € Fiz(S),

provided that ® is Gateaux differentiable over an open set including Fixz(S) where &
denotes the derivative of ®.

For a slow decreasing sequence aj C (0,1), the following class of hybrid steepest-
descent algorithm (HSDA):

(1.3) Y1 = S(yk) — aj 1 B(S(wr)),

is prominent for solving (1.2). The Algorithm (1.3) converges strongly to the set of so-
lutions of (1.2), involving a (quasi-)nonexpansive mapping S, under suitable set of con-
ditions on ®, & and (a}) [17, 18]. A robust variant of HSDA, involving (asymptotically)
quasi-shrinking operators, was analyzed in [19](see also [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11]).
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In 2008, Maingé [15] studied the problem (1.1) involving a more general class of demi-
contractive and demiclosed mapping via the following Mann-type variant of the HSDA:

Yk 1= Tp — aZé(wk);
(1.4) { i1 = (1— By + BSys.

The following compact form of (1.4) coincides with the HSDA:

(1.5) Ye+1 = SpYr — O‘Z‘,—&-lé(sﬂ(yk’))a

where S := (1 — §)Id + 3S and Id denotes the identity mapping. Thus the following
natural question arises in view of the architecture of the Algorithm (1.4):

Can one modify the Algorithm (1.4) to solve the convex minimization problem (1.1)
over the fixed point set of multivalued mappings? Answering this question in the affir-
mative, we propose a HSDA for the convex minimization problem over the fixed point
set of a finite family of multivalued demicontractive mappings in Hilbert spaces. As far
as we know, such results have not so far appeared in the literature.

The rest of the paper is organized as follows: Section 2 contains some relevant pre-
liminary concepts and results for convex minimization problem and fixed point problem.
Section 3 comprises of strong convergence results of the proposed HSDA whereas Sec-
tion 4 provides numerical results concerning the viability of the proposed algorithm with
respect to various real world applications.

2. PRELIMINARIES

Let CB(D) denote the family of nonempty bounded and closed subsets of D. The Haus-
dorff metric on CB(D) is defined as:

’H(fl, B) = max { sup d(u, B), sup d(v, ;1)},
u€A vEB
for all A, B € CB(D) where d(u, B) = inf .5 [lu—al.

Let S : D — CB(D) be a multivalued mapping, then « is said to be: (i) a fixed point of
S if u € S(u) and (ii) an endpoint of S if S(u) = {u}. If S satisfies the endpoint condition
then Fiz(S) is convex. Recall that the multivalued mapping S is said to be (i) nonexpan-
sive if H(Su, Sv)? < |lu — v||? for all (u,v) € D x D, (ii) quasi-nonexpansive if Fiz(S) #
and H(Sv,u)? < |lv — u||? for all v € D and u € Fiz(S) and (iii) demicontractive [12] if
Fixz(S) # () and there exists € [0,1) such that H(Su, Sv)? < |Ju — v||* + nd(v, Sv)? for
allv € D and u € Fiz(S). The class of multivalued demicontractive mappings contains
properly the class of multivalued quasi-nonexpansive mappings [14].

In this paper we are interested in the following multivalued variant of (1.1):

Letzy € HandletS; : D — CB(D),i € {1,2,--- , N} be afinite family of n-demicontractive
multivalued mappings satisfying the endpoint condition. Let ® : D — R U (—o0, +o0] be
a convex, bounded below and Gateaux differentiable function on H with the derivative
$. Assume that IT := ﬂfil Fiz(S;) # 0 then we aim to compute u € II such that ®(u) =
inf ®(IT), via the algorithm generated as follows:

2 =T — a;;i)(xk);
(2:6) — N o)
Tpg1 = (1= Br)ze + Be 2ojoq hawy”, i ={1,2,--- N}

where w,(f) € S;zy, foreach i = {1,2,--- , N}, h; € (0,1) such that Z;\; h =1,0< 1<
min(g-, 5-), @, € [0,1) and S € (0,1).

In order to establish the convergence results of the Algorithm (2.6), we use the follow-
ing required conditions throughout the rest of the paper:
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(C1) By € (0,252 ] and By (1 — B —mi) > 0,0 € {1,2,--- ,N};
(C2) limgyo0 af = 0;
(C3) Zkzo o, = +00;
(C4) @ is L-Lipschitz continuous on H (for some L > 0); i.e.,

|®(u) — D) < Lllu—v|, Yu,v e H.
(C5) & is W-strongly monotone on H (for some ¥ > 0); i.e.,
($(u) — D), u—0v) > T|lu—v|?, Vu,veH.

We now enlist some useful results required in the sequel:

Definition 2.1. Let D be a nonempty, closed and convex subset of a Hilbert space ‘H and let
S : D — CB(D) be a multivalued mapping. Then Id — S is said to be demiclosed at 0 if for any
sequence (xy,) in D which converges weakly to u € D and the sequence (||x, — yx||) converges
strongly to 0, where y;, € Sxy, then u € Fiz(S).

For every point u € H, there exists a unique nearest point in D, denote by Ppu, such
that ||u — Ppu| < ||lu —v| ¥V u,v € D. The mapping Pp is called the metric projection of
‘H onto D. It is well known that Pp is nonexpansive and satisfies (v — Ppu,b — Ppu) <
0OvVbeD.

Lemma 2.1. Let u,v,n € Hand a € [0,1] C R, then

D) Jlu+ o[> < Jlull® + 2{v, u + v);
@) Jlu=ol* = [Jul® = [Jv]]* = 2(u — v, v);
(3) [lau+ (1 = a)v = nl* = allu = n|* + (1 = a)llv = nl* - a(l — a)|lu —v|*.

We need the following result to establish the strong convergence results of the Algo-
rithm (2.6).

Lemma 2.2. Let ¢ be a convex, bounded below and Gateaux differentiable function on a real
Hilbert space # with the derivative . Let D be a nonempty closed and convex subset of
and for each i = {1,2,--- N}, let S; : D — CB(D) be a finite family of n;-demicontractive
multivalued mappings satisfying the endpoint condition and the demiclosedness principle where
()N, C (0,1). Let I = ﬂi]\il Fix(S;) # 0. Assume that the conditions (C1), (C2) and (C5)
hold, then for all k > 0 the sequence (xy,) given by (2.6) satisfies

1 * * — A
(2.7) U1 = Uk + 5(1 —2L0) |znsr — zil® < —ajlar — @, D(xr)),
where u € 11 and

1 .
(2.8) Uy = 5 [l —a)? + o (®(xy) — inf D).
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Proof. Let @ € II, then it follows from Lemma 2.1 and the Algorithm (2.6) that

41— all?

(2.9)

Note that

Setting &, :=

(2.10)

Since S € (O,

.11)

IN

IA

IN

IN

H(l—ﬂk)(zk—u 5k(2hw U)H
H ihz[(l — Bi) (21 — 1) — 5k(w,(f) _ )] H2
i=1

ﬁ:hi“(l — Bi) (2 — 1) — Br(w” — DI

N
Zm[a = Bz = all* + Bellwl” = all* = (1 = Be)Billzx — wy|?]

Zh (1= Bz — all® + Brd(wy”, Siw)? — (1 — Bi) Bullze — w1

i=1

N
ST hi[(1= Bi)llek — all? + BuH(Sizr, Siw)? — (1 Bi) Billzr — wy”|1?)

=1
Zh (1= Bi)llzx — all® + Bellz — @l + mid(zk, Sizi)?)
~(1 = B)Brllzr — wi|1?]

B[ (1= Bl — all> + Be(llz — all” + mill 2, — wi)|)

. i

[
—~
—

= Bi) Brllze — wy @2 | ]
N .
lz = all® = Be(L =i = Br) > hillzr — wi ||,

i=1

Zhllwk —all =3 (xkﬂ ).

7 (1= — By), we get

[@pt1 — @l* < ll2e — @l = Eellwrgr — 2l

1;’“} (so that £ > 1), therefore, we obtain

21 —all® < llze = all® = ok — 2l

From the estimate (2.11) and (C3), we have

2.12)

lox —al® = ll(zx — @) — afd(ar)?

= Jaow — all® — 205z, — 1, (xn)) + i $(an))?

= |lap — .
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Moreover

(241 — o) + (@) |2

ki1 — 2kl + 205 (@1 — 2r, B(2n)) + aF [ ()|
k1 — zkll? + 204 (21 — 20, B(ar) — S(wp11))
(2.13) F200 (w1 — 2y P(2p41)) + i [ B () [

2 — Thsal?

Using the L-Lipschitz continuity of & and the convexity of ®, we obtain

(@ri1 — xp, B(ax) = P(wrr1)) > —Lllwwrs — i,
and

(@1 — Tk, P(@h41)) 2 P(@h41) — Plak).

Utilizing the above estimates in (2.13), we get

kg = 26l® 2> Jlwksr — 2xl® = 205 Llak — wpa||* + 205(D(@ri1) — D(2x)) + || D ()|
(2.14) = (1=2La})||lzkr — oll® + 205 (B(wp11) — B(ax)) + af]| () |-
Hence from (2.11), (2.12) and (2.14), we get

lepsr —al? < llow —al® — 205 (zk — @, &(21)) — (1 — 2La}) ||zpr1 — 22
=20 (®(y1) — P(x1)).

Rearranging the above statement, we have
i — a2 + 207y ((wpsr) — inf )
< law — al|® + 20(®(zx) — inf @) — 20 (Gr — @, D(2))
— (1= 2La}) i — ael — 2(af — ) ((wpsn) — inf O).

Note that, if (a}) is non-increasing then we have (o, — aj, ;)(®(zx41) — inf @) > 0. That
is

1 . .
§||$lc+1 — || + ajy 1 (®(zk41) — inf D)

< 3 llek =l + 07 (D) — inf ®) — o (ri — 7, D))
— 5= 2Lap)llakis —

This is the required result. B

The following results can easily be adopted from [15, Lemma 2.2 & 2.3].

Lemma 2.3. Let ® be a convex, bounded below and Gateaux differentiable function on a real
Hilbert space H with the derivative &. Let D be a nonempty closed and convex subset of H and for
eachi={1,2,--- ,N}, let S; : D — CB(D) be a finite family of n;-demicontractive multivalued
mappings satisfying the endpoint condition and demiclosedness principle where (n;)Y_; C (0, 1).
Let II = ﬂfi L Fiz(S;) # 0. Assume that the condition (C5) holds, then for all k > 0, any
e € (0,2) and for any w € II the sequence () given by (2.6) satisfies

1

2.1 —u,d > -
(2.15) (rp — 1, (xk»_l—i—\lfea,’;

(PeUy, — (De + d¥eay)),
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where
1
U, := §||alc;~C —a|]? + af (®(xy,) — inf @),
d = ®(a)—infd,
_ le@)?
De = 22 —e)¥’

Assume further that the conditions (C1) and (C4) hold and suppose (o) C (0, 5| (when L # 0).
Then we have for all k > 0,

—__¥Ye © . — 1 2\:[1 .
(2.16) Uy, < Upe™ Wi (Er=o@rm00) 4 (D: + d@eao)%elﬁi%.

Lemma 2.4. Let ¢ be a convex, bounded below and Gateaux differentiable function on a real
Hilbert space H with the derivative ®. Let D be a nonempty closed and convex subset of H and for
eachi={1,2,--- ,N}, let S; : D — CB(D) be a finite family of n;-demicontractive multivalued
mappings satisfying the endpoint condition and demiclosedness principle where (n;)_; C (0,1).
Let 11 = ﬂf\il Fix(S;) # 0. Assume that the conditions (C1)-(C2), (C4) and (C5) hold, then the
sequence (xy) generated by (2.6) is bounded.

3. MAIN RESULTS

In this section, we first prove some preliminary results to establish the strong conver-
gence of the Algorithm (2.6).

Lemma 3.5. Let ¢ be a convex, bounded below and Gateaux differentiable function on a real
Hilbert space H with the derivative . Let D be a nonempty closed and convex subset of H
and for each i = {1,2,--- ,N}, let S; : D — CB(D) be a finite family of n;-demicontractive
multivalued mappings satisfying the endpoint condition and the demiclosedness principle where
()N, € (0,1). Let I = ﬂf\il Fix(S;) # 0. Assume that the conditions (C3) and (C5) hold
and the sequence () generated by (2.6) is bounded and satisfies || xy+1 — x| — O, then xj, — @
implies u € II and

lim inf (z, — @, ®(@)) > 0,

k—o00
where @ is the solution of (1.1) or (1.2).

Proof. Let (xy,, ) be a subsequence of (z;) which converges weakly to an element . in
H. Assume that ||zx11 — k]| = 0, o — 0 and (zy) is bounded. Consequently, zx,, :=
akmd)(azk ) converges weakly to .. Utilizing (C3) and the boundedness of ®(y,, ),

m

Ty

m

we have o | |® (21, )| — 0. From (2.6), we get

N
i 1 .
S il — Il = 2k, 41 = 20, | = 0, {i=1,2,--- N}

B
From the demiclosed principle and the endpoint condition for S;, we obtain that {z.} =
Sixs, i € {1,2,---,N}. Since x,, — x. € H as m — oo, therefore we have =y, 11 — .

and zj,, — x, as m — oo. Hence z, € 1L
The term (z}, — @, ®(@)) is bounded, as (z}) is bounded. Observe that

liminf(z, — @, &(@)) = lim (z,, — a, (1)),
k—o0 m—o0

and hence lim inf_, o0 (z), — @, (20)) = (&, — @, P(10)). As @ is a solution of (1.2), we have
(x4« — @, ®(w)) > 0. This is the required result. B
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Lemma 3.6. Let ® be a convex, bounded below and Gateaux differentiable function on a real
Hilbert space H with the derivative . Let D be a nonempty closed and convex subset of H
and for each i = {1,2,--- N}, let S; : D — CB(D) be a finite family of n;-demicontractive
multivalued mappings satisfying the endpoint condition and the demiclosedness principle where
()N, € (0,1). Let I = ﬂfil Fiz(S;) # 0. Assume that the condition (C2), (C4) and (C5)
hold and the sequence () generated by (2.6) has a subsequence (xy,, ) such that:
M (x1,) CT:={xeH: (x—u b)) <0}, where u is the solution of (1.1) or (1.2);
M ||zk,,+1 — @k, || = 0as k — oo;
Then the sequence (xy,,) converges strongly to .

Proof. Observe that the condition (C5) implies that U||z,, — al|®> < (xx,, — @, P(zx,, ) —
&(@)). Then (I) infers that
(3.17) Ul|ag,, —al? < —(ar,, — @, &(a)).
From (3.17), we obtain ||z, — @] < @ so therefore, (z,, ) as well as I" are bounded.
Consequently, a subsequence (z,,) € H converges weakly to a point . € H and utilizing
(II), we obtain ||z, — | — 0 as m — co. Moreover from (2.6), we have

km+1|

IN

N N
(3.18) Bre. Hka =3 b Brn S hill e, —wi |
=1 i=1

—— ks = 2k || = 0, as m — oo.

Blorn
By using (C4) and since (af) — 0, 2, converges weakly to @. Note that z. € II, (as
proved in Lemma 3.5) and utilizing (3.17) and (1.2) entails
1 ,
limsup [, —@* < —(F){z. — @ (@) <0.
k—+o00 LG

Hence lim,,,—, 4 o ||k, — @]/ = 0. This completes the proof. B

Lemma 3.7. Let ¢ be a convex, bounded below and Gateaux differentiable function on a real
Hilbert space H with the derivative &. Let D be a nonempty closed and convex subset of H and for
eachi={1,2,--- ,N}, let S; : D — CB(D) be a finite family of n;-demicontractive multivalued
mappings satisfying the endpoint condition and demiclosedness principle where (n;)Y_; C (0,1).
Let II = ﬂfvzl Fiz(S;) # 0. Assume that the conditions (C1)-(C5) hold. Assume that the
sequence (x,) given by (2.6) satisfies:

(D) [[zks1 = 2x]] = 0,

(I) limg_ oo ||z — @l exists,
where @ is the solution of (1.1) or (1.2). Then the sequence (x1,) converges strongly to 1.

Proof. It is observed from Lemma 2.4 that (x) is bounded. Suppose that limy,_, . ||zx —
il| = p > 0 and utilizing Lemma 3.5, we have lim infy,_, o, (), — @, ®(@)) > 0 and also from

(C5), we get
(zp — T, D(x1)) > O|ap — al® + (zx — @, D(@)).
After simplification, we obtain
lim inf (x5, — ﬁ,CI)(xk» > Wp2,
k—o0
Also, from Lemma 2.2, there exists kg > 0 such that for k > kg,

1
Vier — Vi < —042(5‘1’#2)»
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where Vj, := 3|z, — @||? + o (®(2x) — inf ®). This implies that

k
1
(5\11/12) Z ag < Vig = Vit1.

m:k?(]

The only logical reasoning for the above estimate to be true is 1 = 0. Because if ) a = oo
then for £ — oo implies that the right hand side of the above estimate is bounded whereas
the left hand side is unbounded. This completes the proof. B

Theorem 3.1. Let ® be a convex, bounded below and Gateaux differentiable function on a real
Hilbert space H with the derivative . Let D be a nonempty closed and convex subset of H
and for each i = {1,2,--- N}, let S; : D — CB(D) be a finite family of n;-demicontractive
multivalued mappings satisfying the endpoint condition and the demiclosedness principle where
()N, C(0,1). Let 1 = ﬂi]il Fixz(S;) # 0. Assume that (C1)-(C5) hold then the sequence ()
given by (2.6) converges strongly to u, where @ is the unique solution of (1.1) or (1.2).

Proof. It follows from Lemma 2.3 that if Vi, = 3|z — @|® + o (®(2x) — inf @), then
both (V%) and (xy) are bounded. Hence, there exists a constant M > 0 such that ||{x} —
@, ®(zg))|| < M for all k > 0, utilizing Lemma 2.2, it yields

1
(3.19) Vier = Vi + 5 (1= 2Laj) feiss — ai* < Maj.

For simplification, we consider the following two cases:

Case A. In the first instance, we assume that (V%) is monotone, i.e., for large enough ko,
(Vk)k>k, is either non-increasing or non-decreasing. In addition, (V) is bounded and
hence it is convergent. Using (C2), that limy_, 1 ||z — @| exists. Utilizing (3.19) and
limg 00 [|Vir1 — Vil = 0, we have

(3.20) lim ||zg41 — 2zl = 0.
k—o00

Now consider the re-arranged estimate (2.9) and using (A2), we have

N
Bl =i = Bi) D ullew = wy I < flaw — alf? = Il — all®
i=1

< ([lzx = all + llensr — al)|lzrrr — 2l

Letting £ — oo and utilizing (3.20), we have

N
(321) ﬂk(l —MNi — ﬁk:) Z hiHZk — w](cl)”2 = 0.
i=1
It is observed that
al : 1
> hullwy? =zl = -lewes — 2l i = 1,2, V).
pt Br
The above estimate implies that
(3.22) lim ||zx — zk+1]] = 0.
k—o0
From (3.20), (3.22) and the following triangular inequality:
2t = il < N2k = Tpga || + [[@rt1 — @i,

we get
(3.23) lim ||z — xx|| = 0.

k—o00
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TABLE 1. Computation of Multivalued HSDA

No. of Iterations CPU Time

Casel Casell Caselll Case I Case 11 Case 111
Multivalued HSDA 57 75 68 0.049071 0.031480 0.039675

Hence from Lemma 3.7, we deduce that u € II.
Case B. Conversely, suppose (V};) is not monotone sequence and for all k > kq (for some
ko large enough) let a mapping g : N — N defined by

(3.24) g(k) :==max{m e Nym < k,Vj, < Vi41}.

Note that, g is a non-decreasing sequence imply that g(k) — 400 as k — +oo and V,, <
Vy()+1 for k > ko, so therefor by using (3.19), it yields

1 *
(3.25) 5(1 —2La} ) Zg ()41 — Tg(y I < Mag, — 0,

hence, ||zg(x)+1 =24k || — 0. Utilizing Lemma 2.2, for any n > 0, the inequality V,, 11 <V},
holds provided that z,, ¢ T' := {z € H;(z — u,d(z)) < 0}. Consequently, we have
zgx) € I forall k > ko (since V) < Vy)+1). By using Lemma 3.6, we conclude that
|zgxy — @|| — 0 and it follows that
kli—>n<}o Vo = kh—>n;o Vo1 = 0.

Moreover, for k > ko, it is mention that Vi, < V)41 if & # g(k) thatis , if g(k) < &,
because we have V,, > V,4; for g(k) + 1 < n < k — 1. It follows that for all k& > ko,
0 < Vi < max{Vy), Vyr)+1} — 0, hence limy_, o Vi = 0. This completes the proof. B

4. NUMERICAL EXPERIMENT AND RESULTS

This section provides effective viability of Algorithm 2.6 supported by a suitable exam-
ple.

Example 4.1. Let 1 = R the set of all real numbers with the inner product defined by (z,y) = xy,

forall x,y € R and induced usual norm | - |. Let D C H and ® : R — (—o0, 00| be defined by
®(z) = 1| fz — g||* with Ax = 0 = g. Then ® is a proper, convex and lower semicontin-

uous function. Since A is a continuous linear function (see[16]). Let a multivalued mapping
S : R — CB(D) be defined as follows: if x € (—o0,0], take Sz = [—(%), —5z); if v € (0,00),
take Sz = [—5x, —(2£)]. In order to compute (xx1), for each i € {1,2,--- N}, take S; = S.
By Example 2.2 in Ref.[14], we know that S is a multivalued demicontractive operator with a con-

stant n = 3. Choose w,(j) = b5z, By = m, N = 2 x 10°. We compute our HSDA defined

in Theorem 3.1 (i.e., Algorithm 2.6) for different initial inputs. The stopping criteria is defined as
Error=E}, = ||z, — xp_1|| < 107*. The different cases of initial inputs are given as follows:

Casel: g =4, o = §
CaseIl: g = —2, o = 1

Case IlI: xg = 2.7, o* = %

The error plotting ||z, — xi—1|| of Multivalued HSDA are illustrated in Figure 3.
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FIGURE 1. Computational results of Multivalued HSDA. Case I
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FIGURE 2. Computational results of Multivalued HSDA. Case II

Conclusion. In this paper, we have devised a HSDA for computing the convex mini-
mization problems over the set of FPP for multivalued mappings in Hilbert space. The
theoretical framework of the algorithm has been strengthened with an appropriate nu-
merical example. We would like to emphasize that the above mentioned problems occur
naturally in many applications, therefore, iterative algorithms are inevitable in this field
of investigation. As a consequence, our theoretical framework constitutes an important
topic of future research.
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FIGURE 3. Computational results of Multivalued HSDA. Case III
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