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Approximating G-variational inequality problem by
G-subgradient extragradient method in Hilbert space
endowed with graphs

AUTCHA ARAVEEPORN', ARAYA KHEAWBORISUT? and ATID KANGTUNYAKARN?

ABSTRACT. In this article, we introduce G-subgradient extragradient method for solving the G- variational
inequality problem in Hilbert space endowed with a direct graph. Utilizing our mathematical tools, weak and
strong convergence theorem are established for the proposed algorithm. In addition, we provide numerical
experiments to illustrate the convergence behavior of our proposed algorithm.

1. INTRODUCTION

Let H be a real Hilbert space and D be a nonempty closed convex subset of a real
Hilbert space H. The set of fixed points is denoted by F(T') = {z € C : Tx = x}, where
T : D — D is a mapping. The following symbols will be used throughout this research:

i) G = (Eed(G),Ver(Q)) is a directed graph where Ver(G) is vertices set and Eed(G) is
set of its edges with {(z,z) : x € Ver(G)} C Fed(G)

ii) Fed(G™1) = {(y, ) : (z,y) € Eed(G)}.

The variational inequality problem (VIP) is to find a point z* € D such that

(y—z",Bz") >0,

forally € D, where B : D — H is a mapping. The Variational inequality problems can
be used to solve problems in engineering, economics, and physics; see more details in
[2,5,9,11].

The most famous technique for solving the problem (VIP) is the extragradient method
suggested by Korpelevich [7]. This process must enumerate two projections onto the fea-
sible set D in each iteration. If the set D is a half-space or a closed ball, effectiveness is
completed in the result of the projection onto D. In the recent years, the extragradient
method has approved meaningful awareness by numerous authors, who developed it in
different ways, see, e.g. [2, 3, 5] and the several citations therein.

In [1], Censor et al. introduced a new extragradient method as follows:

wy, = Pp(I — AB)v,
(1.1) T ={w e D : {(I—-AB)vy, — Wy, w, —w) = 0}
Unt1 = Prn (U’n - )\Bwn) ,

foralln € Nand A > 0. They proved that {v,} generated by (1.1) converges weakly
to a solution of VIP. In this technique they have renovated the second projection in Kor-
pelevich ’s extragradient method with a projection onto a half-space, which is estimated
explicitly. Such method is called subgradient extragradient.
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Jachymski [4] was the first to analyze the fixed point problem in metric space endowed
with graph and introduce the crucial conclusion in this space by integrating fixed point
properties and graph theory, see more detail in [4].

Let D = Ver(G) and the mapping T’ : D — D is called G-nonexpansive if the following
conditions hold:

1) T is edge-preserving i.e., for each z,y € D such that (z,y) € Eed(G)= (Tz,Ty) €
Eed(G),

2) |Tz — Ty|| < ||z — y||, whenever (z,y) € Eed(G) forall z,y € D.

Tiammee et al. were the first to prove the strong convergence theorem of a sequence
generated by Halpern iteration for approximating fixed point problem of G-nonexpansive
mapping in Hilbert space endowed with a directed graph. See more detail [10].

Using concepts related to the variational inequality problem and graph theory, Kang-
tunyakarn [6] introduced the G-variational inequality problem, which is to find a point
z* € D such that

<y - IE*7B(E*> > 07
for all y € D with (z*,y) € Eed(G) and B : D — H is a mapping, where D = Ver(G).
The set of all solution of such problem denoted by G — Var(D, B). He proved strong
convergence theorem to solve G-variational inequality problem.

By combining the concepts of subgradient extragadient method and graph theory in
this research, we introduce G-subgradient extragadient method for approximating the
solution of G-variational inequality problem. To use such a method, we introduce G-Half

paceby To = {we D (I = A\B)z— y,y —w) > 0}
where A > 0, B : D — H is a mapping and y = Pp(I — AB)z for all = € H with
(w,x) € Fed(Q).

Example 1.1. Let H = R? and D = [-100, 100] x [—100, 100] and metric projection Pp :
H — D define by

Pp (21, z2) = (max {min {z;, 100} , —100} , max {min {29, 100} , —100}) ,

forall z = (21,22) € H.

Let B : D — H define by Bx = (%,%) forall z = (v,v2) € D and Ver(G) = D,

Eed(G) = {(u,v) : u = (u1,uz2) € [0,100] x [0,100] and v = (v1, v2) € (300, 00) x (300, 00)}.
Putting A = 2. From definitions of Pp and B, we have Pp(1 — AB)z = Pp (%-, %) for all

x = (vi,v2) € H.

Let (w,x) € Eed(G), where w = (wy,ws),z = (v1,v2) . From definition of Pp, we have

Pp(I — AB)z = (100,100) and T = [0, 100] x [0, 100].

In this paper, motivated by the research [7, 1] and [6], we introduce a G-subgradient
extragradient method for solving the G-variational inequality problem in Hilbert space
endowed with a direct graph. Then we establish weak and strong convergence theorems
under some proper conditions. Furthermore, we also give some examples to support our
main result.

2. PRELIMINARIES

This section collects well known definitions and lemmas as an essential tool for prov-
ing our main theorems.

Let D be a nonempty closed convex subset of a real Hilbert space H. We denote
strong convergence and weak convergence by notations — and —, respectively. For every
x € H, there exists a unique nearest point Ppz € D such that

|l = Ppal|| < |lz —yll, VyeD.
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Pp is called metric projection of H onto D.
For each x € H and y € D. It follows that

(2.2) llz = yl* > |lz — Ppz|® +|ly - Ppall*.

Lemma 2.1. Let Pp be the metric projection from H onto D. Then
i) Pp is a nonexpansive mapping, i.e.

|Ppz — Ppy| < |lz—yll, Va,y € H.
i)y=Ppre{zr—yy—2 =20 VreD

Definition 2.1. [8] A subset X of Ver(G) is called a dominating set if for every v belong
to Ver(G) — X there exists a point = belong to X such that (x,v) belong to Eed(G) and
we said that = dominates v or v is dominated by x. A subset Z of Ver(G) is dominated by v e
Ver(G) if (v, z) € Eed(G),Vz € Z and we said that X dominates v if (x,v) € Fed(G) Yz X.

Definition 2.2. [8] A graph G is called transitive if for every z,y € Ver(G) with(z, y), (v, 2)
€ Fed(G), then (z, z) € Fed(G).

Property G [6] Vertices set Ver(G) = D is said to have Property G if every sequence
{a,} in D converging weakly to z € D, there is a subsequence {a,, } of {a,} such that
(an,,x) € Eed(G)V k € N.

Definition 2.3. [6]Let Ver(G) = D. The mapping B : D — H is called G-a-inverse strongly
monotone(G-a-ism) if there is o > 0 such that

(Bx — By,x —y) > a||Bx — Byl
Va,y € D with (z,y) € Fed(G).

The difference between G-a-ism and a-inverse strongly monotone is found in the refer-
ence [6].

Lemma 2.2. [6] Let Eed(G) be a convex and Ver(G) = D. Let G = (Ver(G), Eed(G)) be a
direct graph and G be transitive with Eed(G) = Eed(G™"). Let B : D — H is G-a-ism operator
with B=1(0) # 0. Then G — Var(D, B) = B~1(0) = F (Pp(I — AB)), forall A > 0.

Lemma 2.3. [6] Let Eed(G) be a convex and Ver(G) = D. Let G = (Ver(G), Eed(G))
be a direct graph and let B : D — H is G-a-ism operator. For every ¥ A € (0,2a), if
F(Pp(I—AB)) x F(Pp(I—AB)) C Eed(G), then F (Pp(I — AB)) is closed and convex.

Lemma 2.4. [9] Let {a,,} and {b,,} be subset of [0, c0) satisfying
An+41 < an + b'ru

forallm € N.

o0
i) if Z b, < oo, then nh_)n;@ a, exists

n=1
oo
i) if E by, < oo and there exist a subsequence of {a,} converging to zero, then lim a, = 0.
n—oo
n=1

Lemma 2.5. [9] Let {v,} be a sequence in H. Suppose that, for all u € D,
[vnt1 — ull < |Jvn — ul| + bn,

foralln € Nand Y~ | b, < co. Then {Ppv,, } converges strongly to some z € D.



362 Autcha Araveeporn, Araya Kheawborisut and Atid Kangtunyakarn
Lemma 2.6. [11] Each Hilbert space H satisfies Opial’s condition, i.e., for any sequence {x,}
with x, — z, the inequality

liminf ||z, — z|| < liminf ||z, — y||

n— 00 n— oo

holds for every y € H with x # y.

3. MAIN RESULTS

Theorem 3.1. Let G, Ver(G), Eed(G), B as in Lemma 2.2. Assume that G — Var(D, B) # ()
with G — Var(D,B) x G — Var(D,B) C Eed(G). Let {v,} be a sequence defined by vy € D
and

Wy = PD(I — )\B)’Un

TE ={w e D: {((I—-AB)v, — wp,w, —w) = 0}

Un41 = PTg (vn - >\Bwn) )
forall n € N where X € (0, ) and TE is G- Half space. Then sequence {v,,} converges weakly
to an element T € G — Var(D, B) and the sequence {Pg,v,"( D, B)vn} converges strongly to T,
where G — Var(D, B) dominates v,,, {v, } dominates vy and {w,, } is dominated by vq.

Proof. Letv* € G—Var(D, B). Since G — Var(D, B) dominates by v,,, we have (v, ,v*) €
Eed(G) for all n € N. From Lemma 2.2, we have v* = Pp(I — AB)v*.
Utilizing Definition 2.3, we have

lwn — v*H2 < op — v*||2 — 2\ (Bv, — Bv*,v, — V") + A2 | Bv,, — Bv*||2
< o — v*|)? = 22 || Bu, — Bv*||> + A? || Bv,, — Bv*||”
= |lvn — 0| = M2a = A) | Bun, — Bo*|)?
< lon — 0"

Due to {v,,} dominates vy and {w,} is dominated by vy, we have (v,,vo), (vo,w,) €
Eed(G).

Exploiting of G is transitive, we get (v, w,) € Eed(G) .

From the assumption that Eed(G) = Eed(G~!), we deduce that (w,,v,) € Eed(G).

From (wy,, vy) , (vn,, v*) € Eed(G) and the assumption that G is transitive, we get (w,,, v*) €
Eed(G).

From iteration of sequence {v,, }, we have

[ons1 = 0*|* < lon — ABuwy, — v*||> = ||on — ABwy, — Pra (v, — ABw,)|)”
= |lon — v*||* = 2X (Bwp, vp — v*) + | ABw,|?
—||vn = Pra (v = ABw,)||* +2A (Bw,, v — Pra (v, — ABuw,))

(3.3)
- ||)‘BwnH2
= [[on = v*|* = 2X (Bwy, Prg, (vn — ABuwy) —v)
2
— an — Pry (vn — )\Bwn)H
From (w,,v*) € Eed(G) and monotonicity of B, we have

v
0 < (Bw, — Bv*,w, —v*)

Bwy,, w, —v*) — (Bv*,w, — v*)

Bwp,wn — Pra (v, — )\Bwn)> + <Bwn7 Pry (vn, — ABw,,) — v*> .
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It implies that
(3.4) —2X <Bwn, Pry, (v, — ABwy,) — v*> <2\ <Bwn,wn — Pry (v, — )\Bwn)>

From (3.3) and (3.4), we have

[vns1 —v*[|> < v —v*||* = 2X(Bwn, Pra (v, — ABw,) —v*)

— HUn — PTS (’Un — )\an)Hz

< v — 0¥ + 2A (Bwp, wy, — Pro (vn — ABwy))
- ||Un - PTZ;L (Un - )\B'Un)H2
= ||lvp — v*||2 +2X <Bwn,u)n — Prr, (v, — )\Bwn)>
— |lvn, — wn||2 -2 <vn — Wy, Wy, — Prp, (v, — )\Bwn)>
— Hwn — PTg (v, — )\Bwn)H2
= lon = 0*|1% = [[vn = wal* = |[wn — Pry (v — ABuwy)||*
+2 <)\Bwn — Uy + Wn, Wy, — Pra (v, — )\Bwn)>
= on = 0*[% = l[va — wal® = ||wn — Pra (v — ABw,)||*
+2 <(I — AB)v,, — w, Prn (vp, — ABw,,) — wn>
+2)\ <an — Bwy, Pry, (vp, — ABw,,) — wn>
< vn = 0|2 = [l — wall* = |lwn — Pry (v, — ABw,)||?
42X <an — Bwy, Pry, (vp, — ABwy,) — wn>
< on =0 I1% = lon = wall® = [Jwn — Pra (v — ABwy)||?
A
+2E”BU" — Bwy|| - [|Pra (vn — ABwp) — wy||
< ow = 0" = Jvn — wal® = lwn — Pry (vn — ABuw,)|”
A
+2 (0w = nlP 4 1Pr (0 = ABwn) = s ?)
A
= o —v** - (1 - ) o — 0
«
A 2
(3.5) — (1 — a) | Pra (v — ABwy) — w||” .

From Lemma 2.4, we have lim,,_, ||vn — U*H2 exists for all v* € G — Var(D, B) and
{v,, } is a bounded sequence.
From (3.5) and lim,, o ||t — v* ||2 exists, we have

3312 |[Pp(I = AB)vn, — vp| = nh_{rgo [vn — wy|| = 0.

Since {v, } is a bounded sequence, there is a subsequence {v,,, } of {v,,} converses weakly
to x.

Since D have a property G, we have (v, ,Z) € Fed(G).

Assume that Pp (I —AB)Z # Z. By opial property and using the same method as (3.3), we
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have
limsup ||vp, —Z|| < limsup|jvn, — Po(I — AB)Z||
k— o0 k—oc0
< limsup (||vn, — Pp(I — AB)vy, || + ||Pp(I — AB)v,,, — Pp(I — AB)Z||)
k—oco
< limsupljon, — 7.
k—oc0

Contradiction. So, we have Pp(I — AB)Z = Z.
Let y € D with (Z,y) € D, then

(I =\B)i — 2,7 —y) > 0.

It follows that
<y - i'7 Bi> 2 07

for all y € D with (Z,y) € D. Then, we havez € G — Var(D, B).
Therefore v, =z € G — Var(D,B) as k — oc.
Since(vn,,Z) € Fed(G) and using the same method as lim,,_, ||v, — v*|| exists, we have
limg o0 ||Un, — Z|| exists.
At the end of this theorem we demonstrate that {v,,} converses weakly to Z. Assume that
Up, — & as k — oo and T # 2. Thank to the Opial’s condition, we obtain

lim ||v, —Z|| = limsup |v,, — Z|

n—o0 k— o0

< limsup ||vg, — Z||
k— o0

< limsup ||v,, — Z||
k—o0
= lim |jv, —Z|.
n— o0

Contradiction. So, we get = Z. We can conclude that a sequence {v,, } converges weakly
toz € G—Var(D,B).

Due to (3.5) and exploiting of Lemma 2.5, we have {Pg,Vm( D, B)vn} converges strongly
toz € G —Var(D,B).

From property of Pg_var(p,5), we have

(vn — PG—var(D,B)ns Pa—var(p,Byvn — T) = 0.

Take n — oo, we have ||z — Z|| = 0. So, we have z = Z. Therefore we can conclude
that{ P;_v(p,B)vn} converges strongly to # € G — Var(D, B).This is ultimately the
prove. O

4. APPLICATION

To resolved a fixed point problem in Hilbert space endowed with a direct graph by
using G-subgradient extragradient method, we required the following lemma;

Lemma 4.7. [6] Let D be a nonempty closed convex subset of a real Hilbert space H and let
G = (Ver(Q), Eed(G)) be a directed graph with D = Ver(G) having property G. Let Eed(Q)
be a convex set with Eed(G) = Eed(G™1). Let T : D — D be G-nonexpansive mapping with
F(T)# 0and F(T) x F(T) C FEed(G). Then

i) I — T is G — - inverse strongly monotone,

ii) G — Var(D,I —T) = F(T).

The following theorem is an immediate result of Theorem 3.1 and Lemma 4.7.
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Theorem 4.2. Let D be a nonempty closed convex subset of a real Hilbert space H and let G =
(Ver(G), Eed(Q)) be a directed graph with D = Ver(G) having property G. Let Eed(G) be a
convex set and G be transitive with Eed(G) = Eed (G~1) andlet T : D — D be G-nonexpansive
mapping with F(T') # O and F(T) x F(T) C Eed(QG). Let {v,, } be a sequence defined by vy € D
and

wy, = Pp(I — XTI —T)vy,

TE ={weD:{(I—-XI—-T)v, — wy,w, —v) >0}

Uny1 = Pry (vn — A = T)wy,),
foralln € N where A € (0, ) and TE is G- Half space. Then sequence {v,,} converses weakly to
anelement v € F(T') and the sequence { Pgryvy, } converges strongly to v, where F(T') dominates
Un, {vn } dominates vy and {w,} is dominated by vo.

Following that, we provide an example to support our main result.

Example 4.2. Let D = [-1,1] and G = (D, Eed(G)) be a directed graph, where Eed(G) =
{(z,y) : =,y € [0,1]}. Let the mappings B : D — R define by Bx = = — ””7‘3 — 12 and
S : D — Rdefine by Sz = % + %,forallx € D.

Suppose that the sequence {v,,} is generated by vy = 1 and

wy, = Pp(I — AB)v,
(4.6) TE ={we D:{(I—-AB)v, —wy,w, —w) >0}
Un+1 = PTg (Un - )\Bwn) )

for all n € N where A € (0,a) and T2 is G- Half space. Then sequence {v,,} converses
weakly to an element of ¥ € G —Var(D, B) and the sequence {Pg_VM( D, B)vn} converges
strongly to ¥, where G — Var(D, B) dominates v, {v,,} dominates vy and {w,,} is domi-
nated by vy.

Solution. It is obvious that § € F(S), and Eed(G) = Eed(G™).

First, we show that S is a G-nonexpansive mapping. Let z,y € D with (z,y) € Fed(G).
Then, we have z,y € [0,1]. Since 2%, y*, 3 € [0,1] and [0, 1] is a convex set, we have

Lo 35

3
= - 1
Sz 1% +4(8) € [0,1]
and
1, 35
=P+ 22 1].
Sy= 1y +4(5) € 0,1]
From definition of S, we have
a3 15 y3 15 3 y3
|Sx*Sy\—\(Z+§)*(Z+§)\—|Z*z|

1 1
= l? +ay+ Pl -yl < @) -yl
<z -yl
Then (Sz, Sy) € Eed(G). Therefore S is a G-nonexpansive mapping.
Since Bz = (I — S)z, S is a G-nonexpansive mapping and Lemma 4.7, we have B is G-3-

inverse strongly monotone. It is obvious that G — Var(D, B) = {1}.
Putting A = I. From convexity of [0, 1], we have
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forall z € [0, 1].
From definition of Pp, it follows that

47) Po(l - 33)2 €0,1],

for all z € [0, 1].
Let (w, z) € Fed(G). From definition of TZ and (4.7), we have T& C [0, 1].
Since vy € [0,1] and (4.7), we have

1
(4.8) wo = Pp(I — ZB)UO €[0,1],
From T C [0, 1], we have

1
(4.9) v1 = Prn(vo — ZB'LUO) €1[0,1],

Continue the method of (4.8) and (4.9), we have w,, v, € [0,1] foralln € N.

Since vy, 3, v, and w, € [0, 1], it follows that (1,v,,), (vn, v9) and (wy,, vo) € Eed(G).

We can conclude that G — Var(D, B) dominates v, {v, } dominates vy and {w,,} is domi-
nated by vg. All conditions of Example 4.2 satisfies Theorem 3.1, so we can conclude that
sequence {v,} converses weakly to an element of € G — Var(D, B) and the sequence
{Pc_var(p,p)vn } converges strongly to 1.

n Vi
1 1.0000000
2 0.9349873
3 0.8699746
4

0.8108711

19 0.5159698

20 0.5101756
TABLE 1. Detailed analysis of computational methods (4.6) for Example
41 withvg =1, N = 20.

0.8

05

0.4 r

03r

02r

01

FIGURE 1. The convergence behavious of {vy} withvg =1 and N = 20.
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Example 4.3. Let D = [-5,5] and G = (D x D, Eed(G)) be a directed graph, where
Eed(G) = {(z,y) : v = (z1,22),y = (y1,y2) € [—1,2] x [-3,2]}. Let the mappings
B : D x D — R? define by B(z1,x2) = (421 8 22y forall 21,25 € D.

5 504
Let metric projection Pp : H x H — D x D define by

Pp (21, 22) = (max {min {z1,5}, =5}, max {min {z2,5}, —5}),

forall z = (21,22) € H x H.
Suppose that the sequence {v"} is generated by v? = (v9,v9) = (1,1) and

w” = Pp(I — AB)v"
(4.10) TG ={weDxD(I—-AB)v" —w",w" —w) >0}

" = Pro (v — ABw"),
for all n € N where v" = (v}, v3),w" = (w, wy) A € (0,«) and TE is G- Half space.
Then sequence {v"} converses weakly to an element of v € G — Var(D, B) and the se-
quence {Pg,VM( D, B)v”} converges strongly to ¥, where G — Var(D, B) dominates v",
{v"} dominates v° and {w"} is dominated by v°.
Solution. It is easy to see that (2,0) € G — Var(D, B), and Eed(G) = Eed(G™!). Itis
obvious that B is G-;-inverse strongly monotone.

Putting A = ;. From the definition of B, we have

(.11) (-7Be = (E+5. 22 [0 %[5,
forall z = (21, 22) € [-3,2] x [-1,2].

From definition of Pp, it follows that

412) Po(l - %B)z c [—%, 2 x [—%0, ],

forall z = (21,22) € [-3,2] x [-1,2].
Let (w,z) € Eed(G). From definition of T¢ and (4.12), we have T C [—3,2] x [—

Since v € [-3,2] x [—1,2] and (4.12), we have

(4.13) w® = Pp(I — EB)UO € [%,2} x [%,2},

3.2

where w° = (w?,w)) € [-3,2] x [-1,2]. From T% C [-1,2] x [-3,2], we have

1 1 1
1 _ 0 0
1) v = Pry(o - B € 5,2 x [ 5.2

where v! = (v1,v}) € [-3,2] x [-3,2].

Continue the method of (4.13) and (4.14), we have w™,v" € [-$,2] x [-1,2] foralln € N,
o = (o, vy), w" = (Wi, wy).

Since v%,(2,0),v" and w" € [-1,2] x [—3,2], it follows that ((2,0),v"), (v",v°) and
(w™,v%) € Fed(Q).

We can conclude that G — Var(D, B) dominates v", {v"} dominates v* and {w"} is dom-
inated by v°. All conditions of Example 4.3 satisfies Theorem 3.1, so we can conclude that
sequence {v"} converses weakly to an element of (2,0) € G—Var(D, B) and the sequence
{Pc_var(p,p)v™} converges strongly to (2,0).
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n v vy

1 1.0000000 1.0000000
2 1.1600000 0.9414062
3 1.2944000 0.8862457
4 14072960 0.8343173

99  2.0000000 0.0028601
100 2.0000000 0.0026925

TABLE 2. Detailed analysis of computational methods (4.10) for Example
42 with v® = (1,1), N = 100.

FIGURE 2. The convergence behavious of {v®} with v* = (1,1) and N = 100.
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