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Aggregation Function Constructed from Copula

VARAYUT BOONYASRI! and SANTI TASENAZ2

ABSTRACT. In this work, we show that a slight change in the Sklar’s formula tremendously affects the class
of aggregation functions it represents. While the original formula can only be used to construct d-increasing
aggregation functions, this new formula can be used to construct any continuous aggregation function excepted
possibly those belong to the boundary of this set. In particular, all continuous aggregation functions can be
approximated by aggregation functions in this form. This shows that it is sufficient to only consider aggregation
functions in this form for most cases. Construction examples via this method are also given.

1. INTRODUCTION

In order to get information over a sheer volume of data existed nowadays, we are
forced to aggregate data. For instance, we might use the average to represent a set of
data. Other aggregation functions might also be used depending on the situation. A
natural question is whether we can classify aggregation functions or, more importantly,
whether we can use this classification to construct an appropriate aggregation function.
After all, the more choices we have, the better it is to find an appropriate one.

Over the years, several construction methods have been introduced. This includes, for
example, the constructions based on partial information such as constraints [7, 11], forms
[20, 15, 16], properties [25, 32], or values on subsets of domains such as diagonal sections
and curved sections [2, 8,17, 19, 21, 29, 34, 43]. Another example is the transformations of
aggregation functions such as flippings [14, 24], polynomial transformations [3, 6, 10, 33,
40, 42, 41], compositions [18, 31] and others [27, 28, 30]. Penalty-based constructions also
gain interest in recent years [1, 4, 5, 13, 12, 23, 35, 36, 39, 42, 38].

We are interested in Sklar’s copula-based method [37]. Originally, Sklar used copulas
to construct multivariate distribution functions. Specifically, he demonstrates that any
multivariate distribution function can be constructed as a composition of a copula and its
marginal distribution functions. Following his idea, several copula construction methods
have been proposed in literature.

Mathematically, multivariate distribution functions can be considered as a special type
of aggregation functions. Thus, it is natural to question whether the Sklar’s method can
be extended to aggregation functions. This has been shown to be true for bivariate 2-
increasing aggregation functions [18]. We also believe that the proof can also be extended
to the multivariate k-increasing aggregation functions. This two-step method simplifies
the selection process of aggregation functions. The abundance of copulas constructed
over the years is also helpful in constructing aggregation functions. Therefore, we want
to adjust this method for a reasonable larger class of aggregation functions.

In this work, we make a slight change to the Sklar’s formula. This can be viewed as
a mixture of transformation methods and composition methods. Nevertheless, this new
formula allows us to construct aggregation functions belonged to a dense class in the
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space of aggregation functions including strictly increasing aggregation functions. In fact,
this method only fails to construct aggregation functions lying in the boundary. Therefore,
it should be widely adaptable.

In the next section, we will review basic terminologies used throughout this work. In
Section 3, we will present our construction along with some examples. Its properties will
be presented in Section 4, however.

2. PRELIMINARIES

For simplicity, we will assume that the data is numerical with values in the unit interval
I = [0,1]. An element of I¥ will be denoted by the vector notation & = (x1,...,2;) with
special cases for the zero vector 0 = (0,...,0) and the vector I = (1,...,1). Denote
also €; = (e;1,...e;) and é_; = 1 — & where e;j = 1if ¢ = j and e;; = 0 otherwise.
Comparisons between two vectors will be done component-wise. For example, ¥ < ¥ if
and only if z; < y; for all 4. The notation ¥ < i will stand for & < g but & # ¥.
Definition 2.1. A function A : I¥ — T is called an aggregation function if it is nondecreasing

with A (6) =0and A (T) = 1. The volume V4 of A is defined by
VA<<6,5D: S )YED A
zellh_ {aibi}

for all interval (d, Z_)} C I*. Here, N (&, @) is the number of i such that z; = a;. A k-variate

aggregation function is k-increasing if its volume is always non-negative. A semi-copula is
an aggregation function S : I¥ — I such that

(2.1) S(xé;+€_;)=x

forallz e land alli = 1,..., k. A k-increasing semi-copula is also called a copula. Equiv-
alently, a copula is a k-increasing (aggregation) function C such that W < C' < M point-
wisely where

k
W (Z) = max <0,in —k—i—l) , and
i=1

M (Z) = min (21, ..., T)
for all 7 € I*.
It can also be shown that any semi-copula S satisfies L < S < M where
L(f) — z, f:x€z+ g—i;
0, otherwise.

In particular, the average function Mean defined by

k
1
Mean (21, ...,2x) = szl
i=1

for all (z1,...,2x) € I* is an aggregation function which is not a semi-copula. Note that
M is a copula while W and L are semi-copulas. Therefore, semi-copulas are not necessary
continuous. Copulas, on the other hand, are always continuous. In fact, a copula is 1-
Lipschitz, that is,

k
IC(7) - C ) < Z | — yil
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for any copula C and any 7,7 € I*. It follows that the first-order partial derivatives of a
copula exist with values lying in I almost everywhere.
The important of copulas immerses from Sklar Theorem. Given any k-variate copula

C and any univariate distribution functions F1, ..., F}, it can be easily proved that the
function F' defined by

(2.2) F (@) =C(Fi(z1),...,Fr(zr))

for all # € R¥ is a multivariate distribution function with marginals F1,..., Fj. Sklar

Theorem [37] states that the converse of the above statement holds, that is, any multivari-
ate distribution functions can be constructed via equation (2.2). This result allows us to
model multivariate distribution functions in two steps — first model the marginals sepa-
rately, then connect these marginals together using copulas. This method could also be
applied to aggregation functions. In 2008, Durante et al. [18] show that this is possible
for bivariate 2-increasing aggregation functions. A straightforward extension can also be
done for k-increasing aggregation functions.

In this work, we will show that this two-step method is also possible for almost all ag-
gregation functions if we were to replace copulas with linear combinations of copulas and
the product function. Even though this is only a slight change comparing to equation (2.2)
and the work of [18], its effect is surprising. This new formula can be used to construct all
aggregation functions excepted possibly those that belong to the (geometric) boundary of
this convex set. Therefore, we may also used copulas already constructed in literature to
construct aggregation functions.

We will divide our results into two sections. The next section presents our construction
method along with construction examples. Construction properties will be presented in
Section 4.

3. CONSTRUCTION METHOD

In this section, we will present our construction method. We will defer the discussion
of its properties, nevertheless, to the next section. Recall that a scaling function is simply a
nondecreasing function on I sending 1 to 1.

A(Z) = (Ay (z1),..., A (z1))

for all # € I* where A, ..., A, are scaling functions.
Denote II the product function and let I’ o G stand for the composite function of F' and
G. Given a scaling vector A and a constant ¢ € R, we may construct a function A by letting

(3.3) A=(1-¢)CoA+cllo A

where the copula C is chosen so that 9,C > ¢(9;C — 9;II) a.e. on Range (/Y) forall: =

1,...,kand
k
coj(ﬁ) :—(ICC)HAi(O).
=1

This two conditions are also necessary for A to be an aggregation function. Notice that for
the copula C to exists, the above equation must statisfies the Fréchet-Hoeffding bounds.

Thatis, C'o A (6) >Wod (6). This implies ¢ ¢ (0,1) when A4;(0) > 0 for all i.

Also, we only require the values of C' on Range ([f) Thus, we actually require sub-
copulas. Since any subcopula can be extended to a copula, the difference is subtle. Still,
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using only Range ([f) can increase a range of parameter(s) in (subcopula) family, see for

instance, Example 3.1.

It will be proved in the next section that A is indeed an aggregation function. Since
there are already abundant families of copulas being constructed in literature, this method
will be very useful in practice.

At first glance, this might seem to be a rather trivial extension from the case ¢ = 0
in [18]. Its effect, nevertheless, is tremendous. Consider the case of quadratic aggrega-
tion functions, for example. Recall that any quadratic bivariate aggregation function is a
convex combination of 7;; and (;;, where i, j € {1, 2}, defined by
(3.4) Tij (ﬂi’) = Tilj,

Gij (T) = @i + 25 — @i
for all # = (w1,2z2) € I? [40]. Since there are 6 of such 7;; and (;;, the set of quadratic
bivariate aggregation functions can be represent by a octahedron with m;; and (;; as its
vertices. (See Figure (1).) Now, it can be easily proved that any aggregation function of
the form

A = a1m1 + agmag + bimia + balia + c1Ci1 + c2Ca2
where b; < by is not 2-increasing. Thus, the set of such A correspond to to the lower half of
the octahedron in Figure 1 on page 386. Therefore, the case ¢ = 0 in equation (3.3) can only
represent half of quadratic bivariate aggregation functions. On the contrary, only 2 sides
of the boundary of the octahedron can not be written in the form (3.3). This means the for-
mula (3.3) can be used to constructed most of quadratic bivariate aggregation functions.
See Corollary 4.1 for the proof of this fact. In general, we also know that any aggregation
function can be approximated by aggregation functions constructed by the formula (3.3),
see Theorem 4.2.

<2 2

C12

FIGURE 1. The set of bivariate quadratic aggregation functions presented
as a solid octahedron, and its elements that can not be written in the form
(3.3) (dark gray color).

In general, this construction method can produced almost all aggregation functions
excepted possibly those that belong to the boundary of the set of aggregation functions.
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This implies that it is sufficient to only consider aggregation functions in this form for
most cases. This is the beauty of formula (3.3).

Next, we will provide examples for our construction method. The focus will be on
bivariate aggregation functions. Construction of multivariate aggregation functions can
be done analogously.

The first example provides a simple situation where we varies the scaling functions but
fixed the copulas while the second example focuses on the usage of different copulas to
construct distinct aggregation functions. It is also possible to vary both scaling functions
and copulas using the idea from these examples.

Example 3.1. Assume that we know how the data should be combined together. For
example, via the function Cy defined by
Co (u,v) = uv + fuv (1 —u) (1 — v)

for all u, v € [a,1]. Note that Cy is the Eyraud-Farlie-Gumbel-Morgenstern (EFGM) cop-
ula when its domain is I and —1 < # < 1. Notice, however, that (1 — ¢) Cy +cIl = Cri—cyo
for any constant c. Thus, we might as well assume ¢ = 0 but increase the possible range
of 6 to the whole real line. This means Cy does not have to be a copula in this example.

The value u (1 — u) can be interpreted as the fuzziness of u and similarly for v (1 — v).
So fuv (1 — u) (1 — v) represents overall fuzziness of the data (u, v). Thus, Cy (u, v) can be
viewed as a combination between the truthful level and the fuzziness level of (u, v).

Sometimes data have to be scaled before combined. In this case, the aggregation A (u, v)
of (u,v) can be written as
Alu,v) = Cp (F (u),G (v))
for some scaling functions F' : I — I and G : I — 1. We will assume that F' (0) = G (0) for
simplicity and denote this common value by a. To guarantee that A is nondecreasing, we
must have 9;Cp > 0 and 92Cy > 0 on [a, 1}2. Direct computation yields

1-60>0,and14+60(1—2a) >0

which is guaranteed, e.g., if we choose # = — (1 — a)~>. Note that this value of § does not
actually depend on the shape of F or G but only through the fact that Range (F') , Range (G) C
[a,1]. In other words, there are several choices of F' and G to choose from. For instance,
we could choose F' to be one of the following functions.

(1) An exponential scaling of the form
F (u) = ae~ @
forall u € I,.
(2) A sigmoid function such as
F (u) = a + atanh (u)

or
u
F (U) =a-+ aﬁ
forall u € I,.
(3) A polynomial function of the form

w l

(3.5) F (u) :a—i—a/ (1— )k H O dw

@ i=1
forall u € I, where a < t; < 1 are all distinct and k; are positive integers.
Here, « is simply a scaling constant forcing F' (1) = 1.
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Example 3.2. In this example, we will consider a construction of aggregation functions
with fixed scaling functions. For instance, we may use the scaling function of the Mean :
I — I which is equal to

Fx)==-(1+ux)

N |

for all z € I. Now, we may consider an aggregation function A : I> — I in the form
Alz,y) = (1= c)C(F(x),F(y)) + cF (z) F (y)

for all z,y € I. Here, the constant ¢ and the copula C' must be chosen so that 0 =
(1-¢)C (%, %) + ic,

(3.6) 0 C (u,v) > ¢(0hC (u,v) — v)
and
02C (u,v) > ¢ (02C (u,v) — u)

for all u,v € Range(F) = [3,1]. Otherwise, 4 would not be an aggregation func-
tion. There are several choices of copulas to choose from. One choice would be the

Ali-Mikhail-Haq copula Cy given by

uv

T140(1-w(l—v)

Cy (u,v)

forall u,v € Iwhere —1 < # < 1. Since we only require Cjy to be a subcopula with domain
[3.1] ?, we can extend the range of §. Direct computation show that —4 < § < 1 in this

case. Then
11 1
Cs (2’ 2) T 4496
so that
T _ 4 4
1 1
N
Also,
Ov (1 —
0Co (u,v) = — TP A V)
(1+60(1—u)(l-v))
which implies
fv (1 — v) (u2—(1—u)2(1+9(1—v))>
1 Cy (u,v) —v =

(1+6(1—u)(1-0v))?
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Since Cjy is symmetric, it is sufficient to satisfy inequality (3.6). For § < 0, 0,Cy (u,v) —
v < 0 and hence

= max

—t 3 <u<l,
= max 0
(1—t)(u2—(1—u) t) l+3=<t=<1
t <u<l,
g<t<1

This forces

which is equivalent to § > —6.
For# > 0,0,Cy (u,v)—v > 0ifand only if 1+6 (1 —v) <
Now,

a%%?wmmt=1+eu—u)

3<u<l,
min t 1<t<1+$
_ 2 _ _ 2 u?
(1—1t) (u (1-u) t) ES
t Vi< <1
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and

1 Vit
= —min t 3 Su< \/E+é’
(-1 ((1-wft—u) 12143
4t
= —min s 1<t<1+
(t—1) 2
_ 4(1+39)
=
(3)
11
T2 20
Therefore, we must have
1+2> é> i i
0o~ 60— 62 20

which is always true for § > 0. Hence

M) = (1+5) C(F @) F ) - 5F O F )

(145 0+2) 14y 1
= e _na_g st tol+Y)

1 440
~ 0 <4+9(1 51—y 1) (Ltz){1+9)
0—-6(1—=z
=3 (Faa a0 35) )04 )
I+2)(0+y(Q-(1-=
B 4+9ﬂfxﬂ )
is an aggregation function whenever —4 < § < 1.
Similar constructions can also be done with other families of copulas.

4. CONSTRUCTION PROPERTIES

In this section, we will discuss important properties of our construction. First, we will
recall the definition of scaling functions.

Definition 4.2. The ith scaling associated with an aggregation function 4 : I* — Tis a
function A; : I — I defined by

A; (x) = A(zé; +€_;)
for all z € I. Denote also A : I¥ — I* where
A(D) = (A1 (21)s- ., Ag (21))
for all # € T*. The function A is called the scaling vector of A.

Note that an aggregation function is a semi-copula if and only if all of its associated
scaling functions are the identity function.
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Theorem 4.1. Let A : T¥ — T* be a continuous scaling vector, ¢ be a constant and C be a copula.
If 0,C > ¢ (9;C — 9;11) a.e. on Range (/T) foralli=1,... kand that

COJ(G) :—(1i6>f[1Ai(O),

then the function A given by (3.3) is a continuous aggregation function with A as its associated
scaling vector. Moreover, any k-times continuously differentiable aggregation function with a
strictly increasing scaling vector can be constructed this way.

Proof. Let S = (1 —c¢)C + cIl. Since 0;C exists, 9;S = (1 —¢) 9;C + 9,11 also exists
and we have 9;5 > 0 on Range (/Y) Thus, S is nondecreasing which also implies A is
nondecreasing. Clearly, A (T) =S (f) = 1 while

A(@) = (1—0)0015(6) +CHO[((6> =0.
Therefore, A is an aggregation function.
Next, assume that A : I* — T is a k-times continuously differentiable aggregation func-
tion with a strictly increasing associated scaling vector A : I* — I¥. Then its associated

scaling A; are also continuously differentiable and strictly increasing. Therefore, their
inverse exists, strictly increasing, and also continuously differentiable.

Denote @ = A (6) Then we have Range (ff) = [c—i, T}. Define S (z1,...,z) =
A (AT (1), AL (o) for all (24,...,2%) € [Ei, T}. By chain rule, its mixed partial
derivative 0 - - - 9 S also exists and continuous. Notice that S is nondecreasing with
Si(u) = 5 (uéi + &)
= A (A7 () & + &)
=A; (A7 (u) & +é-y)
=u
for all w > a;. We will recursively extended S per coordinate as follows. First, we set

T, = S if a; = 0 otherwise, set

T1 (JE): %S(al,l'Q,...,xk), mlgal';
S(x1,29,...,2k), otherwise;

whenever ¥ € I¥ with 2; > a; for all i # 1. Then we have T} is an extension of S which is
k-times continuously differentiable almost everywhere (excepted possibly when 1 = a1).
Also,

T (ué} + é!i) =u
whenever either u € Tandi = 1 or u > a; and i > 1. Now, we extends T} : I! x

H;?:Hl [aj, 1] = [to Tjqq : I'F! x H?:Z.H [aj, 1] — I, whenever i < k, by setting T}1 = T;
if a;11 = 0; otherwise, set
Tioy (7) = %S(xhu.7$i,ai+1,9€i+27~~7$k), i1 < Qiga;
i+1 = ) :
! S(x1, T2, .., 2), otherwise;

for all # € I¥ with z; > a; forall j > i + 1. Again, T} is k-times continuously differen-
tiable almost everywhere (excepted possibly when x;4; = a;+1). Now, we have T' = T},
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is an extension of .S which is k-times continuously differentiable almost everywhere (ex-
cepted possibly when z; = a; for some ¢). Moreover,
for all u € Tand all 7. In particular,
T(Z)=0

whenever x; = 0 for some i. We can then define

¢ = min ((vzrin;la 01+ 0T (u)) ,0)

1

C(U)zlic/(&---@kT—c)

]

and

1 _ i
= 1 (Ve ([0,) — eV (0, )
1
= (@)~ eI (@)
for all @ € I*. Since C is an integration of a nonnegative function, it must be k-increasing.
Since both T" and II satisfy equation (2.1), so is C. Therefore, C' is a copula. Notice that,

we actually have

€ (@) = (S (i) — 1 (i)

whenever @ € Range (/Y) The constant ¢ can also be written in term of S. Therefore, the
choice of extension T' does not actually matter. Also,

C(4(@) = 7= (s (4(9) ~en (4(9)))
_ 1ic (A () cﬁAi (0)>

=1

(1f0)ﬁAi(0).

i=1

By construction, formula (3.3) must hold as desired. a

Remark 4.1. Note that the constant c in the above proof is not unique. It can actually be
replaced by any number less than (min d; ---91T) A 0.

As mentioned before, any quadratic aggregation function can be written in the form of
(3.3). Its proof is a simple consequence of the above theorem.

Corollary 4.1. Any bivariate quadratic aggregation function can be written in the form of (3.3)
for some copula C and some constant c unless it is either a convex combination of w11, (11, and (2
or a convex combination of waa, (22, and (ia.

Proof. Since a quadratic bivariate function is continuously twice differentiable, we only
have to consider the monotonicity condition. Let

A = a1m11 + agma + bimia + baliz + c1Ci1 + c2Ca2
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be a quadratic bivariate aggregation function. Then
A: (x) =2¢; + b1 +2(ai —ci)x
> 0.

since A is nondecreasing. If A (z) = 0 for some z € I, then we must actually have
Al (x) = 0 on either [0, z] or [z, 1] which further implies A’ (x) = 0 on I? due to the mono-
tonicity of linear functions. Since all coefficients are nonnegative, the latter is equivalent
to a; = ¢; = by = 0. Therefore, exactly one of the following cases occurs:

e Ais strictly increasing,

®ea=c =b =0,

(] a2202:b1:O.
If A is strictly increasing, we are immediately done. Otherwise, A is either a convex com-
bination of 711, (11, and (15 or a convex combination of a9, (22, and (;2 as desired. [l

In corollary 4.1, we see that only quadratic aggregation functions on the boundary of
the set can not be written in the form (3.3). This situation also holds in general — only
aggregation functions on the boundary of the set can not be written in the form (3.3).

Theorem 4.2. The set of aggregation functions constructed via (3.3) is dense in the space of
continuous aggregation functions. Furthermore, it contains all the interior of the space.

Proof. Denote A the set of continuous aggregation functions, 3 the set of aggregation func-
tions in the form (3.3), and S the set of smooth strictly increasing aggregation functions,
all with the same dimension d. We already know & C B C A. If we can show that § is
dense in A, then so is B. To do this, we will used the Bernstein polynomial. Let A € A,
and define

n-T d
A, () = A(l-E> 1B (. ki)
=1

for all Z € I where B (n, k,z) = (7)z* (1 — z)" ",
It is well-known that A,, converges to A uniformly. Moreover, A,, are smooth since they
are polynomial, 4,, <6) =A (6) H?:l B (n,0,0)=0,and A, (f) =A (T) H?Il B(n,n,1)=
1. Thus, it remains to show that A4,, are nondecreasing. For this, notice that

nT 1 . d
0;An (T) = A (n : k) H B (n, ki, x;) | 0;B (n, ks, ;)

i=1,1#]

n-1 d
1
znz A(n-k) H B(n,ki,xz;) | (B(n—1,k; —1,z;) — B(n—1,kj,xz;))

=G i=1,i#j
= nZA (n -k 4+ - ej) B(n—1,kj,z;) | H 4B(n,k‘i,xi)
k=0 i=1,i#j
n-1 1 d
—nZA(n-k>B(n—1,kj,:vj) H B (n, ks, x;)
=G i=1,ij
— Al=--k+=-¢ | —-Al= -k B(n—1k; x; B(n, k;,x;
nZ( <n + e]> <n )) (n—1, J,x])‘ H (n, ki, x;)
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with the convention that B (n — 1,k,2) = 0 when k < 0 or k¥ > n — 1. Since A is non-
decreasing, the last line must also be nonnegative. Hence, A,, are nondecreasing. Set
S, = (1—2)A, + LIL. Then S, € S are also smooth strictly increasing aggregation
functions and \S,, — A uniformly to A. This finishes the proof of the first statement.

For the second statement, notice that the set S is also convex. Now, the fact that S is a
convex dense subset of a closed convex set A lying in a Banach space implies that S must
contain all the interior points of A. Since S C B, the same also holds for B. Therefore,
aggregation functions that can not be represented as (3.3) must lie on the boundary. [

Last, we will end this section by showing that our construction method can also be
used to construct aggregation functions with special properties. Recall that an aggregation
function A is idempotent if A (x . f) =z for all z € [, and it is invariant if A (&) does not

depends on the order of z;’s that appear in Z. In particular, all scaling functions associated
to an invariant aggregation function must be the same.

Corollary 4.2. The set of idempotent invariant aggregation functions in the form (3.3) is dense
in the set of idempotent invariant (continuous) agqregation functions. In this case, the diagonal
function ¢ of the copula C in (3.3) must be given by

1

4.7) oc (a(z)) = . (z— ca? (z))

forall x € Lwhere a : 1 — 1 is its associated scaling function and d is its dimension.

Proof. First, we will prove the second statement. Let A be an idempotent invariant aggre-
gation function in the form (3.3) and a : I — I be its associated scaling function. Then we

must have
sz(a:-f)
:(1—C)Cog(x~f)+cﬂog<x-f>
= (1-¢)dc (a(x)) + ca’ (z)

which yields the result via some algebraic manipulations.
Now, for the first statement, let A be an idempotent invariant (continuous) aggregation
function. Again, set

n-T d
A,@) =Y A F) [[B k)
o i=1

forall # € I%. Then A,, are smooth invariant aggregation functions and 4,, — A uniformly
to A. Set B,, = (1 — 1) A, + LIL Then B, are also smooth invariant aggregation functions,

B,, — A uniformly, and B, are strictly increasing as well. Therefore, its diagonal function
b, = dp, must also be smooth and strictly increasing and b,, converges uniformly to the
identity function on I. Now, b, are univariate distribution functions, so its associated
quantile b,,* must also converge uniformly to the identity function on I. Clearly, b,,* are
smooth and strictly increasing.

Set

D, (¥) = B, (b;1 (x1),... ,b;l (xd))
for all # € I%. Then D,, are idempotent invariant aggregation functions converges uni-

formly to A. Since D,, are also smooth and strictly increasing, they must be in the form
(3.3). O
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It should be mentioned that Corollary 4.2 only states that all diagonal functions must
be in the form of (4.7) but not the converse. After all, the range of possible number ¢ will
depend on the scaling function a. This fact will be summarized in the following result
when the scaling function is continuously differentiable.

Theorem 4.3. Let a : 1 — 1 be a continuously differentiable strictly increasing scaling function.

a(x)—x da' (z)—
Denote 651 (x) = m, Yd (.T) = m/ and Nd (l’) = m. Let 6
be a function that satisfies (4.7).

(1) If a (0) > 0, then & can be extended to diagonal function if and only if either

c> ( sup fa (w)> % < sup (w)) v < sup 17q (x))
0<z<1 o<z<1 0<z<1

()
o< pint, m @) no

(2) If a (0) = 0, then ¢ is a diagonal function if and only if

o< (pint, 94)) 1 (o int, 20 0)) 4 i mao)

Proof. Notice that

or

§ (a (@) d (2) = -

for all z € I. For § to be a diagonal function, it must be point-wisely bounded by the
identity function, nondecreasing, and Lipschitz with constant d. The last two conditions

can be fulfillif 0 < ¢’ < d.
In the case a (0) > 0, we may extend ¢ linearly by setting

(1 - cda®" (z)a’ (z))

—ca® 1 (0)t

d(t) = 1.
forall t < a(0). Clearly, 6 (¢t) < tand 0 < ¢'(t) < 1forallt < a(0) aslong as 0 <
0(a(0)) = %dio) < a(0) which is a part of the conditions for the original ¢ with its
domain [a (0), 1]. Thus, there is no need to verify the extension.

Denote aq (z) = LR
Case 1. a(0) =0.
Then
1 ! !/
= >
=5 @) (0) 20

which implies ¢ < 1. Fix 0 < o < 1.
The fact that § (a (z)) > 0 can be simplified to = — ca® (x) > 0 which is equivalent to

c< adazx) = aq(z).

The fact that 6 (a (z)) < a(x) can be simplified to  — ca® (¥) < (1 —¢)a(x) which is
equivalent to
a(x)—z

L@ e
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The fact that ¢’ (a (x)) > 0 is equivalent to 1 — cda?"! (x) @’ (z) > 0, so we have

1
¢S g = 7a (%)

= T T (@) @ (@)
The fact that ¢’ (a (x)) < d is equivalent to 1 — dea?"! (x)a’ (z) < d(1 —c)d (), so we
have
da' () — 1
< = .
L@ MY

Now, lim, o+ ag (r) =occand ag (1) =1>1— ﬁ = lim,_,o+ Bq (z). Also,

a? xa a (x
oy 20 = aﬁlzd()U():O

if and only if a (z) = dza’ () which leads to ay (x) = v4 () at that point. Thus,

ol cal@) 2 (ozaﬁilﬁd ) A (ozfgind >)

which yields the desired result.

Case 2. a (0) > 0.

Then § (a (0)) >
¢ < 0, we may proceed as in the previous case to get

c <min (aq (v), Ba(x), 74 (x),na (x))

forall 0 < z < 1. Now, min (ag (2) , B4 (z) ,va (z)) > 0 so we are left with

< (,int, o)) mo

0<z<1

For ¢ > 1, we may also proceed similarly to get

¢ > max (aq (), Ba (€) ,7a (%) ;14 (€))

forall 0 < z < 1. Now, g (0) = 0 and oy (1) = 1 < §(0). Again, o) () = 0 if and only if
ag (r) = 74 (z) for any 0 < z < 1. Thus,

sup aq(x) < ( sup B4 (x)) Vv < Sup vq (x))
o<zl O<x<1 o<zl

as desired. O

We will end this work by providing a few construction of idempotent invariant bivari-
ate aggregation functions using this method which in turn relies on the construction of a
copula from a diagonal function. For convenience, we will be using the copula K s defined

by
Ks (u,v) = min (u,v, % (6 (u)+0 @)))

for all u,v € I. It is know that K is a copula whenever ¢ is a diagonal functions [22]. For
other constructions of copulas given diagonal functions, see for example, [17, 8, 9, 34, 26,
43].
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Example 4.3. Again, let a be the scaling function of the Mean : I — I, that is,

1+
a(@) = —

forall z € 1.

In this case, B2 = v = % is decreasing while 1, = 0. Thus, we obtain the range of
possible c as either ¢ > ﬁ = 2 or ¢ < 0. For each ¢, we have the corresponding diagonal
function § = §. given by

1 2
5. (1) = 1_6(215 1—ct?)
whenever £ <t < 1.

Next, we need to determine c for which 9, K5 > ¢ (9; K5 — 9;m) a.e. Since K is symmet-
ric, it is sufficient to only consider the case i = 1. Note that K (u,v) = v when (u,v) is
near (1, 3), Ks (u,v) = uwhen (u,v) isnear (3,1), and K; (u,v) = (6 (u) + 6 (v)) when
(u,v) is near diagonal section. Thus, all three cases are possible.

When K; (u,v) = u, we have 0 K5 = 1 so that 9, K5 > ¢(61Ks — 01m) become 1 >
¢ (1 —v) where % < v < 1. This forces either ¢ = 2 or ¢ < 0. When K5 (u,v) = v, we have
01Ks = 0so that 0, K5 > ¢ (01 K5 — 017) becomes 0 > —cv which holds only for ¢ > 0.
When Ks (u,v) = 3 (8 (u) + 6 (v)), we have 0, K5 = 6’ (u) so that 0, K5 > ¢ (81 K5 — 1)
becomes §’ (u) > ¢ (8’ (u) — 2v) which holds for both ¢ = 0 and ¢ = 2.

Let

Ac(z,y)(lc)Kgc( +§(x+1)(y+1)

for all z,y € I. Notice that Ag = Mean. Thus, A is another idempotent invariant aggre-
gation function with the same scaling function as the Mean.

rz+1 y+1
2 72

Example 4.4. Leta(z) = () """ forallz € I. Then a (x) > z for all z € T which implie a
is a scaling function of an idempotent invariant aggregation function. For this function a,

lim,_,;- 12 () = —oc. Thus, only positive

c> ( sup [ (l’)) Vv ( sup 2 (l’)) v ( sup 72 (:z:)>
O<x<1 O<x<1 O<x<1
is possible.

Using graphical approach, we can see that 7 < 0 while both > and +, are nonincreas-

ing. Thus, 6. given by
2 1—x 1 2 2—2x
H(6)) 6

is a diagonal function if and only if ¢ > £ (0) V 72 (0) = 3.

Next, we need to determine ¢ for which 0; K5 > ¢ (0;Ks — 0;m) a.e. Since K is symmet-
ric, it is sufficient to only consider the case i = 1. Note that K (u,v) = v when (u,v) is
near (1, %), Ks (u,v) = uwhen (u,v) isnear (2,1), and Ks (u,v) = § (6 (u) + 6 (v)) when
(u,v) is near the diagonal section. Thus, all three cases are possible.

When K; (u,v) = v, we have 01 K5 = 0 so that 01 K5 > ¢(01Ks — 01m) always holds
since the right side is negative. When K (u,v) = u, we have 0, K5 = 1 so that 01 K5 >
c(01 K5 — 01m) becomes 1 > ¢(1 —w) for all u < v < 1 which yields ¢ < 3. When
Ks (u,v) = 3 (8 (u) +6(v), we have 0, K5 = 6’ (u) so that 9, K5 > ¢ (91 Ks — 017) be-
comes ¢’ (u) > ¢ (¢’ (u) — 2v) which always holds when ¢ = 3.
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Therefore,

A(r,y) = 2K, (@1‘ | @)1—@) B @H_y
() ()0 )

is an idempotent invariant aggregation function with the scaling function given by a (z) =
(2) " forallz € L.

Last, for the case a (0) = 0, the following result holds.

Corollary 4.3. Let a : I — I be a continuously differentiable strictly increasing scaling function
and & be a function that satisfies (4.7). If na > 0, then the function A defined by

(4.8) Afz,y) = (1= ¢) Ks (a(z),a(y)) + ca(z)a(y)
forall z,y € Lis an idempotent invariant aggregation function with scaling function a whenever

0 < e < (infocpc B2 () A (infocact 72 (2)) A (infoczct na (7)) -
Furthermore, all (1 — ¢) K5 + cr are copulas with the same diagonal function a=!.

Proof. Clearly, 82 > 0 and 2 > 0. Therefore, the condition 72 > 0 guarantee the existence
of c. Since ¢ € I, we know (1 — ¢) K5+ cmis a copula and that A is an idempotent invariant
aggregation function. Therefore, (1 — ¢) K5 + c¢m must have the same diagonal function
which is a7

To see why we can not extend the range of ¢ to a negative number, notice that K5 (1,0) =
0 which implies K (u,v) = v in a neighborhood of (1, 0). For this case, 9; K5 = 0 so that

the condition 0, K5 > ¢(01Ks — 017) becomes 0 > —cv for small v > 0. This forces

c>0. O
Example 4.5. Let a (z) = \/‘1/% for all # € I be a sigmoid function. Then a (z) > « for

all 2 € I which implies a is a scaling function of an idempotent invariant aggregation
function.
In this case, B2 < v2 and B2 < 1 pointwisely and 5 is nondecreasing. Thus, the range

_ 1 Vv2-1
of cbecomes 0 < ¢ < 55 (0) = 1 — g; V2

For such ¢, let A, (z,y) = (1 — c; 5, (a(z),a(y)) + ca(x)a(y) where
1 1 t 2
T1-c :l—c<m+6t>
is the diagonal function corresponding to c as in (4.7). Then A, is a family of idempotent
invariant aggregation functions with the same scaling function a.

de (t)

(a™! (t) + ct?)

Example 4.6. Consider an Ali-Mikhail-Haq copula defined by C (u,v) = —2— for all

u+v—uv

u,v € I. We will use our result to construct a family of copulas with the same diagonal

function of C which is given by é¢ (t) = 5.
Leta = 651. Then a (z) = f—j_ﬂl Again, we found that 82 < 3 and 52 < 12 pointwisely

while 35 is nondecreasing. Thus, we can choose csuch that 0 < ¢ < 3 (0) = 1 — % =1

Now, any function D. = (1 — ¢) K, + c¢m where

_ 1 ¢ 2
b (t) = 1_0(2_t+ct>

for all t € Iis a copula with diagonal function dp, = d¢c whenever 0 < ¢ < %
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5. CONCLUSIONS AND DISCUSSIONS

In this work, we make a slight change to the Sklar’s formula which immensely ef-
fect the class of aggregation functions that can be constructed via this two-step method.
When proceed with the Sklar’s formula as in [18], only k-increasing aggregation functions
can be constructed. This leaves out many aggregation functions. For example, only half
of quadratic aggregation functions can be constructed via the Sklar’s formula while the
new formula only fails to represent some quadratic aggregation functions lying on the
boundary. This fact also holds in general. The new formula is able to represent any ag-
gregation function lying in the interior of this set. This is a vast improvement over the
Sklar’s formula — simple yet effective. This also means we could use a vast family of
copulas already constructed in literature to construct aggregation functions. One interest-
ing example would be using this method to construct aggregation functions with special
properties. This should provide many such aggregation functions. We also present an
example in the case of idempotent invariant aggregation functions. The construction for
other classes should be an interesting research topic in the future.

Another problem related to data representation is data prediction / regression. In the
latter case, aggregation functions can be used as a possible form of relationship between a
response variable and explanatory variables under the assumption of monotonicity. With
our result, this can be done by choosing a parametric family of copulas and scaling func-
tions. Then the best parameters are seek via, for example, the least square method. It
would also be interesting to see whether a two-step regression can be done by first work
on a regression of each explanatory variable to get the corresponding scaling function and
then follow by a regression on copulas. This is similar to how a joint distribution function
is estimated in a copula model - first estimate marginal distribution functions and then
estimate the copula. Whether this two-step method is possible for aggregation functions
will again be the future topic of study.

Acknowledgment. This research is supported by Chiang Mai University. The author also
thanks anonymous reviewers for their thoughtful comments and suggestion.

REFERENCES

[1] Altalhi, A.; Forcén, J.; Pagola, M.; Barrenechea, E.; Bustince, H.; Takd¢, Z. Moderate deviation and restricted
equivalence functions for measuring similarity between data. Inform. Sci. 501 (2019), 19-29.

[2] Arias-Garcia, J.; Mesiar, R.; Klement, E. P.; Saminger-Platz, S.; De Baets, B. Extremal Lipschitz continuous
aggregation functions with a given diagonal section. Fuzzy Set Syst. 346 (2018), 147-167.

[3] Boonmee, P.; Chanthorn, P. Quadratic Transformations of Multivariate Semi-Copulas. Thai . Math. 18
(2020), no. 4, 1917-1931.

[4] Bustince, H.; Beliakov, G.; Dimuro, G.; Bedregal, B.; Mesiar, R. On the definition of penalty functions in
data aggregation. Fuzzy Set Syst. 323 (2017), 1-18.

[5] Calvo, T.; Beliakov, G. Aggregation functions based on penalties. Fuzzy Set Syst. 161 (2015), 1420-1436.

[6] Chanthorn, P. Quadratic Transformations of Copula Density and Probability Density. Thai ]. Math. 17 (2019),
no. 2, 557-570.

[7] Coroianu, L.; Fullér, R.; Gagolewski, M.; James, S. Constrained ordered weighted averaging aggregation
with multiple comonotone constraints. Fuzzy Set Syst. 395 (2020), 21-39.

[8] De Amo, E.; De Meyer, H.; Diaz Carrillo, M.; Ferndndez Sanchez, J. Characterization of copulas with given
diagonal and opposite diagonal sections. Fuzzy Set Syst. 284 (2016), 63-77.

[9] De Baets, B.; De Meyer, H. Maximal directions of monotonicity of an aggregation function. Fuzzy Syst. 433
(2022), 54-78.

[10] De Hierro, A.; Roldén, C.; Bustince, H.; Fernandez, J.; Rodriguez, I.; Fardoun, H.; Lafuente, J. Affine con-
struction methodology of aggregation functions. Fuzzy Set Syst. 414 (2021), 146-164.
[11] De Hierro, A.; Bustince, H.; Ferndndez, J.; Mesiar, R.; Roldan, C. Two novel methodologies for considering

aggregation functions by implicit equations and minimization problems. Eur. |. Oper. Res. 270 (2018), no. 2,
670-681.



400 Varayut Boonyasri and Santi Tasena

[12] Decky, M.; Mesiar, R.; Stuptianova, A. Aggregation functions based on deviations. In International Confer-
ence on Information Processing and Management of Uncertainty in Knowledge-Based Systems 151-159.

[13] Decky, M.; Mesiar, R.; Stuprianovd, A. Deviation-based aggregation functions. Fuzzy Set Syst. 332 (2018),
29-36.

[14] Durante, F; Ferndndez-Sanchez, J.; Quesada-Molina, J. Flipping of multivariate aggregation functions.
Fuzzy Set Syst. 252 (2014), 66-75.

[15] Durante, F. Fernandez-Sanchez, J.; Ubeda-Flores, M. Extreme biconic copulas: Characterization, properties
and extensions to aggregation functions. Inform. Sci. 487 (2019), 128-141.

[16] Durante, F.; Fernandez-Sanchez, J.; Ubeda-Flores, M. Extreme semilinear copulas. Fuzzy Set Syst. 428 (2022),
121-137.

[17] Durante, F; Mesiar, R.; Sempi, C. On a Family of Copulas Constructed from the Diagonal Section. Soft
Comput. 10 (2006), no. 6, 490-494.

[18] Durante, F.; Saminger-Platz, S.; Sarkoci, P. On Representations of 2-Increasing Binary Aggregation Func-
tions. Inform. Sci. 178 (2008), no. 23, 4534-4541.

[19] Fernandez-Sénchez, J.; Ubeda-Flores, M. Constructions of copulas with given diagonal (and opposite diag-
onal) sections and some generalizations. Depend. Model. 6 (2018), no. 1, 139-155.

[20] Fernandez-Sanchez, J.; Ubeda-Flores, M. Zero-linear copulas. Inform. Sci. 503 (2019), 23-38.

[21] Ferndndez-Sénchez, J.; Ubeda-Flores, M.,On the Structure of the Classes of Copulas and Quasi-Copulas with a
Given Diagonal Section. Int. |. Uncertain. Fuzz. 28 (2020), no. 3, 513-524.

[22] Fredricks, Gregory A.; Nelsen, R. B. Copulas Constructed from Diagonal Sections. Springer, Dordrecht 1997,
129-136.

[23] Gagolewski, M. Penalty-based aggregation of multidimensional data. Fuzzy Set Syst. 325 (2017), 4-20.

[24] Garca, J.; De Meyer, H.; De Baets, B. Construction of flipping-invariant functions in higher dimensions. In
36th Linz seminar on Fuzzy Set Theory: Functional equations and inequalities 2016.

[25] Grabisch, M.; Marichal, J.-L.; Mesiar, R.; Pap, E. Aggregation functions: Construction methods, conjunctive,
disjunctive and mixed classes. Inform. Sci. 181 (2011), no. 1, 23-43.

[26] Jaworski, P. On copulas and their diagonals. Inform. Sci. 179 (2009), no. 17, 2863-2871.

[27] Jin, L.; Kalina, M.; Mesiar, R.; Borkotokey, S.; épirkové, J. Generalized phi-transformations and n-uninorms.
In 2019 6th International Conference on Control, Decision and Information Technologies (CoDIT) 2019, 506-511.

[28] Jin, L.; Mesiar, R.; Kalina, M.; gpirkové, J.; Borkotokey, S. Generalized phi-transformations of aggregation
functions. Fuzzy Set Syst. 372 (2019), 124-141.

[29] Jwaid, T.; De Meyer, H.; Ismail, A.; De Baets, B. Curved splicing of copulas. Inform. Sci. 556 (2021), 95-110.

[30] Kalina, M. Aggregation Functions Transformed by 0-1 Valued Monotone Systems of Functions. In Interna-
tional Conference on Information Processing and Management of Uncertainty in Knowledge-Based Systems 2020,
537-548.

[31] Khameneh, A.; Kilicman, A. A fuzzy majority-based construction method for composed aggregation func-
tions by using combination operator. Inform. Sci. 505 (2019), 367-387.

[32] Kolesarova, A.; Li, J.; Mesiar, R. k-additive aggregation functions and their characterization. Eur. J. Oper.
Res. 265 (2018), no. 3, 985-992.

[33] Kolesdrovd, A.; Mesiar, R. On linear and quadratic constructions of aggregation functions. Fuzzy Set Syst.
268 (2015), 1-14.

[34] Nelsen, R. B.; Quesada-Molina, J. J.; Rodriguez-Lallena, J. A ; Ubeda-Flores, M. On the construction of
copulas and quasi-copulas with given diagonal sections. Insur. Math. Econ. 42 (2008), no. 2, 473-483.

[35] Pérez-Ferndndez, R.; De Baets, B. Penalty-based aggregation beyond the current confinement to real num-
bers: The method of kemeny revisited. In Advances in Fuzzy Logic and Technology 2017 Springer, 2017,
171-180.

[36] Pérez-Ferndndez, R.; De Baets, B. On the role of monometrics in penalty-based data aggregation. IEEE
Trans. Fuzzy Syst. 27 (2018), no. 7, 1456-1468.

[37] Sklar, A. Fonctions de repartition 4 n dimensions et leurs marges. Publ. Inst. Statist. Univ. Paris 8 (1959),
229-231.

[38] épirkové, J. Mixture Functions Based on Deviation and Dissimilarity Functions. In International Summer
School on Aggregation Operators. Springer, Cham, 2019, 255-266.

[39] Stupnanovd, A.; Smrek, P. Generalized deviation functions and construction of aggregation functions. In
11th Conference of the European Society for Fuzzy Logic and Technology (EUSFLAT 2019), 2019, 96-100.

[40] Tasena, S. Characterization of Quadratic Aggregation Functions. IEEE Trans. Fuzzy Syst. 27 (2019), no. 4,
824-829.

[41] Tasena, S. Polynomial copula transformations. Int. J. Approx. Reason. 107 (2019), 65-78.

[42] Tongjundee, P; Tasena, S. Aggregation functions based on quadratic deviations. In The 24th Annual Meeting
in Mathematics (AMM 2019), 2020, 67-77.



Aggregation Function Constructed from Copula 401

[43] Wysocki, W. Constructing archimedean copulas from diagonal sections. Stat. Probab. Lett. 82 (2012), no. 4,
818-826.

1GRADUATE DEGREE PROGRAM IN MATHEMATICS
FACULTY OF SCIENCE

CHIANG MATI UNIVERSITY

CHIANG MAI, 50200, THAILAND

Email address: varayut boonyasri@cmu.ac.th

2DEPARTMENT OF MATHEMATICS
FACULTY OF SCIENCES

DATA SCIENCE RESEARCH CENTER
CHIANG MATI UNIVERSITY

CHIANG MaAI, 50200, THAILAND

Email address: santi.tasena@cmu.ac.th



