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On the transfer of convergence between two sequences in
Banach spaces

DAN STEFAN MARINESCU and EUGEN PALTANEA

ABSTRACT. Let (X, ||-||) beaBanach spaceand T : A — X a contraction mapping, where A C X is a closed
set. Consider a sequence {z,} C A and define the sequence {yn} C X, by yn = &n +T (%o (n)), where {o(n)}
is a sequence of natural numbers. We highlight some general conditions so that the two sequences {z } and
{yn} are simultaneously convergent. Both cases: 1) o(n) < n, for all n, and 2) o(n) > n, for all n, are discussed.
In the first case, a general Picard iteration procedure is inferred. The results are then extended to sequences of
mappings and some appropriate applications are also proposed.

1. INTRODUCTION

Our study focuses on a particular problem of convergence in Banach spaces. A com-
prehensive treatment of Banach space theory can be found, for example, in [6] and [10].
The problem we are studying is related to the Banach’s contraction mapping principle. The
theory of fixed points is intensively studied in the literature. Rich information on this
topic can be found in the monographs [2] and [3].

Given a closed subset A of a Banach space (X, | - ||), we consider a contraction mapping
T : A — X and we study the simultaneous convergence of the sequences {z,} C A and
{yn} C X linked by a relation of the type

Yn = Tn +T(Tomy), n=1,2,....

Here, {o(n)} is a sequence of non-negative integers. We study two situations. In the first
case, we suppose that o(n) < n, for all n. Note that the proposed convergence theorem
highlights a general Picard iteration procedure. The second case studied refers to the
dual condition o(n) > n, for all n. If T' is a non self mapping, i.e., the closed set A is
not invariant with respect to T' (I'(A) ¢ A), then the Picard-Banach fixed point theorem
cannot be used in the proofs. However, if T'(A) C A, which happens for example when
A = X, then the results could be obtained by applying the Picard-Banach fixed point
theorem. The results are then extended to sequences of mappings.

Although such kind of problems is common in literature, we do not know a systematic
study of this topic in the general framework of Banach spaces. For X = R, a particular
related study can be found in [13].

Our results could be used to solve a wide class of problems. We illustrate some such
applications in Section 3.

In the following, we will denote N = {0,1,2,...} and N; = {7, +1,i + 2,...}, where i
is a positive integer.
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2. MAIN RESULTS
Firstly we study the case of a sequence {o(n)} of natural numbers with the property

o(n) < n, for all n. The following theorem provides a general convergence criterion in a
Banach space.

Theorem 2.1. Let (X, | - ||) be a Banach space and let T : A — X be a contraction mapping
defined on a closed subset A of X. Let us consider a positive integer i and a function o : N; — N,
with the properties 1i_>m o(n) = ocoand o(n) < n, forall n € N;. Let {x,}7%2, C A and define
the sequence {yn}52; by Yn = Tn + T(25(n)), for all n € N;. Then {x, }72 is convergent if and
only if {yn }5°, is convergent.

Proof. Assume that {z,,} converges to u. Since A is closed, we have u € A. From the
assumption lim o(n) = oo and taking into account the continuity on the set A of the

n— oo

contraction mapping T, we conclude that {y,, } converges to u + T'(u).

Let us prove the converse implication. From the hypothesis, there is a € [0, 1) such that
IT(x)=T(y)|| <allx—yl, forallz,y € A. Since {y, }°2, is assumed to be convergent, there
is C' > 0 such that ||y, || < C, for all n € N;. First of all, we will prove that the sequence
{zn}52, is also bounded. Let us denote M,, = max{||zol|, |z1]],--., |zxll}, n € N, and
K =C+ M; +||T (z,() ||. We will prove by induction the inequalities
(2.1) |zn|| < Mi+ K (1+a+...+a""), foralln € N,.

For n = i, we have ||z;|| < M; < M; + K. Suppose now that, for a given n € N;, the
following inequalities are true:

(2.2) lzg]| < M+ K (1+a+...+a""), fork=4,...,n.
From the assumption, we have o(n + 1) € {0,1,...,n}. Then we obtain
lzns1ll = [Jyn+1 = T (zo@+n) | = 1 = T (2oy) + [T (20w) = T (2o ||
< Nlynsall + 1T (zo@) | + @ |20 — 2o |
< CH||T (wow)| +allzow +allzomin]| < K +ady.
We have ||z < M; < M;+ K (1+a+...+a"%) , fork=0,...,i— 1. Then, from (2.2),
we deduce M,, < M; + K (1 +a+ ...+ a"""). Therefore

[Zni1| SK+a[Mi+K(14+a+...+a" )] <M+ K(1+a+...+a" " +a""7").

Thus, inequalities (2.1) are proved. Let us denote M = M, + %. From (2.1) we find
lzn|| < M, for all n € N;. Clearly, ||z, || < M; < M, forn=0,...,i — 1. As follows,
|zn|| < M, foralln € N,
that is, the sequence {x,,}5% is bounded. Let us define
A, =sup{|lzp — x4l : p,g €N, p,g>n}, nelN.
We have A,, <2M and A,, > A, 41, foralln € N.

e(l—a)

Suppose € > 0 and denote e; = . Since {y, }°2, is convergent, it is a Cauchy

sequence. Then, there is n; € N; such that ||y, — y4|| < €1, for all p, ¢ € N;, with p, ¢ > n;.
Based on the assumption lim o(n) = oo, we define the sequence of natural numbers
n—oQ

{ni}32, by the recurrence relation

ng+1 = min{m € N; : o(p) > ny, forallp > m}, fork=1,2,...
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Note that {n;};2, is a strictly increasing sequence of positive integers. The following
relations

(2.3) Ap, <er(l4+a+...+d" ") +2Md" k> 1,
will be proved by induction. For p, ¢ € N;, with p,¢ > ny, we have

2y =24l = [[vo = T (2om)] = [¥a = T (@) ]| < 1o = yall + |7 (2om)) = T (z0(0)) |
<1+ alTop) — To(g || < &1+ 2aM.
It turns out that A, < &1 + 2aM.

Suppose now that (2.3) holds for a positive integer k. For p,q € N;, with p,q > np41,
we have o(p),o(q) > ni > ny. As follows, we obtain

lzp = 2qll < &1+ allzopy) = Tl S o1+ aly, <er(T+a+... +a" " +a*) +2Mat
Then A, ., <ei(l+a+...+a" 1 +a*)+ 2Ma**!. Thus, (2.3) is proved by induction.
In relation (2.3), by choosing a positive integer k; such that a** < ﬁ, we obtain

£
4M

Hence ||z, — z4]| < ¢, for all p,q¢ € N, p,q¢ > ng,. Since € > 0 is arbitrarily chosen, we
conclude that {z,, }52, is a Cauchy sequence. So the sequence {z,,}>2, is convergent. [

1
A, §€1(1+a+...+ak1*1)+2Mak1<51~7+2M' .
k1 1—a

Remark 2.1. In the particular case A = X, i =1and o(n) =n — 1, for all n > 1, the result
of Theorem 2.1 can be derived from Banach’s contraction mapping principle.

Thus, denote nlgnéo yn = £ and consider the a-contraction mapping U = ¢ -7 : X — X.
Let u € X be the unique fixed point of U, thatis u + T'(u) = £. We will prove nh—>Holo Ty = U.
For all n € Ny, we have

[zn—ull = lyn =T (2n—1) = t+TW)|| < [lyn—L+T(w) =T (@n-1)|| < llyn—Lll+allzn-—1—u].
We easily obtain by induction ||z, — u| < Zan*kﬂyk — | + a™||zo — ul|, for all n € Nj.

k=1
Then, from Silverman-Toeplitz theorem (see, for example, [9]) we get

n—oo

n
1
. n—k _ . _
lim g—la lye — €l = mnlggollyn—ﬁll =0.
Therefore, lim ||z, — u|| = 0, that is, the sequence {z,,}52, converges to u.
n—oo

Remark 2.2. The condition lim o(n) = oo cannot be removed from the hypothesis of

n— o0
Theorem 2.1.

The following elementary example supports the above remark. Consider two distinct
elements of A, let us say zy and x4, such that T'(z¢) # T'(z1), and define o(n) = 0, for odd
positive integers n, and o(n) = 1, for even positive integers n > 1. Then {z,}72, and
{yn}>2, cannot be simultaneously convergent.

The following general Picard iteration procedure is inferred.

Corollary 2.1. Let T : X — X be a contraction mapping defined on a Banach space X. Let

us consider a positive integer i and a function o : N; — N, with the properties lim o(n) = oo
n—0o0

and o(n) < n, for all n € N;. Assume that a sequence {x, }7> of X satisfies the recurrent

relation x, = T (T g(n)) + Yn, for all n € Ny, where {y, }32; is a sequence of X with the property

lim y, = 0. Then {z,,}>% converges to the unique fixed point of T.

n— oo
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Proof. We have y,, = z,, + (=T)(24(n)), n > i. Since y, — 0 and —T is a contraction
mapping, Theorem 2.1 ensures the convergence of {z,}52,. Let u € X be the limit of
{zn}22,. Since T is continuous and y,, — 0, we get v = T'(u). O

We now propose some extensions of Theorem 2.1 for sequences of functions. In this
context, we recall the following classical result due to Bonsall (see the monograph [5]): if
a sequence {T,,}52, of contraction mappings of a complete metric space, with the same Lipschitz
constant, is pointwise convergent to a contraction mapping T, then the sequence of the fixed points
of T,, n > 1, converges to the fixed point of T. This result has been extended by many
researchers. We mention the papers [1], [7], [11], [12], [15] and [16].

Our first result deals with the uniform convergence of a sequence of functions to a
contraction mapping.

Theorem 2.2. Let (X, || - ||) be a Banach space and let T : A — X be a contraction mapping

defined on a closed subset A of X. Let us consider a positive integer i and a function o : N; — N,

with the properties lim o(n) = coand o(n) < n, foralln € N,. Suppose a sequence of mappings
n—oo

T, : A — X, n > i, which uniformly converges to T on A. Consider the sequences {x,, }5°,, with

the terms in A, and {y,}22;, defined by y,, = y + T (To(n)) , for all n € N;. Then {x,}22 is

n=t¢/

convergent if and only if {y, }22, is convergent.

Proof. Assume that {z,}22, converges to u € clx(A) = A. To prove the convergence
of sequence {y,}>, it is enough to show li_>m T (%g(ny) = T(u). Assume £ > 0. Since
n o0

the contraction mapping T is a continuous function on A and lim o(n) = oo, there is
n—oo
n1 € N; such that |T (z,¢,)) — T(u)|| < %, forall n € N;, n > nq. On the other hand,

there is no € N; such that ||T,,(z) — T'(z)| < g, forallz € Aand foralln € N;, n > ns.

Therefore, || T, (o() = T(w)|| < ||Tu (wo(m) =T (o) || + 1T (2om) = T(w)|| <&, for
all n € N;; n > max{n,n2}. Hence li_>m Tn(To(ny) = T(u). So, 1i_>m Yn = u+ T(u).
n—oo n—oo

Assume now that {y,, }5°, is convergent. Let us consider the sequence {z,}5° ,, defined
by 2, = @n + T (25(n)) , 7 € N;. We will show that {z,}°2; is a Cauchy sequence.
Let € be an arbitrary positive number. The convergence of {y,} 2, involves the exis-

n=t

. 3 .
tence of n; € N; with the property |y, — yqll < 3 Vp,q € N;, p,q > ny. Since {T,,}22,

is uniformly convergent to T on A, there is ny € N; such that ||T,,(z) — T'(z)|| < %, for all

z € Aand for all n € N;, with n > ns. Thus, for p,q € N;, with p, ¢ > max{ny,ns}, we
obtain

25 = zall = || (Wp — ¥a) + [T (2or) = Tp (To))] + (T4 (To(g)) = T (To(g))] ||
& & &
< lyp = vall + T (@o ) = Ty (o) || + T4 (00) =T (o)) < 3+ 35+ 35 =2

Hence we conclude that {z, }°2; is a Cauchy sequence. As follows, {2, }72; is convergent.
From Theorem 2.1, we conclude that {z,,}22, is also convergent. O

The pointwise convergence of a sequence of mappings {7, } to a contraction mapping
T do not ensure the result of Theorem 2.2. However, we provide below a version of this
theorem that regards this kind of convergence.

Theorem 2.3. Let T,, : X — X, n > 1 be sequence of a-contractions mappings defined on a
Banach space X, such that {T,,}22 , is pointwise convergent to T : X — X. Assume a sequence
{zn}52 o in X such that {y, }52,, defined by y, = x, + Ty (xn—1), for all n € Ny, is convergent.
Then {x,}52 is convergent.
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Proof. From the pointwise convergence of {7}, } to T', we easily deduce that the limit map-
ping T is also an a-contraction on X. Let £ € X be the limit of {y,,}52 ;. Denote by u € X
the fixed point of the a-contraction U = ¢ — T, thatis, u = £ — T'(u). For n > 1, we have

lzn = ull = [[[yn = Tn(zn-1)] = [£ = T(u)]]|

< lyn = €l + 1T (u) = To(zn-2) | + [T(w) = Tu(u)l| < allzn—1 = ull + tn,
where t,, := ||y — || + ||Tn(u) — T'(u)||, with lim ¢,, = 0. We obtain by induction:
n—oo

n
|z — || < a™||xo — u| + Za"*ktk, n=12,....

k=1
" 1
From Silverman-Toeplitz theorem, we get lim Za”’ktk = lim ¢, = 0. Then
n—o00 — 1 —an—oco
lim ||z, — u| =0, thatis, {z,}32, converges to u. O

n— oo
We are now studying the complementary case o(n) > n, n € N.

Theorem 2.4. Let (X, || - ||) be a Banach space and consider a contraction mappingT : A — X,
where A C X is a closed set. Let o : N — N be a sequence of natural numbers, with the property
o(n) > n, for all n € N. For a bounded sequence {x,,}5>, with the terms in A, we define the
sequence y, = Tn+T (Ty(n)) , foralln € N. Then {x,}32 is convergent if and only if {y,}32,
is convergent.

Proof. Since o(n) > n, for all n € N, we have 1i_>m o(n) = oo. Then the convergence of
n—oo

{zn}22, involves the convergence of {y,}52, (see the first part of the proof of Theorem
2.1).

Suppose now that {y, }72 is convergent. Since {z,, } 2 is bounded, there is a positive
constant M such that ||z, || < M, for all n € N. Following the line of proving Theorem 2.1,
we define {A,, }72, by

A, =sup{|lzp — 24/l : p,q €N, p,g >n}, neN.
We have A,, < 2M and A,, > A, 41, forall n € N. Since T is a contraction, there is
a € [0,1) such that | T(z) — T'(y)|| < allx — y||, for all z,y € A.
1—

Suppose ¢ > 0 and denote £; = u. The convergent sequence {y,}7%, is a
Cauchy sequence. Then there is n; € N such that ||y, — y4|| < €1, for all p,q € N, with
p,q > ny. For p,q € N, with p, ¢ > n;, we have o(p),o(q) > n; and

lzp = 2qll = || [vp = T (Tom)] = (96 = T (2o@)] || < 9 = 4all + | T (2o) = T (zo0)) ||
<e+ aHxa(p) — %(q)H <e1+al,,.

€
Therefore A, < e1 4+ al,,.50, Ay, < 7 !
—a

”xp_IqH S ATL1 < g, forallp,q € Na D, q 2 ni.

= g < e. It follows

We conclude that {z, }52 is a Cauchy sequence. So, {z,}52 is convergent. O
Remark 2.3. Theorem 2.4 does not hold without the assumption on {x,,} to be bounded.

Counterexample. Define A = { v, A € R} C X, wherev € X \{0}. Consider the contraction
mapping T : A — X, T(z) = —2" 'z, z € A, and sequences ,, = 2"v and o(n) = n + 1,
foralln € N. Then y,, = x, + T(zp41) = 0, for all n € N, but ||z, || = 2"||v|| = oc.
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Remark 2.4. Theorem 2.4 can be extended to sequences of functions with the limit 7', in
the similar frame as in Theorem 2.2 and Theorem 2.3.

Remark 2.5. If A = X and hm yn = ¢, then {z,,} converges to the unique fixed point of

the contraction U = ¢ —T. In parhcular for X = R, the function g(z) =z + T(z), z € R,
is invertible and u = g~1(¢) (see [13]).

3. APPLICATIONS

We illustrate the above theoretical results with some interesting applications. The first
two examples show that the proved transfer of convergence between sequences in Banach
spaces allows a deeper understanding of some known results for real sequences. State-
ment (i) of Example 3.1 extends Problem 11e, p. 97, in [4], while Theorem 1, p. 102, in [4]
is extended by Example 3.2. The last example provides two criteria for uniform conver-
gence in the Banach space of real continuous functions, defined on a compact topological
space. A version (for A = 1/2) of the statement (ii) of Example 3.3 is presented in [8].

Example 3.1. Let {z,,}>2, be a sequence in the complex Banach space X. Assume a posi-
tive integer 7 and A € C, with |A\| < 1. The following two statements hold.

(@) {zn + Axn—i}52, is convergent if and only if {x,, } 72, is convergent. In addition,

lim z, =¢ & hrn (T + ATp—i) = (L + N)L.

n— o0
(i) If {z,}>2,is bounded, then {z, + Az, +;}>2, is convergent if and only if {z, } 2,
is convergent. In addition,
lim z, =¢ & lim (x, + Axpti) = (1 + )L

n—oo n—oo

Proof. We apply Theorem 2.1 and Theorem 2.4, respectively, for the contraction mapping
T(z) = Az, x € X. In both cases (i) and (ii), the connection between the limits of the two
sequences is obvious. O

Example 3.2. Let {z,}>2, be a sequence in the complex Banach space X. Assume that
equation z? + a,_12P"! + ... 4+ a9 = 0 with complex coefficients has the roots in the
unit open disc U(0,1) = {z € C, |z| < 1}. Then {y,}52,, defined by y, = zp4p +
p—1

Z axZntk, N € N, is convergent if and only if {z,, } 72, is convergent. In addition,

k=0

lm z, =/ & hm Yn=0(1+ao+a1+...+ap_1).

n—oo

Proof. Obviously, if {x,,}5%, is convergent, then {y,}°2, is convergent. The converse
implication will be proved by induction. From Example 3.1, (i), the statement is true for
p = 1. Assume now that the property is true for a positive integer p. Let ag,a1,...,a, € C
such that equation 27! +a,2P+. . .4-a124a¢ = O has all the roots in U (0, 1). Let A € U(0, 1)
be a root of the above equation. Then

P pa, P+ tarztag= (2= N)(ZP +bp_12P 4+ b)),
where equation 2P + b,_12P7! + ... 4 by = 0 has the roots in U(0,1). Suppose that the
sequence Y, = Tpyp+1 + ApTntp + ... + A1Tp41 + a0y, n € N, is convergent. We have
Yn = Tnip+1 + (bp_1 - /\)$n+p + ...+ (bo — )\bl)l'n—i-l — Aoz, = Zn41 — Az,

where z, = Zpyp + bp—1Znyp—1 + ... + bozy, for all n € N. From Example 3.1, (i), we
deduce that {z,}52 is convergent. Hence {z,}>2,. Thus, the property is true for p + 1.
The equivalence between the two limits is obvious. O
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Example 3.3. Let (X,7) be a compact topological space and let (C(X), ] - ||oc) be the
Banach space of the continuous functions ¢ : X — R, where ||¢||oc = sup;cx |©(t)].

(i) UT:C(X)— C(X)isa contraction mapping and {y,, }52, is a sequence in C(X)
such that
(a) the sequence of functions {¢,, }72, defined by ¢,, = ¢,, + T'(¢n-1), n > 1,1s
pointwise convergent to a function ¢ € C(X),
(b) Ypt1(t) > n(t), forallt € X and n € Ny,
then {¢,,}22, is uniformly convergent to a function ¢ € C(X), i.e. {¢n}i2, is
convergent to ¢ in the Banach space (C(X), | - [|c)-
(ii) Let {¢n}22, be a sequence in C'(X). If
(@) {pn}o2, is pointwise convergent to a function ¢ € C(X),
(b) thereis A € (—1,1) such that @, 12(t) > (1 — XN)@nt1(t) + Apn(t), forallt € X
andn € N,
then {¢,, }°2, is uniformly convergent to .

Proof. (i) From Dini’s theorem (see [14]) it results that the convergence of {1, }52; to ¢
is uniform, that is, the convergence holds in the Banach space (C(X),|| - ||oc). Therefore,
from Theorem 2.1, {¢,, }°2 , is convergent in the Banach space (C(X), || - ||oo)-

(ii) Consider the sequence {,}52, defined by ¥, = @,41 + A¢y, for all n € N. From
(a) and (b), we deduce that {1,,}52, is pointwise convergent to (1 + A\)¢ € C(X) and
Ynt1(t) > ¥n(t), for all ¢ € X and n € N. Dini’s theorem ensures the convergence of
{¥n}oo to (1 4+ A)g in the Banach space (C(X), || - |l). So, by applying Example 3.1 (i),
we get the conclusion. O

Acknowledgments. We are very grateful to the referees and Editor-in-Chief whose valu-
able suggestions helped us to improve the presentation of the paper.
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