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Convergence theorem for an intermixed iteration in
p-uniformly convex metric space

KANYANEE SAECHOU and ATID KANGTUNYAKARN*

ABSTRACT. In this paper, we first introduce the intermixed algorithm in p-uniformly convex metric spaces,
and then we prove A-convergence of the proposed iterative method for finding a common element of the sets
of fixed points of finite families of nonexpansive mappings in the framework of complete p-uniformly convex
metric spaces. Furthermore, we apply our main theorem to prove A-convergence to solve the minimization
problems in the framework of complete p-uniformly convex metric spaces. Finally, we give two examples in LP
spaces and numerical examples to support our main results.

1. INTRODUCTION

The iteration construction for approximating fixed points problem of convergence
theorems is usually divided into two categories. One is weak convergence, such as the
Mann iteration algorithm [19] and the Ishikawa iteration algorithm [12]. On the other
hand are the algorithms with strong convergence, such as the Halpern iteration algorithm
[10] and the viscosity algorithm [21].

In 1967, Halpern [10] proposed the Halpern iteration for nonexpansive mapping S : C' —
C and the sequence {z, } generated by zy,u € C and

Tpt1 = apu+ (1 — ) Sy, foralln > 0,

where C is a closed convex subset of a real Hilbert space H and he proved the strong
convergence of {z,,} to Pp(s)(zo) provided that a,, = n=% with 6 € (0,1).

By extended the Halpern iteration. Moudafi [21] introduced the viscosity algorithm for
a contraction f : C' — C and a nonexpansive mapping 7" : C' — C. The sequence {z, }
generated by z; € C and

Tpa1 = @ f(zn) + (1 — ap)Tx,, foralln > 0,

where C'is a closed convex subset of a real Hilbert space H and {«,, } is a sequence in the
interval (0, 1). Then he proved the sequence {x, } converges strongly to z = Pp(r) f(z) un-
der some suitable condition c,. After that, many researchers have modified the viscosity
algorithm in which the sequence {z,} is involved in the sequence {y,,} and the definition
of the sequence {y,, } is also involved in the sequence {z,}, see, for instance [31, 27, 28].
In 2015, Yao et al. [31] proposed the intermixed algorithm for two strict pseudo-
contractions S and T'. The sequences {z,, } and {y,} generated by z¢, yo € C and

(1.1)
Tnt1 = (1 = Bn)xn + BnPo (anf(yn) + (1 — k — a)zpn + kTxy) foralln >0,
yn+l = (1 - 6n>yn + ﬂnPC (ang(xn) + (1 - k - an)yn + ksyn) 9 fOl' all n Z 07
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where T : C — C is a A-strictly pseudo-contraction, f,g : C — H are a p; and ps-
contraction, respectively, k£ € (0,1 — \) is a constant and {«,}, {5,} are two real num-
ber sequences in (0,1). Furthermore, they proved that the iterative sequences {z,} and
{yn} defined by (1.1) converge independently to Pp(p) f(y*) and Pp(g)g(x*), respectively,
where z* € F(T) and y* € F(S). Obviously, 7}1—>H;o lzn, — yn || is an essential tool for proving

the theorem in Hilbert space. So, proving convergence of the intermixed theorem in the
p-uniformly convex metric space requires creating an apparatus similar to lim ||z, —y»|.
n—oo

A nonempty metric space (X, d) is said to be a geodesic space if every two points z,y € X
are joined by a geodesic path ¢ : [0,d(z,y)] — X such that ¢(0) = z and c(d(z,y)) = y.
In this case, ¢ is called an isometry, and the image of c is called a geodesic segment joining
x to y. When this image is unique, it is denoted by [z,y]. The metric space X is said
to be uniquely geodesic if every two points of X are joined by exactly one geodesic seg-
ment. The foundation examples of geodesic spaces are normed vector spaces, complete
Riemannian manifolds, and polyhedral complexes of piecewise constant curvature, etc.

Letz,y € X and t € [0, 1]. We write tz & (1 — t)y for the unique point z in the geodesic
segment joining from z to y such that

d(z,z) = td(x,y) and d(y,z) = (1 —t)d(z,y).

A function f : X — (—o0, o0] is called convex if for any geodesic [z, y] := {tz & (1 —t)y :
0 <t <1} joining x,y € X, we have

flzo (1 -t)y) <tf(z)+ 1 -1)f(y),

and is called uniformly convex [6] if there exists a strictly increasing function ¢ : Ry — Ry
such that

1 1
F7 ® 50) < 5 £@) + 5 £() — 6 (dlw9)).
In 1994, Ball, Carlen and L1eb [3] 1ntroduced the notion of p-uniform convexity which
plays an essential role in Banach space theory. Recall that a normed space (X, || - ||) is said

to be p-uniformly convex for 2 < p < oo if and only if there exists a constant ¢ > 1 such
that for any z,y € X,
z+yllP 1 p 1 p Llilz—y P
< Z Z N
S < Sl 5l = S {5

For any fixed 2 < p < o0, a geodesic space (X, d) is called to be p-uniformly convex with
parameter c [17, 22, 25] if there exists a constant 0 < ¢ < 1 such that for any z,y,z € X
and any geodesic v : [0,1] = X with v(0) =z and v(1) =y,

dP(z,7(t)) < (1 —t)dP(z,x) + tdP(z,y) — ct(1 — t)dP(z,y), t €[0,1].

Over the past decade, Naor and Silberman [22] introduced p-uniformly convex metric
space for 1 < p < oo as following: A metric space (X, d) is called p-uniformly convex with
parameter ¢ > 0 if and only if (X, d) is a geodesic space and

(1.2) P (z,(1—t)x@ty) < (1 —1t)dP(z,z) + tdP(z,y) — ft(l —t)dP(z,y),

forallz,y,z € X, t € [0, 1]. Furthermore, every closed and convex subset of a p-uniformly
convex normed space is a p-uniformly convex metric space with the same parameter [1].
Moreover, when p = 2 = cin (1.2), we obtain the CAT'(0) property [22, 4]. In addition,
numerous problems in Finster geometry and metric geometry, the nonlinearization of the
geometry of Banach space and other related fields reduce to find an element of (1.2), see
more detail in [17, 23, 24, 25, 26].

Many mathematicians proposed their algorithms for solving various problems in the
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framework of complete p-uniformly convex metric spaces, see, for instance [29, 6].
Recently, Godwin et al. [29] introduced a modified Mann type proximal point algo-
rithm involving nonexpansive mapping. Moreover, they proved that the sequence gener-
ated by the algorithm converges to a common solution of finite families of minimization
problems and a common element of the set of solutions of the fixed point of a nonexpan-
sive mapping in the framework of complete p-uniformly convex metric spaces as follows:

Theorem 1.1. For p > 1, let X be a complete p-uniformly convex metric space with parameter
¢ > 2,andlet f; + X — (—o0,00], forall i = 1,2,..., N, be finite families of proper, convex
and lower semi-continuous functions. Let the p-resolvent Jyu) of f be A-demiclosed at O for all
i =1,2,..,N,and let T : X — X be a nonexpansive mapping. Suppose that I' := F(T) N

(N, argmingex fi(y)) # 0, and for arbitrary x, € X, let the sequence {x,,} be generated by

Un = Jyp0 0 Jypron 00 Sy 0y (W),
Tnt1 = QnZn D (1 — apn)Tyn, foralln > 1,

where {Agf)} are a sequence such that AD > A0 > Oforalln>1,i=1,2,...,N,and {ay,} isa
sequence in [a, b] for some a,b € (0,1). Then {x,,} A-converges to some x* € T

Inspired and motivated by K-mapping in [15], we define K-mapping in p-uniformly
convex metric space as follows.

Definition 1.1. Let p > 0 and (X, d) be a complete p-uniformly convex metric space with
¢ > 0. Let {T;} ¥, be finite families of nonlinear mappings of X into itself and let \; € [0, 1]
foralli=1,2,...,N. Define a mapping K : X — X by

U =\T1® (1 — )\1)[,
Uy =150, @ (1 — )\Q)Ul,
Us =A3T3U2 @ (1 — A3)Us,

Unv—1 =AN-1TN-1Un—2® (1 — An-1)Un—2,
K = Uy =ANTnUn_1 & (1 — Ax)Un_1.

This mapping is called the K-mapping generate by 11,75, ..., Ty and Ai, Ao, ..., An.

Based on the result mentioned above, we first introduce the intermixed algorithm
in p-uniformly convex metric spaces to prove A-convergence of the proposed iterative
method for finding a common element of the sets of fixed points of finite families of
nonexpansive mappings by using the concept of the K-mapping in the framework of
complete p-uniformly convex metric spaces. Moreover, we apply our main theorem to
prove A-convergence to solve the minimization problems in the framework of complete
p-uniformly convex metric spaces. Finally, we give two examples in L? spaces and nu-
merical examples to support our main results.

2. PRELIMINARIES

In this section, we recall some definitions and lemmas that will be needed to prove
our main results. Let {z,,} be a bounded sequence in a metric space X, and let r(-, {z,}) :
X — [0,00) be a continuous functional defined by

r(z,{z,}) = limsupd(x, z,).
n— oo
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The asymptotic radius of {z,} is given by
r({z,}) == inf{r(z, {z,}) : v € X},
while the asymptotic center of {x,,} is the set
A({zn}) = {z € X vz, {za}) = r({za P}

A sequence {z,} in X is said to be A-convergent to a point € X if A({z,, }) = {z} for
every subsequence {z,, } of {z,}. In this case, we write A- ILm x, = x (see [8, 16]). The

notion of A-convergence in metric spaces was introduced by Lim [18].
Remark 2.1. Let X be a complete p-uniformly convex metric space. Then

(i) every bounded sequence in X has a unique asymptotic center (see [9]),

(ii) every bounded sequence in X has a A-convergent subsequence (see [29]).
Definition 2.2. A mapping T : X — X is called nonexpansive mapping if

d(Tz, Ty) < d(z,y), forall z,y € X.
Definition 2.3. A mapping T' : X — X is called the fixed point problem is to find x € X
such that
Tx =z,

the set of fixed points of T" is denoted by F(T').
Definition 2.4. Let X be a complete convex metric space, and let 7" : X — X be any

nonlinear mapping. The mapping T is said to be A-demiclosed at 0 if, for any bounded

sequence {z,} in X such that A — lim z, = zand lim d(z,,Tx,) =0, then z = Tz.
n—oo n— oo

Lemma 2.1. (See [7]) Let X be a complete C AT (0) space, and let T : X — X be a nonexpansive
mapping. Then T is A-demiclosed at 0.

Remark 2.2. (see [29]) Following the same argument as in the proof of Lemma 2.1, one
can easily show that Lemma 2.1 holds if X is a complete p-uniformly convex metric space.

The following lemma is crucial for proving our main theorem.

Lemma 2.2. Let p > 0 and (X, d) be a complete p-uniformly convex metric space with ¢ > 0.
N

Let {T;}}¥., be finite families of nonexpansive mappings of X into itself with ﬂ F(T;) # 0 and
i=1

Ai € (0,1) foralli =1,2,..,.N —1and Ay € (0,1]. Let K be the K-mapping generated by

N
T1,T2, 771]\/' and Al, AQ, ceny )\N- Then F(K) = ﬂ F(Tz)
=1

N N
Proof. It easy to see that ﬂ F(T;) C F(K). Letxy € F(K) and z* € ﬂ F(T;). By the
i=1 i=1

definition of K, we have
dP(xg, ™) =dP (Kxg,z")
=dP(ANTNUNn—120 ® (1 — AN)UNn_120, ")
<ANAP (2", TnUn-120) + (1 — An)dP (2™, Un—120)
2.3) - gAN(l — AN)d(TyUn 120, Un—120)
<dP(z*,Un_120)
<AN-1dP (2", Tn—1Un—2x0) + (1 — An—1)dP (2%, Un_2x0)
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c
- 5/\N71(1 — An—1)dP(TN-1Un—20, Un_220)

<dP(z*,Un—2%0)

Sdp(x*, Ugilio)
é)\gdp(l'*,TQUl.’Eo) + (1 — )\Q)dp(l'*, Ul.’Eo)
C
- 5/\2(1 = A2)d?(ToUrzo, Ur20)
S)\de(f[:*, U1£L'()> + (1 — )\g)dp(.%'*, U1£L'()>
C
(24) — 5)\2(1 — )\g)dp(TgU1JCO, Ull‘o)
<dP(x*,Uyzg)
§)\1dp(:c*,T1:c0) —+ (1 — Al)dp(l’*,.’to) — g)\l(l — Al)dp(Tl"Eo,.To)
adP (a7, 20) + (1 — M)dP(a*, x0) — gA1(1 — \)dP(Tyzo, o)
(25) :dp(x*, 170) - gAl(l - Al)dp(Tll’o, Io).

This implies that
g/\l(l — Al)dp(Tll‘o,l‘o) < 0.
We obtain that
dP(Tyzo, z0) = 0,
it follow that Tyxg = xg, that is Xo € F(Tl)
From the definition of U; and zo € F(711), we obtain

dp(Ull'o,fL‘o) :dp()\lTlxo D (]. — )\1).’E07£C0)
S)\ldp(Tll‘o, ﬂfo) + (1 — Al)dp(xo,xo) — g)\l(l — Al)dp(Tlxo,xo)

=0,
then,
(2.6) Uixg = 2.
By (2.4) and (2.6), we have
gAQQ — N\o)dP(Too, o) < 0.
We obtain that

dp(TQan Z‘Q) = Oa
it follow that Thxg = xo, thatis zg € F(T%).
From the definition of Uy, (2.6) and z¢ € F(T), we obtain

dp(Ugllio,SCo) :dp(AQTQleO (&) (1 — )\Q)Ull’Q,Io)
c
S)\de(TQlem.TQ) + (1 — )\Q)dp(UlfL‘o, CE()) — 5)\2(1 — )\g)dp(TQleo, xo)

=od?(Too, 20) + (1 — Ao)dP (0, 20) — g)\g(l — Xo)d(Tzo, o)
=0,

then,

(2.7) Usxo = 2.
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By using the same argument, we can conclude that T;z9 = z¢ and U;zg = ¢ for all
i1=1,2,..., N — 1.
By (2.3), we have
%)\N<1 — )\N)dp(TN.’EQ,l‘()) < 0.
We obtain that
dp(TNm()a mo) = Oa

it follow that Ty xg = xg, thatis zg € F(TN)
N

Therefore xy € ﬂ F(T,
i=1

Hence F(K) C ﬂF(Tz) O

Now, we give the following example in R to support Lemma 2.2.

Example 2.1. Let R be the set of real numbers, and let X = R? be endowed with a metric
d : R? x R? defined by

d(x,y) = V/(x1 —y1)? + (2 — 12)?,
for all x = (z1,72),y = (y1,y2) € R2% Then (R? d) is a complete p-uniformly convex
metric space with p = 2 and parameter ¢ = 2, and with the geodesic joining « to y given
by
1-t)xdty = ((1—t)z1 +tyr, (1 —t)za + tya),
forall x = (z1,22),y = (y1,92) € R*and t € [0, 1].
For every i = 1,2,..., N, let the mappings T; : R* — R? be defined by
xr1 T2
Ti =55 )
() = ( 2t 3 )

for all x = (z1,22) € R2 Suppose that K is the K-mapping generated by T',T5, ..., Tn
and A1, Ag, ..., Ay where \; = =, foralli = 1,2,..., N. Then (0,0) € F(K) = N/, F(T;).

3. MAIN RESULTS

In this section, we prove A-convergence of the sequences {z,,} and {y, } generated

by (3.8) for finding a common element of the sets of fixed points of finite families of non-
expansive mappings in the framework of complete p-uniformly convex metric spaces.

Theorem 3.2. Forp > 1, let X be a complete p-uniformly convex metric space with parameter
¢>2,and let (TN, and {8}, be finite families of nonexpansive mappings from X into itself
with £ = ﬂ F(T, ﬂ F(S;) # 0. For every N € N, let K1 : X — X be the K-mapping

generated by Tl, Ts, ... TN and A1, g, ..., AN, let Kg : X — X be the K-mapping generated by
S1,8a, ..., Sy and 01, ma, ..., N, where {\;}N_ and {n;}¥, are the sequences in [a, b] and [c, d]
with) < a <b< 1land0 < ¢ < d < 1, respectively. For given x1,y1 € X, let the sequences
{zn} and {y,} be generated by

).

Ksyn D 1%L yn) )

ﬁn

Tnil = QpYn D (1 - an)
(3.8) ﬁ

Yn+1 = QpnTy b (1 - an)

forall n € N, where {a,}, {Bn}, {n} are the sequences in (0,1) with oy, + By, + ¥ = 1 and
0<s < ap,Bnvm <q<1,foralne Nand for some s,q > 0. Then, the sequences {x,, } and
{yn} A-converge to some z* € &.
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Proof. Let z € €.
From the definition of K7 and (1.2), we have

dp(KT{,En, Z) :dp()\NTNUNfl.’En () (]. - )\N)UN,lxn, Z)
SANAP(TNUN 120, 2) + (1 = An)dP(Un—12n, 2)
c
= 5 (AN)( = AN (INUn-12n, Un-122)
S/\Ndp(UN_lxn, Z) + (1 — /\N)dp(UN_1JJn, Z)
=d?(Un_12n, 2)
=AN_1dP(TN1UN_2@n,2) + (1 = An—1)dP(Un—2%n, 2)
c
- 5()\N—1)(1 —AN-1)d(TN-1UN—22p, Un—22y,)
<AN_1dP(Un—2@n,2) + (1 = An—1)dP (Un—2Zn, 2)
:dp(UN_Ql‘n,Z)

gdp(U2xn7 Z)
:)\de(TQUll'n, Z) + (1 - AQ)dp(len, Z)
c
- 5()\2)(1 — Xo)dP (ToUr 2y, Ury,)
SAde(len, Z) + (1 - AQ)dp(lena Z)
=d?(Urxp, 2)
=MdP(Thzp, 2) + (1 — A\1)dP (2, 2)
- g(mu — AP (T2, )
<M dP(2p,2) + (1 = A1)dP(zp, 2)
(3.9) =dP(xp, 2).
Using the same method as derived in (3.9), we have
(310) dp(KSymZ) < dp(ymz)
From the definition of z,,, (1.2) and (3.9), we have

dp(l'n+1, Z) =dP <0lnyn ¥ (]- - ) <1 f KTxn 2 1 ’_ya xn> 7Z>

<and”(yn, z) + (1 — oy )d? < KT:E” &) 1 — xn, z)

1—«

c Bn Tn
11 - = 1-— P K
(3 ) 2(an)( an)d (yTu 1—a, 7Ty D 1—a, mn)

<and®(yn,z) + (1 — ay) (1

S5 (2) (12w

Brn Yo
1—and (Tn, 2) + 1—and (T, 2)

Sandp(ynv Z) + (1 - Oén) (
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() (2w

(3.12) zandp(yn,z)—i—(1—an)<d”(a:n,z)—;( B )( T )d”(KTxn,xn)>

1— o, 1—a,

(3.13) Sand” (Yn, 2) + (1 — ay)d” (2, 2).

From the definition of y,,, (1.2) and (3.10), we have

Bn P yn>72>
—ay 1—a,

dp(ynJrlv Z) =dP <anxn S (1 - an) <1 Ksyn

<and”(zn,2) + (1 — ay)d? <6nKSyn Tn ym )

1—a, 1-—
c Bn Tn
.14 — = 1— P —K
614 @)1= 0 (5 2K 0 _anyn)
(0, 2) + (1 ) | P (K, 2) + Py, 2)
- ’ 1—a, ’ 1—ap, ’
Cc /Bn ’Y”l
5 K ny In
5 <1—an> (1_ n>d( $Yns Y )>
Y
<o dP P( P
<a,d (xnv ( — and Yn, 2 )"’ 1— and (ymz)
c Bn
— K
2 (1—an> (1— n>d ( Sy“’y”)>
(3.15) =and”(zn,2) + (1 — ap) | d®(yn, 2 E Bn i d? (K sYn, Yn)
- ’ 2 1—a, 1—a, ’
(3.16) <and?(zn, 2) + (1 — an)d?(yn, 2

From (3.13) and (3.16), we get

dp(‘rn+17z)+dp(yn+l7z)
Sand® (Yn, 2) + (1 = an)d” (zp, 2) + and”(zn, 2) + (1 = an)d” (yn, 2)
:dp(yna )+d (xn7 )7

which implies that li_>m (dP(zp, z) + dP(yn, 2)) exists for all z € &.

Thus {z,} and {y,} are bounded.
From (3.12), we have
(3.17)

(1—an) (C)< fn )( I )dp(KTxn,mn)<andp(yn,z)—i—(l—an)d”(xn,z)—dp(xnﬂ,z).

2 1—a, l—-a,
From (3.15), we have
(3.18)
(-0 (5) (T2 ) (12250 ) st in) < n i, 20+ )d ) 1,2),

2 1—a, 1—a,
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Combining (3.17) and (3.18), we have
(5) (22 ) @ o, ) + s )
<and®(Yn, 2) + (1 — ap)dP(zy, 2) — dP (xpa1, 2)
+ and?(zn, 2) + (1 — ap)d? (Yn, 2) — dP (Ynt1, 2)
(3.19) =(dP(zpn, 2) + d°(Yn, 2)) — (dP(xpn+1, 2) + AP (Yn+1,2)) -
From (3.19) and the conditions of {«, }, {8, } and {7, }, we obtain that
nlggo(dp(Ksz Tp) + dP(Ksyn,yn)) = 0,

it implies that

(3.20) AP (Krxy, ) — 0and dP(Ksyn,yn) — 0asn — oco.
From (3.11) and (3.9), we have
dp(xn-i-lv Z)

<and®(Yn, z) + (1 — ap)d? <1 Bn Krz, ®© Tn xn,z>

- S = ane (.

1—a, 1—a,

Bn dP(xp, 2) + %d”(wn, z))

— Qp — Qp

Sandp(yny Z) + (1 - an) <1

Cc

ﬁ’ﬂ n
A 1- P n n
2<an)( an)d (yn, 1— anKTLB D 11— anm

=, d” (Yn,2) + (1 — ap)dP (zp, 2)

= St = e (1,

which implies that

C Bn In

— 1— /g K n

@)1= o (s 2 Koy 1, )
(321) Sandp(yn7 Z) + (1 - an)dp(xnv Z) - dp(-rnJrh Z)
From (3.14), (3.10), and by using the same process above, we have

dp(yn+1a Z) :Oéndp(xna Z) + (1 - an)dp(yn»z)

C n n
- i(an)(l - an)dp ((En, ILKS:UTI S3) Pyyn> 3

Tn
K n n b
1— o, T 69104nm)

—ay 1—a,

which implies that

& n n
i(an)(l - an)dp (wnv 157K3yn @ 2 yn>

— Qg 1—a,
(3.22) <and?(zn, z) + (1 — an)d? (yn, 2) — d°(Yn+1, 2)-
Combining (3.21) and (3.22), we get
c

5 (Oén) (1 _ Oén) (dp(yn’ Bn Krz, & - Tn xn) _|_dp(xn7 . Bn Ksyn @ Tn

<ap (d°(2n, 2) + dP(yn, 2)) + (1 = @n)(d"(Yn, 2) + d° (20, 2))
— (@ (Ynt1,2) + d" (@041, 2))

1—a, — ap — oy, 11—«

n

467

yn)>
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(3.23)
:dp(y'rh Z) + dp(x’n,; Z) - (dp(yn+17 Z) + dp(xn+17 Z))

From (3.23) and the condition of {an}, we obtain that

A (dp(y"’ =, 7% ® 1 — oy o) F @ 5 f 1 jnan y")> =0
then
(3.24)
d? (Y, T Krx,® 1 jnozn Zn) — 0and dP(z,,, ﬁKSynEB T yn) — 0asn — oco.
From the definition of y,,, we get
AP (Yny1, ) =dP (anxn D1 —ap) (1 foz = yn> ,xn>
(3.25) <and?(zy,zn) + (1 — a,)d? ( Bn n yn,xn> .
1—a, 1—a,
From (3.24) and (3.25), we have
(3.26) dP (Yn+1,Tn) — 0asn — oo.

Similarly way (3.26), we have

dP (xp41,yn) — 0asn — oo.

From (3.26), we have
limsup d(z, ©,,) <limsup d(z, yn+1) + limsup d(yn+t1, Tn)
n— oo n— oo n— oo
=limsup d(z, Yn+1), forallz € X,
n— o0
then
(3.27) r(@,{zn}) < r(@, {yn+1})-

By using the same method as (3.27), we have

limsup d(x, ypi1) < 11m sup d(x,z,) + limsup d(zy,, Ynt1)

n—oo n—oo
= hm sup d(z, x,,), forallz € X,
n—oo
then
(3.28) (@, {yn+1}) < (@, {zn}).
From (3.27) and (3.28), we have
(3.29) r(z,{zn}) = r(x, {yns1}), forallz € X.
So, we get
(3.30) r({zn}) = r({yns1}).

Since {x,} is bounded and X is a complete p-uniformly convex metric space, then, by
Remark 2.1 (i), {z,,} have a unique asymptotic center. That is, A({z,}) = {=*}.
From (3.29) and A({z,,}) = {z*}, we get

(3.31) r(@* {zn}) = r({zn}) = (@ {yns1}).
From (3.29) and (3.30), we have
A({zn}) ={z € Xsr(z,{zn}) = r({zn})}
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={r € X;r(z,{ynt1}) = r({yns1})}
:A({yn+1})-

It follows that A({z,,}) = A({yn+1}) = {z*}.
Let {z,, } and {y,, } be any subsequences of {x,, } and {y,, }, respectively, such that A({z,, }) =

A({yni+1}) = {u}.
From (3.20), we have

lim d?(Krxn,,%n,) =0and lim d?(Ksyn,+1,Yne+1) = 0.
k—o0 k—o0
By Remark 2.1 (ii), 2.2 and by the A-demicloseness of K and Kg at 0, we obtain that

u € F(Kr) and u € F(Kg). From Lemma 2.2, then u € ﬂF )and u € ﬂF

=1 1=1
Hence u € €.

From (3.26), we have

lim sup d(xy, , u) <limsup d(@n, , Yn, +1) + Hmsup d(yn, +1, 1)
k—o0 k—o0 k—o00

=limsup d(yn, +1, u)
k—o0

(

(
<limsup d(yn,+1, 2"

(

(

k—o0

<limsup d(Yn, +1, Tn, ) + limsup d(z,,, ")

k—o0 k—o0

=limsupd(zy, ,z")
k—o0

=r(z* {n})

=r({zn})

=inf{r(z", {z,, }) : 2" € X}

<r(u, {zn,})

=limsup d(zp,,,u),

k—o0

which implies that z* = u.
Therefore, {z,} A-converges to z* € &.
Similarly, as derived above and since A({z,,}) = A{yn+1}) = {z*}, we also have {y,}
A-converges to z* € £. O

Corollary 3.1. Forp > 1, let X be a complete p-uniformly convex metric space with parameter
c > 2, and let {T;}N, be finite families of nonexpansive mappings from X into itself with & =

ﬂ F(T;) # 0. Forevery N € N, let K1 : X — X be the K-mapping generated by T1,T5, ..., Tn

and A1, Aay oy A, where { N}, are the sequences in [a,b] with 0 < a < b < 1. For given
x1 € X, let the sequence {x,,} be generated by

(3.32) Tpt1l = QnTy D (1 — ap) (1 f KTxn S 1—a, xn) )

forall n € N, where {c,}, {Bn}, {vn} are the sequences in (0, 1) with o, + B, + v, = 1 and
0 < s < ap,Bn,Yn < q <1, forall ne N and for some s,q > 0. Then, the sequence {x,}
A-converges to some x* € &.

Proof. If we put {T;}N, = {S;}¥,, {\Y, = {n:}Y, and z,, = y,,, in Theorem 3.2, we
obtain the desired conclusion. O
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4. APPLICATION

In this section, we apply our main theorem to prove A-convergence to solve the

minimization problems in the framework of complete p-uniformly convex metric spaces.

Let f be a real-valued function defined on metric space X. The minimization problem
(MP) is to find a point « € X such that

= 1] f
f(x) = inf f(),
which is denoted by 2 := arg mi}r{l f(y). The MP is very important problems in opti-
ye

mization theory, convex analysis, nonlinear analysis and geometry, see more detail in
[30, 20, 14].
In 2016, Choi and Ji [6] introduced the notion of p-resolvent map of a proper, convex
and lower semi-continuous function f in p-uniformly convex metric space X as follows:
Forz e Xand A > 0,
J{(x) = arg min | f(y) + ﬁdp(y, z)
Clearly, the p-resolvent mapping generalizes the Moreau-Yosida resolvent mapping de-
fined in C'AT'(0) spaces. Moreover, Choi and Ji [6] proved the convergence of the proxi-
mal point algorithm by the p-resolvent map in p-uniformly convex metric spaces.
Before proving Theorem 4.3, we need the following lemma.
Lemma 4.3. (See [29]) For p > 1, let (X, d) be a p-uniformly convex metric space with parameter
c>2,andlet f: X — (—o0,+00] be a convex, lower semi-continuous function not identically
oo. Let J{ be the p-resolvent mapping of f such that F(J{) # 0. Then, for all X > 0, we have the
following:
(i) z* € F(JI) ifand only if z* is a minimizer of f;
(i) dP(a*, Jiz) + d°(J]x, ) < dP(z*,x) forall z € X and x* € F(J]);
(iii) J§ ! is a generalized quasi-nonexpansive mapping, i.e.,
dp(fo,m ) < dP(z, ™) forallmeX,x*EF(Jf);

(iv) dP(Jaz,z) < dP(Jux,x) forall A < pand z € X.

Theorem 4.3. For p > 1, let X be a complete p-uniformly convex metric space with parameter

¢>2 Foralli=1,2,...,N,let {f;},{g:}, X — (—00,00), be finite families of proper, convex
and lower semi-continuous functions and let J;f and J3, be the p-resolvent mappings of f; and

N N
gi, respectively, with £ = (ﬂ arg min fl(y)> N <ﬂ arg min gl(y)> # (. Forevery N € N,

let Ky : X — X be the K-mapping generated by J! JN LN AL and A, Az, ..., An, let

Af’ Af’ b
K, : X — X be the K-mapping generated by J} Ve Ag,. ,J/J\\f, 1 J 3 and N1,M2, ..., NN, Where
Y and {0}, are the sequences in [a, b] and [c, d] with 0 < a < b <land0<c<d<1,
respectively, for all )\Z A >0, forall i = 1,2,...,N. For given z1,y; € X, let the sequences

{zn} and {y,} be generated by
)

Yn+1 = CpTy ©® (1 - an) 15" Kgyn () 1170Lln yn) 5

QAn

Tpt1 = QpYn D (1 - an) 157;”

(4.33)

forall n € N, where {a,}, {Bn}, {n} are the sequences in (0,1) with oy, + By, + ¥ = 1 and
0<s < ap,Bnvm <q<1,foralne Nand for some s,q > 0. Then, the sequences {x,, } and
{yn} A-converge to some z* € &.
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Proof. Foralli=1,2,..., N, wereplace T; = J! A and S; = J A in Theorem 3.2.
From Lemma 4.3 (111) and the definitions of K ‘and K, gr We have

dP(Kyxy, z) < dP(xy, 2) and dP(Kgyn,z) < dP(yn, 2), forall z € &.

N N

From Lemma 4.3 (i), we have [ |F ar mln i(y)and [ | F(J5s) arg min g;(y),
(i) Q (J; ﬂ gmin fi(y ﬂl e Dl g min g:(y)

forall N € N.

By using the same method in Theorem 3.2, we can conclude Theorem 4.3. O

Corollary 4.2. For p > 1, let X be a complete p-uniformly convex metric space with parameter
¢ > 2 Foralli=1,2,..,N,let {f;} :+ X —> (—00,00) beﬁnitefamilies of proper, convex
and lower semi- contmuous functzons and let J f be the p-resolvent mappings of f; with & =

ﬂ arg min fily) # 0. For every N € N, let Ky : X — X be the K-mapping generated

by f, Af,.. JN 1,Ji\; and X1, N, ..., \n, where {\;}}L, are the sequences in [a,b] with

0<a<b< 1,for all X/ >0, forall i =1,2,...,N. For given z, € X, let the sequence {x,,} be
generated by

B
. n = Updn 1—-a, n |
(4.34) Tnal = Qplp O ( a)(la 17 x

forall n € N, where {ca,}, {Bn}, {n} are the sequences in (0, 1) with o, + By, + v = 1 and
0 < s < ap,Bn,vn < q <1, forall ne N and for some s,q > 0. Then, the sequence {x, }
A-converges to some x* € &.

Proof. Foralli =1,2,..,N. If weput f, = g;, J /\g, Y, = Y, and z,, = yn,
in Theorem 4.3, we obtain the desired conclusmn. ([l

Remark 4.3. Theorem 4.2 can be reduced as follows:
(i) If we put N = 1, in Theorem 4.3, then we obtain

Tpt1 = QplYn D (1 - an) ﬁn Jl xn) 5
511

a,LJ1/J1y” 5] 1 ap, yn) )

Yn4+1 = CpTy S (1 - an)

for all n € N, by using the same mappings and parameters as in Theorem 4.3.
Then, the sequences {xz,,} and {y, } A-converge to some z* € (argminyecx f(y)) N

(argmingex g(y)).
(ii) If weput f =g, J}, = Jj, and z, = y, in Remark 4.3 (i), then we obtain

Bn .
170[” n >

1—a,
for all n € N, by using the same mappings and parameters as in Remark 4.3 (i).
Then, the sequence {x, } A-converges to some z* € arg minycx f(y).

(4.35) Tpp1l = QnZp & (1 — ay) ( Jl1 Ty D

5. NUMERICAL EXAMPLES

In this section, we give the following examples to support Theorem 3.2 and Theorem
4.3.
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Example 5.2. Let X = L?(W, F, 1) be a measure space, where W = [0, 1], F is o-algebra
onW,and p: F — [0,00). Let a metric d : LP x LP — R be defined by

/ If — gPdu)7, forallp > 1, f,g € LP(W, F, i),

and with the geodesic joining « to y given by
(I-thrdty=(1-1t)z+ ty, forallt € [0, 1].
Foreveryi=1,2,...,N, let the mappings T; : X — X be defined by

Ti(f(x)):%, forall f € X and z € W,

and let the mappings S; : X — X be defined by

Si(g(x)) = %, forallg € X andz € W.

Let K1 be the K-mapping generated by 11,75, ...,Tn and A1, A2, ..., Ay where \; =

z+1' forall i = 1,2,...,N, and Kg be the K-mapping generated by 51, 5s,..., Sy and

N1,M2, ---, NN Where n; = H_2,f01‘a111—1 2,...,N.

Let z1,y1 € X and the sequences {z,} and {yn} generated by (3.8), where «,, = ”G—Jf,

Bn = 21, and v, = %=1, for all n € N. By the definitions of K7 and Kg, we have

6n 7
0 € (NY,F(Ty) N (NN, F(S;)) = & For every n € N, we can rewrite (3.8) as follows:
n+2 on — 2 2n —1 3n—1
Tyl _(W)yn @ ( on )<(5n — Q)KTxn ® (5n — 2)$ >

n 4+ 2 5n — 2 2n—1 3n—1
n = n K n n |-
Yni1 =(— =) @ (¢ )<(5n_2) sy @(5n_2)y)

From Theorem 3.2, we can conclude that the sequences {z,, } and {y,, } A-converge to 0.

We have given a numerical example to guarantee the convergence of Theorem 3.2, we
give f(z) = 22 and g(z) = 22% — z, for all z € W. The table 1 and figure 1 show the values
of {z,,} and {y,}, where z;1 = -1,y =land n = N = 25.

TABLE 1. The values of {x,} and {y, } withz; = -1,y =landn=N =25

n Tn Yn

1 -1.0000 1.0000
2 0.1250 -0.0370
3 0.0508 -0.0224
13 0.0018 0.0019
23 0.0001 0.0001
24 0.0000 0.0000

25 0.0000 0.0000
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) S

FIGURE 1. The convergences of {z,} and {y,,} with z; = —1,y; =1 and

n=N=25
Example 5.3. In this example, we use the same mappings and parameters as in Example
N. Define f;(h(x)) =

5.2 unless the following mappings f; and g;, for all i = 1,2
i(h(z))? and g;(h(z)) = i|h(x)|, forall h,h € X and 2 € W.
Foreveryi =1,2,..., N, let the mappings Jif : X — X be defined by

y (r(@)) = argmin|fi(7(x)) + Td”(f( ), r(x))],

and for allr(z) € X,andz € W,

where A{ == +1
and let the mappings Ji, : X — X be defined by

(4(z), q(x))];

i (ate) = avgminlan(i(e) + 55
where \ = 2—+1 and for all ¢(z) € X,and z € W.
Let Ky be the K-mapping generated by Jlf, ey I A, and Ay, )\2, ..., Ax where \; =
1
75, foralli = 1,2,.., N, and K, be the K- mappmg generated by Jye, S35, J/]\\g,v and
N1y 72,5 oy IN whereni— Z+2,f0rallz—1 2,...,NN.

Let 21,31 € X and the sequences {z,,} and {yn} generated by (4.33), where the param-
eters {a, }, {8}, and {7, } define as the same in Example 5.2. By the definitions of Ky and
K,, we have 0 € (N, argmin,ex fi(y)) N (N, argmingec gi(y)) = & For every n € N,
we can rewrite (4.33) as follows:

n+2 on—2 (,2n— 3n—1
n = n Kz, = _a/tn )
rrn =200 () (GEZ ) Kgm © ()e

nt2 @(5”2>(<2”1>Kgynea<§z_§>yn>.

g1 =(Tgp e © (S (573

From Theorem 4.3, we can conclude that the sequences {xz,,} and {y,,} A-converge to 0

We have given a numerical example to guarantee the convergence of Theorem 4.3, we
4(z) = z, for all x € W. The table 2 and figure 2

give h(z) = h(z) = r(x) = #(z) = q(z) =
—1,y1=1,p=2and n = N = 30.

show the values of {z,} and {y,}, where z; =
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TABLE 2. The values of {z,,} and {y,} withz; = -1,y = 1, p = 2 and

n=N =230
n Tn Yn
1 -1.0000 1.0000
2 0.1250 0.0278
3 0.0772 0.0601
15 0.0036 0.0041
28 0.0001 0.0001
29 0.0000 0.0000
30 0.0000 0.0000
FIGURE 2. The convergences of {x,} and {y,} with x; = -1, y1 = 1,

p=2andn=N =30
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