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Solving split inverse problems

T. O. ALAKOYA!, O. T. MEWOMO? and A. GIBALI®*

ABSTRACT. Inthis paper, we study several classes of split inverse problems. We start with the split common
fixed point problem with multiple output sets for multivalued demicontractive mappings. A relaxed inertial
iterative method for solving this problem is presented and analysed. Furthermore, the method is applied to a
system of split variational inequalities, system of split equilibrium problem and other related split problems.
Several numerical experiments illustrate and validate the applicability of our proposed method.

1. INTRODUCTION

The split inverse problem (SIP) is a mathematical model that allows much flexibility and
thus attracts mush interest since its introductory, see [3, 7, 8, 13, 17, 32, 42]. It was applied
successfully in many fields, such as in signal processing, phase retrieval, image recovery,
data compression, intensity-modulated radiation therapy, e.g. see [9, 10]). The SIP model
is formulated as follows:

(1.1) Find & € H; thatsolves IP;
such that
(1.2) y:= AZ € Hy solves IPs,

where H; and H; are real Hilbert spaces, IP; denotes an inverse problem formulated in
H, and IP; denotes an inverse problem formulated in H, and A : H; — H; is a bounded
linear operator.

In 1994, Censor and Elfving in [10] introduced the first instance of the SIP called the split
convex feasibility problem (SCFP) for modelling inverse problems that arise from medical
image reconstruction. The SCFP finds application in control theory, approximation the-
ory, signal processing, geophysics, communications, biomedical engineering, etc. [9, 25].
Let C and @ be nonempty, closed and convex subsets of Hilbert spaces H; and Hy, re-
spectively, and let A : H; — H; be a bounded linear operator. The SCFP is defined as
follows:

(1.3) Find & € C such that § = Ai € Q.

Researchers have developed and studied several iterative methods for solving the SCFP
(1.3) and related optimization problems in Hilbert and Banach spaces, (see, e.g. [9, 23, 25,
28, 41] and the references therein).

Let H be a Hilbert space and 7' : H — H a mapping. We denote the fixed point set of T
by F(T); F(T) := {zx € H : Tx = z}. The Fixed Point Problem has application in several
areas, such as nonlinear optimization and split inverse problems and so on, (see [4, 33]).
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One of the important generalizations of the SCFP is the split common fixed point problem
(SCFPP), which was first introduced and studied by Censor and Segal [11] in the Eu-
clidean spaces. Let H; and H; be two real Hilbert spaces, A : H; — H; be a bounded
linear operator and S* : H; — Hy(k = 1,2,...,t)and T7 : Hy — Hy(j = 1,2,...,5) be
mappings with fixed point sets F(S*) and F(T7), respectively. The SCFPP is formulated
as follows:

(1.4) Find &€ nj_;F(S*) suchthat §=Aieni_ F(T7).
When t = s = 1, the SCFPP (1.4) is reduced to the split fixed point problem (SFPP), that is,

(1.5) Find 2 ¢ F(S') suchthat §= A% c F(T").

The SCFPP also includes several other optimization problems as special cases, such as the
split equilibrium problem (SEP), the split variational inequality problem (SVIP), the split
common null point problem (SCNPP) and the split monotone variational inclusion prob-
lem (SMVIP) (e.g., see [20, 29, 35, 40]). Several iterative methods have been introduced and
studied by researchers for approximating the solutions of the SCFPP for various classes
of mappings (e.g., see [5, 21, 24, 39, 45]).

Very recently, Jailoka and Suantai [22] studied the SFPP (1.5) for the class of multivalued
demicontractive mappings. They proposed a new iterative method, which combines the
viscosity technique with the self-adaptive step size strategy for approximating the solu-
tion of the problem in the framework of Hilbert spaces. Moreover, they proved a strong
convergence theorem for the proposed algorithm without prior knowledge of the opera-
tor norm.

More recently, Reich et al. [36] introduced and studied the concept of split common fixed
point problem with multiple output sets (SCFPPMOS). Let H, H;,i = 1,2,..., N be real
Hilbert spaces and A; : H — H;, i = 1,2,..., N, be bounded linear operators. Let
Sk:H - H, k=1,2,...,L, Tij : H;, — H;, j = 1,2, ..., M be nonexpansive mappings.
The SCFPPMOS is formulated as follows: Find a point u' € H such that

(1.6) ul e T:=nk_ F(S*)n (mfil AN (ML, F(T{))) # 0.

Moreover, the authors proposed the following viscosity iterative method for approximat-
ing the solution of SCFPPMOS (1.6) for the class of single-valued nonexpansive mappings
in the framework of Hilbert spaces:

Algorithm 1.1.
Step 0. For any x € H, let the sequence {x,, } be defined as follows:
Step 1. Compute

y,’j = Sk, forallk =1,2,..., Land let

dn =, max [l — ]},
D, ={ke{1,2,....L}: |y —zn|| = dn}.
Step 2. Compute
zf” = Tij(Aiacn) foralli=1,2,...,Nand j =1,2,..., M, and let

dpi = lerréaxM{Hzf“ —Az,|l}, i=1,2,...,N,

Dni={je{1,2,....,M}: ||z} ; — Aizn|| = dn i}, i =1,2,...,N.
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Step 3. Let f, := max{d,, max;=12_ n{dn;:}}.
Ifd,, = fn, then choose k,, € D,, and let t, = y, ,, and let © = I.
Else, choose j,, € D,, 4, , whered,, ;, = fn, andlett, = fo?in and©® = A
Step 4. Compute

in*

Up = Ty — 0,07 (Ox,, — t,), where
”9$n - tn||2
07O, — )|+ an’

{pn} Clc,d] € (0,1) and {a,,} is a sequence of positive real numbers.
Step 5. Compute

5, =

Tpg1 = Qnf(xy) + (1 — ap)u,, n >0,
where {a,} C (0,1)and f : H — H is a contraction with coefficient ¢ € [0, 1).

Under certain conditions on the control parameters, the authors obtained strong conver-
gence result for the proposed Algorithm 1.1. However, we need to point out that the pro-
posed Algorithm 1.1 has some drawbacks. First, we observe that the algorithm requires
solving several maximum distance problems per iteration, which will result in huge cost
of implementation of the proposed method. Moreover, the proposed algorithm is only
applicable for the class of single-valued nonexpansive mappings.

In recent times, developing algorithms with high rate of convergence for solving opti-
mization problems has become of great interest to researchers. There are generally two
important techniques employed by authors to improve the rate of convergence of iter-
ative methods, which are the inertial technique and the relaxation technique. The inertial
algorithm is based on a discrete version of the second-order dissipative dynamical sys-
tem, which was first introduced by Polyak [34]. The main feature of the inertial-algorithm
is that it uses the previous two iterates to generate the next iterate. It is worthy of note
that this small change can greatly improve the rate of convergence of an iterative method
(e.g., see [2, 1,12, 14, 15, 30, 31, 44]). The relaxation method is another popular method
authors employ to improve the speed of iterative algorithms (see, e.g. [6, 18]). Both tech-
niques naturally arise from an explicit time discretization of a dynamical system (see, e.g.,
[6, 46]).

In view of the above discourse, it is natural to ask the following research questions:

Is it possible to construct a new iterative method for approximating the solution of SCFPPMOS
such that the algorithm does not involve any maximum distance problem? Can the algorithm be
designed such that it solves the SCFPPMOS for a larger class of mappings than the single-valued
nonexpansive mappings?

In this study, we provide affirmative answers to the above questions. More precisely, we
propose a new relaxed inertial iterative method that does not involve any maximum dis-
tance problem for approximating the solution of SCFPPMOS for a class of multivalued
demicontractive mappings. Mathematically, the problem we consider is formulated as
follows: Let H, H;,i = 1,2,..., N be real Hilbert spacesand A; : H — H;, i =1,2,...,N,
be bounded linear operators. Let 77 : H — H, j = 1,2,..., M, Tij : Hy — H;, i =
1,2,..,N, j = 1,2,..., M be multivalued demicontractive mappings. We study the fol-
lowing SCFPPMOS: Find an element uf € H such that

(1.7) ul € Q=M F(T7) N (mﬁil ATH(AM, F(Tg’))) £ 0.

Under some mild conditions on the control parameters and without the knowledge of the
operators’ norms, we obtain strong convergence result for our proposed method. More-
over, we apply our result to study and to approximate the solutions of certain classes of
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split inverse problems. Our proposed method employs the relaxation and inertial tech-
niques with a very efficient self-adaptive step size method to further improve its rate of
convergence. Finally, we present several numerical experiments to demonstrate the im-
plementability and computational advantage of our proposed method.

The paper is outlined as follows: In Section 2, some definitions and results employed in
the convergence analysis are recalled. In Section 3, the proposed method is presented
and in Section 4 we analyze the convergence of the proposed method. In Section 5, our
result is applied to study certain classes of split inverse problems while in Section 6 we
present several numerical experiments with graphical illustrations. Finally, we give some
concluding remarks in Section 7.

2. PRELIMINARIES

Definition 2.1. Let H be a real Hilbert space. A mapping 7' : H — H is said to be
(1) L- Lipschitz continuous on H, if there exists a constant L > 0 such that
[Tz —Tyl| < Lllz —yll, Va,y e H.
If L € [0,1), then T is called a contraction with coefficient L.
(2) nonexpansive on H, if T is 1-Lipschitz continuous.
(3) averaged, if it can be written as
T=(1-a)l+as,
where a € (0,1), S : H — H is nonexpansive and I is the identity mapping on H.
(4) monotone on H, if
(Tx —Ty,x —y) >0, Vr,y € H.
(5) k-inverse strongly monotone (k-ism) on H, if there exists a constant £ > 0 such that
(Tx — Ty, —y) > k|Tx — Ty||?, Va,ye€ H.
(6) firmly nonexpansive on H, if
|Tx —Ty||? < (Tx — Ty, —y), Va,y € H.

Definition 2.2. A subset K of H is called proximinal if for each = € H, there exists y € K
such that

|z —y|| = d(z, K) = inf{||lx — 2| : 2z € K}
In this study, we denote the families of all nonempty closed bounded subsets, nonempty
closed convex subsets, nonempty compact subsets, and nonempty proximinal bounded
subsets of H by CB(H), CC(H), KC(H), and P(H), respectively.
The Pompeiu-Hausdorff metric on C B(H) is defined by

H(A,B) := max{ 81618 d(z, B), sgg(y,A)}.
x y

forall A, B € CB(H), where d(z, B) = infyep ||z — b]|.

LetT : H — 2 be a multivalued mapping. We say that 7 satisfies the endpoint condition
if Tp = {p} for all p € F(T). For multivalued mappings 7; : H — 27(i € N) with
N2, F(T;) # 0, we say T; satisfies the common endpoint condition if T;(p) = {p} for all
i € N,p € N2, F(T;). Next, we recall some definitions on multivalued mappings.

Definition 2.3. A multivalued mapping T : H — CB(H) is said to be
(i) nonexpansive, if

H(Tz,Ty) < ||z —yl|, forall z,y € H,
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(ii) quasi-nonexpansive, if F(T') # 0 and
H(Tz,Tp) < ||z — pl|, forallz € H,p € F(T),
(iii) k-demicontractive for 0 < k < 1,if F(T) # 0 and
H(Tx,Tp)* < ||z — p||* + kd(x, Tx)?, forallz € H,p € F(T).

We note that the class of k-demicontractive mappings includes several other types of
classes of nonlinear mappings such as nonexpansive and quasi-nonexpansive mappings.

Definition 2.4. Let T : H — CB(H) be a multivalued mapping. The multivalued map-
ping I — T is said to be demiclosed at zero if for any sequence {x, } C H which converges
weakly to ¢ and the sequence {||x,, — u,||} converges strongly to 0, where u,, € T'z,,, then
q € F(T).

We present the following useful results on multivalued demicontractive mappings.

Lemma 2.1. [21] Let A : H — H be a bounded linear operator, and suppose S : H — CB(H)
and T : H — CB(H) are two multivalued demicontractive mappings. Let T' := F(S) N
AY(F(T)) # 0. Then, we have

(1) T is closed;

(i) if Sp = {p}and T(Ap) = {Ap} forall p € T, then T is convex.
Lemma 2.2. [21] Let H be a Hilbert space and T : H — CB(H) be a k-demicontractive mul-
tivalued mapping. If p € F(T) such that Tp = {p}, then the following inequalities hold for all
re HyeSx:

i) (@—yp—y < yll*;

(i) (o —y,x—p) > FE e —y|>
Definition 2.5. Let H be a real Hilbert space. A function ¢ : H — R U {400} is said to be
weakly lower semi-continuous (w-Isc) at z € H, if

e —

< Timi
c(x) < hnrglgf c(xy)

holds for every sequence {x,,} in H satisfying x,, — x.
Definition 2.6. Let H be a real Hilbert space and let B : H — 2% be a multivalued

operator. The effective domain of B denoted by dom(B) is given as dom(B) = {z € H :
Bz # (}. The multivalued operator B : H — 2 is said to be

e monotone, if
(u—wv,x—y) >0forallu € B(x),v € B(y).
e maximal monotone, if the graph Gr(B) of B,
Gr(B) :={(z,u) € H x Hlu € B(x)},

is not properly contained in the graph of any other monotone mapping. In other
words, B is maximal if and only if for # € dom(B) and v € Bz such that (u —
v,z —y) > 0implies (y,v) € Gr(B).
Lemma 2.3. [16, 19] Let H be a real Hilbert space. Then the following results hold forall x,y € H
and § € (0,1) :
@) llz+yl? < [l2]? + 2(y, © + y);
(@) ||z +yl* = ||=]* + 2(z, ) + ||yl
(iii) [0 + (1= 0)y[[* = dll=[1* + (1 = 0)[|y[[* = 6(1 — &)l — ]|
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Lemma 2.4. ([38]) Let {a,,} be a sequence of nonnegative real numbers, {,,} be a sequence in
(0,1) with "7 a, = oo and {by, } be a sequence of real numbers. Assume that

nt1 < (1 —ap)an +anb, foralln > 1.

Iflimsup b, < 0 for every subsequence {a,, } of {a,} satisfying hm mf (@njyy = Gny) >0, then
k—o0

lim a, = 0.
n—oo

3. MAIN RESULTS

In this section, we present our proposed algorithm for solving the SCFPPMOS (1.7). We
establish our strong convergent result under the following conditions:

Let H,H;,i = 1,2,..., N, be real Hilbert spaces and let A; : H — H; be bounded lin-
ear operators with adjoints A}. Let 77 : H — H and Tij : H;, —» H;,j = 1,2,... M,
be multivalued k’-demicontractive and k/-demicontractive mappings, respectively such
that T7(p) = {p}, Tl.j (A;p) = {Aip} for all p € Q. Moreover, we require that the control
parameters satisfy the following conditions.

Assumption A:

(A1) {an} € (0,1), lim o, = 0,07 | ay, = 400, lim 2o =0, {&.} C [a,b] C (0,1),0 >
o o ,
(A2) 0<¢? <¢! <1—Kk {#),;} CRy, lim ¢ ; =0,0<a; <, <b <1,0<¢] <
i < <d <1,
Z?LO dn,; = 1and Zj\il Bf” =1foreachi=0,1,...,N.
Now, the algorithm is presented as follows:
Algorithm 3.2.
Step 0. Select initial data xo,z1 € H. Let Hy = H, Tg =T9, Ay =I" and set n = 1.
Step 1. Given the (n— 1)th and nth iterates, choose 0., such that 0 < 6,, < 6,, with 0,, defined by

(3.8) On = {mm {9’ e } ffon 7 n-1,

0, otherwise.

Step 2. Compute
Wnp = (1 - an)(xn + en(xn - xn—l))-
Step 3. Compute

ZénzZB ’Ynl (Azwn _Uivi)%

where vi” € T/ (Asw,) and

(07 s+ Aswn—v? 2 . j
(3.9) i = TG 0 A v
0, otherwise.
Step 4. Compute
Tn+l = gnwn + (1 - £n>yn
Set n :=n + 1 and return to Step 1.

Remark 3.1. We highlight below some of the features of our proposed method.
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e Unlike the result in [36] (Algorithm 1.1), we observe that our proposed algorithm
has a very simple structure and does not involve any maximum distance problem.

e Our proposed algorithm does not require knowledge of the operators’ norms for
its implementation, rather it uses a simple but very efficient self-adaptive step
size technique. Some of the control parameters are relaxed to enlarge the range of
values of the step sizes for the algorithm.

e The method combines the relaxation and the inertial techniques to speed up its
rate of convergence.

e Our method solves SCFPPMOS for a larger class of mappings (multivalued demi-
contractive mappings) than the result in [36] (Algorithm 1.1).

e The sequence generated by our proposed method converges strongly to the mini-
mum-norm solution of the SCFPPMOS (1.7). In several practical problems, finding
the minimum-norm solution of a problem is desirable and useful.

Remark 3.2. By condition (A1), it follows from (3.8) that

lim 0,||z, —z,-1||=0 and lim —|z, —z,_1|| = 0.
n—o0o n—00 Qi

4. CONVERGENCE ANALYSIS

First, we establish some lemmas required to prove the strong convergence theorem for the
proposed algorithm.

Lemma 4.5. The step size me defined by (3.9) is well defined for each i = 0,1,2,..., N, j =
1,2,..., M.

Proof. Let p € , then A;p € ﬂj»”ilF(Tij), i=0,1,2,...,N.If Ayw, # vfm-7 we claim that
A (Ayw, — vfm) # 0. Now, we prove by contradiction by supposing A} (A;w,, — vf”) =0.
Then, by Lemma 2.2(ii) we have

||Alwn - Ui7i||2 S <Azwn - Uj Azwn - A1p>

n,i’

1—k

2 N ;
= 1_ 4 <Az (Aiwn - Ufm,i)vwn - p> =0,

K3

which implies that A;w,, = vf” ,0=0,1,2,...,N,j =1,2,..., M. This is a contradiction.
Hence, A} (A;w, — vf”) £ 0.

]
Lemma 4.6. Let {x,,} be a sequence generated by Algorithm 3.2 under Assumption A. Then {x,, }
is bounded.

Proof. Let p € €. Then, from the definition of w,, and by applying the triangle inequality
we have

Hwn - p|| = ||(1 - O‘n)(xn + 971(9371/ - xn—l)) - p||
=[[(1 = an)(@n —p) + (1 — an)bn(2n — Tn-1) — anpl|
< (I —an)llzn —pll + (1 = an)0n |z — zn1]l + anllpll
On
= (1= ayp)llzn —pl +an [(1 - Oén);”zn — Tyl + |lpll]-

By Remark (3.2), we have
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: O
lim | (1= an)—=|zn = zp-a]l + IIPII} = [Ipll-

n—roo

Thus, there exists M; > 0 such that (1 — a,) &= |2, — 1| + [|p|| < M; foralln € N. It
follows that

(4.10) [wn =pll < (1 = an)lzn = pl + an M.

Since p € Q, then A;p € N}’ lF(TJ), i=0,1,2,...,N. Moreover, since | - ||? is convex,
then we have

1yn — I = || Z(S,HZ,B ’Ynz ; (Ajwy, — Ufm)) -l

(4.11) =< Z%,z‘ Zﬁi,illwn Vi A7 (Aiwn — ], ) = p||*.
- —

From the last inequality, and by applying Lemma 2.2, Lemma 2.3(ii) together with the
definition of ,, ;, we have

lwn — 7 i Af (Aiwn — g, ) = plI* = llw —p* = 29, ;{wn — p, Af (Aiwn — v}, ;)
+ (7,0 1A (Agwn — o, )17
= [lwn = plI? = 27, (Aswn — Aip, Awn — ], ;)
+ (7,02 I1A] (Agwn — o )17
< lwn = plI* = (1 = k] ) il Avwn, — o ;
+ (7,0) 2 I1A] (Agwn — o )1

= ||lwn —p||2

all®

| Aiw, _UZ”'H4

145 (Agwn — vy, )17

(412) = (1=K = (G +0D) (@1, +61)
By the conditions on (;Sf“ and ¢/, there exists a positive integer Ny such that (1- Kk —

(gbZ” + gbZ)) >0foralli=0,1,2,...,N,j =1,2,...,N,n > Ny. Now, by applying (4.12)
in (4.11) we have

lyn — pII” < [Jwn — p|)?
=Y ni > B (=K = (8, +d)) (L + &)
1=0 =1

(4.13) < wn = pl*.

lAiwn — o7 )1*
147 (Aiwn — vy, )12

Next, from the definition of x,, and by applying (4.10) and (4.13) we have

[Zn+1 = pll = |€nwn + (1 = &n)yn — pll
< &ullwn = pll + (1 = &)llyn — bl
< &llwn —pll + (1 = &)llwn — pl|
= |lw, — pl|
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< (1= an)llzn — pll + an My
< max{|lz, —pll, M1}

< max{||zn, —pll, M1},

which implies that {z,,} is bounded. Consequently, both {w,,} and {y,,} are bounded.
(I

Lemma 4.7. Let {z,} be a sequence generated by Algorithm 3.2 such that Assumption A holds.
Then, the following inequality holds for all p € Q :

|zns1 = plI* < (1~ Oén)lléﬂn pll2 + andn — &n(1 = &n)llwn — yall?
, . . , Ajw, — 2 |4
1_§n Z(snl26 1_k]_( zz,z—i_ég))( ZL,z+¢i) H n’lH
Jj=

145 (Aiwn — o], )11

Proof. Let p € Q. Then, by applying Lemma 2.3 together with the definition of w,, we
obtain

|wn — p||2 = (1 = an)(zn —p) + (1 = an)On(zn — Tn—1) — O‘anQ
<N = an)(@n —p) + (1 — an)0n (2 — zn—l)HZ + 20, (—p, wy —p)
< (1= an)?@n —plI* +2(1 = an)bnll@n — plll|lzn — 20|

+(1- O‘n)zoinxn - xn—1||2 + 20, (—p, Wy — Tpt1) + 200 (=P, Tpi1 — P)
< (= an)llen = plI? + 200wy — pllllen — @aall + 0520 — 20|
(4.14) + 20n[|p||[|wn — Tpga | + 200 (P, p — Tpg1).
Now, applying the definition of 11 together with (4.13), (4.14) and Lemma 2.3 we have

i1 = BlIF = lénwa + (1 = €a)yn - o
= &allwn = oI + (1 = &)llym = pII* = a1 = &) wn —
gfumn—mﬁ+u—fuﬁmn—mﬁ

| Aswon — i1

147 (Aswn — ’UZL,i)|2:|

fZ&”ZB (1 =& — (¢, + D) (L, + ¢])
- fn(l - gn)”wn - yn||2
= [lwn, —p||2 —~ 5n<1 — &n)llwn — yn?

§n Zan'lZIB 1_k] ( %,H’Qﬁf))( i,ﬂ'ﬁbf)

[ Aiwn — v 1*

[ A7 (Aiwn — n,i)||2
<(1- an)llxn —p||2 + 200 ||zn = pllllon — @1l + 022 — 2|
+ 2Oén||p||||wn - $n+1|| +2a5(p, P~ Tp41) — En(l = &) [wn — ynl®

—(1-¢ 25 ZB (1=K — (&), + D)) (¢, + o)) o0 — o I
n nyi T T A (Agwy — vl )12
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0
= (1= ap)llzn —p[* +an PHQM _pHOTonn = Tp—1|l + Onllwn — Tn_a|
n
0
X OTonn = Zn_1 || + 2|plllwn — Tpgal| +2(p, p— $n+1>} —&n(1 = &) |lwn — yn||2

n

- - ; | Agwn, — ol 1"
—(1—&) Z&”Zﬁm (1=K = (¢ + D) (90, + ]) ’

147 (Aiwn — o], )12

= (1*an)”xn pH + andn — &§n(1 fn)”wn*ynnz

—(1-¢ Zé Zﬁ (1=K — (&, + &0))(dL, + é]) | 4swn — w7 1"
n n,i n,i n,r 7 n,t 7 ||A2‘(Atwn_vﬁm)||2’

where d,, = 2|z, *p||fT:HIn —Tp—1[|+0nzn *xn—ln(%”xn —zp-1ll+2|pllllwn — znsa ||+
2(p, p — zp41). Thus, we have the required inequality.
]

Theorem 4.3. Let {x,,} be a sequence generated by Algorithm 3.2 such that Assumption A holds.
Then, {x,,} converges strongly to & € Q, where ||Z|| = min{||p|| : p € Q}.

Proof. Let ||Z|| = min{||p|| : p € 2}, thatis, & = Pq(0). Then, from Lemma 4.7 we obtain

(4.15) |Zn+1 — pH (1 = ap)llz, — &) + O‘ndna

_$n+1H+

where d,, = 2|z, = Tn_1||+0nzn
2<.’i‘, T — .’L'n+1>.
Now, we claim that the sequence {||z,, — Z||} converges to zero. To establish this, by

Lemma 2.4 it is sufficient to show that limsup d,,, < 0 for every subsequence {||z,, — |/}
k—o0

of {||z,, — ||} satisfying

(4.16) liminf (|, 41— & ~ fln, — &) > 0

Suppose that {||z,, — Z||} is a subsequence of {||z, — Z||} such that (4.16) holds. Again,
from Lemma 4.7, we obtain

) 2ot 2 P A (A, — o, )12
= i k nk i
+€nk(1 - gﬂk)||wnk — Yny ”2
< (1= an ) @n, — &)? = [|Zne11 — 2] + Qg iy -
By (4.16), Remark 3.2 and the fact that klim ay,,, = 0, we have
—00
N io4
|Aiwn,, — vy, sl
n Ng b 1_kj + A m + ! e
(1=6u) 3 on. Zﬂw s+ 90) O+ O e

+§nk( 7§nk)||wnk *ynkHQ —0, k— oo

Consequently, by the conditions on the control parameters we get
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(4.17) . {lwn, = yn, || =0

Ajw,, —v0 |14
lim | Aiwn, ”’“” =0, Vi=0,1,2,...,N,j=1,2,..., M,
koo [|AF (Aiwny, — vy, )12

which implies that

Ajwy, —v0 |
im A, "’“f' =0, Vi=0,1,2,...,N,j=1,2,..., M.
ko0 IIA”‘(A'wnk = Vi)l

Since {|| A} (Ajwn, — v}, )|} is bounded, it follows that
(4.18) lim || Ajw,, — ) ,|[=0, Vi=0,1,2,...,N,j=1,2,..., M.
k—o0 ’ ks

Thus, we have

I < 147 I (Agwn, =3, )l

HAZ((Alwnk - nk i
A (Astwn, — 07 ) = 0, k= 00, Yi=0,1,...,N.j = 1,..., M.

Vi)

i)

From the definition of w,, and by Remark 3.2, we obtain

Hwnk — Ty, ” = ”(1 - ank)(xnk + onk (‘Ink - z"k—l)) — Ty, ”
= ”(1 - ank)(wnk - xnk) + (1 - ank)ank ('Tnk - mnkfl) = Qny Ty, ”
(419) < (1_ank)||xnk —Tny ||+ (1_a’ﬂk)9ﬂk ||$nk _xnk*1||+ Ay, ||:EnkH - 07 k — oc.

Now, from (4.17) and (4.19) we obtain

(4.20) |Zn, — Yn, || = 0, k — o0.
From the definition of z,,; and by applying (4.19) and (4.20), we obtain

||£Enk+1 = Ty, ” = ||£nkwnk + (1 - gnk)ynk — Ty, ”
It follows from (4.19) and (4.21) that

(4.22) lwn, — Zn,+1]] = 0, k — oo.

Since {z,} is bounded, w,,(x,) # 0. Let * € w,(x,) be an arbitrary element. Then, there
exist a subsequence {z,, } of {z,} such that z,,, — «*. By (4.19), it follows that w,,, — z*.
Since A;, i =0,1,2,..., N arebounded linear operators, then we have 4;w,, — A;z*, i =
0,1,2,...,N. By the demiclosed property of Tij, 1 =0,1,2,...,N,57 = 1,2,..., M, it
follows from (4.18) that A;z* € F(Tij)7 i =0,1,2,...,N,j = 1,2,..., M. This implies
that A;z* € ﬁMlF(TJ), i =0,1,2,...,N. Thus, we have z* € A;'( M, F(Tz-j)), i=
0,1,2,..., N, which implies that z* € N}, (A; (N, F(T7))). Hence, we have z* € Q.
Since z* € w,,(z,) was picked arbitrarily, it follows that w,,(x,) C Q.

Next, by the boundedness of {z,, }, there exists a subsequence {z,, k,j } of {z,, } such that
Tn,,, — ¢and



594 T. O. Alakoya, O. T. Mewomo and A. Gibali

]imsup<j§,,@ — -Tnk> = lim <.7AJ,3AL‘ — ank>
k—o0 J—reo ’

Since & = Pq(0), it follows from the property of the metric projection that

(4.23) limsup(z, & — zp,) = lim (&, & — xnkj> = (&, —q) <0,

k— o0 J—00

Hence, from (4.21) and (4.23) we obtain

(4.24) limsup(z, & — xp,,,) < 0.

k—o0
Now, by Remark 3.2, (4.22) and (4.24) we have lim sup (fnk < 0. Thus, by invoking Lemma

— 00
2.4 it follows from (4.15) that {||x,, — &||} converges to zero as required.
|

Since the class of multivalued demicontractive mappings contains the class of single-
valued demicontractive mappings, we obtain the following consequent result for approx-
imating the solution of split common fixed point problem with multiple output sets for
single-valued demicontractive mappings.

Corollary 4.4. Let H,H;,i = 1,2,...,N, be real Hilbert spaces and let A; : H — H;,i =
1,2, ..., N, be bounded linear operators with adjoints A;. Let T7 : H — H and Tij :H, - H;,j =
1,2, ..., M, be single-valued ki-demicontractive and k!-demicontractive mappings, respectively.
Suppose Assumption A holds and the solution set Q0 # (. Then, the sequence {x,,} generated by
the following algorithm converges strongly to & € Q, where ||Z|| = min{||p|| : p € Q}.

Algorithm 4.5.
Step 0. Select initial data xo,x, € H. Let Hy = H,TJ =T, Ay = I™ and set n = 1.
Step 1. Given the (n— 1)th and nth iterates, choose 0., such that 0 < 6,, < 0,, with 0,, defined by

. {mm{ﬂa ) o A

0, otherwise.

Step 2. Compute
wp, = (1 —ap)(@n + 0n(2h — 2p_1)).
Step 3. Compute

ZénzZB %” (Azwn - CZ-‘1](14171171)))1

where

(07, ;+oDNAswn—T7 (Awn) >, j
V= 45 (Aiwn =T] (Aiwn )2 if A # T} (Aiwn),

0, otherwise.

Step 4. Compute
Tn+l = Enwn + (1 - gn)yn
Set n :=n+ 1 and return to Step 1.
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5. APPLICATIONS

5.1. System of Split Variational Inequality Problem with Multiple Output Sets.

Let C be a nonempty, closed and convex subset of H, and let F' : H — H be a mapping.
The variational inequality problem (VIP) is formulated as finding a point p € C such that

(5.25) (x —p,Fp) >0, VzeCl.
We denote the solution set of the VIP (5.25) by VI(C, F). It is known that
(5.26) F(Po(I - AF))=VI(C,F),

where A > 0. Moreover, it is known that if F' is J-inverse strongly monotone, where § > 0,
ie.,

<fE—y,F$—Fy>Z(5”FIE—FyH2, V.’L',yEH,

and X € (0,26), then Po(I — AF') is nonexpansive.

Let H,H;,i=1,2,..., N, be real Hilbert spaces and let C? C H, C’ij CH;,;i=1,2,...N,j=
1,2, ..., M, be nonempty, closed and convex subsets such that N}2,C7 # (). Let A; : H —
H;,i = 1,2,..., N, be bounded linear operators and let F7 : H — H,Fij : H;, — H;,i =
1,2,..,N,j =1,2,..., M, be single-valued operators. In this subsection, we apply our re-
sult to approximate the solution of the following system of split variational inequality problem
with multiple output sets (SSVIPMOS): Find z* € ﬁjj\ile such that

G27) @t e Q=L VI, F)n (0l A7 (0, VIC] F))) #0.

Since the class of nonexpansive mappings is properly contained in the class of demicon-
tractive mappings, thenfor¢ =0,1,2,..., N,j = 1,2, ..., M, if we set Tij = Pqs (I — /\zFf)
in Corollary 4.4 and apply (5.26), we obtain the following result for approxifhating the so-
lution of SSVIPMOS (5.27).

Theorem 5.6. Let H,H;,i = 1,2,...,N, be real Hilbert spaces and let A, : H — H;,i =
1,2, ..., N, be bounded linear operators with adjoints A*. Let F7 : H — H and Fij : H, —
Hi,j = 1,2,..., M, be §-inverse strongly monotone and §!-inverse strongly monotone map-
pings, respectively, where §;,67 > 0. Let T} = Pes(I Hi — M F7) in Corollary 4.4, where
Mo (0,260),i =0,1,2,...,N,j = 1,2,..., M, (C} = CI,F] = F1,5) = 67) and suppose
Assumption A holds. Then, the sequence {x,,} generated by Algorithm 4.5 converges strongly to
Z € Oy, where ||Z]| = min{||p|| : p € Q1 }.

5.2. System of Split Equilibrium Problem with Multiple Output Sets.

Let C be a nonempty, closed and convex subset of a real Hilbert space H, and let F' :
C x C — R be a bifunction. The equilibrium problem (EP) for the bifunction F on C is
formulated as finding a point & € C such that

(5.28) F(z,y) >0, VyeC.

The solution of the EP (5.28) is denoted by EP(F, C).
In solving the EP (5.28), we assume that the bifunction /' : C x C — R satisfies the
following conditions:
(Cl) F(z,z) =0forallz € C;
(C2) F is monotone, thatis, F(z,y) + F(y,x) < 0forallz,y € C;
(C3) F is upper hemicontinuous, that is, for all z,y,z € C, limyyo F (tz + (1 — t)z,y) <
F({E, y);
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(C4) foreachz € C,y — F(z,y) is convex and lower semicontinuous.
We need the following lemma to establish our next result.
Lemma 5.8. [26] Let C' be a nonempty closed convex subset of a Hilbert space H and F' : CxC —

R be a bifunction satisfying conditions (C1)-(C4). For r > 0 and x € H, define a mapping
TEF : H — C as follows:

(5.29) TTF(J:):{ZEC:F(z,y)—l-%(y—z,z—z) >0,VyeC}

Then T is well defined and the following hold:

(1) foreach x € H,TF (x) # 0;

(2) TF is single-valued;

(3) TF is firmly nonexpansive, that is, for any z,y € H,

T e = TFyll* < (T2 = Ty, @ — y);

(4) F(TF) = EP(F,C);

(5) EP(F,C) is closed and convex.
Let H, H;,i = 1,2, ..., N bereal Hilbert spaces, and let C7 ¢ H,C? C H;,i = 1,2,..,N,j=
1,2,..., M, be nonempty, closed and convex subsets. Let F7 : C? xC7 — R, F} : CY xCY —
R be bifunctions satisfying conditions (C1)-(C4), and let A; : H — H, be bounded linear

operators. Here, we apply our result to study the following system of split equilibrium prob-
lem with multiple output sets (SSEPMOS): Find z* € H such that

(5.30) #* € Q1= ML EP(FY, ) (NI, A7 (NI, EP(FY,C)))) # 0.

Sinceby Lemma 5.8, T'F" is nonexpansive and F(TF)= EP(F,C),thenfori =0,1,2,...,. N

j=1,2,.... M, if weset T/ = 7" in Corollary 4.4, we obtain the following result for ap-

proximating the solution of SSEPMOS (5.30).

Theorem 5.7. Let H,H;,i = 1,2,...,N, be real Hilbert spaces and let A; : H — H;,i =
1,2, ..., N, be bounded linear operators with adjoints A;. Let 7, F] be as defined above and set
Tl] = Tig,i =0,1,2,...,N,j =1,2,..., M, in Corollary 4.4 (Fg = FJ). Moreover, suppose

Assumptlion A holds. Then, the sequence {x,,} generated by Algorithm 4.5 converges strongly to
& € Qo, where || || = min{||p|| : p € N2}

e )

5.3. System of Split Monotone Variational Inclusion Problem with Multiple Output
Sets.

Moudafi in [27] introduced a split inverse problem known as the split monotone variational
inclusion problem (SMVIP). Let H,, H> be real Hilbert spaces, fi : Hi — Hi, fo: Hy — Ho,
are single-valued mappings, A : H; — Hj is a bounded linear operator, B; : H; —
211 By : Hy — 212 are multivalued maximal monotone mappings. The SMVIP is formu-
lated as follows:

(5.31) find a point & € H; such that 0 € f1(&) + B1(2)
and
(5.32) § = A% € Hy such that 0 € f3(4) + B=2(9).

We point out that if (5.31) and (5.32) are considered separately, then each of (5.31) and
(5.32) is a monotone variational inclusion problem (MVIP) with solution set (B; + f1)~*(0)
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and (Bs + f2)~'(0), respectively. The mapping J,* : H; — H; is called the resolvent
operator associated with B; and A, and is defined by

(5.33) JP (x) = (I £ ABy) 'z, x€ Hy, A>0.
It is known that B is maximal monotone if and only if J? is single-valued, firmly nonex-
pansive and dom(.J?) = H.
Lemma 5.9. [43] Let H be a real Hilbert space, r > 0, f : H — H be a p-inverse strongly
monotone mapping and B : H — 28 be a maximal monotone mapping. Then, the following hold:
(i) F(JP(IT —rf)) = (B + f)~H(0);
(i) ifr € (0,2p), then JB(I — rf) is averaged.
Let H,H;,i = 1,2,..., N, be real Hilbert spaces and let A; : H — H;,i = 1,2,...,N, be
bounded linear operators. Let B/ : H — 2", B] : H; — 2"i,i = 1,2, ..., N, be multivalued
operators, and f/ : H — H,f! : H; — H;,i = 1,2,..,N,j = 1,2,..., M, be single-
valued operators. Here, we apply our result to study the following system of split monotone
variational inclusion problem with multiple output sets (SSMVIPMOS): Find «2* € H such that

(634)  @* e Q=N+ B)THO) N (N AT (F + BDTH0) ) £ 0.
Since every averaged mapping is nonexpansive, and thus demicontractive, then for i =
0,1,2,....,N,j = 1,2,.... M, if we set Tij = ij.z (It — rfff) in Corollary 4.4 and apply
Lemma 5.9, we obtain the following result for abproximating the solution of SSMVIPMOS
(5.34).

Theorem 5.8. Let H,H;,i = 1,2,...,N, be real Hilbert spaces and let A, +H — Hji =
1,2, ..., N, be bounded linear operators with adjoints A}. Let BY : H — 2" B} : H; — 2™, i =
1,2,..., N, be multivalued operators, and f7 : H — H, fl +H — H;i =1,2,.,N,j =
1,2, ..., M, be &’ -inverse strongly monotone and &, -inverse strongly monotone mappings, respec-
tively, where §;,6] > 0. Let T = Jﬁg (1™ — v 7Y in Corollary 4.4, where v} € (0,267),i =
0,1,2,...,N,j = 1,2,...,M, (B} = B, f] = 7,8} = &) and suppose Assumption A
holds. Then, the sequence {x, } generated by Algorithm 4.5 converges strongly to & € (3, where
|12} = min{lp[| : p € Q3}.

5.4. System of Split Convex Minimization Problem with Multiple Output Sets.

Let g : H — R be a convex and differentiable function, and let G : H — (—o0, +00] be
a proper convex and lower semi-continuous function. It is well known that if Vg is i—
Lipschitz continuous, then it is p-inverse strongly monotone (and thus monotone), where

Vg is the gradient of ¢g. Furthermore, the subdifferential G of G is maximal monotone
(see [37]). Moreover,

(5.35) g(z*) + G(z") = irgg{g(m) +G(z)} <= 0€ vg(z™) +0G(z").

Let H,H;,i = 1,2,..., N be real Hilbert spaces, and let A; : H — H; be bounded linear
operators. Let g : H — R,g; : H; — R be convex and differentiable functions, and let
G: H — (—o00,+00|,G; : Hi — (—00,+00] be proper convex and lower semi-continuous
functions. Here, we apply our result to approximate the solution of the following system
split convex minimization problem with multiple output sets (SSCMPMOS): Find «* € H such
that

(5.36)

o €Qq =L, (argmin {¢’ (eHG? (@) )N (NI A7 (N (arg min {g! (016 (2)})) ) 0.
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Observe that by Lemma 5.9, F(J?¢(I" — rvg)) = (0G + vg)~*(0).
Hence, for: = 0,1,2,...,N,j = 1,2, ..., M, if we set Tij = chi (I — rZng) in Corollary

4.4 and apply (5.35) together with Lemma 5.9, we obtain the following result for approxi-
mating the solution of SSCMPMOS (5.36).

Theorem 5.9. Let H,H;,i = 1,2,...,N, be real Hilbert spaces an_d let Az : H — H;,i =
1,2,..., N, be bounded linear operators with adjoints A}. Let G7,G?,¢7,¢!,7 = 1,2,..., M, be
as defined above and such that Vg’,Vg! are %-Lipschitz continuous and ﬁ—Lipschitz contin-

uous, respectively, where 6;,6 > 0. Let T! = J ( — 11vgl) in Corollary 4.4, where

rl e (0,260),i = 0,1,2,...,N,j = 1,2,..., M, (8G’ = an,Vgg = Vgl 8 = &) and
suppose Assumption A holds. Then, the sequence {x,} generated by Algorithm 4.5 converges
strongly to & € Qy, where ||Z|| = min{||p|| : p € Qu}.

6. NUMERICAL EXAMPLES

In this section, we present some numerical experiments to demonstrate the efficiency of
our proposed method Algorithm 3.2 in comparison with Algorithm 1.1. For simplicity, in
all the experiments we consider the case when L = M = N = 5. All numerical computa-
tions were carried out using Matlab version R2021(b).

In our proposed method Algorithm 3.2, we choose o, = T1+3’ €n = (2n+3 yz 0 =18 L@l =

i _ 100 1 pi _1 ¢ _ mtl _ n+l _ 3n+2
0.98, ¢y, i = 70T 0ni = 550 = 5:&n = 3051 Pn = 35551 0n = fr13: /(@ x) =3

Example 6.1. Let H; = R,i = 0,1,...,5, with the inner product defined by (z,y) =
ay, for all z,y € R, and the induced usual norm | - |. For i = 0,1,...,5, the mappings
AZ,S’“ T3, T/ : R — R are defined by 4,(z) = i%x,Sk’(m) = k+2x T (x ) +2a: TV () =
k+2x Vz € R. Then, A (y) =
satisfied.

We use |z,,41 — 2| < 1076 as the stopping criterion and choose different starting points
as follows:

Case 1: zg = 32, =1 = 11;

Case2: 29 =9, 1 = —9;

Case 3: g = —33, 1 = —10;

Case 4: Tro = —15, T = 10.

The numerical results are reported in Figures 1-4 and Table 1.

z'%;% Yy € R. Clearly, all the conditions of Theorem 4.3 are

TABLE 1. Numerical Results for Example 6.1

Case 1 Case 2 Case 3 Case 4

Iter. CPU Time Iter. CPU Time Iter. CPU Time Iter. CPU Time

Reich et al. Alg. 102 0.0099 97 0.0069 102 0.0095 99 0.0082

Proposed (non-inertial) 28 0.0052 28 0.0047 28 0.0055 28 0.0074

Proposed Alg. 3.2 25 0.0041 25 0.0042 25 0.0039 25 0.0051
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3. Example

Example 6.2. Let H; =

the mappings A;, S*, 79, T/ :

k+5$ 7 ( ) = J%m,Tf(ac) =

(L2(R), [[-ll2),a =0, 1.,

k+5
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2. Example
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4. Example

clear that all the conditions of Theorem 4.3 are satisfied.

We use ||zp4+1 —
as follows:
Case 1: zp = (—1,0.1,-0.01,...),
Case 2: 2y = (5,0.5,0.05, . ), x) =
Case 3: 2o = (4,

Case 4: 29 = (—3,1

L),

211

=(31,3:),

. w\»—'

7

R

=(-3,0.3,-0.03,,...),
=3 ...), z1=(-2,1,-3,..).

The numerical results are reported in Figures 5-8 and Table 2.

4, where (5(R) ={z =(z1,22,...,25,..
zj € R: 302 Jay)? < ool flzlle = (3252, z;[2)2 for all z € £3(R). Fori = 0,1,...,
: 62( ) — {2(R) are defined by A;(z) =
x, Vo € ly(R). Then, Af(y) = 25y, Yy € (2(R). Itis

599

)
9,

e, S (@) =

T, < 107% as the stopping criterion and choose different starting points
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TABLE 2. Numerical Results for Example 6.2

Case 1 Case 2 Case 3 Case 4
Iterr CPUTime Iter. CPU Time Iter. CPU Time Iter. CPU Time
Reich et al. Alg. 84 0.0093 94 0.0113 93 0.0084 92 0.0067
Proposed (non-inertial) 23 0.0053 23 0.0059 23 0.0055 23 0.0047
Proposed Alg. 3.2 21 0.0032 21 0.0040 21 0.0035 21 0.0028
e Fropasea i ron e e opused g ronieria)
10t —A— Proposed Alg. (inertial) 10tF —A— Proposed Alg. (inertial)
Iteration number (n) o’ o I!eval\onlnonjmber 0] o
FIGURE 5. Example FIGURE 6. Example
6.1: Case 1 6.1: Case 2
—— EIEO“;Z:E[;‘AGIQ(HOHV\HEH\EI) —— 2::7::&‘;‘/{\I:g(nonrlﬂema\)
10t —4A— Proposed Alg. (inertial) 10tF —A— Proposed Alg. (inertial)
Iteration number (n) o’ w I!eval\onlnonjmber 0] o
FIGURE 7. Example FIGURE 8. Example
6.1: Case 3 6.1: Case 4
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7. CONCLUSION

In this paper, we studied certain classes of split inverse problems. We proposed a novel
relaxed inertial iterative method for approximating the solutions of these split inverse
problems in the framework of Hilbert spaces. Moreover, we obtained strong convergence
result for the proposed algorithm without the knowledge of the operators’ norms. Finally,
we carried out several numerical experiments to demonstrate the applicability and effi-
ciency of our proposed method.
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