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Faedo-Galerkin Approximations for nonlinear Heat
equation on Hilbert Manifold

JAVED HUSSAIN

ABSTRACT. In this work, we aim to study the well-posedness of a deterministic problem consisting of the
non-linear heat equation of gradient type. The evolution equation emerges by projecting the Laplace operator
with Dirichlet boundary conditions and polynomial nonlinearity of degree 2n — 1, onto the tangent space of the
sphere M in a Hilbert space #. We are going to deal with the question of existence and uniqueness based on
the Faedo-Galerkin compactness method.

1. INTRODUCTION

In this article, we are concerned with the problem Faedo-Galerkin approximations for
the non-linear heat flow equation projected on the manifold (Hilbert) M. Firstly, Rybka
[20] and Caffarelli Lin [11] studies the heat equation in £?(D) projected on the manifold
M, where,

(1.1) M= {UEK,Q(’D)QC(D);/ uk(x)dx:Ck,k=1,27~-~ 7]\/‘}7
D

and D be the bounded, connected region in R?. Rybka proved the global existence and
uniqueness of the solution to the following projected heat equation,

N
du k—1 2
(1.2) k=1
ou
I 0 on 0D, u(0,z)=uo.

where \; = A (u) are such that v, is orthogonal to Span {u’“l} for more regular initial
data.

Secondly, in [11] Cafarelli and Lin established the global well-posedness of the energy-
conserving solution to the heat equation. They were then able to extend these results
to more general family of singularly perturbed systems of nonlocal parabolic equation.
Their main result was to prove the strong convergence of the solutions of these perturbed
systems to some weak solutions of the limiting constrained non-local heat flows of maps
into singular space.

Recently, in [4] Brzezniak, Dhariwal, and Mariani studied 2D Navier-Stokes equations
with a constraint forcing the conservation of the energy of the solution. They proved the
existence and uniqueness of the global solution for the constrained Navier—Stokes equa-
tion on R? and T?, by fixed point argument. They also show that the solution of the
constrained equation converges to the solution of the Euler equation as the viscosity v
vanishes.

In this paper, we consider a problem that links the aforementioned works. Some of the
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classical and modern references on constrained partial differential equations on manifolds
are [2], [3], [5], [8], [9], [10], [12], [13]. Finally, we note that the approach we have used
in this paper can be applied to a number of problems, including the projected determin-
istic and stochastic wave equation, Schrodinger equation, Navier-stokes equations, beam
equation with polynomial nonlinearity, and spatially homogeneous noise, on bounded
domains. We also believe that what we have done for the sphere in Hilbert space, a simi-
lar set of studies can be done for projections on a variety of closed Hilbert manifolds (i.e.
compact manifolds without boundaries).

Suppose that # is Hilbert space and M is its unit sphere. Let f be a vector field on H
(possibly only densely defined) such that the initial value problem,

(13) W= ), 120
u(0) = =,

has the unique global solution for every « € H. The semi-flow generated by above initial
value problem, denoted by (¢(t,x)),~, in general does not stay on M even though = €
M. The reason for this is because in general, the vector field f is not tangent to M i.e. It
does not satisfy the following,

(1.4) flz) ETuM, z€VNM,

where V := D(f). However, it is easy to modify f to the new vector field f such that the
property 1.4 is satisfied. This can be achieved by using a map = : V — L(H,H), defined
by

mx)={Hd>y—y—(z,y)z € H} € LH,H), for every z € V.
The remarkable property of 7 is that when x € M, the linear map n(z) : V — T, M is the
orthogonal projection so that vector field f defined by,

(1.5) F:D(f) 3z — n(z)[f(z)] € H.
Indeed, for x € ¥V N M we have,

(F@).x) = (f(2) = (z. f(@)) 2,2) = (F(2),2) = (F(2), ) July, = 0.

Hence [ satisfies the property described in (1.4).

If f is globally defined (i.e. D(f) = #) and locally Lipschitz map then f is also globally
defined and is also locally Lipschitz map. Moreover, the modified equation,

du ~
(16) E - f(u(t))7 t >0,
u(0) = =,
has local solution for every « € V. This solution stays on M whenever « € M.
The situation is not so clear when f is only densely defined. We will consider the
following two special cases for densely defined f:
Let O ¢ RY, where d € N, be the bounded domain with sufficiently smooth boundary,
A denotes the negative Laplace operator with Dirichlet boundary conditions and f(u) =
— Aw. In the first case, we will see that

flu) = —Au + |Vul3,u.
The second case is when f(u) = —u?"~!, where the range for n is described in the As-

sumption 2.1. In this case, one can find that,

(17) .]?(U) = _U2n_1 + \u|2ﬁ7§n(0)u.
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Roughly speaking, the aim of this paper is to give complete treatment to both the ex-
amples simultaneously. To be more precise, we prove the existence and uniqueness of the
solution initial value problem (1.6). See Theorem 2.2 for a precise description.

2. ASSUMPTION, FUNCTIONAL SETTINGS, ESTIMATES, AND KEY RESULTS

In this section, we will give all important assumptions, spaces and estimates that we
require throughout the paper. We will also state the main result of the paper.

2.1. Functional Setting. Let us assume that O C R? be a bounded and smooth domain.
We have precisely described the assumptions on d € N, later in Assumption 2.1. For p €
[O, oo) let £P(O) denotes the Banach space of [equivalence classes] Lebesgue measurable
R-valued p-th power integrable functions on the set O. The norm on £?(0) is given by,

[u| r(0) = (/O lu(z)|Pdz)”, ue LP(O).
For p = 2, the space £2(0) is Hilbert space with the standard inner product denoted by
<.’ '>7~L-

(u,v)y = / u(z) - v(x)de, u,v € L2(O).

Jo
For k € Nand p € [0,00), by W*?(O) we denote the Sobolev space of all u € LP(O)
for which the weak derivative D*u € £P(0O), |a| < k. In particular for p = 2, we denote
HF := Wk2(0) and its norm by || - ||3;x(¢). In particular H'(0) is a Hilbert space with the
following inner product,
(u, v)q1 = (u, Vg + (Vu, Vody, u,v € H(O).

We also denote by Hy?(O) the closure in H-2(0) of the space C5°(O) equipped with the
norm

Jul? := (Vu, Vi)y, ue HO),

which in view of the Poincaré inequality, is equivalent to the norm induced by the H!(O)-
norm.

Remark 2.1. Let A be the Laplace operator with Dirichlet boundary conditions, i.e. a
linear operator defined by
2.1) D(A) = Hy?(O) NH22(O), Au= —Au, u e D(A).
It is well known that, cf. [23], Theorem 4.1.2, page 79, that A is a self-adjoint positive
operator in H, D(A'/?) = 1, (0) and
2
ull® = ‘Am“‘m(o) = [Vulzz(0), u€Hy?*(0).

To simplify the presentation let us introduce the notation (&, |-|¢), (V, [|-]), (H,]-|,,) for
following spaces,

2.2) H=1L20), V==Hy*(O)and £ =D(A).

Moreover,
ECVCHCV =H 1 0),

the inclusion is continuous and dense.
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By £(X,Y) we mean the space of all bounded linear operators from Banach X to the
Banach space Y. For any b > a > 0, and a separable Banach space X, let us denote by
L?(a, b; X) the space of [equivalence classes] of all Borel measurable functions u : [a,b] —
X, such that

b 1/2
[l ey = (/ u(f di) " < oo

For b > a > 0 we define a Banach space X, ; by

Xow = L2(a:8)nC([ab];V),
i, = s O+ [0
' tefa,b

Fora = 0and b =T > 0 we are going to write X7 := X 7. Note that if v € X7 the map
[0,T] > t + |ul, is increasing function.

2.2. Assumptions on Domain. Let us begin by deriving the relation between n (involved
in equation (1.7)) and dimension d of the domain O, required to have a useful embedding.
For this, let us recall the following well-known Gagliardo-Nirenberg-Sobolev inequality.

Lemma 2.1. [21] For any w € W™ (Q) (" L9(Q2) where Q is bounded domain with smooth
boundary, there are two positive constants C1, Cy such that the following inequality holds:

(2.3) ’Dju|p’Q < |Dmu\?7Q |u\;_ﬂa + Calulq.q-
Here

1 1 m 1
2.4 R S L I A
4 s=tra(r-T)ra-an,

foralla € [L,1]. If m — j — ¢ is non-negative integer, then the equality (2.3) holds only for
a¢€ [%, 1).
In particular, for any uw € W™ () N L4(KY), the constant Cy in (2.3) can be taken as zero.

Observe that the expression in equation (1.7) involves the £2" norm. Therefore, at sev-
eral instances throughout the paper, we will use following particular case of Gagliardo-
Nirenberg-Sobolev inequality.

Letusputm=1,j=0,r =2,¢=2.
Ford = 2, we havem — j — % = 0 and the condition (2.4) becomes,

1 0 1 1\ (1-a) (1-a)
= —_ — — = >
» d+a<2 2>+ 2 7 =0

In particular, p = 2n — 1, where n € [1, o).
For d > 3, we have

When a < 1 we get

1.1
p~ d 2
Plugging values of r = ¢ = 2, j = 0,m = 1 and p = 2n in the inequality (2.3) we get,

|U|£2n(@) <C |Vu|5}{ |u|;[a, u € V.
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ie.
1—
(2.5) [l an oy < ellull® fuls ™ -

Since the embedding V — H is continuous so there exists C' > 0 such that |u|,, < C [Ju]]
for all u € V. We infer that,

(2.6) |ul g2n (o) < Clull-
Now we are able to summarize the above discussion in the form of the following assump-
tion, which is going to be the key for the rest of the paper.
Assumption 2.1. We assume that O C R? is a smooth domain and n € [0, c0) such that
H2(0) C £2(0).
Thus, for d = 2, we assume that n > 1, for d = 3 we take n = 2, and in general,
11 1
. >
@7) d ™~ 2 2n
2.3. Manifold and Projection. In this paper, we will deal with the following sub-manifold
M of Hilbert space 7, with the inner product denoted by (-, -),

M:{ueH;|u|;:1}.
It is well known that M is Hilbert manifold and sub-manifold of H. Moreover, the tangent
space at the point a € H, can be identified with the following subspace of H:
ToM ={v: (a,v) =0}.
for a € M, and let
gV —Ty,M

be the orthogonal projection of # onto the tangent space 7,, M. We have the following
simple lemma.

Lemma 2.2. Ifa € M, then
(V) =v —{a,v)a, veEH.
Corollary 2.1. In framework of Remark 2.1 and Assumption 2.1, for any v € £ N M, we have,
(2.8) Tu (Au— ") = Au— w7 + ([Jul]® + |ulZ5,) u.
Proof. Fix u € £ N M. Then by definition of A and the Sobolev embedding, Au and
|u|?"u € H. Using Lemma 2.2 and integration by parts formula, cf. [1, Corollary 8.10,
p-82], we have
Tu (Au — u2n_1) =Au—u?"t = <Au — u2"_17u> U
=Au— """+ (Vu, Vuyu + (u®" ' u)u

= Au— """+ ([lull® + [ul73.) w.

We now state the main result of the paper.

Theorem 2.2. Assume we are in the framework of Remark 2.1 and Assumption 2.1. Then for
every ug € Hy>(O) N M, where M = {u € H : |u|y; = 1}, there exists unique function u :
[0,00) — V such that for every T > 0, u € X, solves the following problem

au n— n
(2 9) a :A'U/*UQ ! + (||u||2+|u|2[,2")u

u(0) = up.
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Moreover, the function u stays on M, i.e. u(t) € M, forallt > 0.

2.4. Important Estimates. In this subsection, we are going to treat £,V and H as in Re-
mark 2.1. The aim of this subsection is to show that the nonlinear part of our projected
heat flow problem (2.9) i.e. the function F': V — H defined by:

(2.10) F(u) = [[u]® u—u®" 4 ulul 2.,

is locally Lipschitz, and it satisfies some suitable estimates.
Following elementary inequality is a straightforward consequence of Results 2.20 (page
62) or 2.91 (page 77) in [18].

Lemma 2.3. Ifa,b > 0and p > 1 then there exists a constant ¢, > 0 such that
(2.11) la? —bP| < cpla—b] (P + 0P
In particular for 1 < p < 2 the constant ¢, = 1.

Lemma 2.4. [15] Assume we are in the framework of Remark 2.1 and Assumption 2.1. Consider
the map F : V — H is as defined by F(u) = |[u|*u — u®"~ + w|u|?s,. Then F is locally
Lipschitz, i.e. there exists a positive constant C' such that, for all u,v € V

(Il + 0l1?) + (el + fo])?
@12) [P = F@ly <C |+ (P 1ol ) (ull + ol | flu—=oll.
o (Il ol ) + (U ol + o))
Proof. Set F(u) = [|u]|® u— |ul?2u+u [u| 23, =: Fi(u) — Fa(u) + F3(u). We will now find

the estimate for each Fy, F5 and F3.
Fix u,v € V. Let us begin by deriving the estimate for . Then using triangle inequality

[F1(u) = F1(v)ly

2 2 2 2 2 2
ul|"u— ||v||" vl = |||u]|"uw—||u||]” v+ ||u)||T v —||v v’
[l = [l o], = [l = el o+l = ol o]

IN

2 2
(IIUH + vl ) u = lgg + (ull + ol [lu = ol (July, + [vl5) -

Since embedding V — # is continuous, so there exists ¢; > 0 such that the following
holds

(2.13) IFi(w) = Fi()ly < e | (Il + ol + (Ul + lol)?] llu = o]
Next, consider F3. Using the elementary inequality (2.11) for p = 2n — 1, it follows that,

- ’u a2, — o2 + w2, — v |v|2.
H H

Bs(w) = Fs(@)ly, = [ululf, — vl

2 2 2
< g |l = [olZn] + = vl olZ
< ep (Miﬁll + |v|2£2:1> [l [u = 0] 2n + C*" Ju— vy, lol*”

2n—1 2n—1 2n 2n
< o (JullP™ ™+ o> ) (Gl + ol + (el + 1ol = o),

where c3(n) := ¢, C?" L,
To prove an estimate for /> we require the following inequality,
(2.14) ul? 2w — 2o | < e (Jul*" 72 + > 2) | u— v | .

Now, we proceed with a proof of (2.14). Let us suppose initially, that |u|, |v| < 1, then
differentiability at zero of the following function « +— |z|? for p > 1 or one-sided differen-
tiability at zero when p = 1 yields that
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2n—2 2n—2
(2.15) S| et 0 el

=:Cy <
wtv,ful, v <1 lu— vl

When |u| > 1 or |v| > 1, then we proceed as follows. We take M7 = |u|, M2 = |v|. Then,
we have

2n—2 |2n—2 2n—2

’Ul‘

)

[l ™" = o[ v | 22 [ uy — o

= (M; + M)

|U7’U| |’U,17’U1|

i u — v :
where u; = TG Yl = 4G Hence, (2.15) yields,

[[u*" ™% u — |o]*" v |

< Co (M + Mp)* % = Co(Jul + |v])>"~2

lu— vl
S Cn (|u|2n—2 + |,U|2n—2) .

and our claim (2.14) follows.
Now, let us estimate |F;(u) — F(v)|,,. Indeed, using (2.14) yields,

Faw) = B0l £ €2 [ (@2 4 [o(@)P" )’ fu(e) ~ ofa) P
@

IN

1/3

2.16) < e/ (|u<x>2”-2+v<x>2"—2)3dx)2/3 ([ o) = vtapac)

where we used the Holder’s inequality with exponents 3/2 and 3 in the last line. Hence,
with the help of Minkowski inequality it follows that

(2.17)
1/3 1/3
[Fo(u) — F2(v)|y < Cp ((/O U(x)IG"‘Gdfr) + (/O |v(:v)|6"‘6d:c) ) |u — o]0y
We notice that
(2.18) |u(:1:)|6”*6 < max{1, |u(x)\}6”*6.
Hence,
1/3
1/3 Ol + |ul%s, , d=2
(2.19) ( / |u<x>6“6dz) < (101-+ i “”2/3
° (101+ [uPoo) s d=3.

Finally, for d = 2 using continuity of embedding V < £ (0), and for d = 3 using
embedding V < L5 (0), it follows that there exists c,, > 0 such that

1/3
(2.20) [Fa(u) = Fa(0)ly < e (L4 Jul® + [ol?)* 1 o]

Setting C' := max{ci, ¢z, ¢, } and combining inequalities (2.13), (2.14) and (2.20) we get the
desired inequality. O

Moreover, for the convenience of the reader, we present the following [22] (Lemma 1.2,
Chapter 3).

Lemma 2.5 (Lemma III 1.2, [22]). Let V, H and V' be three Hilbert spaces with V' being the dual
space of V and each included and dense in the following one

Vs HEH — V.
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If wbelongs to £2(0,T; V) and its weak derivative % belongs to £2(0,T; V') then there exists t €
L£2(0,T;V)NC ([0,T];V) such that u = w a.e. and we have the following energy equality:

u(t))? = |u0\2+2/0 (W (5),u(s)) ds, forallt e [0,T].

Remark 2.2. If u satisfies the assumptions of Lemma 2.5 then we will identify u with @.
Note that weak derivative of u exists and is equal to %.

Moreover, we will make use of the following result in the subsequent sections.

3. A PRIORI ESTIMATES

Let {e), } be the orthonormal basis of, H consisting of eigenvectors of A. Let {\;} be the
set of eigenvalues of A. Let us denote by #,,, the subspace generated by {e;};., . Clearly
H., C H; for all j > m. Consider the linear operator defined in the following manner,

m

Tl = Z (u, ex) ek.

k=1
We are going to consider the following finite-dimensional approximate problem.

dum,
% + At = Fi (um)

(3.1) U (0) = Fmlo_

- |7Tmuo|;.¢ .

Here A, (+) = 7 A(-) and Fy,(-) = i F(4).

In this section, we aim to obtain some a priori estimates for the approximated solution

Um = 22;1 9kmEk-
Hence, we see
d {|um@®)3 —1 dum,
ﬁ<;f = (um(®), (1))
Using equation (3.1) it follows that
d [ |um®))5, —1
dt ( 9 <um(t)7 mUm + L' (um)>
= —(um(l), AmUm) + (um(t), P (um))
A%num(t), A?num>

i (&), (et (O + et (D221 ) (1) = w0 (621
62) 4 (lun @B =1) = 2 (Jum @ + fum([2.) (Jum (0l 1)

On solving the differential equation (3.2) for |u, (t) |§_l — 1, we get

@ 1= (om0 = 1) 50 [2 [ (B ) + )2 ) 5]

Since |un, (0) |3{ = 1, hence last equation reduces to

2 2
T UQ — |7m ol —
[7m oy [Tmuol3,

um (t)|5, —1 =0, for all ¢ € [0,7].
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Next, consider the same for the energy norm

63 o (”“’"2( ) ) - %% (Adup (1), Abu (1)) = <Aum(t), d;‘;”(t)>.

Using equation (3.1) it follows that

(R e

2

- || - <um<t>2"-%‘il“;"<t>>
65) + (O + 0122 (0. 520)).

Since un(t) € M and (un(t), %= (t)) = 0, for all t € [0,T]. Therefore, equation (3.5)
reduces to the following

d du,
. — (U (U, (t))) = — | —— .
) i (7 o 0) = = |0
2n

Here U (u,,) := ”“mét)'lz + lum(;)l‘ﬁ" ,is indeed a non-increasing function. Integrating both
sides gives,

tldu 2

W (n ()~ ¥ () = - [ D) ds<o

o | dt "

(3.7) sup [um(®)° < 2W (um(0)) < oo.

te[0,T]

Thus the sequence (u,,) remains in the bounded set of £L>(0,T; V).
Consider again

[[wm ()] dum,
dt( 2 ) - <Amum(t)’dt(t)>

<Amum( ) Aum( ) (um( ))>
~ [Amtin (O, + (Im O + (8 235 ) (1)
— <Amum(t), U ()27 1> .

Using Cauchy-Schwartz inequality and Young’s inequality, we infer that

(3.8)

dt(”“m;)”) < 1Antn (@ + (@ + o ) a0

[ At (8) 5 | ()71,

At (0 + (T (12 + i ()25 ) a2 + 5 A (1)
+ (8"

1 n e
(3.9) = =5 [ Amtm @), + (lam @17 + et (1 ) et O + i (O] £

IN
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For the n as described in the Assumption 2.1, using inequality (2.6) it follows that there
exist constants ¢; and ¢, such that,

dt(”“@””) < g HAnun @, + (a1 + A (2" e 1)

2 ()]

for all ¢ € [0,T]. By using the estimate (3.7), we infer that there exists a constant C' > 0
such that

(3.10) : (”“m; i > %|Amum(t)|§_[ +C,

where C 1= (C? 4 ¢3"C?") C? + ¢3"?C*"~2. Integrating both sides between 0 to 7', we
get

1 ’ m (T ’ 1 ’ m 2
(311) 9 / |Amu"”(t)"2H dt < M +35 / |Amum(t)|?-[ dt < M + CT.
2 0 2 2 0 2

Since u,, (0) € V hence the sequence (u,,) remains in bounded set of £%(0,T’; £). Thus, we
infer from estimates (3.7) and (3.11) that the sequence (u,,,) remains in the bounded subset
of X T.

Finally, we want to show that the sequence (u/,,(t)) is uniformly bounded in £2(0, T; H).
Let us begin by observing following,

T
/0 H

T
(3.12) +2 / (= At (), Fo (i (£))) d.
0

2
du,,

T T
dt — / | At (8)[5, dt + / | P (i (1)) 5, d
dt 0 0

Using Cauchy-Schwartz inequality followed by Young’s inequality and inequality (2.12)
we get

T dum T ) T )
[ 1% as < [ lnun@fdes [ B ()l
0 H 0 0
T
+2/0 [ At () |3 [ Fm (i (£)) 13, dt
T 2 r 2
(3.13) = 2 [ A @ ds 3 [P ()5

Thus using estimates (3.11) and (3.7) the above inequality simplifies to following

(3.14) /O !

Thus (u/,) is uniformly bounded in £2(0, T; H). Using compactness theorem III. 2.1 (Aubin-
Lion Lemma) of [21] in the light of estimates (3.7), (3.11) and (3.14), we infer that

2
du,,

T
7 ds < 2K + 3/ O dt = 2K + 3C*"T < oc.

H 0

(s)

(3.15) Uy — u  strongly in L£2(0,T;V).
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4. EXISTENCE AND UNIQUENESS

This section is dedicated to proving the main result of this paper, i.e. Theorem 2.2. In
particular, we will show that the solution of the problem (2.9) exists, and it is unique. We
also show that trajectories of the solution are continuous in V-norm on [0, T'].

Proof. From the apriori estimates (3.7), (3.11) and (3.15) we know that there exists an ele-
ment u such that m — oo

Um = u in L£2(0,T;V) weak* sense

Um —u in L£2(0,T;&) weakly

Up —u in  L£%0,T;V) strongly.
Let us begin by proving that this limiting function v is indeed the solution to the main
Problem (2.9).
Let us fix C'*! -class function v : [0, 7] — R such that ¢)(T) = 0, and let ¢ € H,,, for some
m € N. Multiply with equation (3.1) with ¢(-)¢ and integrating with respect to the space
variable, we get

<u;n(t)’ ¢(t)¢> = <_Amum(t)a ¢(t)¢>> + <Fm (um(t)) ) ¢(t)¢> .

Integrating both sides with respect to time on interval 0 to T’

T T T
/ (o (£), (8)) dt = / (= At (), (1)) dit + / (Fon (i (8))  $(8)8) d.
0 0 0

Integrating by parts on left-hand sides, we infer that
T

T T
/ (um(£), 8 (B)) dt = / (At (£), $(£)6) dt — / (Fon (i (1)) , ()) dit
0 0 0

1) ~ (o, (08}

Our aim is to pass limit m — oo in above equation.

We will study each term in equation (4.1) on both sides. Recall the well-known fact that,
cf. [1], for a bounded domain O in R? then Dirichlet Laplacian operator 4 := —A :
Hy?(0) N H22(0) — H then A~! = (=A)"" : L2(0) — H22(0) is continuous and
Hilbert-Schmidt. Moreover, the inner product on £2(0,T; D(A)) can be given as

T
(1, 0) oo mpiay = /O (Au(t), Av(t)), dt or

T
(4.2) <A71%A71”>L2(0,T;D(A)) - /o lt), Oy ot

Let us begin with the first term on the right-hand side. For m € N, we have m,,,(¢) = ¢,
forall ¢ € H,,.

T T T
/ (At (1), 0(0)6) dt = / (T At (), $(8)9) dt = / (At (), 0 (E) ) dt
0 0 0

(4.3) = /0 <Aum(t)7¢(t)¢>dt=/0 (um (£), A 0(1)9) ) -

Using A=Y (-)¢ € L£L2(0,T; D(A)), equation (4.3) and the fact that u,,, — win £2(0,T;D(A))
weakly, we infer that

T T . T o
| i t0rdt= [ (ul) AT 6O p bt = [ (un0)=u(0). A 00}

(4.4) —0 as m — oo.
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Let us move towards the second term on the right-hand side of the equation (4.1). Con-
sider

T T T
/ (Fin(um(t)), ¥(t)p) dt = / (T F(um (1)), Y(t)¢) dt = / (F(um(t)), v(t)mme) dt
0 0 0

45) = [ P 0).v00) ar

Therefore
T T
/ (o (um (1)) , $(8)9) dt — / (F (u(t)) , (1)) di
0 0

T
(46) = [P ) = Pat) o0)0) it — o

Using the Cauchy-Schwartz inequality it follows that

1
2 2

T
/0 (F (um(t) — F(u(t)) , $(8)) dt

4.7)

< ( / IF (tm(t) — F(u(t»@dt)

( / |w<t>¢|idt)

To show that the right-hand side in the inequality above goes to zero as m goes to infinity,

it is enough to show that fOT | (tp (t) — F(u(t))ﬁl dt goes to zero as m goes to infinity.
In the following, we write u,, (t) as u,, and u(t) as u. Recall following elementary Cauchy-
Schwartz inequality

m 2 m 2 m
(4.8) <Z a:,») = <Z 1- xi> <m- Zajf

=1 1=1 =1
Using the estimate (2.4) and inequality (4.8). Consider the following sequence of inequal-
ities

Jo I (tm () = F(u(t))[5, dt

2 2 2
) (el + 1al®) + (sl + 1)
2n—1 2n—1 2
A I (Y e e X E Y R I
0 2n 2n 2 2 1/3
o (lm ™ 4 1l ) + (14 2 + ul]?)

IN

2
2 2 4
i (el = Nl*)” + Ul + )
2
2n—1 2n—1 2 2
se [ (a7 Bl ) il + ) e =P
2 2/3
2n 2n 2 2
| (P ™) (14 el + o)

T (K2+L2)2+(K+L)4
5c/ + (K21 4 12002 (K + 1) (|t — | dt
0 L+ (K2n +L2n)2 + (1 + K? +L2)2/3

(49) < C Hum - u||2£2([0,T,V) —0asm — oo,

IN

IN
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where K := sup |Jum(t)|>, L:= sup |ju(t)||” are both finite because u,,u € L(0,T}; V).
te[0,T] t€[0,T]

Also

oo l (K2 + 12)° 4 (K + L)* + (K21 4 1271 (K + L)°

- < .
+ (K 4 L2y 4 (14 K2 4 12)°° =

Finally, consider the left-hand side of equation (4.1)

T T
/ (um (t) — u(t), ' (t)¢) dt < / [ (£) = (B[ ¥ (£) ¢l dt
0 0

l/o ||um(t)—u(t)||2dt] l/o |w’(t)¢|\2,/dt1

(4.10) — 0 as m — oo.

2

IN

Let us pass the limit to the last equation (4.1)

T

T T
f/'meVMMt: */@mwwm@w+/<ﬂmmwmww
0 0 0

forall ¢ € |,,,_; Hm- Since |J,,_; Hm itis dense in V, by a standard continuity argument,
equation (4.11) holds for any ¢ € V and ¢ € C0*([0,T]). Thus, u satisfies the evolution
equation of problem (2.9) in £2 ([0, T]; H).

Next, let us show that the initial condition for the problem (2.9) is satisfied.

Consider an arbitrary ¢ € V and ¢ € C}([0,T]) such that ¢(0) = 1. Multiplying
equation (2.1) by 9 ()¢ and using integration by parts, we get

T T T
- [ wwwood = - [ auo.ewed+ [ o), v
0 0 0
(4.12) +(u(0),9(0)¢).
Comparing equation (4.11) and (4.12) we get
(u(0) — o, $(0)6) = 0.
Since v(0) = 1 so it follows that,
(u(0) —ug, ) =0, for all ¢ € V.

Hence, the density of V in ‘H implies that u(0) — up = 0, i.e. u(0) = up. Thus, u satisfies
the initial value problem (2.9).

It remains now to show that the solution u € Xr = £2(0,T;€) N C ([0,T];V) for all
T > 0, and that u is unique. Given the a priori estimates, to show that v € Ay, it is
sufficient to demonstrate that w € C ([0, T]; V).

From Equation (3.15), we know that u € £2(0,7;V). Thus, in order to satisfy the
assumptions of Lemma 2.5, we only need to show that 2% € £2(0,T; H).

Since u satisfies problem (2.9), i.e.
(4.13) % = Au+ F(u)
Taking H-inner product with 2% on both sides, integrating from 0 to 7' and using the
Minkowski’s inequality for p = 2, on the right-hand side it follows that
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U
Sy
N

2 T % T %
ul a < (/ |Au<t>|idt> +</ |F<u<t>>idt>
H 0 0

T 3
[ulg20,7.6) + (/0 |F(U(t))|3.¢ dt)

From Equation (3.11), we know that u € £2 (0,7} ), therefore, the first term in Equation
(4.14) is finite.

For the second term on the right-hand side of Equation (4.14), arguing along the same
line of reasoning used to derive inequality (4.9), it follows that,

(4.14)

IN

[ iFa@Ba < s [ (21t + 2o+ (o) ™) o

(4.15)

IN

T
5c/ 2K* 4+ 2K + (14 K2)2/3) K2dt < OT < oo,
0

where, K := sup |lu(t)|® and C := 5¢ (2K4 + 2K 4+ (1+ K2)2/3) K?2, are finite be-
t€[0,T)

cause u € £L°(0,T;V). From (4.14), it follows that % € £%(0,T;H). Invoking Lemma 2.5
gives u € C([0,T]; V). Thus u € Xrp.

Uniqueness of Solution: Assume that v and v be two solutions of problem (2.9). Set
z=u—v € Xr =L20,T;E)NC([0,T];V). Asu/,v" € L20,T;H)so 2’ =u - €
L£2(0,T;H). Moreover, z solves

dz + Az = F(u) — F(v),

dt
z(0) = 0.

Clearly, z is regular enough to be identified as v in Lemma 2.5 and so the following holds
in V-norm

—
-

|
N | =
—~
=

|

/ t <Vz(s>, Vf;(s)> o= /0 <_AZ(S)’ iZ(S)>

— [ ) s [ (G- ast. E0) ds
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_ . . . . . a2+b2
As z(0) = 0, and using Cauchy-Schwartz inequality, elementary inequality ab < (T

and then Lemma 2.4, in the last equality, it follows that for all ¢ € [0, T]]

2 2

1 9 tldz 1 []dz
- < _ iad - iad
IO < =[G aeg [T b
1 ["|dz 2
= —(s)— A
+2 /0 7 (s) z(s) y ds
Hldz P tdz 2
z(t 2+/ —(s ds < / —(8) — Az(s)| ds
0 + |50 SFCR=C

- / F(u(s)) - F(o(s))[%, ds.

(4.16) (8]

IA

[ 16 as

where,

o) { (Il + o) )? + (252 () + o)1) ()l + o))
(I + o)1) + () 1P + o)1) + ()P + o))

Using Gronwall inequality it follows that

2 ¢ 2
l=0F < / () 1=(0) |2 ds
l2(0)]* < 0-expu(t) =0.

Hence z(t) = 0, for all t € [0, T] and the uniqueness follows.
Invariance of Manifold: Let us take ug € M. Fort € [0, T'), using the Lemma 2.5, consider
the following chain of equations

% (lu@lz - 1) = % (luof5 1) + /Ot (' (s), u(s))yy ds = /Ot (' (), u(s)), ds
- (= Au(e) + ) u(s) = )+ () [u(s) () s
- ) (o)l — 1) ds+ / Jus) 2 (o)~ 1) ds

o) = 2 [ (o)l + ats) ) o) s,

where ¢(t) := |u(t)|§{ —1,t € [0,T). Using the fact that u € £ ([0, T]; V) and the continu-
ity of the embedding of V < £2" (0), it implies that fOT (|Vu(t)|,2H + |u(t)|i§) dt < oo.
Therefore, from Gronwall’s Lemma, it follows that

o(t) = o) (TR OIER) — 0, 1 ef0,7).
Thus \u(t)@ =1, forallt € [0, 7). This completes the proof. O

5. CONCLUSIONS

The focus of this work was to study the well-posedness deterministic problem consist-
ing of a non-linear heat equation of gradient type. Using the Faedo-Galerkin compactness
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method we showed that there exists a unique solution to the proposed constrained prob-
lem, and also demonstrated that for all time ¢, the solution stays on the manifold.
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