CARPATHIAN ] MATH. Online version at https://www.carpathian.cunbm.utcluj.ro/
Volume 40 (2024), No. 1, Print Edition: ISSN 1584 - 2851; Online Edition: ISSN 1843 - 4401
Pages 139 - 153 DOI https:/ /doi.org/10.37193/CJM.2024.01.10

Stability and bifurcation analysis of a four-dimensional
economic model

GHEORGHE M0ZA!, CARMEN ROCSOREANU?, MIHAELA STERPU?® and REGILENE
OLIVEIRA?

ABSTRACT. In this work a four dimensional financial system, depending on five parameters is analyzed. The
system was obtained by adding a new feed-back control variable to a well-known 3D financial system, modelling
the evolution of the interest rate, the investment demand and the inflation rate. The stability of economical
relevant equilibria is established. All the Hopf singularities were analyzed and the existence of supercritical,
subcritical, and degenerated Hopf bifurcations was proved. Corresponding to them we found stable limit cycles,
saddle type limit cycles. In addition, for certain parameters strata, one of the equilibria becomes a center, an
approximate two-dimensional center manifold is determined and isolated periodic solutions are emphasized
numerically. A double-Hopf degenerated bifurcation is also found. The addition of the feed-back led to obtain
new possibilities to stabilize the economic environment, either to a new stable equilibrium state or to stable
periodic behavior.

1. INTRODUCTION
Starting with the three-dimensional financial system reported in [8]

I:Z+I(yia)7
(1.1) y=1—by— 22
z=—-x—cz,

where x = z (1) is the real interest rate (calculated as the difference between the nominal
interest rate and the inflation rate), y = y (¢) is the investment demand, z = z (¢) is the
inflation rate, a € R is the saving amount, b > 0 is the cost per investment, ¢ > 0 is the
elasticity of the demand on the commercial market, a new four-dimensional system was
introduced in [4]:

t=z+z(y—a),

y=1—by— 22,

z=—x—cz+u,

u = —dxy — ku — mz,

(1.2)

where v denotes a control input and economically state intervention to balance the eco-
nomic environment. Apart from the study of stability of equilibria and of periodic solu-
tions emerging through Hopf bifurcations, the authors designed an electronic circuit of
the system, in order to realize simulation outputs and oscilloscope outputs.

System (1.1) have been widely investigated, with emphasis on stability, Hopf bifurca-
tion ([8], [9], [10]), periodic solutions, chaos, global dynamics [1], [3], [6], [7], [11], [12],
[21], [22]. Other 4D systems, obtained by adding a new equation to system (1.1) with
certain economic significance, were proposed and analysed in [13], [14].
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In the present paper, we use a feed-back control function u(t) = u(O)efJ(”_dy(t))dt,
depending only on the investment demand y(t) and actioning as an external forcing on
the second equation in system (1.1). Here n and d are real parameters, illustrating the
relation between the investment demand and the government regulations.

As 4 = nu — dyn, the new model is given by

t=z4+2z(y—a),
y=1—by— 2> —u,
z=—x—cz,

u = nu — dyu,

(1.3)

In this paper we investigate local stability of equilibria and analyze various bifurcations
corresponding to them. The system may have three, four, or an infinity of equilibria.
Three of these equilibria, denoted by P; = (0, £,0,0), P54 = (£v/a, 2 £1,/a,0) , with
a=1- I’(LC“) > 0, correspond to the equilibria of the 3-dimensional system (1.1). We
establish the topological type of these equilibria and prove the existence of Hopf and
Bautin bifurcations at P, for certain values of the parameters, leading to the existence of
stable or unstable limit cycles.

The other equilibrium, denoted by P, = (0, %,0,1 — gn), has no correspondent in the
equilibria of system (1.1) and it is the source of a rich dynamic behavior. Most of the results
in our research refer to this equilibrium point. First, we establish the topological type of P,
and investigate the existence of Hopf bifurcations. Depending on the parameters values,
these bifurcations may be subcritical, supercritical, or degenerate. By computing the first
two Lyapunov coefficients, we find parameter strata corresponding to Bautin bifurcations.
Also, we determine strata where the first three Lyapunov coefficients are zero, thus the
equilibrium point could be a nonlinear centre. We compute the corresponding center
manifold and use numerical simulations [2] to illustrate the theoretical results. Finally,
we prove the existence of a double-Hopf degenerate bifurcation, by using a technique in
[5].

The paper is organized as follows. In Section 2, the stability of equilibria is established,
and the corresponding Hopf and Bautin bifurcations are analyzed. In Section 3 the de-
generate Hopf singularity P, is investigated, while in Section 4 a degenerate Hopf-Hopf
bifurcation at P, is emphasized. Finally, some conclusions are given.

2. LOCAL ANALYSIS

If b # 0,d # 0 and a > 0 then system (1.3) has 4 equilibrium points: P; = (0, %, 0,0),
P, =(0,2,0,1—2n), Py = (Va,% —1,/0,0) and P, = (—Va, %< L /a,0),where
o =1- it > 0.

(&

In addition, if b # 0 and 2L = 2 there also exist the equilibria

1
Qs = (s, ac+ ,—s,a—52> ,S €ER,
c

Cc

defining a curve I' = {(s, %< —2 o — s?) | s € R} C R
If b = 0,d # 0, then system (1.3) has 3 equilibrium points: P, = (0,%,0,1), P53 =
(1,2l —1 0)and Py = (-1, 2t 1 0). Also, if d = 0, only equilibria Py, P, Py exist.
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Consider the Jacobian matrix of system (1.3) at an equilibrium point Py = (o, %o, 20, Uo) ,
namely:

Yo—a  Zo 1 0
-2 —b 0 -1
(24) J (LL’(), Yo, 20, UQ) = 7‘130 0 _c 0
0 —dug 0 n—dyg
The translation 7(Py) defined as
(2.5) T1 =T — o, Tz =Y — Yo, T3 = 2 — 20, Tg4 = U — U,

brings the equilibrium F; at the origin of the system

. 1
T = J(IanOWZOauO)m + §B (fE,l’) )

where
T1Y2 + Y122
26) Bly=| AW

—d (2ys + Yox4)

2.1. Stability and Hopf bifurcation at P;. The equilibrium P, = (0, ;,0,0) existsas b > 0.

At Py, the characteristic equation of the Jacobian matrix J; = J(P;) reads

1
(2.7) ()\+b)(/\+i—n> {)\2+/\<a+c—b>+1+ac—ﬂzo,
thus the eigenvalues satisfy
d
>\1 = _b7 )‘2 =n—- 57
c 1
A3y = 1+ac—5, )\3+)\4=5—CL—C.

The following results are easily obtained:

Theorem 2.1. The equilibrium Py is a hyperbolic attractor if and only if bn < d, a + ¢ > 3,

1+ ac — § > 0. For the other values of the parameters Py is either a saddle or a nonhyperbolic
equilibrium.

Proof. Asb > 0, we have A\; < 0. Thus P, is a hyperbolic attractor if and only if Ay < 0,
Re(As,4) < 0, hence the conditions in the theorem. O

Theorem 2.2. The equilibrium P, is non-hyperbolic in one of the following situations:

(1) if (i) d=bn,and1+ac—F #0,b(a+c) # 1; (P = Py);or(ii) d=bn,bla+c) =1,
and 1 +ac—§ <0, (Py=Py);or(iii) 1 +ac — 7 = 0,b(a +¢c) # 1,and d # bn,
(P, = P; = Py € 1) ; then Py is a fold singularity;

(2) ifd # bn, bla+c) = 1,and 1 + ac — § > 0, then Py is a Hopf singularity, with
)\374(0) = iiwl, with w1 =V 1-— 02,‘

(3) if d="bn,bla+c)=1,and 1+ ac— § >0, then Py is a fold-Hopf singularity;

(4 if (i) d=0bn,1+ac— 5 =0,andbla+c)# lor(ii) 1 +ac—§ =0,ba+c)=1,
and d # bn, then P, is a double-zero singularity;

(5) ifd=1bn,1+ac—§ =0,and b(a + c) = 1 then P\ is a triple-zero singularity.
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Theorem 2.3. A Hopf bifurcation takes place at the equilibrium Py, when parameters transver-
sally cross the stratum § = a+ ¢, 1+ ac — § > 0 and d # bn, provided

1 2c—0 2
{b2—|—4w% _b} 7 0.

Proof. We may consider 8 = ; — a — c as the bifurcation parameter. For b(a + ¢) = 1,
1+ ac—§ > 0,d # bn, we have = 0, and the Jacobian matrix .J; has a pair of purely
imaginary eigenvalues, A3 4(0) = +iw;, with w; = V1 —¢c2. Close to § = 0, we have
Re(X34(B)) = 3B, thus the transversality condition from the Hopf bifurcation Theorem
[5] is satisfied. The second condition to verify is [1(0) # 0, that is the first Lyapunov
coefficient is nonzero at the bifurcation value 5 = 0.

In order to compute the Lyapunov coefficient, we use the projection method [5] and the
formulae deduced in [17], [18].

As 3 = 0, perform the translation 7(P;), bringing the equilibrium P; at the origin of
the system

11(0) = %or

1
&= Ax+ iB(w,x),
with A = J; and B given in (2.6).
Two complex eigenvectors satisfying the conditions Aq = iwi1q, ATp = —iw;p and
(p,q) = 1canbechosenasg= (1 0 iw;—c 0 )Tandp: 2171 (c—iwy 0 1 0 )T.

The complex vectors involved in the computation of the first Lyapunov coefficient read
hiy=(0 =2 0 0 )T and hyg = (0 —ﬁ 0 0 )T. Thus, using the formula

(5.39) in [5], we obtain:
1 2c—b 2

L) = —|5—=— |-

10) =5, [62 + 42 b]
Consequently, if bfi;f)% — 2 # 0, the first Lyapunov coefficient at 8 = 0 is nonzero. O
Remark 2.1. If bfzoﬁz — 2 < 0, the Hopf bifurcation at P; is supercritical, that is a limit

1
cycle appears, locally attractive on the center manifold, while if b22i222 — 2 >0, the Hopf
1

bifurcation is subcritical, that is the limit cycle is repelling on the center manifold. In
addition, as bn — d < 0, the center manifold is attractive.

In Figure 1, projections of the attractive limit cycle existing for the parameters a =
0.6,b = 1,¢ = 0.2,d = 3,n = —1 on the planes (z, z), (v, 2), (z,y), and (z,u) are repre-
sented.

As1(0) =0, we getb = £ (c+ v/25¢% — 24) . The following result holds.

Theorem 2.4. As 11(0) = 0, the second Lyapunov coefficient reads
 —324 (108 + 45¢* 4+ 168c* — 100c° + (9¢ — 24¢ + 20¢°) V/25¢2 — 24)

(c+ V252 —24)" (6 — 5¢2 + cv/25¢2 — 24)°
A Bautin bifurcation could take place at the equilibrium Py, when parameters transversally cross
the stratum 3 = a+ ¢, 14 ac — £ > 0 and d # bn, provided

12(0) # 0.
Proof. Using the notations in [17], the complex vectors involved in the computation of the
second Lyapunov coefficient corresponding to the Hopf bifurcation at P; read

_ 2(3b+4iwy) . _ 2 9 T
hgl = b(b+2iw1)(1fc2+3wf) ( W1 c 0 c +w1 0 ) s

2.8)  1»(0)

- 6 ; _ T
h3o = (b+2iwr) (— 142 +902) (c+3icn 0 -1 0),
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FIGURE 1. Projections of the limit cycle corresponding to P, on different
planes, parameters: ¢ = 0.6,b =1,¢ =0.2,d =3,n = —1.

T
g = 3 0 (_T‘L*ﬁ)(wl*ic) _ A(c—iw1)(3b+4iwy)  4(c+3iwy) 0 0

(b+2iw1)? w1 b(c27173wf) (0271+9w%) ’
hoy = {0 4(12b%c—2be(c® —1-19w7 ) +b7 (3¢ —3—17w? ) +8w (> —1-3w7)) 0 0 T

b3 (b2 +4w%) (1702 +3w%)
Replacing these expressions into formula (29) in [18] for the second Lyapunov coeffi-
cient, we obtain the expression (2.8). |

2.2. Stability and Hopf bifurcation at . At P, = (0,%5,0,1 — %”), the characteristic

equation associated with the Jacobian matrix J, = J(P») reads

(P +0a+bn—d) A =2 (2 —a—c) +1+ac— "] =0

Thus the eigenvalues of J; satisfy
AMAy = bn—d, A+ Ay=—b,
A3A4 = 1+a67%7 /\3+)\4:gfa—c.
Analysing the signs of these eigenvalues, the following results are easily obtained:

Theorem 2.5. The equilibrium P; is a hyperbolic attractor if and only if b > 0,d < bn, (a+c¢) >
T, 1+ac—"F > 0. For all the other values of the parameters, P, is either a saddle or nonhyperbolic.

Theorem 2.6. As b > 0, the equilibrium P, is non-hyperbolic in one of the following situations:
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(D if@Dbn=d, %5 #a+candl+ac# "7 (Po=P1);or(i)bn #d, 5 # a+ cand
1+ac=4¢ (P el)or(iii)bn=d, %5 =a+cand1+ac < 5¢c (P, €') then Pyisa
fold singularity;

(2) ifbn #d, 5 = a+ cand 1 + ac > 5c then P, is a Hopf singularity, with A3 4 = Fiw,
wi =vV1—c2.

(3) ifbn =d, 5 = a+ cand 1 + ac > %c, then Py is a fold-Hopf singularity.

4 if Dbn=d, 5 #a+cand1+ac= %cor(i)bn #d, 7 =a+cand 1+ ac = ¢,
then P, is a double-zero singularity.

(5) ifbn =d, 5 = a+cand 1 + ac = Fcthen Py is a triple-zero singularity.

Theorem 2.7. As b = 0, the equilibrium Ps is non-hyperbolic in one of the following situations:

(D) if()d<0,5 #a+cand 1 +ac# Scor(ii)bn >d <0, % =a+cand 1 +ac < e,
the equilibrium Py is a Hopf singularity with A\ 2 = +iws, wy = v/—d, d < 0.

(2) ifd>0,% =a+cand 1+ ac > Gcthen Py is a Hopf singularity, with A3 4 = Fiw,
w1 = 1-— CQ.

3)ifd < 0,5 =a+cand 1+ ac > Gc, then Py is a double Hopf singularity, with
)\112 = iiwg and )\3’4 = :I:iwl.

(4) Ifd>0,% #a+cand 1+ ac = Gcthen P, is a fold singularity.

(6) Ifd>0,% =a+cand 1+ ac = 5cthen P, is a double-zero singularity.

(6) Ifd <0, 5 # a+cand 1+ac = %c, then Py is a fold-Hopf singularity with \; » = Fiw,.

(7) Ifd <0, % = a+cand 1+ ac = %c, then P; is a double-zero Hopf singularity.

In the next theorem the type of the Hopf bifurcation corresponding to P; is deduced.

Theorem 2.8. A Hopf bifurcation takes place at the equilibrium P,, when parameters transver-
sally cross the stratum b > 0,d # bn, 5 —a — ¢ = 0,and 1 + ac — “f > 0, provided

c(4w% +d—bn) — 20w? # 0,

ZUifhW1 =41 —c2.
In addition, if ¢ (4w} + d — bn) — 2bw? < 0, the Hopf bifurcation at P, is supercritical, while if
¢ (4wi +d — bn) — 2bw? > 0, the Hopf bifurcation is subcritical.

Proof. We may consider the bifurcation parameter 3 = % — a — ¢, and the bifurcation
value 3 = 0. Forb > 0,d # bn, 5 —a —c = 0,and 1 + ac — % > 0, the Jacobian matrix
J2 has a pair of purely imaginary eigenvalues, A3 4(0) = %iw;. Close to § = 0, we have
Re(X3,4(B)) = 113, thus the transversality condition %‘;4(5)) |s=0 # 0, from the Hopf
bifurcation Theorem, is satisfied.

At 8 = 0, the transformation 7(P;), brings the equilibrium P, at the origin of the system
1
&= Ax+ §B(x7:r),

where A = J; and B is given in (2.6).
Two complex eigenvectors satisfying the conditions Aq = iwiq, ATp = —iw;p and

)

(p,q) = lcanbechosenasq= (1 0 iw;—c 0 )Tandp: 3or (c—iwy 0 1 0 )T,
while hll = ( 0 0 0 -2 )T, and hQO = m ( 0 4ZW1 0 -2 (d — bn) )T
Thus, using formula (5.39) in [5], the first Lyapunov coefficient at 5 = 0 is obtained into
the form:

I 1 c(4wi+d—bn) — 2bwi
"W (Aw? +d — bn)? + 402w
The Hopf bifurcation condition I1(0) # 0 is satisfied iff ¢ (4wf + d — bn) — 2bw} #0. O
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In Figure 2, projections of the attractive limit cycle corresponding to the specified pa-
rameters on the planes (y,x), (z, 2), (z,u), (y,u) and on the spaces (z,y, ), (z,y,u) are
represented, while in Figure 3, the time series of the four variables corresponding to this
cycle are given. Remark that in this case a periodic control u determines periodic be-
haviour for the real interest rate x, for the investment demand y, and for the inflation rate
z.

FIGURE 2. Projections of the limit cycle corresponding to P», parameters:
a=01,b=2,c=05,d=14,n=1

Asly(0)=0,wegetn= ¢+ 4(1;C ) _ 2(1:: ) The following result holds.

Theorem 2.9. As 1;(0) = 0, the second Lyapunov coefficient reads
A (—2c+b(2+4d))
203 (2 —-1)

A Bautin bifurcation could take place at the equilibrium Py, when parameters transversally cross
the stratum b > 0,d # bn, 5 —a —c = 0,and 1 + ac — %7 > 0, provided

12(0) # 0.

Proof. Using the notations in [18], the complex vectors involved in the computation of the
second Lyapunov coefficient corresponding to the Hopf bifurcation at P, read:

29) 12(0) =
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FIGURE 3. Time series for the variables on the limit cycle in Figure 2.

_ diw, . (2 2 T
ha1 = (1=c7 5507 (d—b(r 2ior) 47 (c—iwy 0 —(*+wi) 0),
_ 12iw . a: T
h30 = (d—b(n+2iw1)+4wfl)(—1+c2+9wf) ( C 3ZUJ1 01 0 ) ’

T T
ha = (dfb(n+2i6w1)+4w%)2 (0 h3 0 hgy )  hoa=(0 h3, 0 hi )", where

Sw%(cfiwl) 2(C+iw1)(bn—d+4wf)

2 4 . 8w? (c+3iwy)
h3y = didwr + 2—1-3w? Y oo i - e
4 o 4(d—bn)wi (ictwi)  2(d—bn)(ctiwr)(b+4iw1) 4iwy (d—bn)(c+3iw1)
hay = 4dwy (2wy — ib) + T 1-3w7 T b(nt2iwn) 14 T T—1+9w? )
h2 o 8(—2bwf+c(d—bn+4wf))
22— (dfbn)(d278bnwf+16w%+b2(n2+4wf)+d(72bn+8wf))7
4 16w; ictwy —ictwi _ 2
h22 - c2—1—3wf d—b(n+2iw1)+4wf + d—b(n—2iw1)+4w% bh22‘
a, 4(1=¢c*) 2(1-¢%) . .
Asl; = 0,wegetn = §+———%————=. Inthis case, the second Lyapunov coefficient
reads (2.9). |

Theorem 2.10. A subcritical Hopf bifurcation takes place at the equilibrium Ps, when parameters
transversally cross the stratum b = 0,d > 0, 5 —a —c=0,and 1 + ac — f > 0.

Proof. We may consider the bifurcation parameter 3 = % —a — ¢, and the bifurcation value

B =0.Forb=0,d>0,%—a~-c=0,and 1+ ac— “f > 0, and the Jacobian matrix
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J has a pair of purely imaginary eigenvalues, A3 4(0) = Ziw;. Close to § = 0, we have
Re(X34(B8)) = 18, thus the transversality condition %‘24@) |s=0 # 0, from the Hopf
bifurcation Theorem, is satisfied.
Computations similar to those in Theorem 2.8 lead to the following expression for the
Lyapunov coefficient at the bifurcation value:

1 c
L) = ————.
1(0) wi (4w? + d)
As the parameters ¢, d are positive, it follows that [; (0) > 0. According to the Hopf bifur-
cation Theorem, a subcritical Hopf bifurcation takes place. O

Remark 2.2. As a consequence, a repulsive limit cycle appears on the center manifold,
close to the bifurcation stratum, with § —a — ¢ < 0.

2.3. Stability and Hopf bifurcation at P; and P;. The equilibria P; and P, exist in the
hypothesis ¢ — b — abc > 0. If ¢ — b — abc = 0, they both coincide with P;.

Theorem 2.11. Assume c — b — abc > 0. Denote by do = ;_Sn. The following assertions are
valid.

1) If d < dy, then Ps is a saddle or Hopf singularity.

2) If d > dy then P is an attractor or a saddle or a Hopf singularity.

3) If d = dy, then Ps is a fold or a fold-Hopf singularity.

Proof. Denote by yo = a + % > 0. The first eigenvalue of P; is A\; = — (d — do) yo, while
the other three are the roots of

(2.10) NN+ +e=0

where

co=a+b+c—yy, c1=2a+bla—yo)+cla+b—yo)+1, c¢o=2(c—b—abc).
Notice that cg > 0,co =b+c— L and ¢1 = be — 2ab + 2 — 32, Thus ApAzAy = —¢o < 0.

1) If d < dp, then Ay > 0, thus, when Ps is hyperbolic, it is a saddle.

2)If d > dy, then A\; < 0, thus, when P; is hyperbolic, it is either saddle or an attractor.

Using the Hurwitz conditions, the equation (2.10) has all eigenvalues with negative
real parts if and only if ¢a > 0, cac1 > co.

3) As d = dy, then \; = 0, thus P is either fold singularity or a fold-Hopf singularity.

O

Remark 2.3. If d > dy, ¢; > 0 and ca¢1 = o, the system has a Hopf singularity at Ps.

Indeed, (2.10) reads in this case (A + ¢2) (01 + )\2) = 0, thus, 4i,/c; are two purely com-
plex roots. In addition, the other two eigenvalues are both negative, \; = — (d — dp) %< <
O0and Ay = —c2 < 0, whenever d > dy. The existence of a Hopf bifurcation at P; can be an-
alyzed as the one for P; or P, above. Note that if a supercritical Hopf bifurcation occurs,
the stable limit cycle is attractive not only on the center manifold.

As the characteristic equation associated to the Jacobi matrix at P4 coincides with the
one of P; the topological types of the two equilibria P; and P, are the same.

3. DEGENERATE HOPF SINGULARITY P

Theorem 3.12. Asb=0,d <0,and (i) 7 —a—c#0,1+ac—"F #0, or(ii) 7 —a—c=0,
1+ ac — %7 <0, the equilibrium P; is a degenerate Hopf singularity, of order at least 3.
In addition, a local two-dimensional center manifold is given by

z=0,2=0,
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up to sixth order terms.

Proof. For b = 0, d < 0, and (i) or (ii), the Jacobian matrix J; has a pair of purely imag-
inary eigenvalues, A1 2(0) = +iws, with we = +/—d, while the other two eigenvalues
have nonzero real parts. Thus, there exists a two-dimensional local center manifolds 7
through P.
Perform the transformations 2, = =, 2o = y — 3, 3 = 2, 14 = u — 1, to bring the
equilibrium P, at the origin of the system
(3.11) i=f(2),
T-—a 0 1 0
0 0o 0 -1
—1 0 — 0
0 —-d 0 0
Choosing the two complex eigenvectors, satisfying the conditions Aq = A1q, ATp =
—Aip, and (p,q) = l,asq¢ = (0 1 0 —iwy )Tandp =(0 5 0 —55 )Tand
using the formulae in [18], we obtain

where f(z) = Az + B(z,x), with A =

hii=(0 0 0 0)", hyp=(0 —2iw, 0 2d)".
Consequently, we get
_ id?

(3.12) Ga1 = (p, B(q, hao) + 2B(g, h11)) = T3y’
thus, the first Lyapunov coefficient reads:

1
(3.13) L= §Re (Ga1) = 0.
We may now compute the second Lyapunov coefficient. We get

hgo = ( 0 id 0 —%Z'dLUQ >T7 h21 = ( 0 —%d 0 —%idwg )T
As I3 = 0, using the coefficients of forth order term, given by the formulae in [18], we
obtain
1. 2.2 \T 1 2 \T T

h40:(0 _ToZdw2 0 gd ) ,h31:(0 —§zdw2 0 d ) ,hQQZ(O 0 0 0) .
Thus,
_id®
12w’
and the second Lyapunov coefficient has the expression:

G3z

1
12 = ER@ (Ggg) =0.

Next, we have

he = (0 —&d® 0 —Lidwy ) Jhai=(0 384 0 —30id2w, )",
hes = (0 0 0 0) hyp=(0 —3id%w, 0 313 )7".
Thus,
G43_281<Z4’

and the third Lyapunov coefficient is:

1
l3 = mRe (G43) =0.
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Consequently, on the 2-dimensional center manifold W the system reads
(3.14) w' = iwow + O(Jw|®).

Thus, the equilibrium in origin is a degenerate Hopf singularity, of order at least three.
Using the real variable x, the center manifold can be parameterized by w € C, as

(3.15) z = H(w,w),
where H is given by
— [— 1 ] — n
(3.16) H(w,w) = wq + 0q + Z Tk!hjkijk +0 (|w\ +1) ,
2<j+k<n

with hyi, € C, hjj, = hy; [18].
Substituting in (3.15) the expressions determined for ¢ and h;;,, we find for the center
manifold the equations

x; = 040 (\w|7),

3 = 040 (\w|7)
[

If all Lyapunov coefficients are zero, the 2-dimensional system (3.14) has a family of
closed orbits around a nonlinear center, corresponding to a family of closed orbits for the
4-dimensional system, situated on the center manifold.

In Figure 4 the phase portrait corresponding to the center manifold (y, u) is represented
for some values of the parameters. For v > 0 all the trajectories are closed and surround
the equilibrium point P. For other values of the parameters the closed orbits in the (y, u)
plane and in the (z,y, u) space are represented in Figure 5.

5]

FIGURE 4. Orbits on the center manifold z = 0,z = 0; parameters: a =
1,b=0,c=04,d=—1,n=—0.5.

Taking into account the effect of the other stable or unstable manifolds of the equilib-
rium P», these orbits could either attract or repel orbits through points close to the center
manifold. For instance, as  —a — ¢ < 0,and 1 + ac — 7¢ > 0, the equilibrium P, has a
2-dimensional stable manifold W} . Thus, the closed orbits on the center manifold W
attract trajectories close to W, . In Figure 6 three such trajectories are plotted for param-
etersa=1,b=0,c=1,d=—-1,n=0.
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el

FIGURE 5. Closed orbits on the center manifold in the (y, u) plane (left)
and in the (z,y,u) space (right), parameters: a = 1,b = 0,¢ = 1,d =
—1,n = 0; time ¢ € [400, 500]

PO

FIGURE 6. Three orbits in the (z,y,u) space attracted by closed orbits
situated on the center manifold (y, u); time series for these orbits, param-
eterssa=1,b=0,c=1,d=—-1,n=0.

Unlike the situation in Figure 3, a periodic control u determines the stability of the real
interest rate « and of the inflation rate z, while the investment demand y is periodic.

4. DEGENERATE HOPF-HOPF BIFURCATION AT P

Theorem 4.13. A degenerate Hopf-Hopf bifurcation takes place at the equilibrium P>, when pa-
rameters satisfy b = 0,d < 0,5 —a—c=0,and 1 +ac— " > 0.

Proof. Consider the bifurcation parameter 3 = (81,52), f1 = & —a — ¢,f2 = —b, and
the bifurcation value 8 = (0,0). Forb = 0,d < 0,4 —a—c = 0,and 1 +ac - % > 0,
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the Jacobian matrix J; has two pairs of purely imaginary eigenvalues, A; 4(0) = Fiws,
A2,3 = :tiWQ, with w% =1- 02, w% = —d, and Re (A174(5)) = %,@1, Re (szg(ﬂ)) = %BQ
At 3 = 0, the transformation 7 (), brings the equilibrium P; at the origin of the system

4.17) z=Ax+ F(x),
where

c 0 1 0 T1X2

0 0 0 -1 | —a2

A=l 4 0 — o |» F@= 0

0 —d 0 0 —d$2$4
Following the lines in [5], p. 351, at 8 = 0, we choose the complex eigenvectors q1, g2, p1, P2
satisfying the conditions Aqy = iwiq1, Aga = iwaqo, ATp1 = —iwip1, ATpy = —iwapa,
normalized such that (p1,q1) = 1, (p2,¢92) = 1. These vectors can be chosen as ¢; =

(10 iwr—c 0) ,0=(0 1 0 —iw )",
; . T i T
pr=s5-(c—iws 0 1 0) ,andpa=(0 5 0 —5- ) .
Changing to the complex coordinates z;, 22, given by

Z1 +21

29 + 2o
(iw; —¢) 21 — (¢ +iwy) 71

—iws (22 — 22)

T =21q1 + Z1q1 + 2292 + 22Q2 =

we find
21 1 = {(p1,x) = —ﬁ (c+iwy)xy — 2271x3’
( > 1 + )
Zy 1 = T) = —T9 + — T4,
2 b2, B 2 Y 4
and, at 5 = 0, system (4.17) takes the complex form
21 =iwi21 + g (21, 21, 22, Z2) ,
4.18 . . _ _
(4.18) { g = iweza + h (21,21, 22, Z2)
where
g(21,21,22,22) = (p1,F(z1q1 + 211 + 2202 + 2242))
h(21,21,20,22) = (p2, F (2101 + Z21q1 + 22G2 + Z2G2)) -
We obtain
g(21,21,22,22) = (21 +7) (224 22),
1 d _
h(z1,%1,22,22) = D) (21 + 51)2 -5 (z% - Z%) )
with

_dfediwr) 10 dc
T T o T2 2wy
In the hypothesis kw; # lws, for k,l € N, k + [ < 5, the Poincaré normal form of (4.18)
in complex coordinates (w;, ws) near 5 = 0 reads [5]

(4.19)
i = Ay (B) w1 + Garoo (B) wi [wi]? + Gror1 (B) wr [wa]® + Gazoo (8) wy [wi|*
+Ga111 (B) w1 \wl|2 |w2|2 + G1o22 (B) w1 |U/2|4 +0 (||(w1,w1,’w27w2)||6 )
g = Ay (8) wa + Hitro (8) wa |w1|* + Hooz1 (8) wa lwa|® + Hagio (8) we |w:|*
+Hi191 (8) wy |wr|? |wal® + Hoosz (8) wa [wa|* + O <||(w1,ﬂ717w2,1172)H6 ,
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Using the formulae in [5], p. 353, we find the following expressions for the relevant
third order terms of the Poincaré normal form of system (4.18) at 3 =0 :

7 1 1
Ga100 (0) = ;( + )»

2w1 —+ wo 2w1 — W2

. 1 1
Gio11 (0) = —iy? < + ) )

2w1 + wo 2wy — wo

i N Y gl
H = —(d — _
1110(0) wa ( +’y+’y) Z(le + wo 20.)1—002)’
id?
H = ——.
0021 (0) 6ors
We deduce
c
Re (G2100(0)) = 0= td
2c
Re(@onO) = ~gn—ay+a
2c
o = — =
Re (Hui10(0)) 11— +d
(4.20) Re (Hoo21(0)) = 0.
Thus, condition (HH.4) in [5], Lemma 8.14, is not satisfied and the Hopf-Hopf bifurca-
tion corresponding to the equilibrium point P; is degenerated. O

A more detailed study of the phenomena involved by the presence of this degenerate
Hopf-Hopf bifurcation may be further performed using techniques as in [15], [16], [19],
[20].

5. CONCLUSIONS

The 4D system designed by us, starting with the 3D Ma & Chen financial model, ex-
hibits a rich dynamics: stable equilibria, hyperbolic saddles, non-hyperbolic points of
fold, Hopf, double-zero, fold-Hopf, Hopf-Hopf, triple-zero, double-zero-Hopf, nonlinear
center type, stable limit cycles, unstable limit cycles.

Compared to the initial 3D system, we found that by adding the feed-back control func-
tion, a new equilibrium point appears, and so new possibilities to stabilize the economic
environment to a stable equilibrium state or to stable periodic behavior.
Acknowledgments. Supported by Dynamics H2020-MSCA-RISE-2017 - 777911.
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