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Coupled Best Proximity Points for Cyclic Kannan and
Chatterjea Contractions in CAT,(0) Spaces
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ABSTRACT. This paper considers the framework of CAT,,(0) spaces and analyzes coupled best proximity
points for cyclic Kannan and cyclic Chatterjea contractions. The framework is substantial and versatile for em-
ploying metric notions and contractive conditions. For each mapping, we establish the existence and uniqueness
of the coupled best proximity point. The work gives a step toward investigating the best proximity points in
CAT}(0) spaces.

1. INTRODUCTION

Fixed point theory plays a crucial role in understanding and solving various physical
phenomena. This deals with the existence, uniqueness and approximation of points that
are mapped onto themselves by a given mapping. The field gained prominence following
the establishment of the Banach contraction mapping theorem, which guarantees the ex-
istence and uniqueness of a fixed point for a contraction self-mapping. Thereafter several
authors analyzed fixed point properties of mappings based on distinct contractive con-
ditions. The prominent contractive mappings whose fixed points are substantial include
the Kannan contraction, introduced by Kannan [11] and the Chatterjea contraction, initiated
by Chatterjea [5]. Several other contractive mappings are studied as detailed in Rhoades
[21], and more recently, the notion of average mappings has been employed to enrich the
classes of such mappings [10].

One significant concept that has emerged from fixed point theory is that of best prox-
imity points, which deals with points closest to a given set. Scholars have extensively
investigated best proximity points and their applications in various fields [16, 18, 19, 27].
In addition to best proximity points, coupled best proximity points have attracted atten-
tion due to their relevance in nonlinear and convex analysis [1, 8, 17, 26].

Additionally, mappings of cyclic contraction play a vital role in the study of dynam-
ical systems, reflecting the behavior of complex systems. These mappings are defined
based on conditions that ensure the distance between the images of any two points is
smaller than the distance between the points themselves. Among the different types of
contraction mappings, Kannan-type cyclic contraction and Chatterjea-type cyclic contrac-
tion mappings have recently captured significant attention due to their interesting prop-
erties and potential applications [6, 14]. Further types of contraction mappings that are
of special interest to scholars more recently, can be found in [20, 23] and the references
therein.

Received: 18.10.2023. In revised form: 11.03.2024. Accepted: 18.03.2024

2010 Mathematics Subject Classification. 47H10, 54H25.

Key words and phrases. CAT},(0) space, Coupled best proximity point, cyclic Chatterjea contraction, cyclic Kannan
contraction.

Corresponding author: K. Khammahawong; konrawut_k@rmutt.ac.th

343



344 C. Mongkolkeha et al.

On the other hand, geodesic metric spaces such as CAT,(0) spaces (for p > 2) play a
crucial role in fixed point theory and optimization. The geometry of these spaces pro-
vides flexibility in employing metric notions and contractive conditions, allowing for the
coverage of equivalent contractive conditions across more classes of mappings and prob-
lems. These frameworks have led to the development of powerful tools and techniques
for studying geometry and topology, significantly advancing the study of fixed point the-
ory. As a result, several authors have made immense contributions to this setting (for
detailed discussions regarding this framework, refer to [24, 15, 22, 12] and the references
therein). It is important to mention that these spaces include Hilbert spaces, uniformly
convex metric spaces, Hadamard manifolds, ¢, spaces, and CAT(x) spaces for x < 0.

In this paper, we consider the framework of CAT(0) space and analyze coupled best
proximity points of two mappings, namely cyclic Kannan contraction and cyclic Chat-
terjea contraction. For each mapping, we establish the existence and uniqueness of the
coupled best proximity point. Our work is inspired by the research of [9] on best prox-
imity of cyclic contraction in uniformly Banach spaces and the work of [2] in metric-like
spaces. We provide examples in nonlinear CAT,(0) and linear CAT,(0) spaces to support
our findings.

The paper is organized in such a way that we present basic concepts related to best
proximity points and a CAT,(0) space in Section 2, while Section 3 contains the main
results with examples, followed by the conclusion in Section 4.

2. PRELIMINARIES
In this section, we provide an overview of the fundamental notations and terminology

utilized throughout this work.

2.1. Best Proximity Points. Let there be a metric space that is designated by (X, d), and
let C'and D be nonempty subsets of X. Define

Dist(C, D) := inf{d(z,y) : z € C,y € D}.

Definition 2.1. Let S: CUD — C U D. A point x € C is said to be a best proximity point
of S'if d(x, Sx) = Dist(C, D).

Definition 2.2. A mapping S: CUD — C' U D is said to be a cyclic mapping if S(C) C D
and S(D) c C.

In 2006, Eldred and Veeramani [7] presented the idea of cyclic contraction, which can
be described as a generalized contraction mapping in the following manner:

Definition 2.3. [7] A mapping S : CUD — C U D is called a cyclic contraction if S is a
cyclic mapping and there exists n € [0, 1) such that

21) d(Sz,Sy) < nd(z,y) + (1 — n)Dist(C, D)
forallz € Cand y € D.

Let C and D be two nonempty subsets of a metric space X and let S : (C' x D) U (D x
C) — C'U D be a mapping. Then (u,v) € C' x D is said to be a coupled best proximity pair
of S if it satisfies

d(z, S(z,y)) = Dist(C, D),
d(y, S(y, z)) = Dist(C, D).
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2.2. CAT,(0) Spaces. Let (M, d) be a metric space. A mapping that is continuous from
the interval [0, 1] to M is referred to as a path. If for each pair a,b € [0, 1], d(y(a),v(b)) =
la — bld(v(0),7(1)), then the path v : [0,1] — M is a geodesic. We refer to (M,d) as a
geodesic space if every two points «,y € M are connected by a geodesic, in other words,
there exists a geodesic v : [0,1] — M such that v(0) = z and (1) = y. In this particular
instance, we mention to such a geodesic as [z, y]. Note that, in general, such geodesic is
not uniquely determined by its endpoints. We then use the notation z = (1 — t)z & ty to
describe a point z € [z, y|. In this case, we assume that  # y. If there is a unique geodesic
between any two points in M, then the metric space (M, d) is said to be uniquely geodesic.
In this case, we refer to the unique geodesic connecting = and y in M as [z, y]. A subset C
of M is said to be a convex if all geodesic segments connecting any two points of C' are in
C.

In a metric space, if the space M is geodesically connected and every geodesic triangle
in M is at least as “thin” as its comparison triangle in the Euclidean plane (that is, the
distance between any two points on the geodesic triangle is no greater than the Euclidean
distance between their corresponding comparison points), then M is considered to be a
CAT(0) space. The term “CAT” was coined by M. Gromov and can be found on page 159
of [3].

The Gromov geometric definition of CAT(0) spaces was extended recently by Khamsi
and Shukri in [13] to include the scenario in which the comparison triangles belong to a
general Banach space, in particular, the situation where the Banach space is ¢, p > 2.

Recall that a geodesic triangle, denoted by the notation A(x,y, z) in a geodesic metric
space (M, d), is formed by three points in z, y, z in M, denoted as the vertices of A, and a
geodesic segment connecting each pair of vertices, denoted as the edges of AA. A comparison
triangle of a geodesic triangle A(x,y, ) is a triangle in the Banach space ¢, for p > 2
denoted by A(z, 7, z) satisfying

d(a,y) = Iz —gl, dy,2) = Iy —zll, andd(z,2) =z - z]|.
A point w € [Z, 7] is called a comparison point for w € [z, y] if d(z,w) = ||Z — @]
Definition 2.4. [13] Let (M, d) be a geodesic metric space. M is said to be a CAT,(0)
space, for p > 2, if for any geodesic triangle A in M, there exists a comparison triangle /A
in £, such that the comparison axiom is satisfied, i.e., for all z,y € A and all comparison

points z,y € A, we have
d(z,y) < [ =yl
Any normed vector space /;,, for p > 2 is incontrovertibly a complete CAT,(0) space.
See [13, 4], for additional information regarding CAT,,(0) spaces.
Let z,y,2 € M, and % is the midpoint of the geodesic [y, 2], then the comparison

axiom implies
p(, ¥92) 1 1 1y
22) (0 252) < 50w + 50 - 52

Khamsi and Shukri [13] developed this inequality, which they called the (CN,) inequality.
The following lemmas that are going to be presented below are extension results of
Eldred and Veeramani’s work [7] to the context of CAT,(0) metric spaces.

Lemma 2.1. [25] Let (M, d) be a complete CAT,(0) metric space, with p > 2. Let C be a
nonempty closed and convex subset and D a nonempty closed subset of M. Let {x,,} and {z,} be
sequences in C and {yy, } a sequence in D satisfying

(1) limy,— 00 d(2n, yn) = Dist(C, D).



346 C. Mongkolkeha et al.
(ii) For every e > 0, there exists Ny, such that for all m > n > Ny,
d(Tpm,yn) < Dist(C, D) + €.
Then, for every € > 0, there exists N1, such that for all m > n > Ny, d(xm, z,,) < €.

Lemma 2.2. [25] Let (M, d) be a complete CAT,,(0) metric space, with p > 2. Let C be a
nonempty closed and convex subset and D a nonempty closed subset of M. Let {x,,} and {z,} be
sequences in C and {y, } a sequence in D satisfying

(i) limy_e0 d(zn,yn) = Dist(C, D),

(ii) limy,— o0 d(2n, yn) = Dist(C, D).
Then, lim,, o0 d(zy,, 2,) = 0.

3. MAIN RESULTS

In this section, we present the idea of p—cyclic Kannan and Chatterjea contractions,
and prove the existence of a unique coupled best proximity point in complete CAT,(0)
metric spaces, with p > 2.

3.1. p—cyclic Kannan Contraction. Let us first introduce the p—cyclic Kannan contrac-
tion mapping in CAT,(0) spaces.

Definition 3.5. Let (M, d) be a CAT,(0) metric space, with p > 2. Let C and D be
nonempty subsets of M. A mapping S : (C' x D) U (D x C) — C U D is said to be a
p—cyclic Kannan contraction if it satisfies the following conditions:

(i) S(C,D)c Dand S(D,C) C C,

(ii) For (z1,v1), (z2,y2) € (C x D)U (D x C) there exists n € (0,1/2) such that

(3.3) d(S(z1,91), S(x2,92)) < n(d(21,S(x1,91)) + d(22, 5(22,92)) + (1 — 27)Dist(C, D).

Remark 3.1. The use of p in the term “p-cyclic” is meant to denote “pair cyclic” thereby
indicating the necessity of pair sets and distinguishing it from the existing concept of
cyclic contraction.

The subsequent results depend on the preceding ones to be proven.

Lemma 3.3. Let (M, d) be a CAT,(0) metric space, with p > 2. Let C and D be nonempty closed
and convex subsets of M and S : (C x D)U (D x C) — C U D a p-cyclic Kannan contraction
mapping. Then, for any (xo,y0) € C x D, define x,, = S(Yyn—1, Tn—1) and y,, = S(Tn—_1, Yn—-1),
for each n € N, we have

lim d(z,,S(x,,yn)) = Dist(C, D),

n— oo

lim d(yn, S(yn, zn)) = Dist(C, D),

n—oo
and
lim d(x,,y,) = Dist(C, D).

n—oQ

Proof. Let (zg,y0) € C x D, define z,, = S(yn—1,%n—1) and y,, = S(Tn—1,Yn—1), for each
n € N. In view of (3.3), we obtain

d(x1,y2) = d(S(yo, o), S(w1,y1))
< n(d(yo, S(yo, v0)) + d(z1,S(z1,91))) + (1 — 2n)Dist(C, D)
= n(d(yo, z1) + d(w1,y2)) + (1 — 2n)Dist(C, D).

So, we get

1
(3.4) A1, y2) < To—d(yom1) + =

2n ..
< Dist(C, D).
T — (¢, D)
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From the inequality (3.3), we also get
d(y1, x2) = d(S(z0,90), S(y1,21))
< n(d(zo, S(z0,y0)) + d(y1, S(y1,21))) + (1 — 2n)Dist(C, D)
= n(d(zo,y1) + d(y1, z2)) + (1 — 2n)Dist(C, D),

which gives rise to the conclusion that

1-2
(3.5) d(y1, 22) < %d(wo,yl) + 177;7Dist(c,p).

In a similar way, we have

"Dist(C, D).

1
(3.6) d(x2,y3) < %d(yhl‘z) +7

Substituting (3.5) into (3.6), then we have

2
n 1 n .

7 < | — 1 — 2n)Dis D).
67)  deam) < (1) dsomn) + (725 + i ) (- 20Dis(C. D)
We further have

n 1—2n_.
(3.8) d(y2,73) < md($17y2) + ﬁDlSt(CaD)-

Combining (3.4) and (3.8), we obtain

(3.9) d(ya,x3) < (1777’) d(yo,x1) + (1 i " + a _7777)2> (1 — 2n)Dist(C, D).

In the same way, we can deduce that

1-2
(3.10) (w3, y1) < ——d(ys, x3) + ——Dist(C, D),
1-n 1-nm
and
n 1—-2n_.
(3.11) d(ys,x4) < ﬁd(xz,yg) + ﬁDls‘c(C’, D).

By combining (3.10) and (3.11) with (3.9) and (3.7), respectively, we get

3 2
d(s, ys) < (&) d(yo, 1) + <1 in 1 _’777)2 +a 1 77)3) (1 — 2n)Dist(C, D)

and
2

3
d(ys,za) < (&) d(wo,y1) + (lin +a _’777)2 + (117)3) (1 — 25)Dist(C, D).

We are able to demonstrate, through the use of induction, that for every odd integer n,
we possess

n\" 1 " UN
<(_"_
d(xmyn-i-l) > (1 _77> d(yo,l’l) + <1 - * (1 —77)2 + (1 _77)3 -
n—1

n .

and

n \" 1 U N
d nydn S d 5
(o) (1—n> @by0+<1—n+(l—m2+ﬂ—nﬁ+
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n—1
n .
(3.13) + ) (1 —2n)Dist(C, D),
(1 —=mn)"
and for all even integer n, we have
2

n \" 1 n n
<
(@, Ynt1) < (1 —7)) d(wo, 1) + (1 - * (1—mn)? * (1—mn)? -

(3.14) + 1’7:71)71) (1 — 2)Dist(C, D)
and
n \" 1 n Ui
o) < (25) dm e+ (75 + e+ o -
nnfl )
(3.15) + - 77)n> (1 — 2n)Dist(C, D).

According to equations (3.12), (3.13), (3.14), and (3.15), the following holds for every
neN:

d(x'ru S(mna yn)) = d<xn7 ynJrl)

< (17777> max{d(zo, ¥1), d(yo, x1)}
1 U s ! :
+ (177 + e + e +...+ (17})”) (1 —2n)Dist(C, D).
From the fact that » = (0,1/2) and taking n — oo, we obtain
(3.16) nl;rréo d(xp, S(2n,yn)) = Dist(C, D).
Similarly,
(3.17) nhﬂngo A(Yn, S(Yn,xn)) = Dist(C, D).

Next, we prove that lim,,_, oo d(@y+1,Yn+1) = Dist(C, D). In view of (3.3), we have
Dist(C, D) < d(xp, Yn)
=d(S(Yn—1,Tn-1), S(Tn—1,Yn-1))
<(dYn-1,SYn-1,n-1)) + d(n-1,S(Tn-1,yn—1))) + (1 — 29)Dist(C, D).
Letting n — oo together with (3.16) and (3.17), we get
d(xy,yn) = Dist(C, D).
Therefore, the proof is completed. O

Now, we are ready to prove the existence of coupled best proximity points of p—cyclic
Kannan contraction mapping.

Theorem 3.1. Let (M, d) be a complete CAT,(0) metric space, with p > 2. Let C and D be
nonempty closed and convex subsets of M and S : (C x D) U (D x C) — C U D a p-cyclic
Kannan contraction mapping. Then S has a unique coupled best proximity point.

Proof. Let (zo,%0) € C x D and define =, = S(yn—1,2n—1) and y, = S(xn—1,yn—1) for
each n € N. We can establish the following by using Lemma 3.3:

(3.18) ILm AT, Yny1) = ILm d(xpn, S(@n,yn)) = Dist(C, D)
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and

(3.19) lim d(zp+1,Yns1) = Dist(C, D).

n—

In light of (3.18) and (3.19), and utilizing Lemma 2.2, we have

nhﬁngo d(xpn, Tnt1) = 0.

The same reasoning process guarantees that
nlggo d(Yn+1,Ynt2) = 0.
Let us show that for any € > 0, there is a number Ny € N such that
(3.20) ATy Ynt1) < Dist(C,D) + e forall m >n > Ny.

Assume the opposite is true. Then, for all £ > 1, there is an integer ¢y > 0 such that there
is a positive integer mj, > ny > k such that

ATy, Yne+1) > Dist(C, D) + € and d(zm,,—1, Yn,+1) < Dist(C, D) + €.
Consider,
Dist(C, D) 4 €0 < d(Tmy,» Ynp+1)
('rmk y T — 1) + d(zmk 1y ynk-&-l)
< d(Xmy, , Tmy—1) + Dist(C, D) + €.
This implies that limy o0 d(Zp,, Yne+1) = Dist(C, D) + €. From S is a p—cyclic Kannan
contraction mapping and the triangle inequality, we can derive
d(fmk ’ ynk+1) = d(S(ymkfla xmkfl)v S(mn;C y Yn, ))
=7 (d(ymk*h S(ymk*h mmk*]-)) + d(x’ﬂk? S(x’ﬂwynk))) + (1 - QW)DiSt(C’ D)
Letting £k — oo and using Lemma 3.3, we get
Dist(C, D) + €p < 2nDist(C, D) + (1 — 2n)Dist(C, D) = Dist(C, D),
which is a contradiction. It follows from (3.18), (3.20) and Lemma 2.1 that there exists a
positive integer N7 € N such that d(z,,z,) < € for all m > n > N;. This means that
{z,} is Cauchy sequence in C. In a similar vein, {y, } is Cauchy sequence in D. Therefore,
{(2n,yn)} has a convergent subsequence in C' x D.
Let {(xn,,yn, )} be a of subsequence {(z,, y,)} such that
klim (Tny s Yny ) = (W™, 07)
—00
for some (u*,v*) € C' x D. This implies that z,,, — «* and y,,, — v* as k — co. Consider
d(u*, S(u*,v")) < du*, zn,) + d(x,,, S(u",v"))
=d(u", xp,) + d(S(Yny—1, Tny—1), S(u",v"))
< d(u”, ) + 0(dWne -1, SYn—1, Tny—1)) + d(u”, S(u*,v7)))
+ (1 — 2n)Dist(C, D)
= d(u”; @y ) + 1dYng—15 S Ung—1, oy 1)) + 0d(u”, S(u”, v7))
+ (1 — 2n)Dist(C, D).
Thus, it can be deduced that
(1 - ﬁ)d(U*7 S(U*7 ’U*)) < d(U*7 xnk) + nd(ynkflv S(ynk*17 xnkfl)) + (1 - 2n>DiSt(C= D)
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and hence

1
In view of the last inequality and the definition of Dist(C, D), we get
Dist(C, D) < d(u*, S(u*,v"))

d(u®, 5(u",v%)) < ﬁd(u ) Ty ) + fnd(ynk*175(ynk*1)xnk*1>) T3 777DISt(Ca D).

< ﬁd(u T, ) + md(ynk_l, S(Ynp—1, Tng—1)) + - Dist(C, D).
By letting k — oo, we obtain from Lemma 3.3 that

Dist(C, D) < d(u*, S(u*,v*))

Dist(C, D) + Dist(C, D
"_Dist(C. D) + 1, Dist(C. D)
= Dist(C, D).

Therefore

d(u*, S(u*,v")) = Dist(C, D).
Similarly, we can obtain

d(v*, S(v*,u*)) = Dist(C, D).
That is (u*, v*) is a coupled best proximity of S.

Let (@, v) be another coupled best proximity of S such that v* # @ and v* # v, and we

show that the coupled best proximity of S is unique. So,

(3.21) d(@,S(u,v)) = Dist(C, D)
and
(3.22) d(v,S(v,u)) = Dist(C, D).

Since S is p—cyclic Kannan contraction, we have
d(u*,S(,v)) < d(u”, zp,+1) + d(Tny+1, 54, 0))
= d(u”, Tny 1) + d(S(Yny > Tny ), S (4, V)
< d(u®s 1) + 1dYn, S Yni, Tny)) +nd(4, S(w,0)) + (1 = 2n)Dist(C, D)
= d(u*, Zn,+1) + 1d(Yny» S(Yny» Tn, ) + nDist(C, D) + (1 — 2n)Dist(C, D)
= d(u”, Ty 11) +1dYni> SWny> Tny)) + (1= n)Dist(C, D).
Letting £k — oo, we deduce that
d(u*,S(u,v)) < nd(v*,G*,u*)) + (1 — n)Dist(C, D)
= nDist(C, D) + (1 — n)Dist(C, D)
= Dist(C, D).
Therefore, by the definition of Dist(C, D), we have
(3.23) d(u*,S(u,v)) = Dist(C, D).
Similarly, we also have
(3.24) d(v*,S(v,u)) = Dist(C, D).

*

Let =2 is the midpoint of the geodesic [@, u*]. Then by the (CN,,) inequality, we have

(P55 500) < 5@ (5000 + 3(S(0,0007) - go(n, )
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We are able to rewrite it as
udu*

dP(a,u*) < 2P~ 1dP(S(u,v),u) + 22~ *dP(S(u,v), u*) — 2PdP ( ,S(a,@)) .

In view of (3.21), (3.23) and the definition of Dist(C, D), we obtain
dP (@, u*) < 2P~ 'Dist(C, D)?, +2P "' Dist(C, D)? — 2PDist(C, D)?
= 2(2P~1)Dist(C, D)P — 2PDist(C, D)P
=0.
Hence, d(@, u*) = 0, this implies that «* = @. Based on equations (3.22) and (3.24), we can

demonstrate in a similar manner that v* = ©. As a consequence, .S has a unique coupled
best proximity. 0

3.2. p—cyclic Chatterjea Contraction. Now, we introduce the p—cyclic Chatterjea con-
traction mapping in the setting of a complete CAT,(0) metric space, with p > 2.

Definition 3.6. Let (M, d) be a CAT,(0) metric space, with p > 2. Let C' and D be
nonempty subsets of M. A mapping S : (C' x D) U (D x C) — C U D is said to be a
p—cyclic Chatterjea contraction if it satisfies the following conditions:

(i) S(C,D) c Dand S(D,C) C C,

(ii) For (x1,y1), (x2,y2) € (C x D)U (D x C) there exists € (0,1/4) such that

(3.25) d(S(z1,u1), S(22,y2)) < n(d(w2, S(x1,91)) +d(z1, S(22,42))) + (1 — 4n)Dist(C, D).
The following lemma is going to be very important in proving our main results.

Lemma 3.4. Let (M, d) be a CAT,(0) metric space, with p > 2. Let C and D be nonempty closed
and convex subsets of M and S : (C x D) U (D x C) — C' U D a p-cyclic Chatterjea contraction
mapping. Then, for any (xo, yo) € C x D, define x,, = S(Yn—1,Tn—1) and yn, = S(Tpn_1,Yn—1),
foreach n € N, we have

lim d(2y, S(2n,yn)) = Dist(C, D),

n—o0

lim d(yn, S(yn,xn)) = Dist(C, D),

n—roo
and
li_{n d(xn,yn) = Dist(C, D).
Proof. Let (z9,y0) € C x D, define x,, = S(yn—1,2n—1) and y, = S(Tn-1,Yn—1), for each
n € N. From S is p—cyclic Chatterjea contraction mapping, we have
d(.f], yQ) = d(S(yo, J;O)a S(xla yl))

< n(d(z1,5(yo, z0)) + d(yo, S(z1,91))) + (1 — 4n)Dist(C, D)

<n(d(z1, 5o, o)) + d(yo, S(z1,91))) + (1 — 29)Dist(C, D)

= n(d(z1,21) + d(yo, y2)) + (1 — 2n)Dist(C, D)

< n(d(yo,xl) + d(xl,yg)) + (1 — 2n)Dist(C, D)

Consequently, we arrive at

1-2
(3.26) d(z1,10) < %d(yo,zl) + 1 :Dist(C’,D).

In view of (3.25), we get
d(y1,z2) = d(S(x0,y0), S(y1,71))
< n(d(y1, S(zo,y0)) + d(zo, S(y1,71))) + (1 — 4n)Dist(C, D)
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< n(d(y1, S(zo,y0)) + d(xo, S(y1,21))) + (1 — 2)Dist(C, D)
= n(d(y1,y1) + d(zo, z2)) + (1 — 27)Dist(C, D)
< n(d(zo,y1) + d(y1,z2)) + (1 — 2n)Dist(C, D).
This implies that

1-2
(3.27) Ay, 22) < 7 d(wo ) + 7 IDISHC, D).

In a similar way, we have

1
Substituting (3.27) into the last inequality, then

1-2
d(za,ys3) < %nd(yl’@) +9- :Dist(C, D).

(328)  d(za,ys) < (Z?) d(zo,y1) + (1:7 + 1 2) (1 — 27)Dist(C, D).

1 1—mn)
We further have
Ay, ) < —1—d(21,y2) + 21 Dist(C, D)
Y2, X3 =1y 1, Y2 -y )

Combining (3.26) and the above inequality, we obtain

(3.29) d(y2,z3) < (1277) d(yo, 1) + (1 i ; + a _7777)2) (1 —2n)Dist(C, D).

We are able to show, through the process of induction, that for all even integers n that
are odd, we are in possession of

n \" 1 n n?
d ny In S d B .
(=, Yt1) (177> (y0x1)+(1n+(1n)2+(1n)3+

" ) (1 — 2n)Dist(C, D)

n

M

and
2

n " 1 n n
<
d(Yny Tnt1) < (1—7)> d(zo,y1) + <1 i + 1— )72 * (1—mn)? "

77nfl .
+ (1_77)n> (1 —2n)Dist(C, D),

and for all even integers n, we have

2

n \" 1 n n
< [ L
d(xn,yn+1) > (177> d(xo,yl)—i— (177 + (1777)2 + (1,77)3 +

nn—l ]
+ (177)n> (1 — 2n)Dist(C, D)

and

1 7 s
Ay, ,
W Trr1) ( > (40, 21) <1—77+(1—17)2+(1—77)3Jr

- > (1 —2n)Dist(C, D).

(1—77)

By analogy with the proof of Lemma 3.3, we can show that
(3.30) lim_d(z,, 5(xn, yn)) = Dist(C, D)

+
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and
(3.31) Jim d(yn, S(yn, zn)) = Dist(C, D).

Next, we show that lim,,_, o d(z,,y,) = Dist(C, D). Based on S is p—cyclic Chatterjea
contraction, we have

d(Zn, Yn) = d(S(Yn—1,2Zn-1), S (Tn-1,Yn-1))
(d(@n—1,S(Yn—1,2n-1)) + d(Yn—1,5(Tn-1,yn-1))) + (1 — 4n)Dist(C, D)
(d(zn—1,25) + d(yn—1,yn)) + (1 — 47)Dist(C, D)
(d(@n-1,Yn) + d(Yn, Tn) + d(Yn—1,2n) + d(@n, yn)) + (1 — 4n)Dist(C, D)
= 277d($m yn) + ﬁ(d(ffnfh S(xnfh yn,1)) + d(ynfh S(ynfla xnfl)))
+ (1 — 4n)Dist(C, D),

and we further have

1-4
A yn) < 7 (@n 1,81 501)) + A1, Sl 201) + 1

Letting n — oo together with the definition of Dist(C, D) and (3.30), (3.31), we get
Dist(C, D) < d(zp, yn)

<n
=7
<n

"Dist(C, D).
n

n . . —4n .

<

S (Dist(C, D) + Dist(C, D)) + T 277Dlst(C, D)

_ 2n . 1—4n_.

=1 277Dlst(C’, D) + T 277D1st(C’, D)

= Dist(C, D),
and hence

li_)m d(xn,yn) = Dist(C, D).

Therefore, the proof is completed. O

Next, we prove the existence of a unique coupled best proximity point of the p—cyclic
Chatterjea contraction mapping.

Theorem 3.2. Let (M, d) be a complete CAT(0) metric space, with p > 2. Let C and D be
nonempty closed and convex subsets of M and S : (C x D)U (D x C) — C U D be a p—cyclic
Chatterjea contraction mapping. Then S has a unique coupled best proximity point.

Proof. Let (z0,y0) € C x D and define z,, = S(yn—1,%n—1) and y,, = S(xzp_1,yn—1) for
each n € N. By making use of Lemma 3.4, we are able to establish the following;:

(3.32) ILm AT, Ynt1) = ILm (@, S(@n,yn)) = Dist(C, D)
and
(3.33) lim d(Tn+1,Yn+1) = Dist(C, D).

In light of (3.32) and (3.33), and utilizing Lemma 2.2, we have

nh_)rr;O d(Tpn, Znt1) = 0.

Following the same method, we are able to prove

nlggo d(Yn+1,Yn+2) = 0.
We next prove that for any € > 0, there is a number Ny € N such that
(3.34) A(Tm, Yn+1) < Dist(C, D) + ¢, and forall m > n > Ny.
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Suppose the contrary. Then, for all k& > 1, there is an integer ¢y > 0 such that there is a
positive integer my, > ny > k such that

ATy, s Yny+1) > Dist(C, D) + €9,  d(Xmp—1, Ynp+1) < Dist(C, D) + €.
Consider,

Dist(C, D) + € < d(Tmy,, Yny+1)
d(xmwxmk*l) + d(xmkflv ynkJrl)
d(

Ty, y Ty —1) + Dist(C, D) + €.

VARVA

This implies that limj_, oo d(Zp, , Yn,+1) = Dist(C, D) + €. Since S is a p—cyclic Chatterjea
contraction mapping and by the triangle inequality, we get
d(l'mk ) ynk—O—l) = d(S(ymk—lv xm,k—l)a S(an ) ynk ))
< (d(xnk ) S(ymk*h xmkfl)) + d(ymkflv S(xnk ) ynk))) + (1 - 477)DiSt(C7 D)
S 77 (d(‘rnk I ynk+l) + d(ynk+1; xmk) + d(ymkfla xmk) + d(xmk I ynk+1))
+ (1 — 4n)Dist(C, D)
S Qnd(xmk’ynk-H) + T}(d(l’nk, (znm ynk)) + d(ymk—la S(ymk—lv Imk—l)))
+ (1 — 4n)Dist(C, D).

By rearrangement the last inequality, we have

1—4n
A 1) = 75 (@A S )+ 1, S W15, 1))+ T, Dist(C; D).

Letting & — oo together with Lemma 3.4, we get
Dist(C, D) + €0 < d(&m,., Yny+1)

<s iU 55, (Dist(C, D) + Dist(C, D)) + 1 - ;lnDist(C,D)
- — 2N

B 2 1—4n_.

=12 (Dist(C, D)) + T 277Dlst(C, D)

= Dist(C, D),

which is a contradiction. It follows from (3.32), (3.34) and Lemma 2.4 that for any € > 0,
there exists N; € N such that d(z,,z,) < e. Thus, {z,} is Cauchy sequence in C. Sim-
ilarly, {y.} is also Cauchy sequence in D. Therefore, {(x,,y,)} is a convergent subse-
quence in C x D.

Let {(xn,, Yn, )} be a subsequence of {(z,,y,)} such that

lim (2, , Yn,) = (u*,v*) = Dist(C, D)
k—00

for some (u*,v*) € C' x D. This suggests that z,,, — «* and y,, — v* as k — oc. For the
sake of (3.25), we get

d(u*, S(u*,v")) < du*, zpn,) + d(xn,, Su*,v"))
= d(u", zn,,) + d(S(Yny -1, Tny—1), S(u*,v"))
< d(u®, @n,,) +n(d(u®, S(Yn, -1, Tnp—1)) + d(Yn,—1, S(u", v7)))
+ (1 — 4n)Dist(C, D)
< d(u s Ty ) + (d( sYng—1) + AYny—1, S (Yny—1, Tny—1)) + d(Yny—1,u")
+ d(u*, S(u*,v"))) + (1 — 4n)Dist(C, D).
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Accordingly, one can draw the conclusion that

1
d(U*7 S(U*av*)) < ﬁd(U*axnk) + 7(d(U*aynk—1) + d(ynk—la S(ynk—la xnk—l))

1—n

1—4
+ d(Yny—1,u")) + . :Dist((}, D).

After considering Lemma 3.4 as well as the definition of Dist(C, D), we have

Dist(C, D) < d(u*, S(u*,v"))

1 * n * *
< ﬂd(u wfnk) + ﬂ(d(u >ynk71) + d(ynk717 S(ynkfhxnkfl)) + d(ynkfhu ))

—4
Tpist(C, D).

By taking k — oo, we obtain

3 —4
Dist(C, D) < d(u*, S(u*,v*)) < —L Dist(C, D) + —Dist(C, D) = Dist(C, D).
-1 -1

Therefore,

d(u*, S(u*,v*)) = Dist(C, D).
Similarly, we can obtain

d(v*,S(v*,u*)) = Dist(C, D).
That is (u*, v*) is a coupled best proximity of S.

Next, we show that the coupled best prox1m1ty of S is unique. Let (@, ?) be another
coupled best proximity of S such that u* # 4 and v* # ©. Then, we have

(3.35) d(@,S(a@,v)) = Dist(C, D)
and
(3.36) d(v, S(v,u)) = Dist(C, D).

From § is p—cyclic Chatterjea contraction, we get
d(S(a,v), S(v*,u")) < n(d(v*, S(a,v)) + d(a, S(v*,u"))) + (1 — 4n)Dist(C, D)
< nld(v", S(v*, ")) + d(S(v*, u), (@, ) + d(a, $(a, 7))
+d(S(a,v),S(v",u"))) + (1 — 4n)Dist(C, D),

and we further get

d(S(a, v), S(v*, u*)) < Dist(C, D) + ~— ;”’Dist(c, D)
n

1—2n ’ 1-—
= Dist(C, D).
Consider,
(u S(’&’E)) < d(U*axnkJrl) + d(xnkJrhS(u U))
= d(u*,$nk+1) + d(S(ynk7x77/k) S(’U ’D))
< d(u”, xp, 1) + 0(d(@, S(Yn,, Tn,)) + d(Yn,, S(4,))) + (1 — 4n)Dist(C, D)
< d(u”, xp, 1) + 0(d(@, S(u,0)) + d(S(@, ), SWYnis Tny ) + A(Yny s u*)
+d(u*, S(@,0))) + (1 — 4n)Dist(C, D).
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By rearrangement the last inequality, we obtain

A", (0, 0)) < T (0, 1) + T (0, S(0,9))+ dS(@8), S 20,)) + Al 1)

1-4
+ ?:Dist(C’, D).

Letting k — oo, we deduce that

d(u*, S(u,v)) < %(Digt(C,D) +d(S(u,v), S(v*,u*)) + d(Yn,,u")) + 11:4:Dist(C’, D)
_ %Dist(C,D) + 11:4:Dist(0, D)
= Dist(C, D).

Therefore, by the definition of Dist(C, D), we have

(3.37) d(u*, S(u,v)) = Dist(C, D).

Similarly, we also have

(3.38) d(v*, S(v,u)) = Dist(C, D).

By applying equations (3.35), (3.36), (3.37) and (3.38) and repeating the same process used
in Theorem 3.1, it can be deduced that v* = @ and v* = ©. As a result, S has a unique
coupled best proximity. O

3.3. Illustrative Examples. Now, we give examples to support the findings.

Example 3.1. Let M = R? endowed with the metric d defined by

d(z,y) = \/(371 + i —y1 — 23)? + (x2 — y2)?,

forall = (z1,22) € R? and y = (y1,%2) € R2 It is not difficult to see that (R?,d)
is a metric space. Moreover, for z = (z1,22) € R? and y = (y1,y2) € R?, consider
7Y 1 [0,1] — R? such that

V() = (21 +t (1 — 1) — (L =) (32 — 22)%, (1 — t)zo + tya).
Then simple calculations yield that +y is a geodesic connecting = and y. It follows that,
(I-thwatz=~2(t) = (((1 —t)ws + tz2)2 — (1 —t) (w3 —wy) —t(22 — 21), (1 —t)wy + tz2>.

Moreover, it is easy to see that the (2.2) is satisfied with p = 2. Indeed, for any u =
(x2, 1),v = (y2, Y1), u = (w1, uz) € H, we have

2 2 2
1 1 T + x5 —x — xo +
Cr@ oy = (( 2 y2> T3 1Y%~y X2 y2>.

2 2 2 2 2 2

zo+ 12\’ o412\ zi-xz YE-wm 9
e - - — U3+
2 2 2 2
2

Consequently, we get

1 1
d2 <2Jj@ §y, U) =

2
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_ (@ w)? (el (22-w)? (@ mai-utw)
N 2 2 4 2
n (Ui —w —y3+y1)* (23 — @1 — Y3 +31)?
2 4
1 2 2 2 2 1 2
25[(@—1@) +(.TJ2—JJ1—U2+U1):|+§{(UQ—Z/2)

1
+ (U3 —w — 5 +y1)2} ~1 {(332 —12)* + (23 — 21 — 43 +y1)2}

—_

1 1
< S, W)+ 5By, v - 1w, ).

Thus (M, d) is a non-linear CAT,(0) space for p = 2.
Consider C = R x [-3, —1} and D = R x [1,2]. Then C and D are nonempty closed
subsets of M. Moreover, it is not difficult to see that Dist(C, D) = 2. Let S : (C' x D) U

(D x C) — C U D be defined by
((11’2)2 ].7.%2

), if 2= (z1,72) € C and § = (y1,42) € D,

o 4 ’ 2
S(z,7) =
o <(1 —4y2)2’ y22— 1) , otherwise.

Next, we show that S is a p—cyclic Kannan contraction mapping. For that, we consider
the subsequent possibilities.

Case 1: Let z! = (z1,73) , z° = (z},23) € Cand §' = (91, 93) , ¥° = (¥3,73) € D, then

S ) = <(1 745:5)2’ 1293;) and  S(z%.7%) = ((14@5)2, 12:%3)'

Thus,
1 -1 (1—23)? 1—x; (1—23)? 1—
atsiat st —a (52 152, (SR 1
1—z2 11— 72 1, .,
:‘ 5~ g | gl

<1= (1 - i) Dist(C, D)

< % d(z', S@@'y")) +d (2 S(mQ,yQ))} + (1 — i) Dist(C, D).
Case 2: Let z' = (z1,73) , z° = (z},23) e Dand §* = (41,93) ., ¥* = (¥1.93) € C, then
1

s@tgh = (L2 y%l) and Sz _2)_((155)2 y%l)_

4 2 4 ’ 2
Thus,
1 -1 _2 2\ _ (1-93)° p5—1 (1-93)° p5—1
d(S(fE,y ),S(m,y ))_d<( 4 ) 2 9 4 9 2
-9 1—173 iy
:‘ 5 9 —§|92_?/2’

<1= (1 - i) Dist(C, D)
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Case 3: Letz! = (z},2}), 4* = (y3,93) € Cand §' = (y1,33) , 2° = (z},23) € D, then
1

~1\2 =1 —2\2 -2
—1 -1\ _ (1-23)° 1-a -2 -2\ _ (1—-95)° y3—1
S(ll:,y)— 4 ) 2 > and S(l’,y)—( 4 ) 2 .

Thus,
s = (LA ) (10 8

l—zy gs—1|_1, |
3 1 2
< _= - —_ - 1
<5=35+ (1 4> Dist(C, D)
< Hd (z', s(z',g")) +d (2, 5(522,332))} + <1 72 Dist(C, D).

Case 4: This case, thatis, ' = (y1,73), z° = (#},73) € Cand 2! = (71,73), J° =

(73,73) € C, follows similar fashion as in Case 3.
Observe that the point (4,v) given by @ = (1, —1) and © = (1, 1) is the unique couple
best proximity point of S. In fact, it is easy to see that
d(a,S(a,v)) =d((1,-1),(1,—-1)) =2 =Dist(C,D) and
d(v,S(v,u)) =d((1,1),(1,-1)) = 2 = Dist(C, D).

Example 3.2. Let (M, d) be a space defined as in Example 3.1. Consider C' = R x [—1, 0]
and D = R x [0,1]. Then C and D are nonempty, closed subsets of M. Moreover, it is not
difficult to see that Dist(C,D) = 0. For o > 5,1et S : (C x D)U (D x C) — CU D be
defined by

2
S(z,y) = <(x2) , xz) , forall z = (z1,22)and § = (y1,¥2).

o2 o

Then S is a p—cyclic Chatterjea contraction. Indeed, for ' = (z1,z3), z* = (73,%3),

g = (91,93), 9> = (47, 93), we get

S(a‘:l,gl)_(%)2 ?) and S(ac?,g?)_<(j§)2 fg)

o2’ o2 o
Thus,
=1\2 +1 722 ~2
d(S(zL. 7). S(z2. 7)) = d (T3)* —73 (73)* -3
(S@',gh),8(*,9%) ol P e e
1 -2
I - R - B SO R
o g g o g ’1‘2 m2
1 1 2 1 =2
=l 242 $2—<x§+x?>
g g o
§1<x§+j% LTz + ;+i§>
g g g g
1 il 1 1 —72
= |7 - 2|+ —d(S@"9"), 5@ 7)) + — |7y - —2
g g g g
This implies that
1 - _ 72
a(stt 5@ ) < - (|8 - T2+ ot - 22))
g — g
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< 11[d (z, S(z',9")) +d(z', S(m2,y2))]

_ ! - {d (z*,5(z", g")) +d (z',5(z% %)) } +<141)Dist(C,D).

g — g—

Observe that the point (@, v) given by % = (0,0) and v = (0, 0) is the unique couple best
proximity point of S. It is easy to see that

d(a, S(a,v)) = d(v,5(v,a)) = d((0,0),(0,0)) =0 = Dist(C, D).

Example 3.3. For p > 2, consider M = ¢,, C = [[,~, [-1,0] and D = [],-, [0,1] and d is
the metric induced by || - ||,- Then C and D are nonempty, closed and bounded subsets of
M. Moreover, it is not difficult to see that Dist(C, D) = 0. Let S : (CxD)U(DxC) — CUD
be defined by

1
S(f,g) = 761_77 forall z= (I’l,IEQ,Ig, .. ) andgj = (yl,y27y3, .. )

Then S is a p—cyclic Chatterjea contraction. Indeed, it is easy to see that

d(S(z',y"), 8z 5%) =d (éxl 1z2) = é |22 — 2|

6

1 1 1 1 1
=3 x2+6z1+65:2—65;1—5:1—6£2 i

1 1 1 1
<= —2 , .1 1o 1.4 =1, f-2
_6<x+6$ —&—H6x 6;10 p—&—x—i—ﬁx p)

1 B 1 L _ 1 9
ZEd(wQ,S(wl,yl)H*d(S(xl,yl)vs(xz,yz))Jrgd(fvl,S(xz,yQ))

This implies that

4
d (S(jl’gl)’s(f27g2)) < {d (gz-27 5(7/1,@1)) er(;zl7 5(@2’172))} + <1 — 5> Dist(C, D).
Observe that the point (@, v) givenby @ = 0 € ¢, and v = 0 € £, is the unique couple
best proximity point of S. It is easy to see that

d(a, S(a,v)) = d(v,S(v,u)) =0 = Dist(C, D).
4. CONCLUSION

This article discusses coupled best proximity points in the framework of generalized
CAT(0) spaces, specifically CAT},(0) spaces. In particular, we present and investigate the
p—cyclic Kannan and Chatterjea contraction mappings, focusing on an analysis of the ex-
istence and uniqueness of the coupled best proximity point associated with these intrigu-
ing mappings. To illuminate our findings, we provide a comprehensive example that
illustrates the practical implications of our research. Furthermore, our study builds upon
and enriches the existing body of research in this domain, contributing novel insights and
advancements.
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