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Modified inertial extragradient algorithm with
non-monotonic step sizes for pseudomonotone equilibrium
problems and quasi-nonexpansive mapping

THANYALUCK NGAMKHUM, KOMKIND PUNPENG and MANATCHANOK
KHONCHALIEW

ABSTRACT. In this paper, we introduce a modified inertial extragradient algorithm with non-monotonic step
sizes for approximating a common solution of the pseudomonotone equilibrium problem and the fixed point
problem for the quasi-nonexpansive mapping in the framework of a real Hilbert space. Under some constraint
qualifications of the scalar sequences, the strong convergence theorem of the introduced algorithm is presented
by using the self-adaptive non-monotonic step size without prior information about the Lipschitz constants of
bifunction. Some numerical experiments are provided to demonstrate the computational efficiency and advan-
tages of the proposed algorithm.

1. INTRODUCTION

The equilibrium and fixed point problems have a wide range of applications in many
mathematical models in the sense that they bring together different mathematical prob-
lems, such as optimization problems, variational inequality problems, minimax problems,
Nash equilibrium problems, and saddle point problems, see [5, 17, 18, 24, 27, 30], and the
references therein. For a real Hilbert space i and a mapping T : H — H, the fixed point
problem is a problem of finding a point € H such that Tz = . The set of fixed points
of the mapping T is represented by F'(T').

The majority of methods for finding fixed points of a nonexpansive mapping 7' : C' —
C are derived from the basic Mann iteration as follows:

(1.1) {xo €C

Ty = (1 — ap)ay + Ty,

where C' is a nonempty closed convex subset of H and the sequence {«y} must meet
certain conditions. In [26], the authors showed that if T" is a quasi-nonexpansive mapping
with I — T demiclosed at zero, then the sequence generated by Algorithm 1.1 converges
weakly to a fixed point of T'.

Furthermore, Ishikawa [19] proposed the following algorithm for finding fixed points
of a Lipschitz pseudocontractive mapping 7"

o € C,
(1.2) yr = (1 — ag)zk + axTay,
1 = (1 = Br)xr + BTy,
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where 0 < B < ap < 1such that > apfy = oo and lim «f = 0. In [19], the au-

k=0 k—o0
thor proved that if C is a convex compact subset of H, then the sequence {z} generated
by Algorithm 1.2 converges strongly to fixed points of T'. It was emphasized that Mann
iteration may not, in general, be applied for finding fixed points of a Lipschitz pseudo-
contractive mapping in a Hilbert space, for instance, see [9].
On the other hand, the equilibrium problem is a problem of finding a point z* € C
such that

(1.3) f(z*,y) > 0,Vy € C,

where C'is a nonempty closed convex subset of a real Hilbert space H,and f: H x H — R
is a bifunction. The solution set of the equilibrium problem (1.3) is denoted by EP(f,C).
One of the most popular methods for solving the equilibrium problem (1.3), when f is a
monotone bifunction, is the proximal point method, see [10]. However, the proximal point
method may not be guaranteed for a weaker assumption, such as a pseudomonotone, see
[15]. To overcome this drawback, Tran et al. [36] proposed the following extragradient
method for solving the equilibrium problem when the bifunction f is pseudomonotone
and satisfies Lipschitz-type continuous with positive constants c¢; and c,:

xoeC,
(1.4) yk:argmin{)\f(:ck,y)—|—%||y—xk\|2:yeC’},
Tpp1 = argmin {\f(ye,y) + 1 |ly —axl|* 1y € C},

where 0 < A < min {i, i } They proved that the sequence {z;} generated by Algo-

rithm 1.4 converges weakly to a solution of the equilibrium problem (1.3).

Meanwhile, as one of the acceleration approaches, the inertial-type methods based on
discrete versions of a second-order dissipative dynamic system [1, 2] have gained a lot of
attention from researchers for solving equilibrium problems, for instance, see [14, 37] and
the references therein. Indeed, this method is characterized that the next iteration is deter-
mined by the combination of the previous two (or more) iterations and can be regarded as
a method of speeding up the convergence properties under some suitable conditions, see,
e.g., [33, 34] and related references. By using the techniques of inertial and extragradient
methods, Rehman et al. [29] proposed the following algorithm for solving the equilibrium
problem when the bifunction f is pseudomonotone and satisfies Lipschitz-type continu-
ous with positive constants ¢; and c;:

o, T1 € H7
Wi = Tk + O (Th — Tp—1),
(1.5) yr = argmin {\p f(wr, y) + 3lly —wil* sy € C},
T1 = argmin {o A f(yk, y) + 5lly —wil> 1y € C},
o f (Y, Trt1) }7

fwk, zp41) — fwe, ye) — cillwe — yell? — callzrsr — yell? +1

Ak4+1 = min< ¢,

(1—6)27 2¢1 2¢2
that the sequence {z;} generated by Algorithm 1.5 converges weakly to a solution of the
equilibrium problem (1.3). It is important to note that the aforementioned algorithms
used step sizes that are dependent on the Lipschitz constants of the bifunction f. This can
lead to some limitations in practical applications because the Lipschitz constants of the
bifunction are usually unknown or complicated to estimate. Therefore, it is valuable to
develop adaptive step sizes that do not require the Lipschitz constants of the bifunction

1.

where \; > 0,0 < ( < min{ 1-30 1 1 },0 €(0,¢),and 0 < 6, < 0 < 1. They proved
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In 2023, Husain and Asad [16] proposed the following algorithm by using the extragra-
dient method for solving the equilibrium and fixed point problems when the bifunction f
is pseudomonotone and satisfies Lipschitz-type continuous and the mapping 7': C — H
is ¢-strongly quasi-nonexpansive with I — T" demiclosed at zero:

Xy € C,
ye = argmin { f(w, ) + g lly — @il 1y € CF,
(1.6) z = argmin f(yk,y)+ﬁ\ly—xkll2:y60}7
Tpt1 = agh(xg) + (1 — ag)Tzg,
- pllzn — yell® + llze — yl?) }
A = min ¢ A\, ,
. { " 2 max{0, f(zx, 21) — F(@r ) — F(Urs 21)}

where \g > 0, p € (0,1), {ax} C (0,1) such that Zak—oo, hm ap=0,and h: H - H

is a contraction mapping. They proved that the sequence {xk} generated by Algorithm
1.6 converges strongly to p = Pgp(s,c)nr(r)h(p). It is worth noting that Algorithm 1.6
used the adaptive step size to deal with the unknown prior information of the Lipschitz
constants of the bifunction f. However, this considered step size is a non-increasing se-
quence, which will further affect the computational efficiency of Algorithm 1.6.

In this paper, we focus on the algorithm for solving the equilibrium and fixed point
problems. That is, we introduce a new iterative algorithm for finding the common solu-
tion of the pseudomonotone equilibrium problem and the fixed point of quasi-nonexpansive
mapping by using the self-adaptive non-monotonic step size. Some numerical examples
demonstrate the computational behavior of the proposed algorithm and compare it to
some related algorithms in the literature.

This paper is organized as follows: In Section 2, some necessary definitions and prop-
erties are reviewed for further use. Section 3 presents the modified inertial extragradient
algorithm with non-monotonic step size and proves the strong convergence theorem. In
Section 4, the performance of the introduced algorithm is discussed by comparing it with
other existing algorithms.

2. PRELIMINARIES

In this section, we collect some basic definitions and important properties that are used
in this paper. The notation R and N will stand for the set of the real numbers and the
natural numbers, respectively. Let H be a real Hilbert space with inner product -, - ), and
its corresponding norm ||-||. The symbols — and — are denoted for the strong convergence
and the weak convergence in H, respectively.

First, we recall some definitions and results which are related to nonlinear mappings.
Definition 2.1. [7] A mapping T : H — H is said to be:

i) pseudocontractive if
1Tz = Tyl* < llo = yl* + I = D)z — (I = T)y|*,Var,y € H,

where I denotes the identity operator on H.
ii) Lipschitzian if there exists L > 0 such that

Tz —Ty|| < Lllz — yl|,Vz,y € H.

In particular, if L = 1, then T is said to be nonexpansive.
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iii) ¢-strongly quasi-nonexpansive with ¢» > 0 if F(T') is a nonempty set and
1Tz = pl|* < ||z = p|* = ¥lle = Tz|* Vo € H,p € F(T).
iv) quasi-nonexpansive if F'(T') is a nonempty set and
1Tz = pl| < [l = pl, Ve € H,p € F(T).

Remark 2.1. Itis well-known that F'(T') is closed and convex when T is a quasi-nonexpansive
mapping, see [20].

Definition 2.2. [6] Let C be a nonempty closed convex subset of H. A mapping T : C —
H is said to be demiclosed at y € H if for any sequence {z;} C C with z;, = z* € C and
Tx, — yimply Ta* =y.
Now, we recall the concerned definitions of the equilibrium problems.
Definition 2.3. [5, 23, 24] Let C be a nonempty closed convex subset of H. A bifunction
f+ H x H— Rissaid to be:
i) monotone on C' if
f@y) + fly,x) <0, Va,y € C
ii) pseudomonotone on C if
flz,y) 2 0= f(y,2) <0,Vz,y € C;
iii) Lipshitz-type continuous on H if there exists two positive constants ¢; and ¢; such
that

2.7) Fy)+ [y 2) = f2,2) — erlle —y|* = eally — 2|, ¥, y, 2 € H.

Remark 2.2. A monotone bifunction is a pseudomonotone bifunction, but the converse is
not true in general, for instance, see [21].

Next, we recall some basic facts in the functional analysis which are referred to in the
sequel. For each € H, we denote the metric projection of z onto a nonempty closed
convex subset C' of H by Pc(z), thatis

|z = Po(@)ll < [ly =z, vy € C.
Lemma 2.1. [8, 13] Let C be a nonempty closed convex subset of H. Then,
i) Pc(x) is singleton and well-defined, for each x € H;
ii) z = Pc(x)ifand only if (x — z,y — z) <0, Vy € C.
For a function g : H — R, the subdifferential of g at 2 € H is defined by
9g(z) ={w € H : g(y) — 9(2) = (w,y — 2),Vy € H}.
The function g is said to be subdifferentiable at z if dg(z) # 0.

Lemma 2.2. [8] For any z € H, the subdifferential Og(z) of a continuous convex function g is a
weakly closed and bounded convex set.

Lemma 2.3. [12] Let C be a convex subset of H and f : C' — R be subdifferentiable on C. Then,
x* is a solution to the following convex problem:

min{f(z):z € C}
ifand only if 0 € Of(x*) + N (z*), where No(2*) :={y € H : (y,z —2*) <0,Vz € C}is
the normal cone of C at x*.

We end this section by recalling some auxiliary lemmas for proving the convergence
theorems.
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Lemma 2.4. [25] Let {a}, {br} and {ci} be sequences of non- negatwe real numbers such that

ag+1 < apby + ¢, Yk € N If {b} C [1,00), § (b — 1) < o0, and § ¢ < 00, then hm ax
k=0 k=1
exists.

Lemma 2.5. [38] Let {ay, } and {cy} be sequences of non-negative real numbers such that
agy1 < (1 - ’yk)ak + yibr + cr, Vk e NU {0},

where {~y} is a sequence in (0,1) and {b} is a sequence in R. Assume that ) ¢, < oo. If
k=0

Z Y = oo and limsup by, <0, then lim aj = 0.

k=0 k— o0 k—o0

Lemma 2.6. [22] Let {ay} be a sequence of real numbers such that there exists a subsequence
{ak,} of {ar} such that ay, < ak,+1, for all i € N. Then, there exists a non-decreasing sequence
{my} of positive integers such that lim my, = oo and the following properties hold:

Am,, < Amy, +1 and Qnp < Ay, 41,

= n =

for all (sufficiently large) numbers n € N. Indeed, m,, is the largest number k in the set {1,2,...,n}
such that
ap < Gg41-

3. MAIN RESULTS

Let C be a nonempty closed convex subset of a real Hilbert space H and 7': H — H be
a quasi-nonexpansive mapping with / —7" demiclosed at zero. The following assumptions
on the bifunction f: H x H — R will be considered in this paper:
(A1) f(-,y) is sequentially weakly upper semicontinuous on C, for each fixed y € C,
thatisif {z}} C Cisasequence converging weakly toz € C, then limsup f(z,y) <

k—o0
f(z,y);
(A2) f(z,-)is convex, subdifferentiable and lower semicontinuous on H, for each fixed
T € H;

(A3) f is psuedomonotone on C;
(A4) fis Lipshitz-type continuous on H.

Remark 3.3. i) If the bifunction f satisfies the assumptions (A3) and (A4), then
f(z,z) =0, for each x € C. Indeed, by using (2.7) and taking z = y = z € C, we
have f(z,z) > 0. It follows from the pseudomonotonic of f that f(x,z) = 0, for
eachz € C.

ii) If the bifunction f satisfies the assumptions (A1) — (A3), then the solution set
EP(f,C)is closed and convex, see [4, 28, 36] for more detail.

Now, we introduce the following modified inertial extragradient algorithm with non-
monotonic step sizes for solving the equilibrium and fixed point problems.
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Algorithm 1: Modified inertial extragradient algorithm with non-monotonic step sizes

Initialization. Choose parameters A\; > 0, 7 € [0,1), u € (0,1), 0 € (0, ﬁ), n €
[a,%), {7} C [0,1] such that klim v =1, {ar} € (0,1) with 0 < inf oy, < supay < 1,
— 00
{&} C [1,00) with > (& — 1) < 00, {pr} C [0,00) with > pp < oo, and {ex} C [0, c0),
k=0 k=0

{Br} C (0,1) such that > B = oo, klim Br =0, and klim Sk _ 0. Pick Zo,21 € H and set
k=1

Step 1. Choose 0, such that 0 < 6, < 0}, where

. € .
min {T, |k} , ifxg # xp_q,

|2k — Tp—a|
T, otherwise,

0 =

and compute
wi, = (1= Br) (w + O (zr — 2r-1)) -

Step 2. Solve the strongly convex program

Y, = argmin {U)\kf(wkay) + %Hy —wi|?*:y e C} :
Step 3. Solve the strongly convex program

2}, = arg min {UAkf(yk,y) + %Hy —wil?:y € C’} )

Step 4. Compute

: p(llwk = yell® + 1z — yrl?) }
Ak + "
P mm{gk PR S (whs 2) — J (wr i) — £ (U 28)]
s if f(wk,zr) — f(wr, yx) — f(yr, 21) > 0,
ExAk + Prs otherwise.

Step 5. Compute
v = Yewg + (1 — y) Twg.
Step 6. The next approximation zj, is defined as
Tpr1 = apvg + (1 — ag)T 2.

Step 7. Put k := k + 1 and go to Step 1.

Remark 3.4. i) The inertial-type method in Algorithm 1 is reformed, which is dif-
ferent from the inertial method in Algorithm 1.5. This means an inertial factor
0y is combined in Algorithm 1.5 and the single inertial in Algorithm 1.5 is repre-
sented by the term 6 (z; — z,_1). Meanwhile, two inertial factors, i and 6y, are
included in Algorithm 1 and the double inertial in Algorithm 1 is proposed by the
terms O (xy — xi—1) and B (zr + 0k (xr — xx—1)), which are intended to accelerate
the convergence speed of Algorithm 1. Numerical results assert that inertial terms
improve the performance of Algorithm 1 in terms of the number of iterations and
the CPU time.
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ii) The new parameters 1 and o in Algorithm 1 are introduced to modify the extra-
gradient method. Observe that if the parameters = o = 1, then the modified
extragradient method which is included in Algorithm 1 reduces to the general sit-
uation such as presented in [16, 36]. We point out that the choices of parameters 7
and ¢ may lead to the superior numerical behavior of Algorithm 1.

iii) The step size \;, in Algorithm 1 is self-adaptive, which is constructed to implement
Algorithm 1 without prior knowledge of the Lipschitz constants of the bifunction
and automatically updates the iteration step size with a simple computation by
using some previously known information. Furthermore, this step size applies a
non-monotonic step size criterion, as highlighted in [35] and related references,
which is improved from the non-increasing step size rule such as in Algorithm
1.6, and it is reflected the computational efficiency of Algorithm 1 in the numerical
experiments.

The following lemma states the important relations in analyzing the convergence of
Algorithm 1.

Lemma 3.7. Let f: H x H — R be a bifunction which satisfies (A1) — (A4). Suppose that the
solution set EP(f,C') is nonempty. Let wy, € H. If yy, 21, and \iy1 are constructed as in the
process of Algorithm 1, then the following result holds:

o oA o oAk
et — ol < wx—pl? - (—“ ) T (—” ) v — =2, ¥p € EP(£,C).
N Ak+l N Akt1

Proof. Letp € EP(f,C). By the definition of y, and Lemma 2.3, we have

1
0 0 fohe () + gl = el + No()

Then, there exists v € 05 f (wy, yx) and g € N¢(yx) such that
(3.8) NARU + Yk — wi +q = 0.
So, by utilizing the subdifferentiability of f, we obtain that
(3.9) fwi,y) = f(wi, yk) = (v,y — yr), Yy € H.
Besides, from ¢ € N¢(yx), we have

{0y —y) > 0,¥y € C.
Using this one together with the equality (3.8), we get

(3.10) (Wk = Yk Yk — ¥) = 0k (0, 9k — y),Vy € C.

Thus, the relations (3.9) and (3.10) imply that

(3.11) (Wi = Yks Yk — y) = k[ f (Wi, yi) — f(wg, y)], Yy € C.

Note that, from z;, € C, we have

(3.12) Nk [f (Wi, 21) — flwr, yi)] > (Y — wi, Yu — 25)-
Similarly, by the definition of z;, and Lemma 2.3, we can show that

(3.13) (Wi — 2k, 21 — ) = o[ f (Yk, 20) — [k, )], Vy € C.

Indeed, since p € C, we have

(W — 21, 2k — p) = N (Yr, 26) — f (Y, p)]-
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It follows from the pseudomonotonic of f that
(3.14) (e = 2k, 2k — P) = Ak S (Yks 2)-
Combining with the relation (3.12) implies that
no X [f (Wi, 2) = flwr yr) = fyrs 21)] 2 02k — wr, 26 = p)
(3.15) +0 (Yr — Wk Yk — 2k)-
On the other hand, by the definition of A\;1, we note that

(B.16)  f(wk, zk) — f(wi, yk) — f Yk, 21) < pClwe = yill® + Ny — 2ell)
2A k41

This together with the relation (3.15) yields that

pno Ak (lwe — yell® + llyr — 2&l?)
2A k11

Nwy — 2k, 2k — P) > oYk — Wk, Yk — 2k) —

Due to the above relation, we provide the following

1 (Jlwk = plI> = wr = 22l = [z = pI?) = 2n(wk — 2k, 2 — p)
> 20(Yr — Wk, Yk — 2k)
o ([lwk = yill® + llys — 2)
Akt1

This implies that
20
e e o o e [ 7 We — ks gk — 2)

+/w)\k(||wk — yell® + llyk — z?)
Ak+1

o o o
= lwe = pl* = [lwr — zl|* + e = zl* = ok = yell* - e = 21

ook = yull* + llye = 2l?)

Ak+1
o HOAE o UoAg
— =l = (2 - 522 = gl (2 - B2 -
g
(317) — (1= T ok — 2%
77)|| I

Then, by using the choices of the parameters o and 7 (noting that % € (0,1]), we have

o poAg o QoA
ool < o=l = (2 = 52 ) =l = (£ = 52 ) o - sl

This completes the proof. O

Now, we are in a position to analyze the strong convergence theorem of Algorithm 1.

Theorem 3.1. Let f: H x H — R be a bifunction which satisfies (A1) — (A4)and T: H — H
be a quasi-nonexpansive mapping with I — T demiclosed at zero. Suppose that the solution set
EP(f,C)N F(T) is nonempty. Then, the sequence {xy} generated by Algorithm 1 converges
strongly to the minimum-norm element of EP(f,C) N F(T).
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Proof. Letp € EP(f,C)NF(T)be picked. Firstly, by the Lipschitz-type continuity of f on
H, there exists two positive constants ¢; and ¢ such that
flwr, z1) = fwe,ye) — Flurs2e) < aallwe — yel® + callyn — 2l?
< max{ey, e} (o — yel® + g — zel|*)-

Using this one together with the definition of A;,1; and the facts of the sequences {¢;} and
{pr}, we have

. //L i u
\ S A S o B G Mess——F ("
S mm{g’“ ’“+pk’2max{61,62}} _mm{ k,QmaX{Clv@}}

By induction, we obtain that the sequence { ), } has a lower bound as min { A1, £
2max {c1,c2}

On the other hand, by the definition of A;;1, we observe that A\yy1 < &M, + pi, for

each k € N. It follows from the the properties of the sequences {¢;}, {pr} and Lemma 2.4
that klim A exists. This together with the assumptions on the parameters o € (0, ﬁ),
—00

VS [a, %), and p € (0,1) yields that

Thus, there exists kg € N such that
o uoAg
N Aot
Now, let us consider for each k£ € N such that £ > k. By using the useful result of
Lemma 3.7 and the above fact, we have
(318) 26 — o1l < s~

In addition, by the definition of v;, and the quasi-nonexpansivity of T’, one sees that

> 0,k > ko.

low =2l < wllwr = pll + (1 = )| Twi — pl|
< llwk = pll + (1 =) lwe = pll
(3.19) |wi, — pl|.

Using the above relations, in view of the definition of ;41 and the quasi-nonexpansivity
of T, we obtain

allok = pll + (1 — )Tz — pl|
agllwg = pll + (1 = ax)l[zx = p

agllwg = pll + (1 = a)[Jwy, — p
l[wr, = pll-

241 = Pl

ININCIA

(3.20)

Moreover, due to the definition of w;,, we observe that

(1= Br)(xr —p) + (1 = Br)Ok (k. — zx—1) — Brpl|
(1 = Be)llwe — pll + (1 = Br)Okl|lve — wp—1|| + Brllpll

(1= Bi)llex — pl + B <1—m>%um ] + 1lpll] -

[[wy — pll

IN

(3.21)
It follows from the choices of the sequences {6} that

(1 —m%nxk — il < (- A5
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Applying the fact that lim Sk 0, we obtain

k—oo Dk

(3.22)

lim
k—o0

(%
(1= Br) = ||y, — @p—a]| = 0.
Bk
Thus, there exists a constant M; > 0 such that
0
(3.23) (1— Bk)g*],:”xk — 2| < M.

Using this one together with the relations (3.20) and (3.21), we have

lzrtr —pll < (1= B)llzr —pll + Br (M1 + [|pll)

< max{[lzx —pll, M1+ |Ip[}
<

IN

max {|[zy, — pll, My + [|p[l} -

This implies that the sequence {||zx — p||} is bounded. Consequently, {x}} is a bounded
sequence.
Besides, the relations (3.21) and (3.23) imply that

lwr —plI* <1 = Be)llzx — pll + Br(Ma + [lpl])]?

= (1= BNz — pl® + Bk 201 = Bu)(My + llpl) . — pll + Be(My + [|p])?]
(3.24) <k = pll* + BeMa,
where My = sup {2(1 = 5) (M1 + [[plDlla — pll + B(Ms + [[p])*} > 0. Thus, applying

Lemma 3.7 to the above relation, we have

o poAg
Iz —pl* < llox —pl® + BuM2 — < - ) llwk — yll®
n k+1

o o\
(3.25) - < - ’; k) lye — 2%
n k+1

On the other hand, from the definition of x4 and by utilizing the quasi-nonexpansivity
of T and the relation (3.19), we obtain

zpi1 —plI> = llow(vk —p) + (1 — o) (T2, — p)|?
_ 2 2 2
= agllvg = plI* + (1 — a)l|Tzr — plI” — ar(1 — )| T2r — vi|

IN

arllwe — plI> + (1 — an)llze — plI* — ar(l — )| Tz — vi .

This together with the relations (3.24) and (3.25) yields that

o o\
loess —plP < e —pl? + Bebds — (1 — ar) (—“ ’“)nwk—ykn?
n /\k+1

o o\
—(1— ) ( g ) gk — 221> — k(1 — )| Tzx — wi|2.
N Akt

This implies that

o o\ o o\
(1 ap) [( By ) e — yll? + ( n ) i — 222 + ael| T2 — el
N Akt N Akt

(3.26) < ||z = plI* = llwrs1 — pl* + BrMo.

Next, we will show that {z}} converges strongly to p := Pgp(f,c)nr(r)(0). We investi-
gate the following two possible cases.
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Case 1. Suppose that ||zx+1 — P|| < |lzx — P, for all k& > ky. This means that {|z; —
P||} x>k, is @ non-increasing sequence. Consequently, by using this one together with the
boundness property of {||zx — p||}, we get that the limit of ||z) — p|| exists. It follows from
the relation (3.26) and the properties of the control sequences {ay} and {3} that

(327) lim [|wy, — ye]| =0,
k—o0

(328) lim ||yk - Zk” = 0,
k—o0

and

(3.29) lim || Tz — vl = 0.
k— o0

These imply that

(330) lim Hwk — Zk” =0.
k—o0

Furthermore, since |wy, — 2| < Okllzr — 21| + Bebkllzk — zr—-1]| + Bellzk ]|, it follows
from lim 0|z — zx—1|| = 0and lim By = 0 that
k— o0 k—o0
(3.31) lim ||wg — x| = 0.
k—o0
Combining with (3.27) implies that
(3.32) lim ||z — yx|| = 0.
k—o0
This together with (3.28) yields that

(3.33) [k — zill = 0.

lim
k—o0

Moreover, by the definition of v;, and limy_, o 7% = 1, we have

lim ||vp —wg| = lim ||[ygwe + (1 — ye)Twg — wl|
k—o0 k—o0
= lim (1 — y)||Twg — w]|
k—oo

(3.34) = 0.

So, since || Tz — zi|| < || T2k — vkl + ||lve — wi|| + ||wr — zx]| and the facts (3.29), (3.30),
(3.34), we obtain

(3.35) lim || Tz, — 2| = 0.
k— oo
On the other hand, we observe that
lwi =5l = (1= Bk)(xk —p) + (1 — Br)Ok(zr — z—1) — Bip|?

< (1= Bu)llzk — BlI* + 2(1 = Br) bk (xk — Tr—1, Wk — B) + 2B (—P, wi — P)
< (1= Be)llzk —pII° + 21 — Br) Ok llzx — zh—1llllwi — B

+28(—p wi, — k) + 28K (—P, Tk — D)
< (1= Bu)llak — plI> + 201 = Br)Okllze — x|l lwi — Bl

+268k 1P|l we — k|| + 2Bk (xk — P, —D)

. 0 - _
= (1= B0z = BI* + Br (2(1 - 5k)[7’;||$k — o lllwe — Bl + 2[p] lwe — 2kl

+2(xr, — P, —ﬁ)).
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It follows from the relation (3.20) that

_ _ 0 _
2k —BI* < (1= Br)llze — BI° + Br (2(1 - ﬁ’“)ﬁf”xk — 21 |l[[we — Dl

(3.36) ollglllwn — wxll + 2wk — B ﬁ>>-

Now, we will complete the proof of this theorem by applying the Lemma 2.5. The
remaining part of the proof is to show that w,,(zx) C EP(f,C) N F(T). Let 2* € wy (k)
and {z, } be a subsequence of {z\} such that z;, — z*, as n — oo. We know that,
by using (3.31), (3.32), and (3.33), we also have wy, — z*, y,, — z*, and 2z, — z*, as
n — oo. Since C'is closed and convex set, so C' is weakly closed, therefore we can confirm
that z* € C.

Next, in view of the relations (3.12), (3.13), and (3.16), we obtain

X f Wi y) = 0oy f Wi s 20 ) + (Why, — 2k Y — 2,

oAk,
> oA, f(Wh, 7,) — 0N, f Wk Ye,) — 2 g, — g, |2
2Xk, 1
U)\kn
A Yk — 2o |* + (Why, — 2k Y — 20,
2Xk, 41
g 1O Ak, 2
> 2 _ _ _ —
= (Yhp — Wiy Yk — 2k Dr, llwr,, — Y, ||
U/\kn
(3.37) — BT — i P (o, — 2,y — 2k,
2Xk, 41

for each y € C. Thus, by using the facts (3.27), (3.28), (3.30), and the boundedness of {z},
we have the right-hand side of the above inequality tends to zero. It follows from the
sequentially weakly upper semicontinuity of f and the parameters o, Ay, > 0 that

0 < limsup f(yx,,y) < f(z*,y),Vy € C.

n—oo

This means that * € EP(f,C). On the other hand, since z;, — z*, as n — oo, and (3.35),
then by the demiclosedness at zero of I — T, we have 2* € F(T'). Then, we had shown
that z* € EP(f,C)NF(T), and so wy(zx) C EP(f,C)N F(T).

Finally, from the properties of p := Pgp(f,cynr(r)(0) and z* € wy(zx) C EP(f,C) N
F(T), we obtain that

(3.38) lim sup(zy — p, —p) = lim {(xp, —p,—p) = (z* — p,—p) < 0.
k—o0 n—00
Hence, by (3.22), (3.31), (3.36), (3.38), and Lemma 2.5, we have
(3.39) lim ||z —p|| =0.
k—oc0

This completes the proof for the first case.

Case 2. Suppose that there exists a subsequence {||zx, — ||} of {||zr — p||} such that
[k =Bl < l|zk;+1 =PIl Vi € N.
According to Lemma 2.6, there exists a non-decreasing sequence {m,,} C N such that

lim m,, = oo, and
n— o0

G40)  [lzm, =l < l#m,+1 = pll and [lzn = pl| < |2, 41 = Bll, Yn €N,
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This together with the relation (3.26) yields that

o UeAm, 5 ( o UeAm, ) 5
1- amn N wmn - Imy + N My Zmn
(1) | (£ =52 Y i, = P+ (2 = 522 ) g, = 2

]
< Mlwm, = BI* = 2m,+1 = BI* + B, Ma
<MNwm,+1 = BI* = llzm,+1 = BII* + B, M2

= an MQ-

Following the line proof of Case 1, we can show that

+am, [|[T2m, — vm,

(3.41) lim ||wpm, — Ym, || =0, im ||ym, — 2m, || =0,
(3.42) lim |wp, = 2m, || =0, im [|2mn, — Ym, || =0,
n— o0 n— o0
(3.43) lim ||wp, — @m, || =0, im ||Tzmn, — 2m, || =0,
n— o0 n— o0
(344) lim Sup<xmn - ﬁa 7ﬁ> S 07
n— oo
and
~112 ~12 emn ~
[Zm,+1=Dl1° < (1= B )Tm, = BI° +Bm,. | 2(1 = Bm,.) 2 [1Tm,, — T —1ll[[wim,, — Bl
R, = o, |+ 2, = 5,-1) ).
Combining with the relation (3.40) implies that
~112 ~112 emn ~
[Zm,+1-Dl° < (L =Bm,)Tm, +1=D["+Bm, | 2(1 _/an)ﬁ |Zm,, —Tm, —1ll[|wm,, — DI

F2llim, = [+ 2, = 519 ).
Using this one together with the relation (3.40) again, we obtain

|zn _15”2 < 2(1- an)ﬂ”xmn — T, —1l|[wm,, — Bl + 2015/l |wm, — Tm, ||

+2<xmn - ﬁa _ﬁ>
Then, by using (3.22), (3.43), and (3.44), we have

limsup ||z, — p||* < 0.

n—roo

Hence, we can conclude that the sequence {x,, } converges strongly to p = Pgp(f,c)nr(r)(0).
This completes the proof.
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4. NUMERICAL EXPERIMENTS

This section will consider some examples and numerical results to illustrate the con-
vergence of the proposed algorithm. We will compare the introduced algorithm with
Algorithm 1.5 in Example 4.1 and Algorithm 1.6 in Example 4.2. All the numerical experi-
ments are written in Matlab R2021b and performed on a MacBook Air with Apple M1 and
RAM 8.00 GB. In both two examples Example 4.1 and Example 4.2, for each considered
matrix, the || - || means the spectral norm.

Example 4.1. Let H = R" be a real Hilbert space with the Euclidean norm. We consider
the equilibrium and fixed point problems when T' = Ig~ is the identity mapping on R™. It
follows that the equilibrium and fixed point problems become the equilibrium problem.
In this case, we compare Algorithm 1 with Algorithm 1.5. The bifunction f which is given
by the form of Nash-Cournot oligopolistic equilibrium models of electricity markets, see
[11, 28], is defined by

(4.45) f(x,y) = (P + Qy,y —x), Va,y €R",

where P, Q € R™*™ are matrices such that () is symmetric positive semidefinite and Q) — P
is negative semidefinite. Notice that f(z,y) + f(y,z) = (z—4)T(Q — P)(z —y),Vx,y € R".
Thus, by the property of Q — P, we have that f is a monotone operator. Now, we consider
the bifunction f which is generated by

f if CxC
sl = {0 eSO

where C' = []}_,[-5, 5] is the constrained box, see [32]. We observe that the bifunction f
satisfies Lipschitz-type continuous, see [36].

Here, the numerical experiment is considered under the following setting: the matrices
P and @ are randomly chosen from the interval [—5, 5] such that they satisfy the above
required properties. The control parameters of Algorithm 1 are taken as follows: A\; = 0.6,
T=06u=04v=1- %JFQ, ap = 0.01 + %H, € = ﬁ, and 0, = 0. Besides, the
starting points o = x; € R" are randomly chosen from the interval [-5, 5]. Algorithm 1

was tested along with Algorithm 1.5 by using the stopping criteria W <1075.

In the first experiment, we fix the parameters £, = 1+ (Hi)l,l , PE = (kﬁ)m , Br = %H,
and present results for any collections of parameters n = 0.6,0.8,1, 1.2, 1.4 and ¢ = 0.6,
0.8, 1, 1.2 when n = 10. We omit the combinations that do not satisfy the assumption in
Theorem 3.1 and label it by —.

TABLE 1. Influence of parameters n and ¢ in Algorithm 1 where ¢, =
1+ (k-&-i)l-l’ PE = (k+11)1-1’ and B = k%_l for the equilibrium problem in

Example 4.1
Algorithm 1 n = 0.6 n =0.8 n=1 n=1.2 n=14 Algorithm 1.5
o Iter Time Iter Time Iter Time Iter Time Iter Time Iter Time
0.6 91 011 122 0.12 143 0.13 165 0.13 184 0.13
0.8 - - 96 0.09 121 0.09 141 0.12 154 0.12 1626 1.07
1 - - - - 94 0.09 109 0.09 122 0.10
1.2 - - - - - - 88 0.07 105 0.09

From Table 1, we presented the number of iterations (Iter) and the CPU time (Time) in
seconds. The best choice of the involved parameters for both casesisn = 1.2and 0 = 1.2.
This means the number of iterations and the CPU time of Algorithm 1 from these cases
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are better than other all considered cases. Notice that, for each fixed parameter o, as 7 in-
creases, both the number of iterations and CPU time of Algorithm 1 increase. Conversely,
for each fixed parameter 7, as o increases, both the number of iterations and CPU time of
Algorithm 1 reduce, demonstrating that the performance of Algorithm 1 improves. These
lead to the conclusion that the superior numerical performance of Algorithm 1 is influ-
enced by the choice of parameters 1 and . However, in all considered cases, the number
of iterations as well as the CPU time of Algorithm 1 are better than those of Algorithm 1.5.

In the second experiment, we regard the influence of parameters ¢, and p; where the

1

parameters n = 1.2, 0 = 1.2, and By = ;5 are fixed. The results are presented for any

collections of parameters &, = 1,1 + W and p, =0, W when n = 10.

TABLE 2. Influence of parameter ¢, and pj, in Algorithm 1 wheren = 1.2,
oc=12and f; = k—}rl for the equilibrium problem in Example 4.1

Algorithm 1 & =1 =1+ W Algorithm 1.5

Pk Iter Time Iter Time Iter Time

0 257 0.32 80 0.07 1229 0.83
69 0.06 68 0.06

1
[CESILIE

From Table 2, we see that the related parameters £, = 1 + W and py = W
provide better the number of iterations and the CPU time than other cases. Moreover, in
the case {; = 1and pi, = 0, the step size {\; } in Algorithm 1 is reduced to a non-increasing
sequence, which affects the efficiency of Algorithm 1, in the terms of both the number of
iterations and CPU time. Finally, the number of iterations and the CPU time of Algorithm
1 are better than those of Algorithm 1.5 as in the above experiment.

In the third experiment, the parameters gy, is considered by fixing the best parameters

n=12,0=12,and & =1+ (k+11)1,1/ Pr = (kﬁ)l,l. We show results for any collections

of parameters S = 17, ﬁ, m when n = 10.

TABLE 3. Influence of parameter f;, in Algorithm 1 where n = 1.2, 0 =
1.2,and & = 1+ W, Pk = W for the equilibrium problem in

Example 4.1
Algorithm 1 Algorithm 1.5
B Iter Time Iter Time
%ﬂ 59 0.06
5D 126 0.09 1364 0.88
: 134 0.11

T0(k+1)

From Table 3, we may suggest that the largest size of parameter Sy, as 5;, = k%rl, yields
better the number of iterations and the CPU time than other cases. This implies that the
inertial factor §, included in Algorithm 1 improves the speed of convergence of Algorithm
1 when the appropriate value of another inertial factor ¢y, is chosen. Besides, the number
of iterations and the CPU time of Algorithm 1 are better than those of Algorithm 1.5,
indicating that Algorithm 1 has a better performance.

Example 4.2. Let H = R? be a real Hilbert space with the Euclidean norm and C' =
[12_,[-10, 10] be the constrained box. We consider the operator F which is given by

F <(x% + (z2—1)%) (1 + xg)) 7

—23 — z1 (g — 1)?
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where 2 = (21,22)7. Set f(x,y) = (Fz,y — z),Yz,y € R?. We observe that the oper-
ator F' is pseudomonotone rather than monotone, see [31], and thus the bifunction fis
pseudomonotone on C. Notice that EP(f,C) has a unique element as z* = (0, —1)”.

On the other hand, for a convex function g : R? — R such that there is © € R? satisfied
g(x) <0, we consider a mapping T : R* — R?, which is defined by

PONED L %zm if g(z) >0,
T, otherwise,

where z, € dg(z). Then, we know that T is a quasi-nonexpansive mapping with I — T
demiclosed at zero and F(T) = {x € R? : g(z) < 0}, see [3, 17].

The numerical experiment is considered under the following setting: the bifunction
f, and the control parameters are given as in Example 4.1 by fixing the best choice of
parametersn = 1.2, 0 = 1.2, &, =1+ W, Pk = W, and B = k%rl In addition,
we consider g(x) = max{0, (c, z)+d} where the vector ¢ € R? is randomly chosen from the
interval (0, 2) and the real number d is randomly chosen from the interval (—2, —3). Here,
the starting points xp = z; € R? are randomly chosen from the interval [—10, 10] and the
results are presented for any collections of parameters v, = 1— ﬁ, land o, = 0.01+ k%rl,

0.5+ 33, 09 — 5

; opig [Tkt =]l —4
stopping criteria = 5= < 107%

Algorithm 1 was tested along with Algorithm 1.6 by using the

TABLE 4. Influence of parameters 7, and «aj, in Algorithm 1 for the equi-
librium and fixed point problems in Example 4.2

Algorithm1  ~, =1 — ﬁ e =1 Algorithm 1.6
o Iter Time Iter Time Iter Time
0.01+ 77 103 0.11 118 0.18
0.5+ 733 120 0.10 120 0.10 22293 14.79
0.9 — 5 861 0.56 861 0.60

‘H»
T

-

B

Table 4 shows that the concerned parameters v, = 1 — k%ﬂ and o = 0.01 + %H
provide better the number of iterations and the CPU time than other cases. Furthermore,
we observe that the number of iterations and the CPU time of the parameter v;, = 1, in
which the Ishikawa iteration reduces to the Mann iteration, are greater than or equal to
those in other cases. Finally, Algorithm 1 outperforms Algorithm 1.6 in terms of both the

number of iterations and CPU time.

5. CONCLUSIONS

We present an algorithm for solving the equilibrium and fixed point problems when the
bifunction is pseudomonotone and satisfies Lipschitz-type continuous and the mapping
is quasi-nonexpansive in a real Hilbert space. The modified inertial and extragradient
methods together with the Ishikawa iteration technique and self-adaptive non-monotonic
step size concept are introduced for establishing a sequence which is strongly convergent
to a common solution of the pseudomonotone equilibrium problem and the fixed point
problem for the quasi-nonexpansive mapping. Some numerical experiments are provided
to illustrate the convergence behavior of the proposed algorithm in comparison with some
appeared algorithms. One of the goals of the future research directions is to analyze the
rate of convergence for the proposed algorithm.
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