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Asymptotic Regularity of Generalized Averaged Mappings
in (M, K,)-HR-Cirié¢-Reich-Rus Contractions

RIZWAN ANJUM and HIRA SAFDAR

ABSTRACT. The paper investigates a new type of contraction called (M, K, 1)-HR-Ciri¢-Reich-Rus contrac-
tions, which extends the existing research on Ciri¢-Reich-Rus contraction mappings. We prove fixed point theo-
rems by enriching (M, K, w)-HR-Cirié-Reich-Rus contractions with respect to the asymptotic regularity of gen-
eralized averaged mappings. These mappings are denoted as Ty = (1 — ¢)I + ¢T', where I is the identity map
and ¢ is a function from a normed space to real numbers.

1. INTRODUCTION AND PRELIMINARIES

Let (X, ||-]|) be a normed space and an mapping T : X — X, for each fixed ¢ € 2, we
define the generalized averaged mapping ([4]) T : X — X as follows:
(1.1) Ty(x) = (1 — p(x))x + ¢(x)T(x), Vo e X.
where, p € Q={¢: X > R:¢(x) #0, Vz € X}.
We would like to direct the reader’s attention to the fact that the term generalized aver-
aged mapping refers to a specific type of admissible perturbations [17, 20]. It is worth
noting that the class of generalized averaged mappings includes the class of averaged
mappings (a term coined in [6]) [4]. This is demonstrated by considering A € (0, 1) and
defining ¢(x) = A forall z € X.
Consequently, the condition (1.1) is reduced to

(1.2) Th(z) =Ty(x) = (1 —Nax+ XTz,Vz € X.
The following lemma shows that 7" and Ty have same fixed points.
Lemma 1.1. [14] Let T : X — X and T be a generalized averaged mapping as given in (1.1).
Then, for any ¢ € X
(1.3) Fix(T)={z e X :To =2} ={zv € X : Ty(z) = x} = Fix(T}).
Let (X, ||-||) be a normed space. An mapping T : X — X is called:
(1) asymptotically regular ([12]) on X if for each x in X, we have
|77 2 — T"x|| — 0asn — oo.
(2) nonexpansive ([14]) if
[Tz =Tyl < [z =y
holds z,y € X.
Banach contraction mapping ([15]) is a typical example of asymptotically regular map-

ping. In general, nonexpansive mapping is not an aysmptotically regular.
It is known that there is a class of mappings such that their averaged mapping for a fixed
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A is asymptotically regular, but the mapping itself is not, , for details see [5]. For example,
let X =1[0,1]and T' : X — X be defined as Tz = 1 — z, for all € X. Clearly, T is not
asymptotically regular, yet Ty isan asymptotically regular mapping.

Krasnoselskii [16] proved that if K is a compact convex subset of a uniformly convex Ba-
nach space X and T' : K — K is a nonexpansive mapping, then for any zo € K, the
sequence

1
Tpy1 = 5(% +Tan) =Tixp, n 20,

converges to fixed point of T'.

This motivates the idea of an enrichment of given class of mappings. Indeed, an averaged
mapping 7T’ enriches the class of nonexpansive mappings with respect to asymptotic reg-
ularity. This suggests to impose certain contractive condition on T} instead of 7" and
enrich the classes of contractive mappings in the framework of normed spaces.

Employing this approach, we recommend readers to refer to the following sources and
the references therein: [1, 2, 3,5,7,8, 9, 10, 11].

In 2021, Berinde and Pacurar introduced and explored the concept of enriched Cirié¢-
Reich-Rus contraction in their work [7], with the following result serving as the main
outcome of their study.

Theorem 1.1. [7] Let (X, ||-||) be a Banach space and T : X — X be an (b, M, K)-enriched
Cirié-Reich-Rus contraction, that is an mapping satisfying:

(14)  Ib(z —y) + Tz = Ty|| < M|z — yl| + K{ [l& = Tz| + [ly = Tyll }, ¥ 2,y € X,
where, M, K > 0, with M + 2K < 1. Then, T has a unique fixed point.

Clearly, any Ciri¢-Reich-Rus contraction in the setting of normed spaces, as defined by
Ciri¢ [13], Reich [18], and Rus [19], that satisfies the following condition:

(1.5) 1Tz =Tyl < Mlx —yl| + K{l|lz = T| + ly = Tyl[}, Yo,y € X,

where M and K are non-negative, with M+2K < 1,isindeed an (0, M, K)-enriched Ciri¢-
Reich-Rus contraction. Furthermore, it is worth noting that class of enriched Banach con-
tractions [8] and enriched Kannan contractions [11] are specific cases of (b, M, K )-enriched
Ciri¢-Reich-Rus contractions.

The requirement of M + 2K < 1 in Theorem 1.1 is crucial to establish the existence of
a fixed point for mappings that satisfy (1.4). This naturally prompts the question: What
happens when we remove the condition on the constants such that A/ + 2K < 1 in Theo-
rem 1.1? Does it still lead to the same conclusion as stated in Theorem 1.1?

In this context, Gérnicki and Bisht in 2021 [14] proved the following theorem.

Theorem 1.2. [14] Let (X, ||-||) be a Banach space and T : X — X satisfies (1.4) for all M, K >
0. Additionally, suppose there exists a A € (0, 1) such that T is a continuous asymptotically

reqular mapping. Then, T has a unique fixed point, where A = ﬁ

The following example serves as the foundation for our main concept in this paper. It
illustrates a class of mappings where neither 7" nor T) exhibits asymptotic regularity for
any A € (0,1). However, it demonstrates the existence of a function ¢ € 2 for which T
does exhibit asymptotic regularity.
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Example 1.1. Consider the mapping T : R — R, defined as Tz = 2z — 3, for all z € R.
Starting with an initial value of « = 1, the subsequent iterations are as follows:

T(1) = -1, T?(1) = =5, T*(1) = =13, T*(1) = 29, ---
Notice that
|T™(1) — T"*(1)] - 0, n — occ.

This demonstrates that 7" is not asymptotically regular.
For any A € (0, 1), we obtain

T\(z) =x+Ax— 3, VzeR.
For any z = 0 and for all z € R, the subsequent iterations are as follows:
Tr(0) = —=3X, TZ(0) = —6X — 3X\%, T5(0) = —3X% =9\ — 9\, ---
It's worth noting that
IT5(0) = T3 (0)| - 0, n — oo.

Furthermore, it can be verified that for any A € (0,1), the average mapping T’ also lacks
asymptotic regularity.
On the other hand, if we take ¢(z) = —1, for all z € R. Notice that, for all z € R, we obtain

Ty(z) = [L = d(@)]z + o(2)T(x) = [1 = (=12 + (=1)[22 — 3] = =3.
Clearly, T, is asymptotically regular.

Our aim in this section is to unify and extend Theorems 1.1 and 1.2 by introducing the
concept of (M, K, w)—HR—Cirié-Reich—Rus Contractions in Banach spaces. We prove fixed
point theorems by enriching (M, K, ¥)-HR-Cirié-Reich-Rus contractions with respect to
the asymptotic regularity of generalized averaged mappings.

FIXED POINT THEOREMS FOR (M, K, 1)-HR-CIRIC-REICH-RUS CONTRACTIONS

Throughout the paper, we denote U as the set of all functions ¢(z) : X — R satisfying
the following property: (z) # —1 for all z € X. Now, we represent the following
theorem.

We introduce the following idea.

Definition 1.1. Let (X, |-||) be a normed space. A mapping T' : X — X is said to be
HR-Ciri¢-Reich-Rus type contraction if there exist M, K > 0 and ¢ € U such that

(1.6)
M)}

wp(x) + T yy(y)+ Ty
1+ () 1+9(y)
To highlight the role of M, K and ¢ in (1.6), we call T'a (M, K, ¥)-HR-Ciri¢-Reich-Rus
contraction.

forall z,y € X.
We begin with the following result.

H <Mz — y|+K.{ ’

T

Theorem 1.3. Let (X, ||||) be a Banach spaceand T : X — X a (M, K, 1))- HR-Cirié-Reich-Rus
contraction. Assume that there exists ¢ € Q) such that Ty, is an continuous asymptotically regular

mapping. Then, T has a unique fixed point, where ¢(x) = w(:r 7/ forallz € X.
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Proof. Let us denote ¢(x) = W, x € X. As given that T'is (M, K, ¢)- HR-Ciri¢-Reich-

Rus contraction, so (1.6) becomes

g —D+Te y(Gm —D+Ty <K{ z—Tx y—Ty }
s —1+1 sy 1+l |7 sy — 141 sy —1+1
+ M|z —yll,

o(x) ?(y)

+ Ky = Ty)ow)ll + M [l —yll,

which can be written in an equivalent form as:
A7) NTe(z) = To)ll < Kfllz = To(@) + lly = To @)} + Mllz —yll, Yo,y e X.

Define the iteration sequence by
(1.8) Tnt1 = (1 = ¢(xy))xy + o(xn)Ta,, VneN,
where, z; € X.
By using (1.7), triangular inequality and asymptotic regularity we obtain,
|Tnsr — Toll < | 2Zngk — Tongrrill + 1 Tnsrsr — Toga|l + |21 — 20|
< N @nsk = Tntrsill + 1 To@ntnk — Tl + |2ntr — @all
< N @nske = Tngrsrll + B{l|#nsn — Tozninll + [|on — Toanll}
+ M ||2nsk — 2ol + [|Zn1 — zn|
< zntk = Togrri | + K{|Tnse — Togrrall + |20 — g}

(1.9) + M || Znik — Tnll + [ Tna1 — Tal|

The inequality given by (1.9) can be expressed as follows:

(1= M) [|zpsk — 2ol < (K + 1) |20k — Tpgrsr | + (|20 — Tngal]

Therefore, we have:

(1.10)
(1= M) ||T3+ w0 — Tao | < (5 + 1).{ |75+ 0 — T3+ g | + || T30 — T | }

Since T is asymptotically regular, we can conclude that:

lim HTg+"’a:0 — T$+k+1z0’ —0= lim ‘T;H'kzo _ Tg“xOH .

n—oo n—oo

On taking n — oo in (1.10), we get

lim |77 * 2y — T x| = 0.
n— o0 ¢ ¢

The given information indicates that the {z,, } 72, is a Cauchy sequence within the com-
plete space X. There is an element s* € X such that the sequence z,, — s*. This is due to
the continuity of T and the fact that x,,11 = Ty,,.
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Consequently, s* is equal to Tjs™.
Assume that t* is another fixed point of Tj. In that case, the inequality
0 <[ls" ="l = ITps™ = Tot™[| < M. |[s™ = "[| + (K + 1){|[s™ = Tos™|| + [[t" — Tt"[|}
=M.|ls" =t < [s" =],

This contradiction leads to the conclusion that T has a unique fixed point s* € X.

Example 1.2. Consider the mapping T defined in Example 1.1. Then, T'(3) = 3 and

i) T doesnot satisfy the enriched Banach contraction. Indeed, if T" would be an enriched
Banach contraction, then by (Definition 2.1 of [8]), there would exist b € [0, c0) and
a € [0,b+ 1) such that

(b+2)|m—y\§a|x—y|, V%yER

for which x = 0 and y = 1, leads to the contradiction b+ 2 < a < b+ 1.

ii) T does not satisfy the enriched Kannan contraction. Indeed, if 7" would be an en-
riched Kannan contraction then, then by (Definition 2.1 of [11]), there would exist
b € [0,00) and « € [0, 3) such that

O+2lz -yl <afl —z+3[+|-y+3[}, VryekR,

for which = 1 and y = 5, leads to the contradiction2 < b+ 2 < a < %

iii) T" does not satisfy the Ciri¢-Reich-Rus contraction (1.5). Indeed if T would be a Ciri¢-
Reich-Rus contraction then, by (1.5), there would exist M, K > 0 with M + 2K < 1
such that

20—yl < Mz —y[+ K{| 2z +3[+ [ -y +3[}, Yo,ycR,

for which x = 6 and y = 4, leads to the contradiction 2 < M + 2K < 1.

iv) T does not satisfy the (b, M, K)-enriched Ciri¢-Reich-Rus contraction (1.4). Indeed
if T would be a (b, M, K )-enriched Cirié-Reich-Rus contraction then, by (1.4), there
would exist M, K > 0 with M + 2K < 1 such that

b+2)|lz—yl <Mz —y|+K{|—z+3|+|—y+3|}, Va,y€R,

for which = 6 and y = 4, leads to the contradiction 2 < (b+2) < M + 2K < 1.

v) On the other hand, if we take ¢)(z) = —2, for all z € R, and for any M,K > 0,
then T'is a (M, K, z/;)—HR—Cirié—Reich—Rus type contraction. Indeed, the contractive
condition (1.6) holds for all x,y € R:

a:z/;(x)—FTac_yz/)(y)—FTyH_‘—21‘—0—23:—3_ —2y—|—2y—3‘
1+ 9(x) L+9(y) || 1-2 1-2

:0§M||x—y||+K.{

x—Tx)

1 1
- — (y-T .
Hw(:ﬂ)ﬂ( +H¢(y)+1<y y)H}
vi) T is continuous;

vii) It follows from Example 1.1 that T is not asymptotically regular. Additionally, for any
A € (0,1), T is not asymptotically regular, but there exists ¢ € Q such that the map
Ty = (1 — ¢)I + ¢T is asymptotically regular.

Hence, all the conditions of Theorem 1.3 are satisfied.

In the special case where ¢(z) = 0 for all z € X, in Theorem 1.3, we deduce Theorem
2.6 of [15] in the setting of a Banach space.
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Corollary 1.1. [15] Let (X, ||-||) be a Banach space and T : X — X is a continuous asymptoti-
cally regqular mapping, and if there exist 0 < K < coand 0 < M < 1 such that for all z,y € X

satisfying
[Tz =Tyl < M|z -yl + K{l|lz = Tz|| + [ly = Tyl}-
Then, T possesses a unique fixed point.

In the particular scenario where 1(x) = b holds for all # € X, as indicated in Theorem
1.3, we obtain the following result.

Corollary 1.2. Let (X, ||-||) be a Banach space and T : X — X satisfying
16(z —y) + Tz =Tyl < 0+ )M [lz — y|| + K{||z = Tz| + [ly = Tyl[}-
forall x,y € X, where b, K, M > 0. Additionally, T is a continuous asymptotically reqular
mapping. Then, T has a unique fixed point.
Now will provide an extension of Theorem 1.3.
Let S denote the class of those functions « : [0,00) — [0,1) which satisfy the simple

condition : a(t,,) = 1=t, — 0.
For example, a1 (t) = e~ %, as(t) = t+1,t > 0.

condition for all x,y € X,
- K
e adllz =yl Iz -l + {W)H S }

Theorem 1.4. Let (X, ||-||) be a Banach space. Suppose T : X — X satisfies the following
(1.11)

zp(z) + Tz y’l/J —l—TyH x—Tx y—Ty’
where 0 < k < oo, o« € Sand yp € U . Assume that there exists ¢ € 2 such that Ty is an
asymptotically regular mapping. Moreover, If T' is continuous, then T has a unique fixed point,

where ¢(x) = ) +1,for all xz € X.
Proof. Let us denote ¢(z) = W, z € X. Then the contractive condition (1.11) becomes
w(ﬁ—lHTm _y(@—l)wLTy <K{ e=To | | v=Ty }
s 1+l sw 1L || s 1AL e —1+1
+a(lle —ylD) [z —yll,

o() (1- ¢(x))¢x(;r) o(@)T(x) o) (1— o)y + o(y)T(y) ’ < K||(z - T2)6(@)|
+ K |[(y = Ty)o)ll + allz —yl) [z — yll,

which can be written in an equivalent form as:

(1.12)
1Ts(x) = To(W)ll < K{llz — To(@)|| + ly = To )} + alllz = yl)) |2 — yll, Yo,y € X.

Define the iteration sequence {z,} by (1.8).

If 2,41 = xp, for some ng € N, it follows from (1.8) that z,, is a fixed point of 7. On
the other hand, if x,,+1 # z,, for all n € N. Assume that {z,,} is not a Cauchy sequence.
Then, we have
(1.13) limsup ||z, — x| > 0.

n,m—00
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By using (1.12) and triangle inequality, we obtain

lZn = Zml| < 20 — Tng1ll + 1 Tns1 — Tga | + [ Tms1 — Tl
< lwn = zngall + 1 To(@n) = To(@m)|| + [mir — zml]
< lzn = znall + alllzn —zml) l2n = 2m |l + K {lzn — To(za)]l
+ K |lom = Ts(@m) || + [[2ms1 — @m]|
<a(llzn —zml) l2n — 2wl + (|20 — Zpga | + [ Tmt1 — 2zl
+ K{l|zn — Tnsall + |2m — g [}
(1.14) < afllzn = zmll) [en = 2mll + (K + Dillzn — ngall + l2m — 2mia |}
The inequality (1.14), can be written as
[z — 2| K+1

|Zn = Tps1 | + 12m — Zmsal = 1= a(llzn — zml])

(1.15)

Under the assumption limsup ||z, — || > 0, asymptotic regularity of {z,,} the in-
n,m— oo

equality.

now implies
K+1

namroo 1= af[[n — @)

= —’—OO’

for which

limsup a(||z, — zm|]) = 1,Vz € X.

n,m—00

But since o € S this implies limsup ||z, — ., || = 0, which is a contradiction. Thus, {z,}

n,m— 00
is a cauchy sequence. Because X is a Banach space lim z,, =z € X.
n—oo
Usuing the continuity of Ty, we immediately obtain Tz = z. It is straightforward to
demonstrate that 7" has a unique fixed point. O

In the special case where ¢(z) = 0 for all z € X, in Theorem 1.4, we deduce Theorem
3.1 of [14].

Corollary 1.3. [14] Let (X, ||-||) be a Banach space, and T : X — X is a continuous asymp-
totically regqular mapping. If there exists 0 < K < oo and o € S such that for all x,y € X

satisfying:

1Tz — Tyl < a(llz = yl) |z =yl + Kl — Tl + lly = Tyll},

Then, T possesses a unique fixed point.

Here, we pose a question:
Does removing the asymptotic regularity condition from Theorem 1.3 lead to the same
conclusion as stated in Theorem 1.3?
To investigate this, we now proceed to establish the following result.

Theorem 1.5. Let (X, ||||) be a Banach spaceand T : X — X a (M, K, 1))- HR-Cirié-Reich-Rus
contraction. Then T has a  unique fixed point,  provided  that
M +2K < 1.
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Proof. Based on the same procedure as in the proof of Theorem 1.3, we get

116)  |Ts(z) = Tl < KA{llz = To (@) + lly = Ts @)} + M ||lz -yl ,Va,y € X.

Utilizing the triangle inequality in (1.16), we can deduce that T}, satisfies the
following inequality:

(1.17) [Tox = Toyll <0 llz —yl +26 ||y — Tozll, Vr,ye X,

where, § = ‘f—fg < 1.

Based on the same procedure we can show that the sequence {z,, }22; defined by (1.8)
is a Cauchy sequence and consequently converges within the space X. Let us denote the
limit as:

p* = lim z,.
n—oo

Initially, we establish that p* serves as a fixed point of T;. To do this, we have:
(1.18) lp" = Top*|| < Ip* — @ns1ll + lzns1 — Tep™|| = l@ns1 — 2| + | To2n — Tep™|| -
Utilizing (1.17), we can infer that:

1 Tszn — Tsp™l| < 0 llan — p*ll +20 [P — @nsall,
Consequently, by (1.18), we arrive at the following inequality:

Ip* = Top™|| < (20 + 1) |Zns1 = P + 0 [|l2n = p7|[ ;7 2 0.
Taking the limit as n — oo on both sides of the above inequality, we can establish that
indeed p* = Typ*.
To further establish that p* is the unique fixed point of T}, we note that, similar to the
way we derived (1.17), we can obtain from (1.16) the following inequality:

(1.19) 1Ts(x) = Ty(y)ll <6 [l —yll +20. ||z — Ty, Va,y € X,

where § = 42,
Let’s assume that p* and ¢* are two fixed points of 7. Then, employing (1.19) with

x = p* and y = ¢*, we arrive at the following contradiction:

0<lp” =gl <allp” =gl <llp" — "l

This contradiction implies that Fiz(T,) = p*, and since Fiz(T) = Fixz(T,), we have
established the result.
]

In the special case where ¢(z) = 0 for all z € X, in Theorem 1.5, we deduce the result
established in 1971, by Ciri¢ [13], Reich [18], Rus [19].

Corollary 1.4. [13] Let (X, ||-||) be a Banach space and T : X — X, and if there exist M + 2K <
1 such that for all x,y € X satisfying
1Tz =Tyl < M e —yll + K{[lz = T|| + ly = Tyl }-
Then, T possesses a unique fixed point.

In the particular scenario where ¢ (x) = b holds for all x € X, as indicated in Theorem
1.5, we obtain the following result.
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Corollary 1.5. Let (X, ||-||) be a Banach space and T : X — X, and if there exist b € [0, 00) and
M +2K < 1, such that for all x,y € X satisfying

(1.20) bz —y) +Tw = Ty|| < (b+ V)M |z — y[| + K{|le = Tz|| + ||y = Tyl|}-
Then, T possesses a unique fixed point.
If we take M = 0 in the Corollary 1.5, we obtain Theorem 2.1 of [11].

Corollary 1.6. [11] Let (X, ||-||) be a Banach space and T : X — X be (b, K)-enriched Kannan
contraction, that is an mapping satisfying:

1b(z —y) + Tw — Tyl| < K{||lz = Tz|| + ly = Ty} Va,y € X,
where, b € [0,00) and 0 < K < 1/2. Then, T possesses a unique fixed point.
As a special case of Corollary 1.5, we deduce the main result (Theorem 2.3) of [7].

Corollary 1.7. [7] Let (X, ||-||) be a Banach space, and let T : X — X. If there exists b € [0, 00)
and M' + 2K < 1 such that for all x,y € X satisfying

(1.21) (2 = y) + T = Ty|| < M" |l — y|| + K{|l = Tx| + [ly — Tyll},
then T possesses a unique fixed point.

Proof. Take M = . Clearl , M + 2K < 1. Indeed, we know that b > 0, which implies
b1 Yy %

that b+ 1 > 1. Therefore, b%l <1,s0

M/
<M.
b+1 7~
Adding 2K to both sides, we get
/!
M +2K = +2K < M' +2K.
b+1
Since M’ + 2K < 1, we obtain M + 2K < 1.
Hence all the conditions of Corollary 1.5 are satisfied. So for M = %, the contractive
condition (1.20) reduces to (1.21). (]

As a special case of Corollary 1.5, we deduce the main result (Theorem 2.0.3) of [4].

Corollary 1.8. Let (X, ||-||) be a Banach space and T : X — X be an (v, a)-MR-Kannan type
contraction, that is an operator satisfying:

o b o o Lo )

forall z,y € X, where 0 < K < % and ¢ € UO. Then, T has a unique fixed point.

Proof. 1If we set M = 0 in Theorem 1.5, the conclusion follows. O

In order to support our Theorem 1.5, we present an example of a mapping that satisfies
the (M, K, 1))-HR-Ciri¢-Reich-Rus contraction condition but does not satisfy the Banach
contraction, Kannan contraction, enriched Banach contraction, enriched Kannan contrac-
tion, Ciri¢-Reich-Rus contraction, or enriched Ciri¢-Reich-Rus contraction conditions.

Example 1.3. Let X = R be endowed with the usual norm, and let 7' : R — R be defined
by Tz = 3z, for all z € R. Then, T'(0) = 0 and
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i) T does not satisfy the enriched Banach contraction. Indeed, if 7" would be an enriched
Banach contraction, then by (Definition 2.1 of [8]), there would exist b € [0, 00) and
a € [0,b+ 1) such that

b+3)|zx—y|l <alz—y|, Vz,yeR,

for which = 0 and y = 1, leads to the contradiction 3 < (b+3) < a < b+ 1.

ii) T does not satisfy the enriched Kannan contraction. Indeed, if 7" would be an en-
riched Kannan contraction then, then by (Definition 2.1 of [11]), there would exist
b € [0,00) and a € [0, 3) such that

b+3

[z —yl < oflz| +[yl}, Yo,y eR,

for which z = 0 and y = 1, leads to the contradiction 3 < 3 <a < 1

iii) T does not satisfy the Ciri¢-Reich-Rus contraction (1.5). Indeed if T would be a Ciri¢-
Reich-Rus contraction then, by (1.5), there would exist M, K > 0 with M + 2K < 1
such that

3o —yl < Mz —y| + 2K{|z| + |y[}, Vz,y€R,

for which x = 0 and y = 1, leads to the contradiction 3 < M + 2K < 1.

iv) T does not satisfy the (b, M, K)-enriched Ciri¢-Reich-Rus contraction (1.4). Indeed
if T would be a (b, M, K )-enriched Ciri¢-Reich-Rus contraction then, by (1.4), there
would exist M, K > 0 with M + 2K < 1 such that

(0+3)|z —y| < Mz —y[ + 2K{[z| + |y[}, Va,y eR,

for which # = 0 and y = 1, leads to the contradiction 3 < (b+3) < M + 2K < 1.

v) On the other hand, if we take ¢(z) = —3, for all x € X, and for any M, K > 0,
then Tis a (M, K, w)-HR—Cirié—ReiCh—Rus type contraction. Indeed, the contractive
condition (1.6) holds for all x,y € R:

vp(x) + Tz yy(y) + Ty H _
1+ () 1+ 9(y)
=0< Mz —y|+ K{|z| + [y|}

(x —

1+ (-3) 1+ (-3)

EoE st M Errtl)t
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z(=3)+3z y(-3)+ By’

SM||m—y||+K.{

COMPETING INTERESTS

The authors declare that they have no competing interests.

REFERENCES

[1] Abbas, M.; Anjum, R.; Berinde, V. Enriched multivalued contractions with applications to differential in-
clusions and dynamic programming. Symmetry 13 (2021), no. 8, 1350.

[2] Abbas, M.; Anjum, R.; Igbal, H. Generalized enriched cyclic contractions with application to generalized
iterated function system. Chaos Solitons Fractals 154, (2022), Paper No. 111591, 9 pp.

[3] Abbas, M.; Anjum, R.; Berinde, V. Equivalence of Certain Iteration Processes Obtained by Two New Classes
of Operators. Mathematics 9 (2021), no. 18, 2292.

[4] Anjum, R.; Abbas, M.; Isik, H. Completeness Problem via Fixed Point Theory. Complex Anal. Oper. Theory 17
(2023), no. 6, Paper No. 85, 11 pp. https:/ /doi.org/10.1007 /s11785-023-01385-1

[5] Anjum, R.; Abbas, M. Common Fixed point theorem for modified Kannan enriched contraction pair in
Banach spaces and its Applications. Filomat 35 (2021), no. 8, 2485-2495.



(M, K, )-HR-Ciri¢-Reich-Rus Contractions 579

[6] Baillon, J. B.; Bruck, R. E.; Reich, S. On the asymptotic behavior of nonexpansive mappings and semigroups
in Banach spaces. Houst. J. Math. 4 (1978), no. 1, 1-9.
[7] Berinde, V.; Pacurar, M. Fixed point theorems for enriched Cirié-Reich-Rus contractions in Banach spaces
and convex metric spaces. Carpathian J. Math. 37 (2021), no. 2, 173-184.
[8] Berinde, V.; Pacurar, M. Approximating fixed points of enriched contractions in Banach spaces. J. Fixed Point
Theory Appl. 22 (2020), no. 2, 1-10.
[9] Berinde, V.; Pacurar, M. Approximating fixed points of enriched Chatterjea contractions by Krasnoselskii
iterative algorithm in Banach spaces. J. Fixed Point Theory Appl. 23 (2021), no. 4, 1-16.
[10] Berinde, V. Approximating fixed points of enriched nonexpansive mappings by Krasnoselskii iteration in
Hilbert spaces. Carpathian ]. Math. 35 (2019), no. 3, 293-304.
[11] Berinde, V.; Pdcurar, M. Kannan's fixed point approximation for solving split feasibility and variational
inequality problems. J. Comput. Appl. Math. 386 (2021), Paper No. 113217, 9 pp.
[12] Browder, F. E.; Petryshyn, W. V. The solution by iteration of nonlinear functional equations in Banach
spaces. Bull. Am. Math. Soc. 72 (1966), 571-575.
[13] Ciri¢, L. B. Generalized contractions and fixed-point theorems. Publ. Inst. Math. (Beograd) (N.S.) 12 (26),
(1971) 19-26.
[14] Goérnicki, J.; Bisht, R. K. Around averaged mappings. J. Fixed Point Theory Appl. 23 (2021), 1-12.
[15] Gornicki, J. Remarks on asymptotic regularity and fixed points. J. Fixed Point Theory Appl. 21 (2019), 1-20.
[16] Krasnoselskii, M. A. Two remarks on the method of successive approximations. Uspekhi Mat. Nauk. 10
(1955), 123-127.
[17] Petrusel, A.; Rus, I. A. An abstract point of view on iterative approximation schemes of fixed points for
multivalued operators. |. Nonlinear Sci. Appl. 6 (2013), no. 2, 97-107.
[18] Reich, S. Some remarks concerning contraction mappings. Canad. Math. Bull. 14 (1971), 121-124.
[19] Rus, . A. Some fixed point theorems in metric spaces. Rend. Istit. Mat. Univ. Trieste 3 (1971), 169-172.
[20] Rus,I. A. An abstract point of view on iterative approximation of fixed points: impact on the theory of fixed
point equations. Fixed Point Theory 13 (2012), no. 1, 179-192.

DEPARTMENT OF MATHEMATICS

DIVISION OF SCIENCE AND TECHNOLOGY
UNIVERSITY OF EDUCATION

LAHORE, 54700, PAKISTAN

Email address: rizwan.anjum@ue.edu.pk
Email address: hirasafdarjbd@gmail.com



