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Asymptotic solutions of differential equations with
singular impulses

NAURYZBAY AVILTAY, MARAT AKHMET and AKYLBEK ZHAMANSHIN

ABSTRACT. The paper considers impulsive systems with singularities. The main novelty is that beside the
singularity of the differential equation, the impulsive equation is a singular one. The method of boundary
functions is applied to obtain the main result. Examples with simulations confirming the theoretical results are
given.

1. INTRODUCTION

The interest in singularly perturbed equations is due to the fact that they are mathemat-
ical models of many application problems related to diffusion processes, chemical kinetics
[19], mathematical biology [13, 17], processes in physics, fluid dynamics [10], engineering
[12, 15] and many others. Different types of problems with singular perturbations are dis-
cussed in many books [6, 14, 16, 21, 23]. The problems depend on small parameter such
that solutions show a nonuniform behaviour over the time axis as the parameter tends to
zero. Various asymptotic methods exist to approximate solutions of singularly perturbed
problems.There exist methods which enable us to construct uniform approximations with
any required accuracy. The research conducted in [21, 22], led to the development of the
method of boundary functions. This method is also known as the boundary layer correc-
tion method [16]. One can apply the method for solving a singularly perturbed problem
if in a part of its domain the condition of the well-known Tikhonov theorem is valid. Var-
ious asymptotic methods can be found in [16]. In the present paper, we shall imply the
method of boundary functions for analysis of impulsive systems. Impulse effects exist in
a wide diversity of evolutionary processes in which states undergo rapid changes [2]. In
many systems, in addition to singular perturbation, there also impulse actions [7, 8, 18, 9],
but they are not singular there.

Let us consider the following model of a singularly perturbed differential equation,

62} = f(Z7 y’ t)?

y =49 (Z 'Y, t)a
where ¢ is a small positive real number. In the literature, results based on this system are
known as theorems of Tikhonov type [4, 11, 16, 20]. In [1, 3, 5], the authors considered the
system with the singularity at impact moments. The system is with singularity at impact
moments as well as with the small parameter multiplied by the derivative. As a result of
these articles, there was formulated a singular problem, which helps researchers to con-
sider degenerate systems without rattling to approximate the original models and reduce
complexity. The articles [7, 8] and book [6] considered impulsive systems with small pa-
rameter involved only in the differential equations, but not in the impulsive equations
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of them. We insert a small parameter into the impulse equation [1]. So the singularity
concept for discontinuous dynamics is significantly extended.

Akhmet and Cag [1, 3, 5] for the first time in the literature considered equations, when
impulses are also singular, beside the differential equation. This concerns the following
problem

ez = F(z),
eAz|i—g, = I(2,¢)

with 2(0,¢) = 2z, where z € R™, ¢t € [0,T], F(z) is a continuously differentiable function
on D and I(z,¢) is a continuous function for (z,¢) € D x [0, 1], D is the domain D = {0 <
t<T,||z|<d} 0. 1,0<6; <by<..<6,<T.Ife=0in(1.1), then one has the form

(1.2) 0=F(2),0=1(z,0).

(1.1)

It is a degenerate system, since its order is less than the order of (1.1). Consider an isolated
real root z = ¢ of (1.2). Moreover, for the impulse function, the following condition
I(z,¢) I(z,¢)

(*) lim ——=0or lim
(z,6)—=(¥,0) € (z,6)—=(¥,0) £

=1y #0

was used, which prevents impulsive function to blow up as the parameter ¢ decays to
zero. By virtue of these conditions, two cases were shown, a singularity with one layer
and a singularity with multi-layers. The subinterval, where the fast change of the solution
of singular perturbed problem from the initial value to values close to the solution of
unperturbed problem take place, is called a boundary layer. In the case of singularity
with a single layer, the characteristic feature is the presence of a boundary layer in the
neighborhood of the initial point, while in the case of singularity with multi-layers , the
boundary layer is present not only in the neighborhood of the initial point, but also in the
neighborhood of each discontinuity moment.

The main novelty in [1] is the extension of Tikhonov’s theorem in such a way that
system (1.3) has a small parameter in the impulse functions and discontinuity moments
are different for each dependent variable. The peculiarity in the impulsive part of the
system can be considered using perturbation theory methods. In our present study, we
apply the ideas of the article [1].

More precisely, our discussion is related on the following system [1],

(1.3a) ez = f(z,y,1), v =g(z,y,1),
(1.3b) eAz|i—g, = I(2,y,€), Ayli—n, = J(2,¥),

where z, f and I are m-dimensional vector valued functions, y, g and J are n-dimensional
vector valued functions, ;,7_,,0 < 6; < 6, < ... <6, < T, and nj;?:l, are distinct disconti-
nuity moments in (0, T").

The impulsive system consists of differential equations (1.3a) and impulse equations
(1.3b). In [1], the authors studied the behavior of solutions of the singularly perturbed sys-
tem (1.3) and considered two cases of singularity with single and multi-layer layers, which
depend on the condition (*). By introducing a small parameter into the impulse equa-
tion, the notion of singularity for discontinuous dynamics was significantly expanded
and shown that the transition to the limit for y(¢, ) is uniform in the entire interval of
0 <t < T, while the transition to the limit for z(¢,¢) isn’t uniform in the entire interval
of 0 < t < T, but only in the subintervals § < ¢ < §;,%_, for § > 0, outside the boundary
layers.

In what follows, instead of “we construct an asymptotic series” a shorter expression is
used: “we construct asymptotics”. It will mean the algorithm which allows us to obtain
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the terms of the asymptotic series up to arbitrary natural n. We build a uniform asymp-
totic approximation of the solution which is valid in the entire interval 0 < ¢t < T using the
method of boundary functions. However, the theorems of article [1] do not give the order
of accuracy of the asymptotic approximation §(t) for the solution y(¢,¢) in 0 < ¢t < T and
that of Z(¢) for z(t, €) outside the boundary layer. Our goal is to construct an approxima-
tion with higher accuracy and the complete asymptotic expansion for solutions of systems
with singularly perturbed impulses.

2. FORMALITIES OF APPROXIMATION

In this part of the paper, we demonstrate the algorithm for the construction of an as-
ymptotic approximation of the solution using the method of boundary functions. Differ-
ential equations with singular perturbed impulses are considered.

Let us consider the following system
2.4 az: = F(z,y,¢), eAz|i=p, = I(2,y,¢),

Yy = f(zay)v Ay|t:97’, = J(Zvy)

with initial condition
(2.5) 2(0,e) = 2% y(0,¢) =",

where ¢ is a small positive real number, z, F' and I are m-dimensional functions, y, f and
J are n-dimensional functions, z° and y° are assumed to be independent of ¢, 6,7_,,0 <
61 < 6y < ... < 6, < T, are distinct discontinuity moments in (0,7"). We set Ax|;—p, =
z(0;,+) — x(0;), assuming that the limits z(6;+) = tEglJr x(t) exist and z(0;,—) = x(6;).

Assume that ¢ = 0in (2.4). Then the system reduces to the following equations
0=F(z79,0), 0=1I(%7,0),
g/ = f(27g)a Ag'tzei = J(Z’ g)?

which we call a degenerate system due to the fact that the order is less than the order of
system (2.4). Therefore, for system (2.6) the number of initial conditions to be set to less
than the number of initial conditions for (2.4). We naturally insert the initial condition for
Yy, as

(2.7) 5(0) = 4°,

and drop the initial condition for z.

(2.6)

To solve system (2.6), it is necessary to find z from 0 = F(%,7,0) and 0 = I(Z,9,0).
Then choose one of the root Z = ¢(gy(t),t) such that 0 = F(p(y(t),%),3,0) and 0 =
I(p(g(t),t),7,0) and substitute into (2.6) with the initial value (2.7) to obtain

)

g = fle@).t),9), Afl=o, = J(0(5(t),1). 7

9(0) = y°.

The following conditions will be needed.

(C1) The functions f(z,y) and J(z, y) are infinitely differentiable in domain H = {(y,t) €
N={0<t<T,|y|ll <c} 2]l <d}, F(z,y,¢) and I(z,y, ) are infinitely differen-
tiable in H x [0, 1];

(C2) the algebraic equations F'(z,y,0) = 0 and I(z,y,0) = 0 have aroot z = ¢(y,t) in

domain N such that, o
1) ¢(y, t) is a continuous function in N,

2) (¢(y,t),y,t) € H, (y,t) € N,

(2.8)



584 N. Aviltay, M. Akhmet and A. Zhamanshin

3) the root (y, t) is isolated in N, i.e., 3¢ > 0 : F(z,y,t) # 0and I(z,y,¢) # 0,
0<[lz—o(y,t) [[<e (y,t) € N; B

(C3) the system (2.8) has a unique solution §(¢t) on 0 < ¢ < T, and (y(¢),t) € N for
0 < ¢t < T. Moreover, the functions f(¢(y,t),7) and J(¢(y,t),y) are Lipschitz
with respecttoy € N.

Now, setting = z — p and t = 7€, we obtain the system

d
% =F(x+¢(y,t),y,0), 7>0,

where y and t are considered as parameters, x = 0 is an isolated stationary point of (2.9)
for (y,t) € N.

(C4) There exists a positive definite function V' (z,y, 7) whose derivative with respect
to 7 along the system (2.9) is negatively defined in the domain H.

(2.9)

Consider adjoint system

(2.10) & Pw.y.0), 720
with initial condition
(2.11) w(0) = 2°.

Since 2" may be, in general, far from stationary point ¢(y",0), then the solution w(r) of
equations (2.10) and (2.11) needs not tend to ¢(y°,0) as 7 — oco.

Assume also that the solution w(7) of equations (2.10) and (2.11) satisfies the condition

(C5) w(r) — »(y°,0) as 7 — oo, and (w(7),y°,0) belong H for 7 > 0.
In this case, z¥ is said to belong to the basin of attraction of the stationary point w =
©(y°,0). By virtue of the asymptotic stability of this point all points near it will belong to
its basin of attraction.

To prevent the impulse function to blow up when the parameter ¢ decays to zero, the
following assumption is required,

I(z,y,¢)
(2,9,6)—=(,y°,0) €

We will seek for a asymptotic representation of the solution z(¢,¢), y(t,¢) of problem
(2.4)-(2.5) in the form

(Ce) =0.

(2.12) 2(t,e) = Z(t.e) +w(“l(n-,€), T = t_fi, i=1,2, .1,
y(t,e) = g(t,e) + v (), 0; <t <6;iy1, 6o=0,
where
= kaik(t), y(t,e) = Zekgjk(t)
(2.13)

(z) (1i,e Zs Ti), (Z) (7i,€) Zek () i)

The coefficients w,(f) (7;) and 1/,: (1;) in the expansions (2.13) are called boundary func-
tions and on them the additional condition is imposed,

(2.14) W (00) = 0, [ (00) = 0,i = 1,2, ..., p
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Substituting the series (2.12) into system (2.4), we obtain the equalities
(7 (1,6) + 260 (7, )) = F(5(t,),3(0,2), <)
[F( ( ) )(7_27 ) g(t 5)+5V()(Ti75)75)7F(2(t75)7g(t7€)75)]3
§'(t.e) + 09 (mie) = f(2(t,e), §(t,€))+
[f(Z( 75) +w )(Tiv 5)7 y(tv 5) + EV(i) (Tiv 5)) - f(i(t, 5)3 g(t7 6))]

Equalizing expressions for ¢t and 7; in the last equations, we get two systems
e?(t,e) = F(2(t,2),3(t,€), ©),

(2.15) J(t,e) = f(E(t,€), (L, €)),
and
W@ (7, 3 w® (o) § o _ Rz 3
(216) ( € ) F( (t,[—:) + ( 175)7y(t75) +e ( 2,6),5) F( (t,é'),y(t,&‘),&‘),

V(i e) = fE(te) + w0 (7i,2), §(t,2) + evD (7€) = F(E(E,€), G(E,€))-
Now we represent F, f, I, J in the form of power series in ¢,

F(z(t,e),g(t,e),e) = F(Zo(t) +ez1(t) + ..., 90(t) +etn(t) +...,e) =
F(Z0(t), 90(t),0) + [F ()21 (t) + Fy ()i (1) + Fe()] + ... +

eF[FL ()2, (t) + Fy()ge(t) + Fr(t)] + ... = Fo(t) +eFy(t) + ... e"F(t) + ...,

)
where matrices F.(t),F,(t) and F.(¢) are calculated at (2(t), go(¢),0) and Fj(t) are ex-
pressed recursively through Z;(t) and g, (¢) with j < k,

F(E(te) +wD(m,e), 4(t,e) + ev'D(r,¢),e) — F(i(t,e), §(t,€),€) =
F(Z0(6; +emi) + e51(0; + em) + ... + w0 (1) + e () + ...,

Go(0; + i) + e (0 + 7)) + ... + eV (1) + 2 (1) + ... e)—

F(z20(0; +em)+ez(0i+emi) +...,00(0; +emi) +etn(b; +emi) +...,e) =
F(3(60:) + wi (72), 50(6:), 0) = F(30(6:), G (6:), 0)+

elFa ()t (m) + Fy (i) (1) + Ga ()] + ..+

ek [F, (Tl)w,(f) (13) + Fy(n)u,(f_)l(n) +Gr(n)]+...=

Mo F(m) + el F (i) + ... + €kaF(Ti) + ...,

where the elements F.(7;) and F,(7;) are calculated at (2,(6;) + w(() )( 7i),§0(0:),0),i =
1,2, ..., p, the elements F,(¢;) and F, (6;) are calculated at (29(6;), J0(6;),0) and Gi(7;),i =
(i )

1,2,...,p, are expressed recursively through w§ (i) and v;, (;) with j < k. Similarly one

can get that
I(z(ei’ )’ (9175) ):I(Z(ei_vg)?y(ei_vg),g):
13(0,2) + oD o) 0,0 4 et B ) o <
1(2(0i,€),9(0s,€),€) = 1(20(6:), 50 (6:), 0)+
@17) L5 (0) + 1,05 (6:) + L(6.)] + ...+
eF[L(0:)21.(0:) + 1, (0:)50(0:) + T (0:)] + ... =
Io(0:) + el (05) + ... + eI (0:) + ...,
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where the elements I (6;), I,,(0;) and I.(6;) calculated at the points (2(6;), J0(6;),0),i =
1,2, ...,p, and I (0;) are expressed recursively through Z;(6;) and g, (6;) with j < k. Similar
expansions hold for J(z(0;,¢),y(6;,¢€)).

Now the problems (2.4), (2.5) and (2.15) and (2.16) take the form

e(Z(t) + et (t) + ...+ "2, () +...) = Fo(t) +eFL(t) 4+ ... Fu(t) + ...,

G +edi(t) + ... +erg.(t) + ... = fot) +efi(t) +...e" fult) +
G () + el (m) + .+ 0 (m) + . =T F(r) + eI F(r) + . ..+ F I F () + . ..,
2 () + e () 4 () + o =T f (1) + e f () + 4 e T f () +
ZEkAZk‘t 0; +Z&?k () :j0(91)+€j1(91)++6kj:k(9@)+,
Zs Ak i=o, +5Zsk () Jo(0:) + eJi(6;) + ...+ X Tu(0;) +

Substituting the expansion (2.13) into conditions (2.5), we obtain

€)= i&kzk + Zsk (0
k=0
and
€)= Zskz}k +625k (0)
k=0

In fact, the above expansions up to order n. We equate the coefficients according to
the powers of €. To determine the approximation of order zero Z(t), go(t), w(()l)(n) and
yél) (1:),i=1,2,...,p, we obtain the systems

0 = F(Zo(t), §o(t), 0),
219 To(t) = 1 Go(t), o (1)),
2.19) obéi)(ﬁ‘) = F(%(0;) + wéi) (75), 50(0:),0) — F(20(6;), §0(6;),0) = Lo F (),
55 (73) = F(Go(0:) + ) (7). 5o (0:)) — £ (20(6:), Go(6:)) = To f(73),
(2.20) o1 (20(0; );/0(9 i), 0),
A20|t:9i +wé")( ): I, (9) ( ( )Zj ( ) (9) — f1(50(9i),go(9i),0),
(2.21) Afioli=s, = J(Z0(0 ) 0(0:)) = Jo(Z0(6:), 50 (6:)),

20(0) +w” (0) = 2°, Go(0) ="
To define the coefficients of *(k > 1), we use the equations

Ze1 (t) = F(0)2(8) + Fy ()3 (t) + Fr(2),
(1) = f=(O)2(t) + fy(O)Fx(t) + fi(?),

0 (1) = Fa(m)wl (1) + Fy(r)vi) | (1) + Gi(m) = I F(7),
o (1) = L)l (1) + fy ) (1) + Qulm) = T f(72),

(2.22)
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Ailimg, + 0 (0) = L(0) 2111 (0) + I, (001 (0) + T (60),
(2.23) Afkli=a, + 141 (0) = J.(6:)2(6:) + Jy (67 (6:) + Ji(6:),
2(0) +wi” (0) = 0, 7i(0) + v, (0) = 0.
Consider the interval ¢ € [0,6;]. To find the coefficients of €° for the approximation Zy(t)
and g, (t) we have the system
0= F(20(t),90(t),0),
Jo(t) = f(Z0(t), 50(1)), 90(0) = ¢°.
In view of conditions (C2) and (C3) we choose Zy(t) = Z(t), 5o (t) = §(t).
Due to the first equation of (2.18), equation (2.19) takes the form
@y (70) = F(20(00) + w (70), 50 (60), 0).
From the last equation and initial condition
wi?(0) = 2° — %(0)
(0)

one can find w(()o) (70)- In view of condition (C5), wy ’ (79) possesses the exponential esti-
mate,

(2.24) i (10)]| < cexp(—rTo),

where c and & are positive numbers.
It remains to solve the equation

7" (70) = f(20(00) + w5 (70), o(60)) — f (0(60), G (60)) = o (o).
Taking into account condition (2.14), we find initial condition

0
10 (0) = / Ty f (s)ds,

oo

and obtain that

70

Vtgo)(To) Z/ o f(s)ds.

oo
Since ||IIo f(70)|| < cexp(—kTp) then it is true that
16" ()l < cexp(=r).

To determine the coefficients of e* for the approximation () and g (t) we apply the
systems

Zpa (1) = F2(0)2(1) + Fy () () + Fi(1),
Te(t) = £-(05(0) + £y (050 + fe(1), x(0) +1,.7,(0) = 0.
To find w,io) (10) it is needed to solve the following system
7 (70) = Faro)e” (70) + Fy (1011 () + G (7o),
W (0) = ~2(0).
It remains to solve the equations

7 (10) = S (o) (70) + fy (o), () + Qu(70) = T (70).
Using assumption (2.14), one can find initial condition

0
1/,20)(0):/ I, f(s)ds,

oo
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and equalities

) = [ M fs)ds.

Functions II F'(79) and I, f (79) admit the exponential estimates of the type (2.24). There-
fore, the following inequalities are hold,
i ()| < cexp(—rm),

0) (

11 (7o) || < cexp(—ro).

Now consider the next interval ¢t € (6;,0,41],7 = 1,2, ..., p. To define the coefficients of
gY for the approximation Zy(t) and g (t) we utilize the systems

0 :F(éo(t)7 :lj()(t), 0)7 0= 1(50(9z)a :Z]O(ei)a 0)7
/gé)(t) Zf(é()(ﬂ, Yo (t))> Ag0|t:9i = J(éo(ei), Yo (91))
By conditions (C2) and (C3), we have to choose Zy(t) = 2(t), 9o (t) = §(¢).
According to the first equation of (2.18), the equation (2.19) can be written as
W(()l) (7—7,) = F(EO(GZ) + w(()Z) (7—2), 50(92)7 0)7Z = ]-7 27 ey D
The last equation and initial condition
wp (0) = L(62)21(6:) + L, (6:)71.(6) + 1-(6:) — Aole=o,yi = 1,2, .1,
imply to find w{” (7;), where w (0) may be modified as below. By differentiate both sides
of the first equations of (2.18) and (2.20) we obtain that

oF oF oF OF dy
—dZyg+ —dyjy=0=> — = _7..@7
(2 25) 82’0 8y0 820 6y0 dZo
. ﬂdi +ﬁd~ —oiaf__ﬂ@
9% T 95, TN T 95 00 diy
The substitution of the first equation of (2.25) into (2.22) gives that
- OF djjy -
1(0;) = —— )+ F, (0:)5:(6;) + F1(6;).
20(91) ago d%g 21 (91) + y(9z)y1(91) + 1(91)
Hence,
~ ng ~ o~
Fy(0:)[91(0:) — R z1(0:)] = 29(6:) — F1(6s).
The last equality implies that
~ ng ~ 1 =/
2.2 ;) — i) = ) — I1(0;)).
(2.26) 71(0:) dz Z1(0;) Fy(ez) (ZO (6:) 1(0:))

Substituting the second equation of (2.25) into (2.23), we obtain

i . dyo . )
wi(0) = I,(0:) [ (6:) — dgszl(ei)] L 1.(8;) — Aol i = 1,2, ..., p.

Replace the square bracket with equation (2.26) to get

@y — Ly(03)
WO (0) - Fy(az)
(4)

In view of condition (C5), wy” (7;) possesses the exponential estimate:

(26(074) - Fl(gl)) + 18(07,) - A20|t:97;7i =12,..,p.

(2.27) S ()|l < cexp(—rm),i = 1,2, ..., p,

where ¢ and « are positive numbers, which are various in different inequalities.
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It remains to solve the equations

2 (r) = f(Z0(0;) + w§ (), 50(0:)) — f(Z0(6:), 50(0:) = Mo f(75),i = 1,2, ..., p.

By virtue of condition (2.14), we find initial condition

v(0) = /me
Therefore, one can obtain

”(J—/WHM@MS

oo

As |[TIof(7)|| < cexp(—kT;), itis true that
I8 ()| < cexp(—km),i = 1,2, ..,

To determine the coefficients of ¥ for the approximation Zj(t) and §(t) we have the
systems

Za(t) = Fa(t)2(t) + Fy (07k(t) + Fi(t),
G (t) = ()2 (t) + fy (0T (t) + fr(t),
Ajilimo, + v (0) = J.(0:)2(0:) + T, (0:)k(6:) + T (6).
To find wl(f) (1:),1=1,2,...,p, it is needed to solve the system
@ (1) = Fa(ri)w (1) + By (r)uy () + Gi(ma),
Wi (0) = L(0:)Zks1(0:) + Ly (0:)Trs 1 (85) + L1 (0:) Ay,

where w,(f) (0) can be changed as follows. Differentiating both sides of the equations (2.18)

and (2.20) one can obtain that

OF g+ P gy =0 = 2 — _OF dio,
(2 28) 820 (9y0 820 82/0 dZo
| O, 0L, ol _ 0ldi
T L EN T
Substitution of the first equation of (2.28) into (2.22) implies that
. OF djo .
p(0:) = ——— 0;) + F,(6; 0;) + Fry1(0;).
740 = ~ 52 S5 (00) + Fy(0)5er(0) + Fia (6)
Therefore,
_ dyo . .
Fy(0:) [Tr+1(0:) — ngzk+1(9i)] = Zp(03) — Fita (0:).
The expression in the square bracket in the last relation is equal to
~ ng ~ 1 =~/
2.2 . i) — = i) — =\ Zp\U;) — F) i))-
(229) e (0) = G251 (0) = s (L) ~ Fien (0)

Substituting the second equation of (2.28) into (2.23), we obtain

i - dyo - . .
W (0) = Iy(0) 41 (6:) — 2541 (6:)] + Ts1 (6:) — AZlicgy,i = 1,2, 0.

dzo
Replace the square bracket with equation (2.29) to get
i 1,(0:) .
wy(0) = o )(212(91‘) = Fi1(05)) + L1 (0:) — AZgli=p, i = 1,2, ..., p.
Fy(6:)
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In the end, it remains to solve the equations

7 () = £ (1) + £y 2y (1) + Qulr) = Tif (1), i = 1,2, ..
By using condition (2.14) we get that

0

v (0) = / 0, f(s)ds,

oo

and

v (7)) = / T f(s)ds.

oo

Functions I F'(7;) and Il f (;) possess the exponential estimate of the type (2.27). There-
fore, it can be proved that the following inequalities hold,

(4) ,
wy ' (13)]| < cexp(—km),i=1,2,...,p,
”VI(cZ)(Ti)” < cexp(—k7;),i =1,2,...,p.

Thus, the coefficients of the expansions (2.13) are obtained at least up to order k = n.

3. MAIN RESULTS

In this section, we prove the main Theorem 3.1 and Theorem 3.2, which describe two
cases respectively, singularity with one layer and singularity with multi-layers. The first
one is with a single layer that occurs near ¢ = 0, and the second is with multi-layers that
appears near t = 0 and ¢t = 0,7_,. It is proved that the partial sums of series (2.12) form a
sequence of uniform approximations to the solution of problem (2.4)-(2.5).

3.1. Asymptotic expansion of singularity with a single layer. Consider the case when
convergence is not uniform near ¢t = 0 since z(0,¢) = 2% and 2% # ¢ for all e > 0. The
interval of nonuniform convergence is called an initial layer.

By virtue of condition (C6) of (2.17), the following equality is valid,

fl(éo((gi), :Ijo((gi), O) = O,i = 17 2, ey P
Then the first equation of (2.21) takes the form
w(0) = —=AZglimg, i = 1,2, ... p.
Substituting the last expression in (2.12) one can obtain
2(0i+,€) = Z0(0i4) + w§ (0) + O(e) = Z0(6;) + O(e),i = 1,2, ..., p.

We can say that the region of nonuniform convergence is O(¢) thick, since for¢ > 0, ||z(¢,e)—
¢|| = O(e) can be made arbitrarily close to zero by choosing ¢ small enough. This implies
that for enough small ¢, the solution z(t,¢) of the problem (2.4),(2.5) has no boundary
layer phenomenon near the points ¢ = 6;?_,.

Theorem 3.1. Let conditions (C'1) — (C5) and (C6) are hold. Then there exist positive constants
o and c such that for any € € (0, o] the problem (2.4),(2.5) has a unique solution z(t,<),y(t, <)
which satisfies the inequality

(3.31)
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where
:iskzk +Z€ w(l) 1
k=0
n
:nggk —|—sZe ),i=1,2,....,p.
k=0

Proof. By replacing the variables z(t,&) = u(t,e) + Z,(t,¢) and y(t,e) = v(t,e) + Y, (t,¢)
in (2.4) and (2.5), we obtain the system

E% = F.u+ Fyv+ Gi(u,v,t,¢e),
dv
(3.32) @ = et ft Galu v tie),

eAuli—g, = L (0;)u(6;) + I, (0;)v(0;) + Q1(u,v,0;,¢),
Avli=g, = J(0;)u(6;) + J,(0:)v(6;) + Qa(u, v, 6;, ),
with initial condition
(3.33) u(0,e) =0, v(0,e) =0,
where the elements of matrices F., F,, f. and f, are calculated at the points (Zy(t) +

UJ(()%)(Tl),go(t),O),Z = 17 2a - Dy

dz,
Gi(u,v,t,e) = F(u+ Zp,v+ Yy, e) — ed—t" — F,u— Fyv,

de
Go(u,v,t,6) = f(u+ Zp,v+Yy,) — ——

- fz fyva
Q1(u,v,60;,¢) =I(u+ Z,(jfl), v+ Y,gl 1), €) + sZ,(ffl) — «stf) —Lu— Iy,
Q2(u,v,05,6) = J(u+ Z8 YV 0+ V) 4 v,0-D ¥ O oy — Jyo.

The functions G(u, v, t, €) have the following two properties,
1) G1(0,0,t,e) = O(e"t1),G2(0,0,t,e) = O(e"H1).
2) For any £ > 0 there exist numbers § = §(¢) and u = p(e) such that for |lu;]| < 6,
[loill <94, i =1,2, 0 < e < gg the following inequalities hold,
HGi(Ul,Ul,t,é“) — Gi(U27U27t,€)|| S E(HUQ — U1|| + H'UQ - 1]1”), 1= 1,2.
Let us prove the property 1). For t € (6;, 6;41] we obtain that

Yn
G2(0,0,t,¢) =f(Z,,Y,) — d = Ze Zr(ems) +wk (12) Zs i ( 677)4—61/()( 7)))—
k=0
ZE Zp(eTi) Z k k(7)) Zek () )
k=0
ZE Z(t), Y () = > e b)] =
k=0 k=0
Zé?kﬂkf ( n+1) . k-(i)( l)}+

k
[Z €kf~k(t) +0 n+1 Z ;c n+1),
k=0
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similarly to that for functions g (¢), u,(:) (1:),7=1,2,...,p. The second property of the func-
tions G, j = 1,2, follows from the mean value theorem. Actually,

1
Gi(uy, vy, t,e) — Gi(ug,ve, t,e) = / %Gi(sul + (1 — s)ug, sv; + (1 — 8)vg,t,e)ds =
0

/ 0uGi(u™(s),v"(8),t,e)ds - (ug — uz) —l—/ 0y Gi(u*(8),v*(s),t,e)ds - (v1 — v2),
0 0

where u*(s) = su; + (1 — s)ug, v*(s) = sv; + (1 — s)vz. But
O, Gi(u*(s),v"(s),t,€) = O, F(u*(s) + Zpn,v*(s) + Yn,e) — 0, F(Zy, Y0, 0),
8vGi(U*(5)a v*(s),t,s) = ayF(U*(S) + Znav*(s) + Ymg) - ayF(ZOa Y070)7

and

[u™(s) + Zn(t,€) = Zo(t)] < [u*(s)| + Ce,
[v"(s) + Ya(t,€) = Yo(t)| < [07(s)[ + Ce.
The continuity of the first derivatives of the functions F(z,y,¢) and f(z,y) implies the
validity of property 2). The functions Q;(u,v,0;,¢), i = 1,2, have the following two
properties,
1*)For0 < e < g

Ql(ov Oa 0727 6) = O(€n+1)a QQ(Oa 03 01'7 5) = O(€n+1)'

2*) For any € > 0 there exist numbers ¢ = d(¢) and p = pu(e) such that for |lu;|| < 4,
[loill <94, i =1,2, 0 < e < gg the following inequalities hold,

|Qi(u1,v1,6;,¢) — Qi(ug, va, 0;,€)|| < e(fJug — ur|| + vz — 1)), ¢ =1, 2.
The validity of the property 1*) for Q1 (0, 0, 0;, €) follows from the next relation
Q1(0,0,0;,¢) = I(Z0D,v,07Y &) 4 201 —c20) =

n

i— 9 _97,'7 o/~ i— 91‘—91‘,
Zs 2(0:) + ) ”(f» @0+ e )

k=

sZak(Ek(G Wl ”(9 - Z (G(0i+) +wi(0) =

= - i-1),0i — ;i = N i-1),0; — ;i

mzek(zk(m oy ) D G0 + ey T (F)),0)-

k=0 k=0

k2.0 Zs Uk (0 Zsklk O(e" ™ —

k:o

n—1 .
e Y e (Aaklimo, + @i (0) = " (AZnlimg, + @ (0))] = O™ ).

k=0

The first two terms decrease exponentially as ¢ — 0, since of the estimates (2.30) and
the mean value theorem. The third term is evaluated using O(¢"*1). The property 2*) is
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proved similarly to property 2). Now, we replace the impulsive system (3.32)-(3.33) by
the equivalent integral equations

(3.34) u(t, e) :2 /t U(t,s,e)[Fy(s,e)v(s,e) + Gi(u,vi,t,€)]ds+
0

Iz(ei)

Z [](t7 9,‘, E)(E + )_1(11/(9%)1)(91) + Ql(u, v, 91', E)),

0<0;<t
t
(335) U(t7 5) = / V(t? S, E)[fz(sa E)’U/(S, 5) + G2(u17 vy, t, E)]d8+
0
> V(t,0:,6)(E A+ 1, (0:) 7 (J=(0:)u(0) + Qa(u, v,6;,€)),
0<0;<t
where U(t, s,¢) and V (¢, s, ¢) are the fundamental matrices of the systems

dau

e = F,(t,e)U, t #6;, eAU|i=p, = 1.(0;)U, U(s,s,e) = E,
dVv
o fy(t,e)V, t #0;, AV|i—g, = Jy(8:)V, V(s,s,e) = E.

For the matrix U(t, s, ¢) it is correct that
U (t5.8)| < cexp(~=(t—5)), 0<s<t<T.
€

Substituting the expression for v(t, ), defined by the equation (3.35), into the first equa-
tion, we obtain

¢
u(t,e) = / K(t,s,e)u(s,e)ds + Wi (u,v,t,¢e),
0

where K is a bounded kernel, and the operator W, possesses the same two properties as
function G(u, v,t, €). The last equation can be replaced by the equivalent equation

t
(3.36) u(t,e) = / R(t, s,e)W1(u,v,s,e)ds + Wi(u,v,t,e) = Ty (u,v,t,€),
0

where R is the resolvent of the kernel K. Now, let us substitute the expression (3.36) for
u(t, ) into the equation of (3.35),

v(t,e) = /Ot V(t,s,e)f=(s,e)T1(u,v,t,€) + Ga(u,v,t,e)|ds+

(3.37)
Z V(t,0;,6)(E + Jy(0:) " (J.(0:)T1 (u, v, 05, €) + Qa(u, v, 0;,¢)) = Ta(u,v,t,€).
0<0;<t

Integral operators 77 and T, admit the same two properties as function G(u, v,t,¢). Ap-
plying the method of successive approximations to the systems (3.36), (3.37) we find that
a unique solution exists and satisfies the estimates

l(t,e)| = |y(t,e) — Yu(t,e)] < ce™', 0<t<T.

lu(t,e)| = |2(t, &) — Zn(t,e)] < ce™™t, 0<t < T,

The theorem is proved. O
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3.2. Asymptotic expansion of singularity with multi-layers. In the previous subsection,
it was shown that there exists a single initial layer. Using an impulse function, the con-
vergence can be nonuniform near several points, that is to say, that multi-layers emerge.
These layers occur on the neighborhoods of t = 0 and ¢t = 6;7_,.

To have singularity with multi-layers, let us consider system (2.4) with the assumptions
(C1)-(C5) and additional condition

I
©) m  HEwE)
(2,9,6) = (,9,0) €
of attraction of p(g(t),t).

By the virtue of condition (C'7) of (2.17), the following equality is valid,

11(20(0) yo(ﬁ) ):IO#Ovi:172a"'ap

Therefore, the first equation of (2.21) takes the form

=Ip #0,and ¢(4(0;),6;) + Ip,i = 1,2, ..., p, are in the basin

wi(0) = Iy — AZole—s,,i=1,2,...,p.
Substituting the last expression in (2.12) one can obtain

20+, ¢) = Z0(0i+) + Wi (0) + O(e) = Z0(6) + Io + O(e),i = 1,2, ..., p

By condition (C'7), after each impulse moment, the difference ||z(6;+,¢) — ¢| = Ip + O(e)
is not diminish to zero as ¢ — 0. Hence, the convergence is not uniform. Then we can
say that the solution z(t, ) of the system (2.4) with the initial value (2.5) has multi-layers
appearing near t = 0 and ¢t = 6;%_,

The next theorem can be proved in the similar way as Theorem 3.1.

Theorem 3.2. Assume that conditions (C1)-(C5) and (C7) are fulfilled. Then there exist pos-
itive constants ¢y and c such that for any € € (0, o] problem (2.4), (2.5) has a unique solution
z(t,€),y(t, e) which satisfies the inequality

|2(t,€) — Zy(t,e)| < es™, 0<t < T,
y(t,e) = Ya(t,e)| S e, 0<t<T,

where
E)ziskzk +Zak () i)
k=0
:Zf‘:kyk +525k () z 1723"'ap'
k=0

4. NUMERICAL EXAMPLES
Example 4.1. Consider the impulsive system with singularities
e = 2(2—2) + %y,  elzlimg, =2 — 2+ 2(yF — 2u0),
(4.38) Y1 = Y2 — 2y, Ayi|i=o, = 22 + yi,
Yo =241 — y2 — Y,
and initial conditions

(4.39) 2(0,6) =1, 51(0,¢) =1, 32(0,¢) = -2,
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where 0, = i/3,i = 1,2,...14. Assume that ¢ = 0 in this problem. Then, the first line of
(4.38) becomes 2(2 — 2) = 0,2 — Z = 0. It has the root Z = ¢ = 2. One can check that

9

0z
Therefore, Z = 2 is uniformly asymptotically stable. Substituting Z = 2 into the second
line of (4.38), one can obtain

(2(2—2))|2=2=2—22<0.

=02 =201, Afili=e, = 97 +4,
75 = 241 — 2 — I,
71(0) =1, %2(0) = —2.
This system has a unique solution g(t). Now, let us check the condition (C6)
2— 2+ (yi — 2y2)

lim
(2,y,6) = (¢,4°,0) €

=0.

The solution z(t,¢) of system (4.38) with initial value (4.39) has a single initial layer at
t = 0. The result of simulation is seen in Figure 1 that a single layer occurs. In Figure 2 it is
shown that the solution of system (4.38) with initial value (1,1,-2) tends to z = 2as ¢ — 0.

t
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FIGURE 1. The red, blue and green lines are graphs of solutions of system
(4.38) with initial values z(0,e) = 1, y1(0,e) = 1 and y2(0,¢) = —2 with
values of € : 0.1, 0.05, 0.005, respectively.

Example 4.2. Now, let us consider the following system with impulsive singularity

(4.40) e =z2—2°, eAz|i—p, = (2 — 1)* — 0.5ey + 2sin(e),
' V=yz =y Ayles =2y +2-1,

and initial conditions

(4.41) 20,6) =2, y(0,¢) =3,

where 0; = i/3,i = 1,2,..14. If ¢ = 0 in (4.40), then the first line becomes z — 7% = 0,
and (Z — 1)? = 0. It has the root Z = 1. The corresponding root ¢ = 1 will be uniformly
asymptotically stable since

%(z — 221 =1-322 <0.
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FIGURE 2. Red, blue and green lines represent solutions of system (4.38)
with initial value (1, 1, —2) for € equals to 0.1, 0.05 and 0.005, respectively.

Substituting Z = 1 into the second equation of system (4.40), we obtain that
gl = g - gQa Ag‘tzez‘ = 2@7

with initial condition §(0) = 3. The last system admits the unique solution

g(t) = exp(t) =12, .14
i 2 k
exp(t) — kgo Frmy eXp(g)
One can verify that condition (C'7) is valid
( )IIH% ) (Z — 1)2 -0, 5€y + 25’”1(6) _9_ exp(gl)l . ;é 0.
z,y,e)— (9,0 19 7
2exp(0;) — kz::O Frary exp(g)

The solution z(¢, ) of system (4.40) with initial value (4.41) has multi-layers near ¢t = 0
and t = 6;+,% = 1,2, ...14. Figure 3 demonstrates the solution of system (4.40) with initial
value (1,1,-2), which tends to z = 1 as € — 0.

FIGURE 3. The red, blue and green curves are the behaviours of solutions
of system (4.40) if € is equal to 0.1, 0.05 and 0.005, respectively.



Asymptotic solutions of differential equations with singular impulses 597

5. CONCLUSION

In this paper, the singular impulsive differential equations of type in [1, 3, 5] is consid-
ered. The boundary function method is used to construct desired asymptotic solutions.
We investigated the asymptotic expansion of solutions with any degree of accuracy. Single
layer and several multi-layers are considered.

The articles [7, 8] and book [6] investigated impulse systems with small parameters,
participating only in the differential equations, but not in their impulse equations. Fol-
lowing [1, 3], we inserted a small parameter into the impulse equation. Thus, the concept
of singularity for discontinuous dynamics is greatly expanded. Illustrative examples with
simulations are given to support the theoretical results.

Acknowledgements. M. Akhmet has been supported by 2247-A National Leading Re-
searchers Program of TUBITAK, Turkey, N 120C138. A. Zhamanshin have been supported
by the Science Committee of the Ministry of Education and Science of the Republic of
Kazakhstan (grant No. AP14870835).

REFERENCES

[1] Akhmet, M.; Cag, S. Tikhonov theorem for differential equations with singular impulses. Discontinuity,
Nonlinearity, and Complexity 7 (2018), no. 3, 291-303.
[2] Akhmet, M. Principles of Discontinuous Dynamical Systems. Springer, New York, 2010.
[3] Akhmet, M.; Cag, S. Chattering as a Singular Problem. Nonlinear Dynamics 90 (2017), no. 4, 2797-2812.
[4] Akhmet, M.; Dauylbayev, M.; Mirzakulova, A. A singularly perturbed differential equation with piecewise
constant argument of generalized type. Turkish Journal of Mathematics 42 (2018), no. 4, 1680-1685.
[5] Akhmet, M.; Cag, S. Bifurcation analysis of Wilson-Cowan model with singular impulses. Discontinuity,
Nonlinearity, and Complexity 10 (2021), no. 1, 161-172.
[6] Bainov, D.; Covachev, V. Impulsive Differential Equations with a Small Parameter. World Scientific, 1994.
[7] Chen, W. H.; Chen, F; Lu, X. Exponential stability of a class of singularly perturbed stochastic time-delay
systems with impulse effect. Nonlinear Analysis: Real World Applications 11 (2010), no. 5, 3463-3478.
[8] Chen, W. H.; Wei, D.; Lu, X. Exponential stability of a class of nonlinear singularly perturbed systems with
delayed impulses. Journal of the Franklin Institute 350 (2013), no. 9, 2678-2709.
[9] Chen, W. H.; Yuan, G.; Zheng, W. X. Robust stability of singularly perturbed impulsive systems under
nonlinear perturbation. IEEE Transactions on Automatic Control 58 (2013), no. 1, 168-174.
[10] Damiano, E. R.; Rabbitt, R. D. A singular perturbation model of fluid dynamics in the vestibular semicircu-
lar canal and ampulla. Journal of Fluid Mechanics 307 (1996), 333-372.
[11] Donchev, T.; Slavov, L. Tikhonov's theorem for functional-differential inclusions. Ann. Sofia Univ., Fac. Math
and Inf. 89 (1998), 69-78.
[12] Gondal, I. On the application of singular perturbation techniques to nuclear engineering control problems.
IEEE Transactions on Nuclear Science 35 (1988), no. 5, 1080-1085.
[13] Hek, G. Geometric singular perturbation theory in biological practice. Journal of Mathematical Biology 60
(2010), 347-386.
[14] Kadalbajoo, M. K ; Patidar, K. C. Singularly perturbed problems in partial differential equations: a survey.
Applied Mathematics and Computation 134 (2003),no. 23, 371-429.
[15] Kokotovic, P. V. Applications of singular perturbation techniques to control problems. SIAM Review 26
(1984), no. 4, 501-550.
[16] O’Malley, R. E. ]. Singular Perturbation Methods for Ordinary Differential Equations Applied Mathematical
Sciences, 89. Springer-Verlag, New York 1991.
[17] Owen, M. R.; Lewis, M. A. How predation can slow, stop, or reverse a prey invasion. Bulletin of Mathematical
Biology 63 (2001), 655-684.
[18] Simeonov, P.; Bainov, D. Stability of the solutions of singularly perturbed systems with impulse effect.
Journal of Mathematical Analysis and Applications 136 (1988), no. 2, 575-588.
[19] Segel, L. A; Slemrod, M. The Quasi-Steady-State Assumption: A Case Study in Perturbation. SIAM Review
31 (1989), 446-477.
[20] Tikhonov, A. N. Systems of differential equations containing small parameters in the derivatives. Matem-
aticheskii sbornik 73 (1952), no. 3, 575-586.
[21] Vasil’eva, A. B.; Butuzov, V. E. Asymptotic Expansion of Solutions of Singularly Perturbed Equations. Nauka,
Moscow, 1973 (in russian).



598 N. Aviltay, M. Akhmet and A. Zhamanshin

[22] Vasil’eva, A.; Butuzov, V.; Kalachev, L. The Boundary Function Method for Singular Perturbation Problems.
Society for Industrial and Applied Mathematics, 1995.

[23] Veliov, V. A generalization of the Tikhonov theorem for singularly perturbed differential inclusions. Journal
of dynamical and control systems 3 (1997), no. 3, 291-319.

FACULTY OF MECHANICAL-MATHEMATICS
AL-FARABI KAZAKH NATIONAL UNIVERSITY
050040, ALMATY, KAZAKHSTAN

Email address: avyltay.nauryzbay@gmail.com

MIDDLE EAST TECHNICAL UNIVERSITY
DEPARTMENT OF MATHEMATICS
06800, ANKARA, TURKEY

Email address: marat@metu.edu.tr

MIDDLE EAST TECHNICAL UNIVERSITY

DEPARTMENT OF MATHEMATICS

06800, ANKARA, TURKEY

INSTITUTE OF INFORMATION AND COMPUTATIONAL TECHNOLOGIES,
050010, ALMATY, KAZAKHSTAN

Email address: akylbek@metu.edu.tr



