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J. CABALLERO?, J. HARJANI? and K. SADARANGANT?

ABSTRACT. We present some remarks on [Carpathian J. Math. 39 (2023), No 2, 541-551] in order to obtain a
unique non trivial solution.

1. INTRODUCTION

In [2], the authors studied the following general functional equation
U(z) = prU(h(2)) + (1 = p)aU(ha(2)) + p(1 = )U(h3(x))
+ (1 =p)(1 = 2)U(ha(x)),

for any z € [0, 1], where p € [0,1], U: [0, 1] — R is a unknown function such that U (0) = 0
and hy, ha, hs, hy: [0,1] — [0,1] are given mappings such that

(12) h3(0) = hy(0) = 0.

They considered the space B of the real valued functions U : [0, 1] — Rsuch that U(0) =
0and

(1.1)

U(21) = Ul

sup ————————= < 0
T1#T2 |£L‘1 - x2|
It is easily seen that (B, || - ||) is a Banach space, where || - || is defined by
||UH = sup ‘U('/El) — U(xQ)l
T1F£T2 ‘xl - ‘TQ‘

forany U € B.
The main result of [2] is the following.

Theorem 1.1 (Theorem 3.2 in [2]). Consider the functional equation (1.1) with the condition (1.2).
Suppose that h;: [0,1] — [0,1] (i = 1,2, 3, 4), are Banach contraction mappings with contractive
coefficients o; (i = 1, 2,3, 4) satisfying
20 +ag+ag+ay) <1

and
(1.3) h1(0) = hy(0) = 0.
Then Eq. (1.1) has a unique solution in the space (B, || - ||).

Notice that Eq. (1.1) under condition (1.2) is satisfied by the function identically equal

to zero and this function belongs to (B, || - ||). By the uniqueness of the solution given by
Theorem 1.1, the unique solution is the trivial solution. This is the main result of [2].
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2. CONCLUSIONS

In order to obtain a non trivial solution to Eq. (1.1), we consider the space B; given by
Bi={UeB:U(1)=1}.

Notice that B is a subset of the known Banach space H' |0, 1] of the Lipschitz functions,
this is,

H0,1] = {U: [0,1] = R: sup

T1#£T2

{U(»’F/l)U(xz)l
|71 — 22|

< oo, for xy,x9 € [0,1]}},

where the norm is given by

U(21) = U(as)|

|z1 — 22

10| = [U()] + sup {

T1F£T2

for z1,x2 € [0, 1}} .

Moreover, H'[0,1] is a Banach algebra [1].
It is easily seen that By is a closed subset of B and, therefore, (Bj,d) is a complete
metric space, where d is the distance induced by || - ||, this is,

d(Uy,Us) = ||Uy — Uzl = sup

T1£T2

{ |(U1 = Uz) (1) — (Uy — Uz)(22)

y L1,T2 € [071]}3
|71 — 22

for any Uy, U; € B;.
Next, we present our result.

Theorem 2.2. If in Theorem 1.1 we replace condition (1.3) by

(24) hi(1) = ho(1) =1

and p(ai + as) + (1 —p) (a2 + o) < 3 then Eq. (1.1) with (1.2) has a unique solution in (B, d).
Proof. We consider the operator G defined on B; as

(GU)(z) = pzU(h1(z)) + (1 — p)aU(ha(x)) + p(1 — z)U (h3(z))
+ (1 =p)(1 = 2)U(ha(z)),

for U € By and z € [0, 1].
By condition (1.2), it is clear that (GU)(0) = 0 and by (2.4) we have that (GU)(1) = 1.
On the other hand, since H'[0, 1] is a Banach algebra it is easily seen that the identity
function and the composition of elements in H'[0, 1] also belong to H'[0, 1]. Therefore, if
U € H'[0,1] then GU € H'[0,1]. Summarizing, GU € B; and G applies B into itself.
Next, we have to prove that G is a Banach contraction in B;. For this, we take U, U, €
B and, since

d(GUL, GUz) = ||GUL = GUs || = |G(Uy — Ua) |,

we estimate ||G(Uy — Us)||. In fact, we take z,y € [0, 1] with = # y.
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|G(Ur = Uz)(x) = G(Ur — Uz)(y)]
|z —yl

1
e lpz(Ur — Uz)(ha(z))

+(1 = p)z(Ur = Uz)(h2(x)) + p(1 — 2)(Ur — Uz) (hs(z))
+(1=p)(1 = 2)(Ur — Us)(ha())
—py(Ur = Ua)(ha(y)) = (1 = p)y(Ur — U2)(ha(y))

—p(1 = y)(Ur = U2)(hs(y)) — (1 = p)(1 = y)(Ur — Uz)(ha(y))|

S P (p\w —yll(Ur = U2)(ha(2))| + pyl(Ur — U2)(ha () — (U1 —
+ (1 =p)lz — yl[(Ur — Uz)(ha(z))]
+ (1= p)yl(Ur = Ua)(ha(x)) — (U = U2)(h2(y))|
+plz = yl|(Ur = U2)(hs(2))] + p(1 = y)[(Ur = U2)(hs(x)) — (U
+ (1 =p)lz = yl[(Ur — U2)(ha(x))

+ (1= p)(1 = )T = Ua) (ha()) — (U1 = Ua) (ha())])-

Now, as (U; — Uz)(0) = (U; — Uz)(1) = 0 we obtain that
|G(UL = Up)(x) = G(U1 — Us)(y )I
|z —yl

|(Ur = Uz)(ha(x)) — (U = Uz)(1))| _

sp () — 1 ha () — 1]
+ (1 _p) |(U1 - UQ)(hZ(;('l))_(ﬁl — U2)(1))‘ |h2(.7;) _ 1|
_|_p ‘(Ul - UQ)(hS(:}CLi)(x)(Ul - UQ)(O))l ‘hg(:r,)‘
+ (1 _p) |(U1 — UQ)(hél(x)) — (Ul — UQ)(O))‘ |h4(1’)|

|ha(2)]

+ T2 0 = Ol ) = (o) + @;p' 10y = Uall [ha(a) -
T+ P U = Uall hae) — ha(y)] + 2 (U2 — U] [ha() -

|z — yl |z — yl
<p Ui = Uz [hi(z) = ha (1) + (1 = p) [[Ur — Uz| [ha(z) — ha(1)]

Usz)(h1(y))|

— Ua)(hs(y))]

ha(y)|

ha(y)l

+p |Ur — Uzl| |h3(x) — h3(0)| + (1 — p) [|[Ur — Uz|| [ha(z) — ha(0)]

+p|UL = U2f a1+ (1 =p) [Uy = U2f a2 +p ||[UL = Uz a3
+ (1 =p) [U1 = Uz aq

<p|Ui = Uz ca|z — 1|+ (1 = p) |[Ur — Uz |z — 1]
+p U = Uz aslz] + (1 = p) [|[Ur — Us|| culz|
+p|UL = U2far + (1 =p) [U = Uzf a2 +p ||Ur = Uz a3
+ (1 =p) [[U1 = U2 a4

< 2(10(@1 +a3)+ (1 —p)(az+ a4)> U1 — Us||.
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Finally, taking into account our assumption, we obtain that the operator G is a contraction
in (By,|| - ||). Therefore, by the Banach’s contraction principle, Eq. (1.1) has a unique
solution in this space. O

Remark 2.1. Since the solution U* to Eq. (1.1) given by Theorem 2.2 belongs to (B4, || - ||)
we have that U*(1) = 1 and, therefore, U* is not the trivial solution.

Finally, we present an example illustrating our result.

Example 2.1. Consider the following functional equation
1 1 4 2 1 6 1 1
U(z) —ng (5JC+5> —|—§IU (7x+7> +§(1—x) U(Sx)

2 1
+3(1—J;)U<9x>.
Eq. (2.5) is a particular case of Eq. (1.1) withp = &, hy(z) = 2o+ £, ho(z) = 22+ &,
hs(z) = g x, ha(z) = § .

Moreover, it is clear that k(1) = h2(1) = 1, hg(0) = h4(0) = 0 and h; are contractions
of [0, 1] into itself with constants a; = 1/5, e = 1/7, a3 = 1/8 and oy = 1/9.

Since

2.5)

(a1 4+ a3)+ (1 —p)(« +a)—1 1+1 +g 1+1 <1
plon 3 p)lo2 4)=3\ 573 3\779 9’

Theorem 2.2 says us that Eq. (2.5) has a unique nontrivial solution.
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