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A population model with pseudo exponential survival

DRAGOS-PATRU COVEI!, TRAIAN A. PiRVU? and CATALIN STERBETI®

ABSTRACT. This paper considers a model for population dynamics with age structure. Following Dufresne
(2006) and Beghriche et all (2022) the probability of survival is assumed to be a linear combination of exponen-
tials, and a product of a polynomial and an exponential. The number of births in unit time is characterized
through a system of ordinary differential equations. This is solved explicitly in special cases, which leads to
closed form expressions for the population size. The later allows an assymptotic analysis with three cases; the
population goes extinct, explodes, or converges to a finite number depending of the interplay between model
parameters. From a practical standpoint our modelling approach leads to a better fit of population data when
compared to the exponential survival, and it also allows for more shapes of population as a function of time.

1. INTRODUCTION

This work analyzes a population model with age structure. There are many papers on
this topic, we only refer a few [2, 3, 4, 10, 11, 14, 16, 17].

The pioneer work of [14] was among the first to model the population dynamics, or
more precisely, its density, as map which depends on time and age. The fertility function
and mortality intensity are exogenous in his model. The total population at a given time
is obtained by integrating the density map along its age dependency. Thus, the density
map is key in studying the population model.

A system of integral and differential equations can be employed to characterize the
density map. A Volterra integral equation turns out to be equivalent to this system. It
well known by now that fixed point arguments yield existence to such Volterra equations,
but their numerical implementation is burdensome.

Let us turn now to the contributions of our paper. In order to make the problem more
tractable, and inspired by the works of [1] and [6] we assumed that the mortality intensity
is a combination of exponentials or an exponential multiplied by a polynomial. In this
paradigm we manage to reduce the Volterra integral equation to a system of ordinary
differential equations which can be solved easily. Moreover, in special settings closed form
solutions were obtained by means of Laplace transform. In the special case of exponential
mortality intensity our closed form solutions coincide with the ones obtained in such a
setting by [2].

Our methodology can be extend naturally if one approximated a general mortality in-
tensity function by linear combinations of exponentials.

The closed form solutions we obtained for the total population allowed us to perform
an asymptotic analysis. This revealed that in the limit the population goes extinct, ex-
plodes, or converges to a finite number.

We provide the survival and fertility parameters interplay which leads to one of these
situations.

Received: 10.10.2023. In revised form: 10.02.2024. Accepted: 17.02.2024

2010 Mathematics Subject Classification. 37N25, 39A06, 44A10, 92D25.

Key words and phrases. Dynamical systems, Population dynamics, Differential-difference equation, Laplace trans-
form.

Corresponding author: Dragos-Patru Covei; dragos.covei@csie.ase.ro

627



628 Dragos-Patru Covei, Traian A. Pirvu and Catédlin Sterbeti

Let us comment now on the real world applicability of our work. Our explicit solutions
show that the population is a sum of three or four exponentials (depending on the model
considered) and this will have a profound impact when compared to the exponential sur-
vival model where the population is exponential. Not only our model allows for more
shapes of the population function of time but will also provide a better fit to population
data. There is a rich literature by now on the fitting of real world data with a linear com-
bination of exponentials; we mentioned [5] and [9] only. The later shows the superiority
of the fit when more exponentials are employed (the comparison is done with one, two,
and three exponentials).

The reminder of this paper is organized as follows: Section 2 presents the model; Sec-
tions 3 deals with the case when the mortality intensity is a linear combination of ex-
ponentials; Section 4 treats the case when the mortality intensity is a polynomial times
an exponential; Section 4.1 treats a new fertility model; The conclusion can be found in
Section 5.

2. THE MODEL

Let us introduce the model. The function p(a,t) denotes the density of people aged a
years at time ¢, which will be assumed a differentiable in both variables. The number of
people aged between

aand a + Aa
at time ¢, where Aaq is the small time increment, can be approximated by
pla,t)Aa.
Consequently, the total population at time ¢ is
Z pla,t)Aa.
By passing Aa — 0 one gets

/p(a, t)da

0
the total size of population at time ¢, which will be denoted by

o

2.1) P(t) = / p(a, 1) da.
0
In this model people can die and death rate, then the mortality intensity or age-specific
mortality or death modulus is denoted by the nonnegative function p(a).
As such, during the time interval from ¢ to ¢ + At a fraction

w(a)At
of people aged between a and a + Aa at time ¢ die.
The number of people
pla,t)Aa

at time ¢ have ages between a and a + Aa.
The number of deaths from this age cohort between during the times ¢ and ¢ + At is

pla, t)Aa - p(a)At.
The number of people surviving at time ¢ 4+ At, with ages between

a+ Atand a + At + Aa
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can be thus approximated by
pla+ At,t + At)Aa = p(a,t)Aa — p(a,t)pu(a)AaAt,
or, equivalently,
pla+ At,t + At) — p(a,t)

(2.2) Ar + p(a)p(a,t) = 0.
Let At — 0 to get
(2.3)
limayso P(a+At,t-Z?t)—ﬁ(aat) = lima,_, pla+At, t+At) plat+At) lma,_, W

= hmAt_w(pa(a t+ At) + pe(a,t))
= pala,t) + pi(a,t),

where p,(a,t) (respectively p,(a,t)) is the partial derivative of p(a,t) with respect to a
(respectively t).

Coupling (2.2) and (2.3) together we obtain the Lotka-McKendrick equation
(24) pala,t) + pi(a,t) + p(a)p(a, t) = 0,
(for more on this see [2, p. 274] or [8, Section 2, pp. 128-130]).

The probability that a subject of age ag will survive to age a is then given by

~ [ ueya
e

Consequently, the probability of survival from age 0 (birth) to age a is

— a) da
(2.5) m(a) =e w4

Following [7] and [6] we may assume that this probability is a linear combination of ex-
ponentials.

The birth process in our model is given by a function called the birth modulus or natality
rates or fecundity function, denoted by 3(a), which will be positive. Then

pla)At

is the number of people born from parents with ages between a and a + Aaq in the time
interval from ¢ to ¢t + At, and in turn the total number of births occurring during ¢ and
t+ Atis

AtZﬁ atAa—>At/ﬂ a,t) da.

Since this quantity equals
p(0,t)At

one obtains renewal condition or the total birth rate or fertility rate, at the time ¢ given by
2.6) B(O) = p(0,1) = [ Bla)pla,t)da
0

which it should depend on the total population and so in practice p(a, t) is zero for large
age. The time 0 age distribution is exogenously given

(2.7) pla,0) = @(a),

is assumed to be known and it is called the initial population distribution.
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Finally, (2.4), (2.6) and (2.7) leads to the following PDE characterization of p

pala,t) + pe(a,t) + pla)p(a,t) =0 for a,t >0,

(2.8) p(0,t) = [ B(a)p(a,t)da for t>0,

p(a,0) = ®(a) for a>0.

The problem (2.8) discovered first by McKendrick [14] is the starting point of many pop-
ulation models analyzed by many other authors.
Obviously, to solve (2.8) we can rewrite the equation

pa(a7 t) + pt (CL, t) + ,u(a)p(a, t) =0
as the well know transport equation

!/ !

i () dex i () dex
<eg " o(a, t)> + (eg g pla, t)) =0,
la |t

which has the general solution

) da

(2.9 pla,t) = e_OfM(a h(t—a)

for some function » : R — R. Next, we simply plug the general solution (2.9) into the
boundary conditions and solve for the yet to be determined function &

~ @ d

p(0,t) = h(t) = B(t) = pla,t) =e © °B (t—a) for t>a,
*fa#(a)da - f w(a) da
pla,0) =®(a) =e © h(—a) = p(a,t) = ®(a —t)e = for t<a.

Therefore, the solution p(a, t) is given by an implicit formula

- futaya
B(t —a)e {* for t>a
(2.10) pla,t) =
- [ wle)d
O(a —t)e ot for t<a

(see [13, Section 2, pp. 4-6] for more details). From this one gets the following Volterra
integral equation on the birth rate

p(0,t) = [ Bla)p(a,t)da

— [ n(e) da T = J w(a)da
B(a)p(0,t —a)e Of# da—i—/ﬂ O(a—t)e ot da

t
f T ~ ] weya

B(a) B(t — a)e ~{ He) da—i—/ﬁ b(a—t)e ot da.

i

|
o O~ 0\8
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We let U () be the rate of births from members who were present in the population at time
0, and in terms of the initial age distribution and the birth and mortality intensity

a s+t

- p(e — | w(a)da
(2.11) B D(a —t)e “t da— Bt—i—s s ds.

With notation (2.5) and (2.11), the renewal equation characterlzes B(t) is given by

(2.12) /B B(t — a) da,

(see [12] for the authors that developed this theory). Moreover, if B(t) is a solution of the
renewal equation, then a solution of the PDE of p is (2.10).

However, until now the explicit solution for (2.12) is obtained in some very special
cases. This means that numerical method is the most used alternative for the researchers
to obtain new results. On the other hand in many real world phenomena it is useful to
know an explicit solution for (2.12). Then, our objective of the paper is to present an
explicit formula for the McKendrick model in a special framework that appears in the
natural phenomena.

To introduce our results we assume as in [2], that the expected number of offspring for
each individual over a lifetime, being the sum over all ages a of probability of survival to
age a multiplied by the number of offspring at age a is finite, i.e.

/ B(a a) da < oo.

3. THE CASE OF PSEUDO EXPONENTIAL MORTALITY INTENSITY

In the following, inspired by [6] and [7], we consider a model with 7(a) pseudo expo-
nential, i.e.

(3.13) m(a) = Z cie Hie
i=1

for positive constants ¢;, y; with

(3.14) c1#0,Y pi#0and Y ¢ =1.
i=1 i=1

The last assumption is imposed for tractability and is natural as we can approximate the
complement of a distribution function by a combination of exponentials according with
[6, Section 3].

Next, we assume that the function (a) can be expressed in exponential form as follows

(3.15) B(a) = Be ",

and with a notational change one can let 3 = 1. We should mention that, if ;1 > 0, the

function in (3.15) describes behavior analogous to that of mammals (see [15, p. 404], or

[12, 19] for more details). On the other hand for a = 0, this function (a) is of a form that

could be appropriate for many species of fish where fecundity increases with age (size).
Our first main result can be expressed in the following.

Theorem 3.1. Assume the following: (3.13), (3.14) and (3.15). Under these assumptions, the
integral equation (2.12) has a unique solution. Moreover, the solution and the population (2.1) can
be expressed exactly when n =2, ¢; # 0, co # 0 and ® (a) is the Dirac function.
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Proof. In the first part, we establish the existence and uniqueness of the solution. Return-
ing to our objective, in our current context

B(t) = U(t) + /ﬁ(a)w(a)B(t —a)da,
0

becomes
B(t) =V(t)+ Y _ciBi(t),
=1
where
t t
(3.16) Bi(t) = / e~ WFH)AB(t — a)da = / e~ Hr)(E=2) B(2)dz.
0 0

It follows that
t

Bi(t) = B(t) = (n+ Mi)/ef(”“”(H)B(Z)dZ = B(t) = (p + pi) Bi(t)-
0
Thus we get the following ODE system for B; () in the form

Bj(t) = W(t)+ (c; — (n+ pi))Bi(t) + > _¢;Bj(t),  Bi(0) =0.
J#i
We can rewrite the system as

Bj(t) =1(t) + > ai; B;(t),
j=1
with

g =c¢j TF G i =c— ().
In canonical form the system can be written

(3.17) b'(t) = Ab(t) + u(t),
where
By (G
b= , U= :
By G
and
a1 12 Ain
A= .
apl Qna c Qnn

From the general theory of linear ODE systems, (3.17) has a unique solution, which, given
the boundary condition is

Let us notice that
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and
n

(3.18) R= /OOO Bltm(tydt =Y —

o M

We can compute B(t) via Laplace transform (see [7]).
We assume for simplicity that n = 2. In the remaining of the paper the Laplace trans-
form is denoted by a hat

(3.19) B(p) = ® (p) + F (p) B(p).

Here @ (p) is the Laplace transform of ¥

/ U (a)e Pda

/ Zce (tpi)ag—pa g,

= Zci/oo e~ Prutuiagq
i=1 Y0

2
- b
Zizl D+ A+

F (p) is the Laplace transform of Sm

o (p)

£ > - C1 C2
F(p) = B(a)m(a)e™P*da = + .
(®) 0 (a)m(a) PHpu+pr pApApe

Observing that
F(0)=R, lim F(p)=0andF (p) is decreasing in p

p—so0
we conclude that the equation
F(p)=1
has a unique real solution, denoted by py. Moreover, we distinguish the cases
1. if R > 1thenpg > 0;

2. if R < 1then py < 0;
3. if R=1then py=0.

Indeed, let us prove for the case 1. It is enough to assume by contradiction that py < 0 to
see

1= F(py) > F(0) =R,

a contradiction with R > 1, concluding the case 1.
Let us return to the Laplace transform of B, which is given by

2 2

FETEIAPY ATl

i=1 1

Then, if p # py we have
C1 + +Ciu
> +p+ pHtpe
Blp) = IR T P

p+p+pa pH+ptp2
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or equivalently
Bp) = a(pt+ptp)teapt+p+m)
(P+ptp)(pt+ptpe)—cr(ptptp)—c2(pt+p+p)

which is well defined for all p # py.
Let p1, p2 the roots of

PP+ 2+ pa 4 p2 — )p + (4 ) (1 + p2) — pp— capz — copn = 0.
This quadratic has real roots since the discriminant is positive
A= (1 —p2+co—c1)’+4dei(1—e1) >0,
and the roots are

(2p+ p1 +p2 — 1) + VA by — —2p+p +p2 —1) —VA
2 Tee 2 ’

Moreover, we observe that A > 0 (this is the case when ¢; # 0, c3 # 0). As such

P1=_

- p1+ p+ copr + crpe 1 P2 + p+ Ccop1 + Ccrpie 1
B(p) = ( > + .
P1— D2 pP—m P2 —p1 D — D2
Therefore
B(t) = (pl U+ copr + 61M2> Pty (p2 +p+copr + 61M2> P2t
P1 — P2 P2 —P1

To calculate the total population, let us remember that

o t o

/p(a,t) da = /p(a,t) da+/p(a,t) da

0 0 t
t a oo a
= [ n(e) de = [ nle)da
= /B(t—a)e s da—i—/@(a—t)e a-t da,
0 t

so the population size will be different from the previous model studied. Here

P(t)

- Joweyde — [ uw@da - fu@da [u@da x(a)
e ot =e ot =e 0 eo = -
m(a —t)
Using the definition of =
7 (a) = cre™H1? + e 12
yields
m(a) cre”H1e 4 coemH20
mla—t) cre~mla=t) 4 cyemna(a—t)’
In the final part of the proof theorem, we concentrate on a particular scenario of our model
by supposing that ®(a) is the Dirac function. Under this assumption

m(a) _ m(t)
@(a — t)m = @(a - t)mv
which implies

m(a) _r® a —t)da = cre Mt 4 cqeH2t
/(I)(a—t)ﬂ(a_t)da—ﬂ(o)/@( fda = cre=t 4 cyetat,

t t

In order to ease notation
B(t) = K1eP'' + KyeP?!
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with
_ (P1t At capn + Crp _ (P2t ptcopn + Ciig
K, = . Ky = .
p1—Pp2 P2 —P1
Thus,
- fu@) da
B(t—a)e ©

— (Klepl(t—a) + Kzepz(t—a)) (cle—ula + C2€—M2u)
— chlemt*(mﬂn)a + chﬁplt*(uﬁm)a + chlepat*(mﬂ?z)a + K2626p2t*(u2+p2)a

= Kelt (Cle—(ltﬁ-m)a + 626—(H2+P1)a> + KyeP2! (Cle—a(mﬂ?z) + 026—(M2+P2)a)

from where

a

t — [ p(a) da
[B(t—a)e © da
0
o 1—e—(m1tpP1)t 1—e—(H2+p1)t tp1 1—e—(r1tp2)t 1—e=(n2tp2)t\ oy
=K (a p1tp1 TP e+ Kz (o p1tp2 2 T, €
_ eP1t _o—H1t eP1t _o—n2t eP2t _g—H1t eP2t _o—nat
=Ki|a w1+p1 +e2 H2+p1 ) + Ko (Cl n1+p2 + e H2+p2 ) ’
Therefore
plt _ —;l,lt plt _ —;l/_)t
e e e (&
P(t) = K (01 +co )
p1+m H2 +Dp1
eP2t _ o—pat eP2t _ o—pat
—pat — ot
+Ks | 1 + ¢y +cre H1t 4 cge M2,
M1+ D2 M2 + D2

( cakG + Ky )epltJr( a1 Ky + ca Ko >6p2t

H1+p1 p2+p1 p1+p2 p2+p2

B ( a1 K n aky 01) et ( c2 K n Ky 62> —
B1+p1 o g1+ P2 t2 +Dp1 p2+p2

Having solved for P(t) in closed form we can perform an asymptotic analysis, which
clearly isas t — oo

either P(t) — 0 either P(t) — oo either P(t) — [ € (0,00) .

The asymptotic analysis shows the trade-off between fertility parameters and survival
parameters and which ones prevail in the limit. Our first main theorem has now been
proven. 0

To conclude this section, we observe that in the special case of c; = 0 ( take po2 = p1 so
A > 0) we obtain

B(t) = 6(1—(u+#1))t’

which is the result obtained in the genesis model by [2] (page 279, example 1). Indeed this
is the case since, with these parameters,

p2=—p—p1,p1 =1—p—p,
and

P2 + p+ copy + crpe = 0.
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4. ANOTHER PSEUDO EXPONENTIAL SURVIVAL

In the following, inspired by [1] we consider another pseudo exponential survival as
follows

(4.20) m(a) = (i cz-a’i> e,
=0

and

(4.21a) B(a) = e ",

with the appropriate conditions on the parameters defined in (3.14).
We are now able to express our second main result as follows.

Theorem 4.2. Suppose that the following assumptions hold: (4.20) and (4.21a). Under these
assumptions, the integral equation (2.12) has a unique solution. Additionally, when n = 1 and
® (a) is the Dirac function, the solution and the population (2.1) can be expressed exactly.

Proof. We follow the same approach as in Theorem 3.1, starting with the existence and
uniqueness of the solution (2.12) becomes

B(t) = U(t) + zn:ciBZ-(t),
=0

where
t t

(4.22) B;(t) = /e*ﬁ“aiB(t —a)da = /e*ﬁ(tfz) (t — 2)'B(z)dz,
0 0

and 7t = p + p.
By differentiating we get the following ODE system for B;(t) in the form

By(t) = B(t) —mBo(t),
Bi(t) = —mBi(t)+iB;_1(t), i>1.
In canonical form the system can be written
(4.23) b (t) = Ab(t) + u(t),
where
(4
By 0
b= , U= .
B, 0
and
co—f ¢ Cc2  C3 Cn
1 - 0 0 0
A= 0 2 —pg 0 0
0 o 0 -~ n -

From the general theory of linear ODE systems, (4.23) has a unique solution, which, given
the boundary condition is

b(t) = /Ot ey (s)ds.
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Our next step is to find the population in exact form. As in the case of (3.18) we have

n

= g < c;1!
(424)  R= / Bt =S e / pietmtmngy 3 Gl
0 ; 0 ; (p1 + )™

As in Section 3 we denote by py the solution of
F(p)=1

where F (p) is the Laplace transform of Sw. Then, the Laplace transform of B forn = 11is
given by

~ Co c1 Co C1 >
B(p) = — + — + [ — + — B(p).
(®) pta (p+p)? |[p+tp (p+p)? @)

Consequently

: colp+p)+e

B(p) = ,

W= i — b+ -
is well defined for all p # py. Let’s point that
colp+i)+a _ Alp—p2+ i) B(p—pi+p)
(p+p)?—clptp)—ca  @P-pr+p)P-p2+p) @E-—pr+p)(p-—p2+a)’

where py, p2 are the roots of the quadratic

x2—cox—cl =0.
They are real since A = ¢3 + 4¢; and

Co+\/Zp Co—\/Z

p1 = B 2 = 5
Moreover
A + B = Cp
A(=p2+ i) + B(—p1 + 1) = cofi + c1.
This system has the solution
gt g _Gtcp2
b1 — D2 b1 — P2
Thus,
- c1 + cop1 1 c1 + cop2 1
B(p) = — — —.
pr—p2 P—p1+p PL—pP2 P—DP2+ [
Therefore

B(t) = ST OPL -y _ CLECOP2 (py iyt
p1—Pp2 p1—p2
The total population can now be calculated, as previously mentioned

Pit) = 7p(a,t)da:/tp(a,t) da—i—]op(a,t)da

t a o0 a
~ [ ua) da - [ n@da
/B(t—a)e i da—i—/(I)(a—t)e et da.
0

t

We can make an initial observation that the population size will be distinct from the pre-
vious model. Here

e*a[t pajdas —w(a) (co + cra)er1e

mla—1t) [co+cr(a—t)]erla—t)’
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since

Let us notice that

o0

/<I>a—t

t
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m(a) =

(co + c1a)e™H14.

t)

7 (1)

(Co + Clt)e_’”t
7 (0) .

/<I>a—t
t

Co Co
In order to ease notation
B(t) = KieM! 4+ Kyet?t,
with
K= GO g, ATk — [ A2 =p2—[i.
P1 — D2 b1 — D2
Thus,
~ ] () do
B(t—a)e ©
= (K eMi(t—a) + Ko etz (t— @)) 2(00 + cit)e” pit
— KlLie(Al_Nl) _|_tK (>\1 p1)t +tK (>\2 p1)t +K (>\2—M1)t
el

from where

t a
— [ (o) da
/B (t—a)e Ofu da
0

Kjeimmte=ha (g 4 tc1) + Ko™ “1)t6_’\2a (ter + o)
(tCl + CO) (Kle()\l—lu)te—)\la + K2e()\2—,u1)te—)\2a)

(tCl + CO) (Kle(Al—ltl)te—(L)q + K2e(k2—/t1)te—akz> da

(ter + co) (Kle(h_“l)te_h“ + ng(AQ_“l)te_A"’“> da

S O~

t
(ter + co) /K (Al—#l)te—)\lada+/K2e(>\2—#1)te—)\2ada
0

t t
= (te1 +¢o) KiePri—mt / e Mg + KyeP2—m)t /e‘““da
0 0
1 _ 7>\1t 1 _ 7)\2t
= (Kle(/\lul)t € 4 K2e(/\2*lt1)t /\6 ) (tcl + CO)
1 2
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Thus,
—\t —Xaot
P(t) = Kleo‘l_“l)tl_;l + ]{26()\2—;11)151_L2 (ter + co) + Me—mt
A1 A2 €o
1 — et 1 — g~ At "
_ < Kl e K26A2t6) (co + extye—tnt + SOt
)\1 )\2 Co
At 1 Aot 1 t
= Klie + K27€ (co+ crt)e Mt + fotat e Mt
)\1 )\2 €o
K16>\1t Kl K26>\2t K2 ( i t) it i co+cit —pgt
— _— —_ C C e e
A1 Al A2 Ao 0 ! Co

— S| (Ar—p1)t Ky (A2—p1)t K, K, 1 it
= {)\16 + )\26 + N + o e (co + c1t).

Having solved for P(t) in closed form we can perform an asymptotic analysis as in the
previous section. We have now completed the proof for our second main theorem. O
To conclude this section, we observe that in the special case of ¢y = 1 and ¢; = 0, we
have
p=1p2=0
leading to

B(t) = e=mt _ 6(17(ﬂ+#1))t’
which is the result obtained in the genesis model by [2] (page 279, example 1).

Remark 4.1. As per [6], the pseudo exponential functions that we consider can approxi-
mate any continuous survival probability function, thereby making our approach in The-
orems 3.1-4.2 applicable to all such functions.

We consider a fertility model at the end of the paper, using the same arguments as in

our Sections 3-4 and inspired by [18].

4.1. A Fertility Model . We take the fertility function to be

n
B(a) = g ciat | eH.
i=0
Moreover, the survival function is assumed exponential
m(a) = e M9

Let us notice that we get the same equation for B(t) as in the previous model since the
product B(a)m(a) is the same. As such, we obtain the same formula for B(t) and his
Laplace transform. Next, we will compute the total population P(t) in the special case of
n = 1. Recall that in this case

B(t) = KieM! 4 Kye??!,

with

c1 + cop2 _ _
A Ky=——"2 N =p1— i, Aa=ps— i
b1 — D2 P1 — D2
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The total population P(t) is given by

Pt) = /p /p a+/p
0 0 t
/ oL T J neyd
) — (o) do
= /B(t—a)e 0" a—i—/@a—teal‘ da,
0 t

so the population size will be different from the previous model. Here p(«) = p;. Let us

notice that
o0

— f (o) da I
/<I>(a —t)e ot 8 da = () /fb(a —t)da = e~ Mt
7 (0)
t

Moreover,

t o

= [ u(a)d
/Bt—a A - B(t —a)e™"%da
0

(Kleh(t*a) + K26A2(t7‘1)> e M%da

(Kle)\lt*()\lﬂjul)a +K26/\2t7()\2+,u1)a) da

Il
S O O~

= K et 4 Kz ettt — ( K + Kz )e‘"’lt
A1+ A2 + 1 AMtpr o A+
_ K, (M1t — emmt) 4 Ky (A2t — emrat) |
A1+ A2 + i1
Therefore
Kl At — K2 — —
P(t) = ————— (eMt—emt) 4 =2 (M2t — gmmt) 4 gt
®) >\1+M1( ) /\2+M1( )
S S W (C TP (1 K Ky ) —
A1+ Ao + 11 A1+ Ao+ 1

Having solved for P(t) in closed form we can perform an asymptotic analysis as before.

5. CONCLUSION

Our results show that the population is a sum of three or four exponentials (depending
on the model considered), which is a significant departure from the classical exponential
survival model where the population is exponential. Our model not only allows for more
shapes of the population function of time but also provides a better fit to population data.
There is a rich literature on the fitting of real-world data with a linear combination of
exponentials, and we have mentioned [5] and [9] as examples. The latter shows the supe-
riority of the fit when more exponentials are employed (the comparison is done with one,
two, and three exponentials). Consequently, our population models will perform much
better than the classical exponential survival model on data fitting. While more general
models for population with numerical solutions are available, the lack of explicit solutions
will render them not applicable to data fitting.
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