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Some remarks on expansive mappings in metric spaces

OvVIDIU POPESCU and CRISTINA MARIA PACURAR

ABSTRACT. The aim of this paper is to generalize the results on expansive mappings of Yesilkaya and Aydin
from Fixed Point Results of Expansive Mappings in Metric Spaces [see Yesilkaya, S. S.; Aydin, C. Fixed Point Results
of Expansive Mappings in Metric Spaces. Mathematics 8 (2020), 1800]. In the present paper we show that the
conditions imposed on the function 6 can be relaxed. Thus, we present more general fixed point results for
g-expansive mappings in metric spaces and prove some fixed point theorems for this class of mappings, via a
different approach. Finally, we present some examples to support the new results.

1. INTRODUCTION AND PRELIMINARIES

In 1984, Wang et. al. [19] started the study of expansive mappings and proved some
fixed point theorems for such mappings, which correspond to some contractive map-
pings in metric spaces. Thereafter, several authors generalised and extended the results
of Wang, see [3], [5], [7], [8], [11], [16], [18]. Recently, Yesilkaya and Aydin (see [20]) in-
troduced the concept of #-expansive mappings in ordered metric spaces and extended
the main results for expansive mappings from the current literature. For example, they
obtained a common fixed point theorem of two weekly compatible mappings in metric
spaces.

In 1982, Sessa [17] defined the concept of weak commutativity for two mappings and
proved a common fixed point theorem for such mappings. In 1986, Jungck [10] introduced
the concept of weakly compatible mappings.

Definition 1.1. [17] Let U and V be self mappings of a set M. A point € M is called a
coincidence point of U and V if and only if Uz = V2. In this case, w = Uz = Vz is called
a coincidence of U and V.

Definition 1.2. [10] Two self mappings U and V' of a metric space (M, d) are said to be
weakly compatible if and only if at every point z € M which is a coincidence point of U
and V, the mappings commute, thatis UV 2z = VU z.

Remark 1.1. It is worth noting that the condition UV z = VUz for weakly compatible
mappings in Definition 1.2 is equivalent to the condition U?z = V?z. In other words, if u
is the a coincidence point of U and V, then it is also a coincidence point of U 2 and V2.

The following fixed point result for expansive mappings that was proved by Wang in
[19] is essential for the current paper.

Theorem 1.1. [19] Let (M, d) be a complete metric space and U a self mapping of M. If U is
surjective and satisfies

d(Ux,Uz) > qd(x, z),
forall x,z € M, with q > 1, then U has a unique fixed point in M.
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In 2004, Ran and Reurings [15] proved a fixed point theorem in a partially ordered
metric space.

Theorem 1.2. [15] Let (M, <) be an ordered set and d be a metric on M such that (M,d) is a
complete metric space. Let U : M — M be a nondecreasing mapping, i.e. Uz < Uy, for every
x,y € M with v < y. Suppose that there exists xo € M with zo < Axgand L € [0,1) such that

d(Uz,Uy) < Ld(x,y),
forevery x,y € M with x <y. If U is continuous, then it has a fixed point in M.

Thereafter, many authors considered the problem of the existence of a fixed point for
contraction type mappings on partially ordered set, see [1], [2], [4], [12], [13]. In 2014,
Jleli and Samet introduced in [9] the class of #-contractions. They considered O, the set of
functions 6 : (0,00) — (1, 00) satisfying the following conditions:

(A1) 0 is non-decreasing;

(62) for each sequence {t,} € (0, 0), h_}m 0(t,) = 1 if and only if ILm t, =0%;

(05) there exists r € (0,1) and ! € (0, o0] such that

lim 6(t) ~ 1 =

t—0+ tr

L.

The following lemma, proved by Gérnicki in [6] is an important tool in this theory.

Lemma 1.1. [6] Let (M, d) be a metric space and U : M — M a surjective mapping. Then, U
has a right inverse mapping, i.e., there exists a mapping U* : M — M such that U o U* = I,
where Iy is the identity mapping on M.

If (M, <) is an ordered set and d is a metric on M, we say that (M, <,d) is an ordered
metric space. If for every increasing sequence {z,} C M with x,, — 2* € M we have
zn, < z* for all n € N, then we say that M is a regular ordered metric space.

Very recently, Yesilkaya and Aydin introduced in [20] the notion of #-expansive map-
ping in ordered metric spaces.

Definition 1.3. [20] Let (M, d) be an ordered metric space. A mapping U : M — M is said
to be f-expansive if there exists § € © and n > 1 such that

0(d(Uz,Uz)) > [0(d(z, 2))]",
for all (z, z) € My, where
My={(z,2) e M xM : <z dUxzx,Uz) > 0}.
They proved the following theorems:

Theorem 1.3. [20] Let (M, <, d) be an ordered complete metric space, U : M — M a surjective
§-expansive mapping and U* a right inverse of U such that U* is < increasing. Suppose that there
exists xg € M such that xo < U*xq. If U is continuous or M is reqular, then U has a fixed point.

Theorem 1.4. [20] Let (M, d) be a complete metric space and U : M — M a continuous surjec-
tive O-expansive mapping. If there exists n > 1 such that

0(d(Ux,Uz)) > [(min{d(z, 2),d(z, Uz), d(z,Uz)})]",
forall x,z € M, then U has a fixed point.
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We show that in these theorems it is not necessary that # € ©. We can prove that the
results are available even if 6 has only the property that it is a non-increasing function.
Thus, our results are much more less restrictive and consequently, more general than the
results existing in literature.

In [20], there is provided the following common fixed point theorem for weakly com-
patible mappings (see Theorem 5).

Theorem 1.5. [20] Let (M, d) be a complete metric space. Let U and V' be weakly compatible self
mappings of M and V(M) C U(M). Suppose that 0 € © and there exists a constant 1) > 1 such
that

0(d(Ux,Uz)) > [0(d(Vz, V)],
forall x,z € M. If one of the subspaces U (M) or V
common fixed point in M.

(M) is complete, then U and V have a unique

In this paper we give a more general equivalent of Theorem 1.5 and thus, we provide
a new significant common fixed point result for weakly compatible mappings.

An essential tool in the proofs of our results is the following Lemma proved by Popescu
in [14]:
Lemma 1.2. [14] Let (X, d) be a metric space and {x,} be a sequence in X which is not Cauchy
and lim d(x,,xny1) = 0. Then there exists € > 0 and two sequences {xy, } and {xy,, } of {xn}

n—oo
such that
+

lim d(zp,+1,Tm,+1) = lIm d(zp,, Tm,) =€
k—o00 k—o00

2. MAIN RESULTS
First, let us start with the definition of p-expansive mappings in ordered metric spaces.

Definition 2.4. Let (M, <, d) be an ordered metric space. A mapping U : M — M is said
to be p-expansive if there exist a non-decreasing function ¢ : (0,00) — (1,00) and n > 1
such that

p(d(Uz,Uz)) = [p(d(z, 2))]",
for all (z,z) € My, where
My={(z,2) e M xM : <z dUzx,Uz) > 0}.
The first result is a generalization of Theorem 1.3.

Theorem 2.6. Let (M, <, d) be an ordered complete metric space, U : M — M be a surjective
p-expansive mapping and U* a right inverse of U such that U* is < increasing. Suppose that
there exists xo € M such that xog < U*xo. If U is continuous or M is reqular, then U has a fixed
point.

Proof. Let g € M with xy < U*zo. We define the sequence {z,} by z,,+1 = U*z,. Then,
we have
Ul‘n—&-l = UU*xn, = Tn,
foralln =0,1,2,...
Since o < U*zg = 21 and U™ is increasing, we get
U*a?o S U*l’h

ie., 1 < xo. If there exists n € N such that z,, = x,,+1, then z,,14 is a fixed point of U.



720 Popescu O. and Pacurar C.
Now assume that z,, # z,41, for all n € N. Inductively, by z,, < z,4+1 we obtain
Uz, <U*Tpq41, 1€, Tpy1 < Tpto, SO
To<x1 <22 < <y <L

1
Let s = —. Sincen > 1, we have s < 1. Since d({Uzx,,,Uzy41) = d(xp—1,z,) > 0 and
Xy < xpyq foralln € N, then (2, 2,41) € M. So, we have for alln € N

P(d(zn-1,20)) = p(d(Uzn, Uzpi1)) 2 [o(d(@n, Tn+1))]”
by where
P(d(zn, Tn+1)) < [p(d(@n-1,20))]" < @(d(@n-1,20)).
Since ¢ is a non-decreasing function, we get
d(@p, Tpg1) < d(@p—1,Ty)

foralln € N, hence {d(zy, Zn+1) }n>0 is a decreasing sequence of positive numbers. There-
fore, {d(zn, Tn+1) }n>0 converges to some d > 0.
Suppose d > 0. Then, we have

and
(") < lp(d(@n—r, @))%,
foralln € N.
Since ¢ is non-decreasing, letting n tend to oo, we obtain

L<p(d) < p(d) < p(d)’,
which is a contradiction. Therefore, d = 0.
Now, we suppose that {z,,} is not a Cauchy sequence. Then, by Lemma 1.2, there exist
€ > 0 and two subsequences {x,,(x)}, {Zmx)} of {z,} withn(k) > m(k) > k such that
d(xn(k)a irm(k)) — €+7 d(xn(k)+17 ‘/'Em(k‘)-i-l) — €+'
Since (2 (k)+1, Tn(k)+1) € Mo, we have
o(d(@nk): Tmr))) = AUz k)+1, Uiy 41))
> [p(d(@n)y+1> Tmk)+1))]7,

forevery k > 1.
Letting k — oo, we obtain

P(e™) = o(e™)" > p(e) > 1,

which is a contradiction. Therefore, {z,,} is a Cauchy sequence. Since (M, d) is complete,
we get that there exists z* € M such that hm Ty =2a*

Now we shall show that z* is a fixed pomt of U. If U is continuous, then we have

¥ = lim z, = hm Uzpy1 =U(lim x,41) =Ux”,
n— o0 n— oo

ie., z* is a fixed point of U. If M is regular, than z,, < z* for all n € N. If there exists
ng € N such that z,, = z*, than we have

U'e* =U Ty = Tngt1 < &
and
¥ =xp, < Tpgyr = U'my, =U"z™.
Hence U*z* = z*. Otherwise, we have z,, # z* for every n € N. If U*z* # z*, we have
p(d(zn, z7)) = @(d(Uzn41, UU "))
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> [p(d(@nss, U T )] > o(d(@nss, Ua")).
Then, we get
d(xp,z*) > d(xp41, U 2").
Letting n tend to oo, we obtain d(z*, U*z*) < 0, which is a contradiction.
Thus, we conclude that d(z*,U*z*) = 0, that is U*z* = z* and UU*z* = Ux™*. There-
fore, z* = Ux*. O

Corollary 2.1. Let (M, d) be a complete metric space and U : M — M be a continuous surjective
p-expansive mapping. If there exists n > 1 such that

p(d(Uz,Uz)) = [p(d(z, 2))]"
forall x,z € M, then U has a unique fixed point in M.

Proof. By Theorem 2.6 we have that U has a fixed point * € M. Suppose that y* € M is
another fixed point of U. Then

pld(z",y")) = p(dUz", Uy")) = [p(d(z", y"))]".
Since ¢(d(z*,y*)) > 1 and n > 1, this is a contradiction. Thus, U has a unique fixed
point. 0

We provide an example to illustrate our results.

1
Example 2.1. LetY = {+1’ re NU {0}} U {0} endowed with the metric
T

1 1 1 1 1
d(, ) = - and d(07> = -,
rr+p r r r

for every r,p € N. Let us consider the order relation < on Y defined as

rxz <<= rx=zorx<z<l.

where < is the usual order.
Then (Y, %, d) is an ordered complete metric space.
LetU : Y — Y be defined as

1 1
-, r=——,1T€EN
r +

r+1’
Ur=40, 2=0
1, z=1
Taking , X
, =—,reN
Utz=<r+1 =T
0, z=0,

clearly U* is <-increasing.
1
Let p(t) =e® * foreveryt > 0andlet1 < n < e Then, it is true that

1
e d(@.2)

1
T AUz, Uz)
e’ ,

> e
for every x,z € Y with x X 2, since e™" > ne~("+1) for every r € N.
Thus, U satisfies the hypothesis of Theorem 2.6 which implies that it has a unique fixed
pointin Y.
The mapping U is not an expansive mapping in metric spaces since
d(Az,Az) r+1

li = =1.
rLHolo d(x,z) r
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Remark 2.2. Let us note that the function ¢ provided does not belong to the class © as it
does not verify #3. Thus, our results are more general than those presented in [20].

The following Theorem is a generalization of Theorem 1.4.

Theorem 2.7. Let (M, d) be a complete metric space and U : M — M a continuous surjective
p-expansive mapping. If there exists n > 1 such that

@1) P(d(U,U2)) > [p(min{d(z, 2), d(z, Uz), d(z, Uz) D]’
forallz,z € M\ {t e M : Ut =t} with Uz # Uz then U has a fixed point.
Proof. Let 2y be an arbitrary point in M. Since U is surjective, there exists 2; € M such
that zy = Ux;. In general, if «,, € M, we can choose z,,4+1 € M such that x,, = Uzp41, for
alln =0,1,2,... . If there exists n € N such that x,, = z,,41, then z,, is a fixed point of U.

Otherwise, we have z,, # x,+1, for all n € N. Then, from equation (2.1), for = z,, and
z = T,41, we have

p(d(zn-1,2n)) = e(d(Uzn, Uzpi1))
> [w(mln{d(xnv anrl)v d(l’n, an), d(anrlv an+1)})]na

where min{d(z,, Tnt1), d(@n, Uy ), d(@ni1, Utpi1)} = min{d(zn, Tni1), d(@n, n-1)}
If d(zp—1,%n) < d(zyn,Tny1), then we get

(p(d(xn*h mn)) > [@(d@:nfl’ xn))}nv

which is a contradiction. Therefore d(x,_1,%,) > d(2y,zn41), for all n € N. Then, we
obtain

e(d(zn—1,74)) > [‘P(d(xnv xn+1))]n-

Since {d(xy, Tn+1) }n>0 is @ decreasing sequence of positive numbers we get that there

exists d > 0 such that 1i_>m d(Tp, Tpt1) = d.
n o0
Suppose d > 0. Then, letting n tend to oo in the above equation we obtain
o(d) > [p(d)]",

which is a contradiction. Therefore, d = 0.

Now, we suppose that {z,,} is not a Cauchy sequence. Then, by Lemma 1.2, there exist
€ > 0 and two subsequences {x,,(x)}, {Zmx)} of {z,} withn(k) > m(k) > k such that

A @n()s Tmr) = €7, A @nk)y+15 Tmk)+1) —> €T

Taking x = x,,(x)+1 and 2 = ()41 in equation (2.1) we obtain
O(d(Zn(k)> Tmk))) = PAUTRw) 41, Uiy 41)) =
> [Sﬁ(min{d(zn(k)—kh xm(k)-l—l)v d(zn(k)—i-la Uz7z(k)+1)7 d(xm(k)-‘rla Ux?n(k)-‘rl)})]na
where
min{d(xn(k)—i-lv xm(k)—i—l)a d(xn(k)—i-lv an(k)—i-l)a d(xm(k:)—i-lv Uzm(k)—i—l)} =
= min{d(Z,(k)+1> Tm(k)+1)s AT k)y+15 Tnk))> ATmk)+1> Tm(k)) }-
Since d(xpn, ny1) — 0 as n — oo, for k large enough we have that d(z, (1)1, Tn)) < €
and d(Z ()41, Tm(k)) < €, hence
min{d(zp ()11, Tmk)+1), AZn k)41, Un)+1), ATy 41, UZmy+1)} =
= min{d(L(k)+1, Tm(k)+1)}-
This implies that
@(d(fn(k)axm(k))) 2 [@(d(mn(k)+17$m(k)+1))]n7
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so letting k — oo, we get

p(e™) = p(e™)",
which is a contradiction. Therefore, {z,,} is a Cauchy sequence and there exists z* € M

such that lim z, = z*.
n— 00

Since U is continuous, we have

z* = lim z, =limUx,11 = U( lim x,41) = Uz,
n— oo n—oo
hence z* is a fixed point of U. O

Theorem 2.8. Let (M,d) be a complete metric space. Let U and V be weakly compatible self
mappings of M and V(M) C U(M). Suppose that o is a non-decreasing function ¢ : (0, 00) —
(1, 00) and there exists a constant n) > 1 such that

22) p(dUz,Uz)) = [p(d(Va,Vz))]"

forall z,z € M with Vx # Vz. If one of the subspaces U(M) or V(M) is complete, then U and
V' have a unique common fixed point in M.

Proof. Let xy be an arbitrary point in M. Since V(M) C U(M), choose z; € M such
that y; = Ux; = Vao. In general, for z,, € M we can choose z,4+1 € M such that
Yn+1 = Uzn—&-l - Vxn-
If y, = yn11, then we have
Yn =Uzp =V, 1 =Uxpy1 =V, =Ynt1-

Since Uz, = Vi, z, is a coincidence of U and V/, so the weak compatibility of U and
V ensures that
UVzy,=VUx, =UUzx, =VVzx,.
Then, we have two possibilities. If Vx,, # VVz,, then from (2.2) we get

o(d(Uxy, UVzy)) > [o(d(Va,, VVr,))]",
but since Ux,, = Vz,, and UVz,, = VVz,, the above inequality becomes
P(d(Van, VVr,)) = [p(d(Van, VVe,))]",

which is a contradiction.
On the other hand, if Vz,, = VVz,, then we obtain

Va, =VVax, =UVz,,
and thus Vz,, is a common fixed point of U and V.
1
Now, suppose that y,, # yn+1, foralln € N. Let s = 5 Sincen > 1, we get s < 1. Then,

from (2.2) for © = yp+1, 2 = Yn+2, We oObtain
P(d(Ynt1,Yn+2)) = @(d(Vn, Vani1)) < [p(dUzy, Uzng1)))?

= lp(d(Van—1, Vau))l® = [p(d(yn, yni1))]".
Like in the proof of Theorem 2.6, we obtain that {y,} is a Cauchy sequence. Since
V(M) CU(M)and V(M) or U(M) is a complete subspace of M, we get that there exists
w € U(M) such that nh_>ngo d(yn,w) = 0. So, we can find u € M such that Uu = w. We shall

show that Vu = w.
Let us suppose that Vu # w. Since y,, # yny1 for every n € N, there exists a subse-
quence {xy(,)} such that V() # Vu. Thus, from (2.2) we have

(2.3) [o(d(Vag(m), V)" < @(d(Uzgn), Un))
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Since lim d(ynk),w) = lim d(Uzy(n), w) = 0and d(Uu,w) = 0, we have
n—oo n—oo

lim d(UIk(n), Uu) =0

n—oo

so there exists ny € N such that for every n > ny we have

d(ka(n%Uu) < M
SO
4 iU U0) < o (5.

On the other hand we have lim d(y, )41, w) = lim d(Vxym,), w) =0, so
n—oo n—oo

nhﬁn;o d(Vaymy, Vu) = nlingo d(w,Vu) > 0.

d(w,V
Hence, there exists n; € N such that for every n > n; we have d(Vz, ), Vu) > w
and
d(w,Vu
@5) V. Vi) = ¢ (157,

Combining relations (2.3), (2.4) and (2.5), we obtain
[p(d(Vanmy, Vu)]" < d(Va,w), Vu),

which is a contradiction. Thus, Vu = w, and w is a coincidence of U and V and thus we
have
VUu=UVu.

Moreover, VVu = UVu, which means that Vu is a coincidence of U and V.
To prove that u is a common fixed point of U and V/, let us assume that Vu # u. Then,
we can apply (2.2) and we have

P(d(UVu, Uu)) = [p(d(VVu, V)],

which is a contradiction since UVu = VVwuand Uu = Vu.

Thus, we have Vu = Uu = u, so u is a common fixed point of U and V.

Let us suppose that u is not the unique common fixed point of U and V. Then, there
exists t € M, t # u such that Ut = Vt = t. Then, we have

p(d(t, ) = p(d(Ut,Uu)) = [p(d(VE, Vu))]" = [p(d(t, )],

which is a contradiction. O

We provide an example to illustrate our results. The example is similar to the one
provided in [20] to illustrate Theorem 1.5. However, the function § : (0,00) — (1,00)
given by 6(t) = e’ for every t > 0, does not belong to the class © (as it does not verify
f3), but it is indeed a non-decreasing function as is required in the context of the previous
theorem.
Example 2.2. The space Y = [0, 1] endowed with the usual metric d(z, z) = |z — z|, for
every z,z € Y is a complete metric space. LetU : Y = Y, Uz = %, for every z € Y and

VY=Y, Ve = %, for every z € Y. We have V(Y) C U(Y) and U(Y) is complete.

Let 6 : (0,00) — (1,00), given by 6(t) = €', for every t > 0, which is a non-decreasing
function. Then, for every =,z € Y, x # z we have

e%\x—z| > etz |z — 2|,
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for 1 <7 < 3. U and V are weekly compatible mappings and 0 is the unique common
fixed point.
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