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Convergence of self-adaptive Tseng-type algorithms for
split variational inequalities and fixed point problems

YONGHONG YAO!, NASEER SHAHZAD?, MIHAI POSTOLACHE? and JEN-CHIH YAO?*

ABSTRACT. In this paper, we survey iterative algorithms for solving split variational inequalities and fixed
point problems in Hilbert spaces. The investigated split problem is involved in two pseudomonotone operators
and two pseudocontractive operators. We propose a self-adaptive Tseng-type algorithm for finding a solution
of the split problem. Strong convergence of the suggested algorithm is shown under weaker conditions than
sequential weak-to-weak continuity imposed on two pseudomonotone operators.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and induced norm || - ||. Let C
be a nonempty closed and convex subset of H. Let ¢ : H — H be a nonlinear operator.
Consider the variational inequality (shortly VI) of finding a point 2 € C such that
(1.1) (p(z),z — zt), Vz € C.

Denote by Sol(C, ¢) the solution set of VI (1.1).
Definition 1.1. Recall that an operator ¢ is said to be
e strongly monotone if there exists a positive constant  such that
(p(z) — ¢(2),x — &) > 7|z — &|?, Va,% € H.

In this case, we call ¢ y-strongly monotone.
e monotone if

e pseudomonotone if
(p(2),x — &) > 0= (¢(z),z — &) >0, Vx,T € H.
e Lipschitz continuous if there exists a positive constant L such that
lo(z) = o(@)|| < Lljz — &, Vo, & € H.
In this case, we call ¢ L-Lipschitz.

As a powerful means, VI has been investigated and applied extensively to obstacle
problems, optimization and control problems, traffic network problems, equilibrium prob-
lems, fixed point problems to name just a few, see [1, 3, 9, 12, 13, 22, 25, 29]. Now,
we briefly recall several representative iterative algorithms for solving VI. Selecting ¢ =
Vi(z) where ¢ : C' — C'is a convex function, solving VI (1.1) is equivalent to min¢ ¢(z).
This implies that one can use the following projection gradient algorithm ([11, 14]) for
solving VI (1.1):

(12) a* = projo[z* — 7o (2")], k > 0,
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where 7 > 0 is stepsize and proj is the orthogonal projection onto C'.

To ensure the convergence of (1.2), strong monotonicity and Lipschitz continuity of ¢
are indispensable (see [20]). To weaken the strong monotonicity imposed on ¢, Korpele-
vich ([21]) proposed a well known extragradient method by using a double projection
technique. Extragradient method provides an available approach for solving a classi-
cal monotone variational inequality. Consequently, extragradient method was exploited
and developed in a variety of ways, see, e.g., [2, 7, 18, 26, 33]. Ceng, Teboulle and Yao
[4] investigated extragradient method for solving pseudomonotone variational inequal-
ity and fixed point problem under the hypothesis that the pseudomonotone operator ¢ is
sequently weak-to-strong continuous. Vuong [28] weaken this hypothesis to the sequen-
tially weak-to-weak continuity. An inevitable drawback of extragradient algorithm is that
we have to calculate two projections onto the closed convex set C in each iteration ([23]).
This is very time-consuming and will seriously affect the execution of the algorithm. For
avoiding this obstacle, as a transformation of extragradient algorithm is the following
remarkable algorithm introduced by Tseng [27]

(1.3) y* = projolat — 7o(2"))],
- T = b 4 7[6(ab) — (5], k > 0,

On the other hand, in projection gradient algorithm, extragradient algorithm and Tseng
algorithm, the stepsize 7 depends upon the Lipschitz-type constant of ¢. The prior in-
formation of such constant imposes some restrictions on implementing these methods
because these Lipschitz-type constants are normally not known or hard to compute. To
overcome this flaw, lusem [19] used a self-adaptive technique without prior knowledge of
Lipschitz constant of ¢ for solving VI (1.1). Some related works on self-adaptive methods
for solving (1.1), please refer to [15, 16, 32, 33].

In this paper, we investigate the following split problem of finding a point & € C such
that

(1.4) & € Fix(f) N Sol(C, ¢) and Ad € Fix(g) N Sol(Q, »),

where C and @ are two nonempty closed convex subsets of two real Hilbert spaces H;
and H,, respectively, Fix(f) and Fix(T') are the fixed point sets of two pseudocontractive
operators f : Hy — Hy and g : Hy — Ho, respectively, ¢ : Hy — H; and ¢ : Hy — H are
two pseudomonotone operators and A : H; — H» is a bounded linear operator.

The solution set of (1.4) is denoted by I, i.e.,

I ={& € Fix(f) N Sol(C, ¢), Az € Fix(g) N Sol(Q, ¢)}.

It is clear that the split problem (1.4) include the split fixed point problem ([8]) of finding
a point & € C with the property

(1.5) % € Fix(f) and Az € Fix(g)
and the split variational inequality problem ([6]) of finding a point & € C satisfying
(1.6) & € Sol(C, ¢) and A € Sol(Q, )

as special cases.

The solution sets of (1.5) and (1.6) are denoted by I'y and Iy, respectively, i.e., I'| =
{& € Fix(f), Az € Fix(g)} and T'y = {& € Sol(C, ¢), Az € Sol(Q, ¢)}.

The split problems have emerged their powerful applications in image recovery and
signal processing, control theory, biomedical engineering and geophysics. Some itera-
tive algorithms for solving the split problems have been studied and extended by many
scholars, see [5, 17, 24, 31].
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Motivated and inspired by the above works, in this paper, we further survey the split

problem (1.4). This split problem is involved in two pseudomonotone operators and two

pseudocontractive operators. We propose a self-adaptive Tseng-type algorithm for find-

ing a solution of the split problem (1.4). Strong convergence of the suggested algorithm

is shown under weaker conditions than sequential weak-to-weak continuity imposed on
two pseudomonotone operators ¢ and .

2. PRELIMINARIES

Let H be a real Hilbert space. Then, we have following equality
(2.7) low + (1 = )z’ = allz [ + (1 = @) [|2"]* — a(1 - &) |l= — |2,
for any z,27 € Hand a € R.

Fora givenu' € H and a closed convex set C C H, recall that the orthogonal projection
of u' onto C, denoted by proj[u'], is the unique point in C such that

! = projeful)l| = inf e — ]|
Moreover, one has
(2.8) (& — projo|#], 2t — projo[#]) <0, Vi € H,z" € C.
It is easy to check that proj satisfies

Iprojc 2] — proje[21]|* < (projc[2] — proje 2], & — ),
and
Iproje[#] — projclz'| < & — 2T
forall &, 2t € H.
Let C be a nonempty closed convex subset of a real Hilbert space H. Recall that an
operator F': C' — C'is said to be a-contractive, if there exists a constant o € [0, 1) such
that ||[F(z) — F(y)|| < a|lz — y|| forall z,y € C. F is said to be pseudocontractive if

1F(2) = FaN|* < |l = ¥* + |(I = F)z — (I = F)a'|*, Vo, 2t € C.

Lemma 2.1 ([35]). Let C be a nonempty, convex and closed subset of a Hilbert space H. Let
F: C — C be a k-Lipschitz pseudocontractive operator. For all 4 € C and u' € Fix(F), we have

1E((1 = B)a+ BF (@) = ul* < [Ja —ul||* + (1 = B)l|a — F((1 = B)a+ BF ()|,
. . 1
where (3 is a constant in (0, m).
Lemma 2.2 ([10]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let

¢ : C — H be a continuous and pseudomonotone operator. Then z' € Sol(C, ¢) iff «' solves the
following variational inequality

(p(x),z — 2 >0, Ve e C.

”

In what follows, the symbol “ — ” denotes the weak convergence and the symbol “ —
denotes the strong convergence.

Lemma 2.3 ([34]). Let C be a nonempty, convex and closed subset of a Hilbert space H. Let
F: C — C be a continuous pseudocontractive operator. Then, F' is demi-closedness, i.e., ukF =~
and F(u*) — u' as k — oo imply that F (i) = u'.

Lemma 2.4 ([30]). Let {ar} C (0,00), {br} C (0,1) and {cy } be three real number sequences. If
ap1 < (1= bg)ag +cx, Vk > 0, D77 b, = oo and limsup,_, . ¢ /by < 0o0r > 7o |ex] < oo,
then limkg)oo Qp = 0.
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3. MAIN RESULTS

In this section, we first describe our proposed algorithm to solve the split problem (1.4)
and then prove its convergence.

Let H; and H; be two real Hilbert spaces. Let C' and () be two nonempty closed convex
subsets of H; and H,, respectively. Let A: H; — H, be a nonzero bounded linear operator
and A* be the adjoint of A. Let f : Hi — H; be an L;-Lipschitz pseudocontractive
operator and g : Hy — Hj be an Lo-Lipschitz pseudocontractive operator with L; > 1
and Ly, > 1. Let the operator ¢ be pseudomonotone on H; and «-Lipschitz continuous
on C and the operator ¢ be pseudomonotone on H; and kg-Lipschitz continuous on Q.
Let F' : C — C be an a-contractive operator.

Let {o}, {ux}, {7x}, {0} and {Bx} be five real number sequences in (0, 1). Let §, A, w
and p be four positive constants in (0, 1) and € be a positive constant in (0, 1/[|A||?).

The self-adaptive Tseng-type algorithm to solve the split problem (1.4) is defined as
follows.

Algorithm 3.1. Choose an initial guess x
1o > 0and {p > 0. Set k = 0.
Step 1. Let z*, ny and ¢ be given. Calculate

U € C arbitrarily. Select two initial constants

(39) 0% = (1 - ap)a® + o f(a*) and v* = (1 = )z + pu f (%),
(3.10) y* = projc[vF — nro(vh)],
(3.11) ub = (1= 0)v* +8y* + omi[o(v") — o (y"),
(3.12) w* = proj[Au® — Crp(Au)],
(3.13) t5 = (1= M) Au® + x® + Al (Au®) — p(w")],
(3.14) " = (1= op)t" + arg(t*) and ¢* = (1 — 7)t" + 1,9(4").
Step 2. Calculate z*+! via the following form
(3.15) 2F L = BLF(a®) + (1 — Br)projo[u® 4+ EA* (¢F — AuF)].
Step 3. Set k := k + 1 and update
(3.16) nns — 4 i e e b sah ) 9) # 6,
M s else.
and
w” —Au
(3.17) oy = Jmin{Go R T o) £ p(dut),
ks else.
Then go back to Step 1.

Suppose that five real number sequences {ax}, {pr}, {7x}, {0k} and {Bi} satisfy the
following conditions
(Cl) llmk_>oo Bk =0and 220:0 ﬁk =0
) - — — 1 .
C):0<p<pup<p<ap<ac< \/TLI forall &k > 0;
(C3) O<7A'<7'k; <T<op<o< Wforallk>0
Remark 3.1. We have the following observations:
(i) By (3.16) and (3.17), the sequences {n; } and {(} are all monotonically decreasing.

(11) Since ¢ and ¢ are /<;1—L1psch1tz and ko-Lipschitz, respectively, we have % >
£ and % L. Thus, ny, > min{no, ;= } and > min{(o, -} forall & > 0.
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According to (i) and (ii), we know that limy_, o 7% and limy_,« (i exist. Therefore,

2
lim [2 -6 — 6wk — 2(1 — )w—] =2 —§ — 6w? — 2(1 — 6w > 0

k—oo Uk+1 MNk+1
and
. 2 C}? Ck o 2
lim [2 - A= Ap* 2 —2(1 - A)p J=2-Xx=2—2(1=X)u>0.
k—o0 <k+1 Ck+1

Thus, there exist a common constant o > 0 and a positive integer N such that

2
26— 0wk — 21— w— > 550

Me+1 M+1
and
2 Gi Ck
2= A=At =21 = A >0 >0,
<k+1 k+1
when k£ > N.

Next, we give some conditions which are weaker than “the sequential weak-to-weak
continuity” imposed on ¢ and .
Suppose that ¢ and ¢ satisfy the following conditions, respectively,

for any given sequence {a"} C H,
(adcl) : a* —a' € Hy as k — +o0 = ¢(GT) =0,
lim inf {|¢(a”)|| = 0
and
for any given sequence {v*} C H,
e T
Lim inf | o(67)[| = 0
Remark 3.2. Recall that an operator & : H — H is said to be sequentially weak-to-weak
continuous, if H > u* — @ implies that h(u*) — h(%). We can prove that if ¢ and ¢ are

sequentially weak-to-weak continuous, then ¢ and ¢ satisfy the above conditions (adc1)
and (adc2), respectively.

In order to show our main theorem, we first prove several important lemmas. In what
follows, suppose that I' # 0. Set & = projpF(#). Then, & € Fix(f) N Sol(C,¢) and
Az € Fix(g) N Sol(Q, ).

Lemma 3.5. The sequences {z*}, {y*}, {v*}, {u*}, {¢"*}, {t*} and {w*} generated by Algo-
rithm 3.1 are all bounded.

Proof. By virtue of (2.7) and (3.9), we have
G 1§\)v’“ — 2| = (1 - ) (=" — &) + u(f(8*) - 2)?
= (1= )2 = 212 + il £ = 37 — (1= )l F (@) — ¥
Applying Lemma 2.1, we get
(3.19) 1£ (%) = 2|* < lla* — 21> + (1 — aw) I £ (") — ||



758 Y. Yao, N. Shahzad, M. Postolache and J. C. Yao
Substituting (3.19) into (3.18), we obtain

Jo* = 2% < (1= w2 — &1 + (L — @)1 £5%) — *I + el — ]
— (1= el (8F) — 2]
— [l — &7 — o — )| F(B) -

< fla* — 2.

3.20
(3.20) 2

Similarly, according to (2.7), Lemma 2.1 and (3.14), we have the following estimate

(3.21) lg" — Az|* < [|t* — AZ|* — (o0 — ) 7cll9(d") — ¥
' < ||tk — Az|2.

In the light of (2.8) and (3.10), we obtain

(3.22) (" ="+ mep(0*),y" — 2) <0.

Owing to # € Sol(C, ¢) and y* € C, we have (¢(%),y* — &) > 0. Using the pseudomono-
tonicity of ¢, we obtain

(3.23) (B(y"),y" — ) >0.
Thanks to (3.22) and (3.23), we get
W =" y* = &)+ (o(") — 8(y"), ¥" — 2) <0,
it leads to
%(Ily'c —oF|I 4+ [ly* = &)* — [v* = 2]1%) + m (o) — d(y"), v* — 2) <0,
which implies that
(3.24) ly* — &[> < [lv* = 2% = 20 ((v") — D(y*), 4" — &) — [ly* = o*|1%.
By (3.11), we have
luk = &2 = [[(1 = 6)(v* — &) + 65" — &) + omlo(v¥) — B(y™)]]?
= [|(1 = 0)(v" — &) + 6(y* — D)1 + 5 nillp(v*) — & (y") |12
+26(1 = 8)me (0" — &, 6(*) — B(y*))
+ 202 (y" — &, 6(0%) — B(y")).

(3.25)

From (2.7), we obtain
(1 =) (" = 2) +8(y* —2)> = (L= §)|[v* —&|* +6]ly* — 2|
— (L= 8)dllv" —y"*|*.
Substituting (3.24) and (3.26) into (3.25), we deduce
[u* = &) < 0% — &) = (2 = 6)dll* —y*|I* + 6*nill o (v*) — (y")II?
—20(1 = 8)m((v") — o(y*), y* — ")
< [o* = 2[* = (2 = 8)8[|v* — y* |12 + *ngllo(v*) — (v
+28(1 = &)mello(v™) — o(y")llly* — |-

(3.26)

(3.27)
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From (3.16), We have ||¢(v*) — ¢ (y*)|| < %;”k” It follows from (3.27) that
2
luk — &2 < [lo* — &) — (2 = 8)ollv* — o |I? + 62w =P |ly* — oF|
i1
Nk k k|2
(3.28) +20(1 = d)w——|ly" — 0"
Mke+1

2
— ok = #] = 6]2— 8 — 0w Th a1 — )| |lyk — o2,
Me+1 Mke+1

By Remark 3.1 and (3.28), we get
lu? — &) < flo* — &]| - odlly" —o*)2.
It follows from (3.20) that
(3.29) [uf = 2[* < [l2* = 2[* — pr (e — ) | f(0F) = 2¥||* = odly* —v*|%.
Using the property (2.8) of projg and from (3.12), we have
(3.30) (w* — AuF + Gp(Aub), w* — Az) <0,

Owing to A% € Sol(Q, ) and w* € Q, we get (p(A%), wk — A%) > 0. Using the pseu-
domonotonicity of ¢, we derive

(3.31) (p(wh),w* — Az) > 0.
Taking into account (3.30) and (3.31), we obtain

(w* — AuF, wb — AZ) + G (p(Au*) — p(wF), w* — Az) <0,
which yields
1
2
It follows that
(3.32) |wk — Az|? < ||Au® — Az|]? — 26 (p(AuF) — p(w), wk — AZ) — ||w® — Au”|?.

(" — Au®|? + [[w* — A2[|* — || Au® — A2||*) + Ce(p(Au®) — p(w®),w" — AZ) <0,

From (3.11), we receive
[£* — Az[|* = [[(1 = M) (Au® — AZ) + Aw" — AZ) + Al (Au®) — p(w®)]||?
= [[(1 = M) (Au® — Az) + Mw" — A2)[]* + NGl p(Au®) — p(w")]?
+2A(1 = NG (Au® — Az, p(Au®) — p(w"))
+ 2X2 ¢ (w” — Az, p(Au®) — p(wh)).

(3.33)

According to (2.7), we achieve
(1= ) (AuF — Az) + A(w® — A2)|? = (1 = N)||Au” — Az|* + AJw* — Az|?
— (1 = N\ Auk — w |
Substituting (3.32) and (3.34) into (3.33), we obtain
[t° — Az|* < [ Au® — AZ]? — (2 = M)A Au® — w"|* + NG llp(Au®) — p(w)]*
= 2M(1 = \)Gr(w® — Au®, p(Au®) — p(w"))
< [lAu® — AZ|* — (2 = M)A Au® — w* ]| + AR o(Au®) — p(w®)]?
+20(1 = NG [[w® — Au®|l[lp(Au®) — o(w®)]].

(3.34)

(3.35)
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By (3.17), we have

pl| AuF — wk
lo(Au) — oty < A =Tl ' ”
k+1

This together with (3.35) implies that

2
5 = A2 < [ Au* — Az - (2= MAJAuF — w2 + X2 ok — Au]|

G
(3.36) AT — A= Ak — k|2
Ch+1
A — AR = A2 - 3 - a2SE o1 — ] auk - k2
e nz :
k+1 k+1
By Remark 3.1 and (3.36), we have
(3.37) [tF — AZ|]? < ||Auk — Az| — oX\|Jw® — Au®|?.

Owing to (3.21) and (3.37), we get
(3.38) llg" — Az||* < [|[Au® — AZ|| — (o3 — )7 llg(F*) — t*]1* — oA — Au®|>.
Note that

(wk — 2, A*(¢" — AuF)) = (AuF — Az, ¢F — AuP)

(3.39) 1 R . 1
= Sl — A2 — | Au* — A3 — Lg* - At

Combining (3.38) and (3.39), we acquire

1 1
(k= 3, A%(¢" = Aub)) < —SoAw — AuH|? - g — Aut|?

1 .
- 5(0’“ — 7) Tl lg (%) — tF12.

(3.40)

Set z* = projo[u* + éA* (g% — AuP)] for all k > 0. It follows that
125 = &||* = [[projc[u® + A% (¢" — Au®)] — projo[2]||?
< ub — & 4 2A%(¢" - Au®)|?
= [lu? = &[* + [|EA"(¢" — AuP)||? + 26(A(¢" — AuP),uF — &)
By (3.29) and (3.40), we have

128 = 2|7 < flu* — &)1? + €| AP|lq" — Au®|)? — éoA[Jw* — Au®|?
—é)l¢" — Au¥|]? — &(o), — )Tl g (EF) — ¥
= [lu* = 2[]> — (1 — €| A|?)llg" — AuF|]* — oA [Jw* — Au(?
(3.41) — &(ok — m)7kllg (%) — ¥
< la* = 2|? — goA|w® — AuF|® —2(1 - &l A1) llg" — Au®|?
— (o — ) || F(0F) — 2| — o6|y* — o¥|?

— &(ow, — ) Tr||g(£F) — ¥
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By (3.15) and (3.41), we obtain

lz* — 2| = |8k (F(2*) — &) + (1 = Br) (=" = 2)]
< BrllF(a*) = &l + (1= Br)lle* — 2|
< BrllF(a*) = F@)| + Bl F(2) = &) + (1 = Bp) =" — 2

<[1—(1—a)Bllz" — 2] + (1 — )8y w
< max{[|z" — 2|, M}

< ...

< max{[|z° — |, M}

Hence, the sequence {z"} is bounded. According to the above discussion, we can deduce
that the sequences {¢"}, {v*}, {t*}, {v*}, {w"} and {y*} are bounded. O

Lemma 3.6. w,,(z*) C T, where w,,(z*) denotes the set of the weak cluster points of the sequence
{2k}, ie., wy(2¥) := {2z € C: H{ak} C {2*} such that 2% — 2(i — 00)}.

Proof. Take into consideration of (3.15), we have

[+ — 2% = 1B (F(«*) — ) + (1 — B) (2" — 2)|?
:ﬁk(( By — &, af - ) + (1—ﬁk)<z - xk+1—3ﬁ>

< 5ka (H:C :gH? + ka+1 _ :i’||2) +Bk<F(§7) _ .f,karl —.’13">

(1—ﬁk) (12* = 2]* + [l = 2[1?).

It follows that

. ap . 1— B .
D P er e L R sy L
(3.42) 25, .
AN A +1 4
In view of (3.41) and (3.42), we receive
k1 g2 21 —a)By ka2, 20 —a)Bk (_ (1= Br)ad [ly* — o2
e 2 KL B e ey W ey e
(= BR)E AP [lg® — Aut]* (1= Br)éoA [lw” — Au®|?
I S
_a ﬁ;g k(ak)_,uk) If(@ )ﬁk all + — a<F(£) — &, 2" = 3)
(1= Br)é(or — ) [lg(#¥) —t’“ll2>
2(1 - ) Bk '
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2(1—
Forall £ > 0, seta, = 2(=a)fk_ and

1+(1—a)Br
_ 1 N s (1= Br)éo||wk — AuP|?
b = 1—04<F($)7:E7xk+1 — ) - 2(1 — a) Bk
(=B = AP llg* = Au|P (1= Br)ad ly* — oF|?
(3.44) 20 —a) 5 0 —a) T
(= B (o — ) IF@F) = 2F|> (1 = Br)é(on — m)me [lg(#F) — ¥
2(1 —a) Bk 2(1 - a) Bk '

It is clear that b, < -||F(2) — &|/[|2*™ — £|| and lim sup,,_, . bx, exists.

According to Lemma 3.5, the sequence {z"} is bounded. Selecting any p' € w(z"), there
is a subsequence {k;} of {k} such that z¥:*1 — pf € C and limsup,,_, . bx = lim; oo by,
Moreover, from (3.44), we have

(1= B )éoA wh — Aur |2 (1= B, )e(1 — E[A]®) g™ — Aut]?

lim | —
i—00 2(1 — ) Bk, 2(1 — «) Bk,
(1 — ﬂki)o—é Hykl —vki||2 (1 - ﬂki)ﬂki (akq‘, — :u‘ki) Hf(@kl) — zki |2
(3.45) — —
21-a) B 2(1 - a) B,
(1= Br)é(on, — )7, lg(*) —
2(1 — Oé) 5;91.
exists. It results in that
(3.46) lim [|g* — AuFi|| = 0,
1—+o00
(3.47) lim ||f(o") — 2% =0,
i——+o00
(3.48) lim lg(#*) —t*|| =0,
(3.49) hm ¥ — o || = 0,
1——+o00
(3.50) lim |Jw* — Au|| = 0.
i—~+o0o

From (3.49) and Lipschitz continuity of ¢, we have [|¢(v*) — ¢(y*))|| — 0 as i — oo.

According to (3.11) and (3.49), we get ||u* — " , we
conclude that ||z*: — v* (i — 00). Since
125 = proje[u®]|l = [lproje[u® +EA™(¢" — Aut*)] — projo[u™]]|
< éllAflg" — Au*,
it follows from (3.46) that lim; _, | o, ||2%* —projo[u*i]|| = 0. By (3.15), ||z*i+1 — 2% || — 0(i —

o). Therefore, ||z% — 2**1|| — 0 asi — oo. This asserts that z¥: — pf as well. By the
L;-Lipschitz continuity of f, we have

1£(*) ~ (&) = FEM) + 1 £(2") -
< Lyag, || f(z"™) — 2" (%) — x|,
which yields || f (%) — 2% < || f(0") —
that '
(3.51) lim || f(z*) — 2| = 0.
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ki _

Observe that y* — pf and v* — pf asi — co. In view of (2.8) and y* = proje[v
nr, #(vF4)], we achieve

<yki - 'Uki’ + 77k¢¢(vki)7 yki - u> < 0’ Vu € C.
It follows that

(3.52) 7%@’“ =y u— ™) (@), g — ) < (p(M),u— M), Yu e C.
ki
Since {y*} and {¢(v*?)} are bounded, by (3.49) and (3.52), we deduce
(3.53) lim inf(¢(v*), u — v*) >0, Yu € C.
1— 00

Next, we prove p' € Sol(C, ¢) by considering two cases: (1) liminf; . ||¢(vF?)
(2) liminf; o 9(0*) e (o)
vk — pf(i — o0) and ¢ satisfying condition (adcl) that ¢(p') = 0. In this case, we have
pl € Sol(C, ¢).

Now, we consider the case (2) liminf;_, ||¢(v*?)

- P(vki ks
0 imint (e > =0
Thanks to (3.54), we can choose a positive real numbers sequence {¢;} satisfying €& — 0
as ¢ — oo. For each €;, there exists the smallest positive integer V; such that < Higz" ;H U —
> +¢; >0, Vi > N;. It follows that
(3.55) (P(v"),u —v*) + &lp(v*)]| > 0, Vi > N;.
Set 9% = H¢(( G .))Hz and hence (¢(v¥?),o%) = 1 for each i. By (3.55), we deduce
(3.56) (P(vF),u + &llp(" )% —v*) >0, Vi > N;.
Since ¢ is pseudomonotone, it follows from (3.56) that
(357)  (B(u+Elg(")[0%), ut Ello@H) [t — v™) >0, Vi > N;.
Note that lim;_, o & [|¢(v**) (3.57), we obtain
(3.58) (¢(u),u—p') > 0.

Applying Lemma 2.2 to (3.58), we conclude that p’ € Sol(C, ¢). On the other hand, ac-
cording to (3.51), 2% — p' and Lemma 2.3, we deduce that p’ € Fix(f). Therefore,
p' € Fix(f) N Sol(C, ¢).

Next, we show that Ap' € Fix(g) N Sol(Q, ¢). Since

(") —t* (%) — g(i*) (%) — ™
< Laay, [|lg (") (i)
it follows that
1 N
kiy _ 4ki|| < ki _ 1k
loft) 141 < gpo—lati*) — £,
which together with (3.48) implies that
ks kif| —
(3.59) Jim[lg(t*) — %] = 0.

Thanks to (3.14) and (3.48), we have ¢* — t* — 0 asi — oo. Note that u** — p' and
pki — Ap'asi — oo. Thus, t¢ — Ap'asi — co. Applying Lemma 2.3 to (3.59), we obtain
that Ap' € Fix(g).
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Next, we show that Ap! € Sol(Q, ¢). In view of (2.7) and w* = projq [Au* —(p, o(Au)],
we achieve

<wki — AuFi + Ck,-@(Auki)vwki —v) <0,Vv e Q.
It follows that

(3.60) i(wki — AP wh —v) + (p(AuF) Wk — Aukty < (p(AuF) v — Auk) Yo € Q.

Chs
Based on (3.50) and (3.60), we deduce
(3.61) lim inf (p(Au®?), v — AuF?) >0, Vo € Q.
1—00

By the similar argument as that of f, we can prove Ap! € Sol(Q,¢). So, p' € I' and
Wy (F) C T O

Finally, with the help of Lemmas 3.5 and 3.6, we show that the sequence {z*} generated
by Algorithm 3.1 converges to a solution of the split problem (1.4).

Theorem 3.1. Then the sequence {x*} generated by Algorithm 3.1 converges strongly to & =
projp F(%).

Proof. From (3.43), we have

E+1 _ 42 — )Pk TN
ottt = ol < 1= 2Rt - )
(3.62) - 1—|—(1 —Oz),@k
’ 2(1 — Ck)ﬁk 1 ~ A~ k+1 ~
+1+(1—a)6k<1—a<F(x) Z,x z) .
Note that
limsup by, = lim by,
k—o00 100
(3.63) < Jim T (@) = 8,08 - )
. ; - A
= mw(x) —&,p' — )
<0

According to Lemma 2.4, (3.62) and (3.63), we conclude that ¥ — & as & — oco. This
completes the proof. O

0

Algorithm 3.2. Choose an initial guess z° € C arbitrarily. Let the sequence {z*} be

generated by

oF = (1 — ag)a® + g f(2F) and v% = (1 — p)a™ + pg. f (%),
¢" = (1 = ox) Av* + ok g(Av*) and ¢" = (1 — 74) Av* + 7.9(d"),
ab T = BrF(ak) + (1 = Br)projolv” + €A% (¢F — Avk)].

Corollary 3.1. Suppose that T'y # (. Then the sequence {x*} generated by Algorithm 3.2 con-
verges strongly to py = projr, F(p1).

Algorithm 3.3. Choose an initial guess z°

1o > 0and {y > 0. Set k = 0.

€ C arbitrarily. Select two initial constants
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Step 1. Let xF, N, and ( be known. Calculate

y* = projo[z* — m(z*)),
= (1= 8)a* +oy* + om[o(a*) — (y*)],

wh = projo[Au® — Grp(Aub)],

th = (1 — N)Au® + Ak + A\ [p(AuF) — p(w®))].
Step 2. Calculate z**! via the following form

= B F(z%) 4+ (1 — Br)proje[u” + A% (tF — AuP)).
Step 3. Set k := k + 1 and update
k k
on = {mm{nk, Tt sahT b S # 6,

Nk else.

”ls k

and

<M1—-{mm{@”wWW>ﬁZM|} p(w) # p(AuF),

k> else.
Then go back to Step 1.

Corollary 3.2. Suppose that T'y # (. Then the sequence {x*} generated by Algorithm 3.3 con-
verges strongly to po = projr, F'(p2).

Appendix

In this appendix, we demonstrate a proposition and an example which indicate that
the conditions (adcl) and (adc2) are strictly weaker than “the sequential weak-to-weak
continuity” imposed on ¢ and ¢, respectively.

Proposition 3.1. Let H be a real Hilbert space. Let ¢ : H — H be an operator. If 1) is sequentially
weak-to-weak continuous, then 1 satisfies the following relation

for any given sequence {u*} C H
(con) : ub ~ul € Hask — +oo = Y(u) = 0.
A k o
tim i [ (u") = 0

Proof. Let {u*} be a sequence in H. Suppose that u* — ul € H as k — +oo and
liminfg 1o [|1(u®)|| = 0. First, we have the following equality

(3.64) lim inf [|¢ (u®)[|* = lim inf [[¢(u*) = ¢ (ul[]* + [ ()]
k——+o0 k——+oco
As a matter of fact, we have

(3:65) [ (u")II* = [l (u*) — w(wh)|* + 20 (u*) — w(ul), v (uh)) + [l

Since u* — ul € H as k — +oo and ¢ is sequentially weak-to-weak continuous, ¢ (u*) —
Y(u')(k — +00). Taking the inferior limit on both sides of (3.65), we concluded the desired
result (3.64).

Note that lim inf_, o [|#(u”)|| = 0. This together with (3.64) implies that

tim inf [ (u") — ([ + o ()]* = 0.
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It follows that

0 < limin [0(*) — (!> = (")
which implies that 1 (u') = 0, i.e., ¢ satisfies the relation (con). O

Next, we give an example below which shows that
(i) % is continuous;
(ii) % is not sequentially weak-to-weak continuous;

(iii) ¢ satisfies assumption (con).

Example 3.1. Let H = (*(N) with {e,, } as its standard orthogonal basis. Define
(3.66) Y 2(N) — 2(N), 2 — ||z]|e;.

(i) It is obvious that v is a norm continuous function.

(ii) Note that e;, = 0(k — 400) and %(0) = 0. But Vk > 1, ¥(ex) = |lek|lex = e1 which
does not weakly converge to 0. This fact indicates that 1 is not sequentially weak-to-weak
continuous.

(iii) Next, we show that 1) satisfies assumption (con). In fact, let u* € ¢?(N) and u* —

u'(k — +00). Assume that liminfj_, ;. [|¢)(u*)|| = 0. Then, there exists a subsequence
{uk} C {u*} such that

. . k _ . ki _
lim inf [l (u")]| = lim [ls(u™)]] = 0.

Note that [[1(u)|| = [|u*

1 — +00. Since

. Then, we have u* — u! and ||u*| — 0 as

lex]l = [lu®

ot =l | = ¥ | = 20u, ul) + [luf]
— —||u’|)? as i — +oo,

it follows that u' = 0 and thus ¢ (uf) = ||uf|le; = 0. Therefore, 1 satisfies the relation
(con).
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