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ABSTRACT. The present work examines the solvability of a tripled system of fractional
Langevin differential equations with cyclic antiperiodic boundary conditions. The Krasnosel-
skii fixed point theorem, the Banach contraction mapping theorem, and specific properties of
the Mittag-Leffler functions are employed to establish sufficient conditions for the existence
and uniqueness of solutions. The feasibility of the primary findings is illustrated through the
discussion of several numerical examples.

1. INTRODUCTION

The subject of fractional differential equations (FDEs) has become highly
popular and is regarded as a major area of research mostly because of
its demonstrated progress in both theoretical and practical aspects in re-
cent decades. FDEs are highly valuable in many domains such as fluid
flow, physics, dynamical processes in self-similar and porous structures,
blood flow phenomena, electrodynamics of complex media, capacitor the-
ory, electrical circuits, biology, control theory of dynamical systems, and
fitting of experimental data. For more details, we refer the reader to the
monographs [3, 13, 16, 18, 20, 21, 22] and the papers [4, 6, 7, 8, 17].

The examination of fractional differential equation systems is deemed
to be of great importance and practicality due to their prevalence in a di-
verse array of problems. The results indicate that fractional differential
systems are more appropriate for describing physical phenomena that ex-
hibit genetic characteristics and memory. In particular, the existence and
uniqueness of systems that are supplemented with boundary conditions
have become one of the primary areas of interest in mathematical analy-
sis; see [1, 2, 19, 23, 24, 25].
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In an effort to heighten awareness of this matter, we shall examine sev-
eral pertinent findings. Recently in [14], the authors considered the exis-
tence and uniqueness of solutions for the following boundary value prob-
lem of Langevin differential equation with two different fractional orders

(1.1)

Dζ(Dν + ω)Ω(t) = h(t,Ω(t)), 0 < t < 1, 0 < ν ≤ 1, 1 < ζ ≤ 2,

Ω(0) + Ω(1) = 0,DνΩ(0) +DνΩ(1) = 0,D2νΩ(0) +D2νΩ(1) = 0,

where Dσ is a fractional derivative in Caputo sense of order σ ∈ {ν, ζ},
h : [0, 1] × R → R is a given continuous function, ω is a real number
and Dmσ(m = 1, 2) denotes the sequential fractional derivatives with the
features DσΩ = DσΩ and DkσΩ = DσD(k−1)σΩ, k = 2, 3, . . . .

In light of the findings of [14], the authors in [9] studied a coupled sys-
tem of Langevin differential equations of fractional order and associated
to antiperiodic boundary conditions of the form

(1.2)

Dζ1 (Dν1 + ω1)Ω1(t) = Ψ1(t,Ω1(t),Ω2(t)), 0 < t < 1, 0 < ν1 ≤ 1, 1 < ζ1 ≤ 2,

Dζ2 (Dν2 + ω2)Ω2(t) = Ψ2(t,Ω1(t),Ω2(t)), 0 < t < 1, 0 < ν2 ≤ 1, 1 < ζ2 ≤ 2,

Ω1(0) + Ω1(1) = 0,Dν1Ω1(0) +Dν1Ω1(1) = 0,D2ν1Ω1(0) +D2ν1Ω1(1) = 0,

Ω2(0) + Ω2(1) = 0,Dν2Ω2(0) +Dν2Ω2(1) = 0,D2ν2Ω2(0) +D2ν2Ω2(1) = 0,

where Dν is a fractional derivative in Caputo sense of order ν ∈ {ν1, ζ1, ν2, ζ2},
Dmνi(m, i = 1, 2) are the sequential fractional derivatives, Ψ1,Ψ2 : [0, 1]×
R× R → R are given continuous functions and ω1, ω2 ∈ R.

Very recently in [26], Zhang and Ni introduced the tripled systems of
fractional differential equations with cyclic conditions in the following
form:

(1.3)



Dζ(Dν + ω)Ω1(t) = Ψ1(t,Ω1(t),Ω2(t),Ω3(t)), 0 < t < 1,

Dζ(Dν + ω)Ω2(t) = Ψ2(t,Ω1(t),Ω2(t),Ω3(t)), 0 < t < 1,

Dζ(Dν + ω)Ω3(t) = Ψ3(t,Ω1(t),Ω2(t),Ω3(t)), 0 < t < 1,

Ω1(0) + Ω2(1) = 0,DνΩ1(0) +DνΩ2(1) = 0,

Ω2(0) + Ω3(1) = 0,DνΩ2(0) +DνΩ3(1) = 0,

Ω3(0) + Ω1(1) = 0,DνΩ3(0) +DνΩ1(1) = 0,

where Ψi : [0, 1]×R×R×R → R, i = 1, 2, 3 are given continuous functions,
ω ∈ R+, 0 < ν, ζ < 1 and 1 < ν + ζ < 2. By means of fixed point
theorems and some analytical skills, sufficient conditions for the existence,
uniqueness and stability of the proposed problem are obtained.

Motivated by the above mentioned work, the objective of this paper
is to study a tripled system of Langevin differential equations of frac-
tional order and associated to cyclic antiperiodic boundary conditions of
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the form

(1.4)



Dζ(Dν + ω)Ω1(t) = Ψ1(t,Ω1(t),Ω2(t),Ω3(t)), 0 < t < 1,

Dζ(Dν + ω)Ω2(t) = Ψ2(t,Ω1(t),Ω2(t),Ω3(t)), 0 < t < 1,

Dζ(Dν + ω)Ω3(t) = Ψ3(t,Ω1(t),Ω2(t),Ω3(t)), 0 < t < 1,

Ω1(0) + Ω2(1) = 0,DνΩ1(0) +DνΩ2(1) = 0,D2νΩ1(0) +D2νΩ2(1) = 0,

Ω2(0) + Ω3(1) = 0,DνΩ2(0) +DνΩ3(1) = 0,D2νΩ2(0) +D2νΩ3(1) = 0,

Ω3(0) + Ω1(1) = 0,DνΩ3(0) +DνΩ1(1) = 0,D2νΩ3(0) +D2νΩ1(1) = 0,

where Ψi : [0, 1]×R×R×R → R, i = 1, 2, 3 are given continuous functions,
ω ∈ R+, 0 < ν ≤ 1 and 1 < ζ ≤ 2. We prove the existence and uniqueness
of solutions for system (1.4) via the Krasnoselskii fixed point theorem and
the Banach contraction mapping theorem. In view of the results of [26], it
is observed that the results are closely related to the friction coefficient ω.
Nevertheless, these theorems are not valid for large values.

The key novelties that are presented in this study are as follows:

• The existence and uniqueness of solutions for equation (1.4) is
established independently of the friction coefficient ω, hence
highlighting the principal contribution of the paper.

• The primary findings hold true for high friction coefficient
values of ω, as evidenced by alternative methods of demon-
stration.

• System (1.4) incorporates Langevin differential equations of
fractional orders 0 < ν ≤ 1 and 1 < ζ ≤ 2, which are higher
compared to those addressed in system (1.3). This necessitates
more complex integral interpretations, broader use of gener-
alized operators, and the inclusion of additional boundary
conditions, leading to several challenging steps in the proof.
Consequently, our study represents a significant generaliza-
tion and a natural progression in the development of this the-
ory.

The paper is outlined as follows: Section 2 will serve as prerequisites
prior to the main results. We assemble some preparations of fractional
calculus and state some essential theorems which are important to the ex-
istence of solution of the considered problem. The main theorems are re-
ported in Section 3. In the section, by using linear algebra and inverse
matrix tools, we first introduce the general solution of the system (1.4),
then we conclude fixed points of the operator, which is acting as a solu-
tion of the system (1.4). In Section 4, the validity of the main results are
illustrated by two particular examples.
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2. ESSENTIAL PRELIMINARIES

We begin by revisiting the fundamental definitions and lemmas that
will be required in the following sections. For more detailed informa-
tion on the properties of fractional calculus, readers can consult the mono-
graphs [18, 22].

Definition 2.1. The Riemann-Liouville integral of order v > 0 for a function
Θ : [0,∞) → R is defined as

(2.5) IvΘ(u) =

∫ u

0

(u− ℓ)v−1

Γ(v)
Θ(ℓ)dℓ, 0 ≤ u ≤ 1,

where Γ is the Gamma function, provided the right side integral exists and is
finite.

Definition 2.2. The Riemann-Liouville fractional derivative of order ν for Θ :
[0,∞) → R can be written as
(2.6)
RDν

aΘ(u) =
dk

duk
Ik−ν
a Θ(u) =

1

Γ(k − ν)

dk

duk

∫ u

a

(u−κ)(k−ν−1)Θ(κ)dκ, k−1 < ν < k.

Definition 2.3. The Caputo fractional derivative of order ν for Θ : [0,∞) → R
can be written as
(2.7)

Dν
aΘ(u) = RDν

a

[
Θ(u)−Θ(a)−Θ′(a)

(u− a)

1!
−Θ′′(a)

(u− a)2

2!
−· · ·−Θ(k−1)(a)

(u− a)k−1

(k − 1)!

]
.

where n− 1 < v < n, n ∈ N, provided the right-hand-side integral exists and is
finite.

For the relationship between (2.6) and (2.7) and for further properties of
these concepts, we refer the reader to [18, 22].

Lemma 2.4 ([18]). The general solution to DvΘ = 0, where k ∈ N+, k − 1 <
v < k, is given by

Θ(u) = l0 + l1u+ l2u
2 + · · ·+ lk−1u

k−1,

where ln(n = 0, 1, . . . , k − 1) are real numbers.

Definition 2.5 ([22]). The Laplace transform of the Caputo fractional derivative
of order v ∈ (q − 1, q], q ∈ N, is given by

ℓ(DvΘ)(s) = svU(s)−
q−1∑
i=0

sv−i−1u(i)(0),

where U(s) represents the Laplace transform of the function Θ.

Definition 2.6 ([22]). Let v and w be positive real numbers, and let r be a real
number. The generalized Mittag-Leffler function is given by

Er
v,w(x) =

∞∑
m=0

Γ(r +m)

Γ(r)Γ(vm+ w)
· x

m

m!
.(2.8)
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Remark 2.7. In relation (2.8):
• If r = w = 1, we obtain

E1
v,1(x) = Ev(x) =

∞∑
m=0

xm

Γ(mv + 1)
,

and is referred to as Mittag-Leffler function of order v.
• If r = 1, we have

E1
v,w(x) = Ev,w(x) =

∞∑
m=0

xm

Γ(mv + w)
,

and is referred to as the two-parameter Mittag-Leffler function with pa-
rameters v and w.

• It is important to note that Ev,w(−x) is completely monotonic function
when 0 < v ≤ 1 and w ≥ v. This means that Ev,w(−x) has derivatives
dm

dxm (Ev,w(−x)) for all m = 0, 1, 2, . . . and (−1)m dm

dxm (Ev,w(−x)) ≥ 0
for all x > 0. This property is particularly useful in proving the subse-
quent lemmas.

We now present several key lemmas that are central to our discussion.

Lemma 2.8 ([5]). For α ≥ β > 0, λ ∈ R, l ∈ {0, 1, 2, · · · } and R(s) > 0,
where R(s) represents the real part of the complex number s, the Laplace inverse
transform of the mapping F (s) = 1

(sα−λsβ)l+1 is the following

ℓ−1{F (s)}(t) = t(l+1)α−1El+1
α−β,(l+1)α(λt

α−β).

Lemma 2.9 ([10]). For every 0 < v ≤ 1 and θ > 0, it holds that

|1− Ev(−θ)
θ

| ≤ 1

Γ(v + 1)
.

Lemma 2.10. For any 0 < v ≤ 1 and θ > 0, the following inequality holds:
| 1−Ev,2(−θ)

θ | ≤ 1
Γ(v+1) .

Proof. Let v ∈ (0, 1] and θ > 0 be fixed real numbers, and define f(t) =
Ev,2(−t) on the interval [0, θ]. It is clear that the function f is both continu-
ous and differentiable. By the Lagrange mean value theorem, there exists
a point cθ ∈ (0, θ) such that

1− Ev,2(−θ)
θ

= −f ′(cθ).

Given that (−1)n dn

dxn (Ev,2(−x)) ≥ 0 for each n = 0, 1, 2, · · · , and x > 0,
it follows that f ′(t) = E′

v,2(−t) is an increasing function on (0, θ). This
implies −f ′(cθ) ≤ −f ′(0) = 1

Γ(v+2) . Additionally, since 0 ≤ 1−Ev,2(−θ) <
1, we have | 1−Ev,2(−Θ)

θ | ≤ 1
Γ(v+2) ≤

1
Γ(v+1) . □

Lemma 2.11 ([12]). Let v ∈ (0, 1) and θ be a positive real number. Then, for
every t ∈ [0, 1], the following relations hold:
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I.: tv+1Ev,v+2(−θtv) = t
θ (1− Ev,2(−θtv)).

II.: tvEv,v+1(−θtv) = 1−Ev(−θtv)
θ .

Proof. As we know, for each v, w > 0, the Mittag-Leffler function Ev,w(x)
is given by the second item in Remark 2.7. Then,

I.: For every t ∈ [0, 1], v ∈ (0, 1) and θ > 0, we have

tv+1Ev,v+2(−θtv) = tv+1
∞∑

n=0

(−1)nθntnv

Γ(nv + v + 2)

= t

∞∑
n=0

(−1)nθnt(n+1)v

Γ((n+ 1)v + 2)
=

−t
θ

∞∑
m=1

(−1)mθmtmv

Γ(mv + 2)

=
−t
θ

(
∞∑

m=0

(−1)mθmtmv

Γ(mv + 2)
− 1

)
=
t

θ
(1− Ev,2(−θtv)) .

II.: Also, for every t ∈ [0, 1], v ∈ (0, 1) and θ > 0, we have

tvEv,v+1(−θtv) = tv
∞∑

n=0

(−1)nθntnv

Γ(nv + v + 1)

=

∞∑
n=0

(−1)nθnt(n+1)v

Γ((n+ 1)v + 1)
=

−1

θ

∞∑
m=1

(−1)mθmtmv

Γ(mv + 1)

=
1

θ

(
1−

∞∑
m=0

(−1)mθmtmv

Γ(mv + 1)

)
=

1− Ev(−θtv)
θ

.

The proof is completed. □

Lemma 2.12 ([11]). For v ∈ (0, 1], θ > 0, and t1, t2 ∈ [0, 1] with t1 < t2, the
following inequality holds:

|Ev(−θtv2)− Ev(−θtv1)| ≤
θ(tv2 − tv1)

Γ(v + 1)
.

Lemma 2.13. For v ∈ (0, 1], θ > 0, and t1, t2 ∈ [0, 1] with t1 < t2, the following
inequality holds:

|t2Ev,2(−θtv2)− t1Ev,2(−θtv1)| ≤ (t2 − t1).

Proof. Let h(t) = tEv,2(−θtv) be defined on [0, 1]. It is clear that the func-
tion h is continuous, and its derivative is given by h′(t) = Ev(−θtv). By
the Lagrange mean value theorem, there exists cθ ∈ (t1, t2) such that

t2Ev,2(−θtv2)− t1Ev,2(−θtv1)
t2 − t1

=
h(t2)− h(t1)

t2 − t1
= h′(cθ) = Ev(−θcvθ).

Hence,
|t2Ev,2(−θtv2)− t1Ev,2(−θtv1)|

|t2 − t1|
≤ Ev(−θcvθ) ≤ 1.

Therefore,
|t2Ev,2(−θtv2)− t1Ev,2(−θtv1)| ≤ (t2 − t1).

□
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Lemma 2.14 ([11]). Let v ∈ (0, 1), w ∈ (1, 2], and ω be positive real numbers.
Define the function z(t) = tv+w−1Ev,v+w(−ωtv) on the interval [0, 1]. Then, z
is an increasing function.

Theorem 2.15 (The Krasnoselskii fixed point theorem [15]). Let D be a
closed, convex, bounded and nonempty subset of a Banach space X . Let A and B
be two operators such that

(I). Ax+ By ∈ D for all x, y ∈ D;
(II). A is a completely continuous operator;

(III). B is a contraction mapping.

Then there exists z ∈ D such that z = Az + Bz.

3. MAIN RESULTS

In the following lemma, which is the most important in our paper, we
obtain the general solution of the problem (1.4).

Lemma 3.1. Let Hi ∈ C([0, 1],R); i = 1, 2, 3. Then, the general solution Ω =
(Ω1,Ω2,Ω3) on the interval [0, 1] of the tripled system of fractional Langevin
equations

Dζ(Dν + ω)Ωi(t) = Hi(t), 0 < t < 1, 0 < ν ≤ 1, 1 < ζ ≤ 2, i = 1, 2, 3,

(3.9)

with the cyclic boundary conditions

Ω1(0) + Ω2(1) = 0,DνΩ1(0) +DνΩ2(1) = 0,D2νΩ1(0) +D2νΩ2(1) = 0,

Ω2(0) + Ω3(1) = 0,DνΩ2(0) +DνΩ3(1) = 0,D2νΩ2(0) +D2νΩ3(1) = 0,

Ω3(0) + Ω1(1) = 0,DνΩ3(0) +DνΩ1(1) = 0,D2νΩ3(0) +D2νΩ1(1) = 0,

(3.10)
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is given by

Ω1(t) = tνEν,ν+1(−ωtν)
( Γ(2− ν)

2Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1(H1(ℓ) + H2(ℓ)− H3(ℓ))dℓ+

1

2Γ(ζ)

∫ 1

0

(1− ℓ)ζ−1(H3(ℓ)− H2(ℓ)− H1(ℓ))dℓ
)

− tν+1Eν,ν+2(−ωtν)
(Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1H1(ℓ)dℓ
)

+

∫ t

0

(t− ℓ)ν+ζ−1Eν,ν+ζ(−ω(t− ℓ)ν)H1(ℓ)dℓ

+ Eν(−ωtν)
( −1

2(c3 + 1)

Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1

×
(
(ac2 − 2bc2 − ac− a)H1(ℓ) + (ac2 + ac+ a− 2b)H2(ℓ)− (ac2 + ac− 2bc− a)H3(ℓ)

)
dℓ
)

+ Eν(−ωtν)
( 1

2Γ(ζ)(c3 + 1)

∫ 1

0

(1− ℓ)ζ−1

×
(
a(c2 − c− 1)H1(ℓ) + a(c2 + c+ 1)H2(ℓ)− a(c2 + c− 1)H3(ℓ)

)
dℓ
)

+ Eν(−ωtν)
( 1

c3 + 1

∫ 1

0

(1− ℓ)ζ+ν−1Eν,ν+ζ(−ω(1− ℓ)ν)(−c2H1(ℓ)− H2(ℓ) + cH3(ℓ))dℓ
)
,

(3.11)

Ω2(t) = tνEν,ν+1(−ωtν)
( Γ(2− ν)

2Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1(H2(ℓ) + H3(ℓ)− H1(ℓ))dℓ+

1

2Γ(ζ)

∫ 1

0

(1− ℓ)ζ−1(H1(ℓ)− H2(ℓ)− H3(ℓ))dℓ
)

− tν+1Eν,ν+2(−ωtν)
(Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1H2(ℓ)dℓ
)

+

∫ t

0

(t− ℓ)ν+ζ−1Eν,ν+ζ(−ω(t− ℓ)ν)H2(ℓ)dℓ

+ Eν(−ωtν)
( −1

2(c3 + 1)

Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1

×
(
− (ac2 + ac− 2bc− a)H1(ℓ) + (ac2 − 2bc2 − ac− a)H2(ℓ) + (ac2 + ac+ a− 2b)H3(ℓ)

)
dℓ
)

+ Eν(−ωtν)
( 1

2Γ(ζ)(c3 + 1)

∫ 1

0

(1− ℓ)ζ−1

×
(
− a(c2 + c− 1)H1(ℓ) + a(c2 − c− 1)H2(ℓ) + a(c2 + c+ 1)H3(ℓ)

)
dℓ
)

+ Eν(−ωtν)
( 1

c3 + 1

∫ 1

0

(1− ℓ)ζ+ν−1Eν,ν+ζ(−ω(1− ℓ)ν)(cH1(ℓ)− c2H2(ℓ)− H3(ℓ))dℓ
)
,

(3.12)
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Ω3(t) = tνEν,ν+1(−ωtν)
( Γ(2− ν)

2Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1(H3(ℓ) + H1(ℓ)− H2(ℓ))dℓ+

1

2Γ(ζ)

∫ 1

0

(1− ℓ)ζ−1(H2(ℓ)− H3(ℓ)− H1(ℓ))dℓ
)

− tν+1Eν,ν+2(−ωtν)
(Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1H3(ℓ)dℓ
)

+

∫ t

0

(t− ℓ)ν+ζ−1Eν,ν+ζ(−ω(t− ℓ)ν)H3(ℓ)dℓ

+ Eν(−ωtν)
( −1

2(c3 + 1)

Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1

×
(
(ac2 + ac+ a− 2b)H1(ℓ)− (ac2 + ac− 2bc− a)H2(ℓ) + (ac2 − 2bc2 − ac− a)H3(ℓ)

)
dℓ
)

+ Eν(−ωtν)
( 1

2Γ(ζ)(c3 + 1)

∫ 1

0

(1− ℓ)ζ−1

×
(
− a(c2 + c− 1)H2(ℓ) + a(c2 − c− 1)H3(ℓ) + a(c2 + c+ 1)H1(ℓ)

)
dℓ
)

+ Eν(−ωtν)
( 1

c3 + 1

∫ 1

0

(1− ℓ)ζ+ν−1Eν,ν+ζ(−ω(1− ℓ)ν)(−H1(ℓ) + cH2(ℓ)− c2H3(ℓ))dℓ
)
,

(3.13)

where a := Eν,ν+1(−ω), b := Eν,ν+2(−ω) and c := Eν(−ω).

Proof. Let Ω = (Ω1,Ω2,Ω3) be a solution. The relationship between the Ca-
puto derivative and the Riemann-Liouville operator allows us to conclude
that

Dζ [(Dν + ω)Ωi(t)− IζHi(t)] = 0, i = 1, 2, 3.

Now by applying Lemma 2.4, we deduce

(3.14) (Dν + ω)Ωi(t)− IζHi(t) = ci0 + ci1t, i = 1, 2, 3.

Applying the Laplace transform to both sides of (3.14) for the Caputo de-
rivative yields:

sνUi(s)− sν−1Ωi(0) + ωUi(s) =
ci0
s

+
ci1
s2

+
Hi(s)

sζ
,(3.15)

where Ui(s) and Hi(s) denote the Laplace transforms of the functions Ωi

and Hi, i = 1, 2, 3.
We can then express the above formula in the following explicit form:

(sν + ω)Ui(s) =
ci0
s

+
ci1
s2

+
Hi(s)

sζ
+

Ωi(0)

s1−ν
, i = 1, 2, 3.(3.16)

We now solve (3.16) for U(s),

Ui(s) =
ci0

sν+1 + ωs
+

ci1
sν+2 + ωs2

+
Hi(s)

sν+ζ + ωsζ
+

Ωi(0)

s+ ωs1−ν
, i = 1, 2, 3.

(3.17)
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Taking the inverse Laplace transform of (3.17) and applying Lemma 2.8,
we obtain an explicit representation of the solution to (3.9):

Ωi(t) = ci0t
νEν,ν+1(−ωtν) + ci1t

ν+1Eν,ν+2(−ωtν) + Ωi(0)Eν(−ωtν)

+

∫ t

0

(t− ℓ)ν+ζ−1Eν,ν+ζ(−ω(t− ℓ)v)Hi(ℓ)dℓ, i = 1, 2, 3.
(3.18)

Hence, by using the boundary conditions (3.10), we have

c10Eν,ν+1(−ω) + c11Eν,ν+2(−ω) + Ω1(0)Eν(−ω) + Ω3(0) = −
∫ 1

0
(1− ℓ)ν+ζ−1Eν,ν+ζ(−ω(1− ℓ)ν)H1(ℓ)dℓ,

c20Eν,ν+1(−ω) + c21Eν,ν+2(−ω) + Ω2(0)Eν(−ω) + Ω1(0) = −
∫ 1

0
(1− ℓ)ν+ζ−1Eν,ν+ζ(−ω(1− ℓ)ν)H2(ℓ)dℓ,

c30Eν,ν+1(−ω) + c31Eν,ν+2(−ω) + Ω3(0)Eν(−ω) + Ω2(0) = −
∫ 1

0
(1− ℓ)ν+ζ−1Eν,ν+ζ(−ω(1− ℓ)ν)H3(ℓ)dℓ,

c10 + c20 + c21 = −IζH2(t)|t=1,

c20 + c30 + c31 = −IζH3(t)|t=1,

c30 + c10 + c11 = −IζH1(t)|t=1,

cp1 = −Γ(2− ν)Iζ−νHp(t)|t=1, p = 1, 2, 3.

The matrix representation of the above linear equations is as follows
and to obtain the values ci0, ci1,Ωi(0), i = 1, 2, 3, we must solve the system

AX = B,(3.19)

where

A =



a 0 0 b 0 0 c 0 1

0 a 0 0 b 0 1 c 0

0 0 a 0 0 b 0 1 c

1 1 0 0 1 0 0 0 0

0 1 1 0 0 1 0 0 0

1 0 1 1 0 0 0 0 0

0 0 0 1 0 0 0 0 0

0 0 0 0 1 0 0 0 0

0 0 0 0 0 1 0 0 0


,

X =



c10
c20
c30
c11
c21
c31

Ω1(0)

Ω2(0)

Ω3(0)


, B =



−
∫ 1
0 (1− ℓ)ν+ζ−1Eν,ν+ζ(−ω(1− ℓ)ν)H1(ℓ)dℓ

−
∫ 1
0 (1− ℓ)ν+ζ−1Eν,ν+ζ(−ω(1− ℓ)ν)H2(ℓ)dℓ

−
∫ 1
0 (1− ℓ)ν+ζ−1Eν,ν+ζ(−ω(1− ℓ)ν)H3(ℓ)dℓ

−IζH2(t)|t=1

−IζH3(t)|t=1

−IζH1(t)|t=1

−Γ(2− ν)Iζ−νH1(t)|t=1

−Γ(2− ν)Iζ−νH2(t)|t=1

−Γ(2− ν)Iζ−νH3(t)|t=1


.
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It is not difficult to verify that A is an invertible matrix. So, the system of
(3.19) has the unique solution

c10 =
1

2Γ(ζ)

∫ 1

0
(1− ℓ)ζ−1(H3(ℓ)− H1(ℓ)− H2(ℓ))dℓ+

Γ(2− ν)

2Γ(ζ − ν)

∫ 1

0
(1− ℓ)ζ−ν−1(H1(ℓ) + H2(ℓ)− H3(ℓ))dℓ,

c20 =
1

2Γ(ζ)

∫ 1

0
(1− ℓ)ζ−1(H1(ℓ)− H2(ℓ)− H3(ℓ))dℓ+

Γ(2− ν)

2Γ(ζ − ν)

∫ 1

0
(1− ℓ)ζ−ν−1(H2(ℓ) + H3(ℓ)− H1(ℓ))dℓ,

c30 =
1

2Γ(ζ)

∫ 1

0
(1− ℓ)ζ−1(H2(ℓ)− H3(ℓ)− H1(ℓ))dℓ+

Γ(2− ν)

2Γ(ζ − ν)

∫ 1

0
(1− ℓ)ζ−ν−1(H3(ℓ) + H1(ℓ)− H2(ℓ))dℓ,

cp1 = −Γ(2− ν)Iζ−νHp(t)|t=1, p = 1, 2, 3,

Ω1(0) = − c2

c3 + 1

∫ 1

0

(1− ℓ)ζ+ν−1Eν,ν+ζ(−ω(1− ℓ)ν)H1(ℓ)dℓ

− 1

c3 + 1

∫ 1

0

(1− ℓ)ζ+ν−1Eν,ν+ζ(−ω(1− ℓ)ν)H2(ℓ)dℓ

+
c

c3 + 1

∫ 1

0

(1− ℓ)ζ+ν−1Eν,ν+ζ(−ω(1− ℓ)ν)H3(ℓ)dℓ

+
a(c2 + c+ 1)

2(c3 + 1)Γ(ζ)

∫ 1

0

(1− ℓ)ζ−1H2(ℓ)dℓ

− a(c2 + c− 1)

2(c3 + 1)Γ(ζ)

∫ 1

0

(1− ℓ)ζ−1H3(ℓ)dℓ+
a(c2 − c− 1)

2(c3 + 1)Γ(ζ)

∫ 1

0

(1− ℓ)ζ−1H1(ℓ)dℓ

− (
ac2 − 2bc2 − ac− a

2(c3 + 1)
)
Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1H1(ℓ)dℓ

− (
ac2 + ac+ a− 2b

2(c3 + 1)
)
Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1H2(ℓ)dℓ

+ (
ac2 − 2bc+ ac− a

2(c3 + 1)
)
Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1H3(ℓ)dℓ,

Ω2(0) =
c

c3 + 1

∫ 1

0

(1− ℓ)ζ+ν−1Eν,ν+ζ(−ω(1− ℓ)ν)H1(ℓ)dℓ

− c2

c3 + 1

∫ 1

0

(1− ℓ)ζ+ν−1Eν,ν+ζ(−ω(1− ℓ)ν)H2(ℓ)dℓ

− 1

c3 + 1

∫ 1

0

(1− ℓ)ζ+ν−1Eν,ν+ζ(−ω(1− ℓ)ν)H3(ℓ)dℓ

+
a(c2 − c− 1)

2(c3 + 1)Γ(ζ)

∫ 1

0

(1− ℓ)ζ−1H2(ℓ)dℓ

+
a(c2 + c+ 1)

2(c3 + 1)Γ(ζ)

∫ 1

0

(1− ℓ)ζ−1H3(ℓ)dℓ−
a(c2 + c− 1)

2(c3 + 1)Γ(ζ)

∫ 1

0

(1− ℓ)ζ−1H1(ℓ)dℓ

+ (
ac2 − 2bc+ ac− a

2(c3 + 1)
)
Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1H1(ℓ)dℓ

− (
ac2 − 2bc2 − ac− a

2(c3 + 1)
)
Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1H2(ℓ)dℓ

− (
ac2 + ac+ a− 2b

2(c3 + 1)
)
Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1H3(ℓ)dℓ,



284 H. Baghani, J. Alzabut, J.J. Nieto, A. Salim

Ω3(0) =
−1

c3 + 1

∫ 1

0

(1− ℓ)ζ+ν−1Eν,ν+ζ(−ω(1− ℓ)ν)H1(ℓ)dℓ

+
c

c3 + 1

∫ 1

0

(1− ℓ)ζ+ν−1Eν,ν+ζ(−ω(1− ℓ)ν)H2(ℓ)dℓ

− c2

c3 + 1

∫ 1

0

(1− ℓ)ζ+ν−1Eν,ν+ζ(−ω(1− ℓ)ν)H3(ℓ)dℓ

− a(c2 + c− 1)

2(c3 + 1)Γ(ζ)

∫ 1

0

(1− ℓ)ζ−1H2(ℓ)dℓ

+
a(c2 − c− 1)

2(c3 + 1)Γ(ζ)

∫ 1

0

(1− ℓ)ζ−1H3(ℓ)dℓ+
a(c2 + c+ 1)

2(c3 + 1)Γ(ζ)

∫ 1

0

(1− ℓ)ζ−1H1(ℓ)dℓ

− (
ac2 + ac+ a− 2b

2(c3 + 1)
)
Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1H1(ℓ)dℓ

+ (
ac2 + ac− 2bc− a

2(c3 + 1)
)
Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1H2(ℓ)dℓ

− (
ac2 − ac− a− 2bc2

2(c3 + 1)
)
Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1H3(ℓ)dℓ.

Substituting the values of ci0, ci1,Ωi(0), i = 1, 2, 3, in (3.18), we obtain the
desired solution (3.11-3.13). Conversely, it is not difficult to verify that
(Ω1,Ω2,Ω3) given by (3.11-3.13) satisfies the system (3.9) and the boundary
conditions (3.10). The proof is finished. □

Here, we define the operator ψ : C[0, 1] × C[0, 1] × C[0, 1] → C[0, 1] ×
C[0, 1]× C[0, 1] as

ψ(Ω1,Ω2,Ω3) = (ψ1(Ω1,Ω2,Ω3), ψ2(Ω1,Ω2,Ω3), ψ3(Ω1,Ω2,Ω3)),

where ψ1, ψ2, ψ3 : C[0, 1]× C[0, 1]× C[0, 1] → C[0, 1] define
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ψ1(Ω1,Ω2,Ω3)(t)

= tνEν,ν+1(−ωtν)
( Γ(2− ν)

2Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1(f1,Ω(ℓ) + f2,Ω(ℓ)− f3,Ω(ℓ))dℓ+

1

2Γ(ζ)

∫ 1

0

(1− ℓ)ζ−1(f3,Ω(ℓ)− f2,Ω(ℓ)− f1,Ω(ℓ))dℓ
)

− tν+1Eν,ν+2(−ωtν)
(Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1f1,Ω(ℓ)dℓ
)

+

∫ t

0

(t− ℓ)ν+ζ−1Eν,ν+ζ(−ω(t− ℓ)ν)f1,Ω(ℓ)dℓ

+ Eν(−ωtν)
( −1

2(c3 + 1)

Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1

×
(
(ac2 − 2bc2 − ac− a)f1,Ω(ℓ) + (ac2 + ac+ a− 2b)f2,Ω(ℓ)− (ac2 + ac− 2bc− a)f3,Ω(ℓ)

)
dℓ
)

+ Eν(−ωtν)
( 1

2Γ(ζ)(c3 + 1)

∫ 1

0

(1− ℓ)ζ−1

×
(
a(c2 − c− 1)f1,Ω(ℓ) + a(c2 + c+ 1)f2,Ω(ℓ)− a(c2 + c− 1)f3,Ω(ℓ)

)
dℓ
)

+ Eν(−ωtν)
( 1

c3 + 1

∫ 1

0

(1− ℓ)ζ+ν−1Eν,ν+ζ(−ω(1− ℓ)ν)

× (−c2f1,Ω(ℓ)− f2,Ω(ℓ) + cf3,Ω(ℓ))dℓ
)
, t ∈ [0, 1],

ψ2(Ω1,Ω2,Ω3)(t)

= tνEν,ν+1(−ωtν)
( Γ(2− ν)

2Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1(f2,Ω(ℓ) + f3,Ω(ℓ)− f1,Ω(ℓ))dℓ+

1

2Γ(ζ)

∫ 1

0

(1− ℓ)ζ−1(f1,Ω(ℓ)− f2,Ω(ℓ)− f3,Ω(ℓ))dℓ
)

− tν+1Eν,ν+2(−ωtν)
(Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1f2,Ω(ℓ)dℓ
)

+

∫ t

0

(t− ℓ)ν+ζ−1Eν,ν+ζ(−ω(t− ℓ)ν)f2,Ω(ℓ)dℓ

+ Eν(−ωtν)
( −1

2(c3 + 1)

Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1

×
(
− (ac2 + ac− 2bc− a)f1,Ω(ℓ) + (ac2 − 2bc2 − ac− a)f2,Ω(ℓ) + (ac2 + ac+ a− 2b)f3,Ω(ℓ)

)
dℓ
)

+ Eν(−ωtν)
( 1

2Γ(ζ)(c3 + 1)

∫ 1

0

(1− ℓ)ζ−1

×
(
− a(c2 + c− 1)f1,Ω(ℓ) + a(c2 − c− 1)f2,Ω(ℓ) + a(c2 + c+ 1)f3,Ω(ℓ)

)
dℓ
)

+ Eν(−ωtν)
( 1

c3 + 1

∫ 1

0

(1− ℓ)ζ+ν−1Eν,ν+ζ(−ω(1− ℓ)ν)

× (cf1,Ω(ℓ)− c2f2,Ω(ℓ)− f3,Ω(ℓ))dℓ
)
, t ∈ [0, 1],
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ψ3(Ω1,Ω2,Ω3)(t)

= tνEν,ν+1(−ωtν)
( Γ(2− ν)

2Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1(f3,Ω(ℓ) + f1,Ω(ℓ)− f2,Ω(ℓ))dℓ+

1

2Γ(ζ)

∫ 1

0

(1− ℓ)ζ−1(f2,Ω(ℓ)− f3,Ω(ℓ)− f1,Ω(ℓ))dℓ
)

− tν+1Eν,ν+2(−ωtν)
(Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1f3,Ω(ℓ)dℓ
)

+

∫ t

0

(t− ℓ)ν+ζ−1Eν,ν+ζ(−ω(t− ℓ)ν)f3,Ω(ℓ)dℓ

+ Eν(−ωtν)
( −1

2(c3 + 1)

Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1

×
(
(ac2 + ac+ a− 2b)f1,Ω(ℓ)− (ac2 + ac− 2bc− a)f2,Ω(ℓ) + (ac2 − 2bc2 − ac− a)f3,Ω(ℓ)

)
dℓ
)

+ Eν(−ωtν)
( 1

2Γ(ζ)(c3 + 1)

∫ 1

0

(1− ℓ)ζ−1

×
(
− a(c2 + c− 1)f2,Ω(ℓ) + a(c2 − c− 1)f3,Ω(ℓ) + a(c2 + c+ 1)f1,Ω(ℓ)

)
dℓ
)

+ Eν(−ωtν)
( 1

c3 + 1

∫ 1

0

(1− ℓ)ζ+ν−1Eν,ν+ζ(−ω(1− ℓ)ν)

× (−f1,Ω(ℓ) + cf2,Ω(ℓ)− c2f3,Ω(ℓ))dℓ
)
, t ∈ [0, 1],

where fi,Ω(s) = Ψi(s,Ω1(s),Ω2(s),Ω3(s)), and Ω = (Ω1,Ω2,Ω3), i = 1, 2, 3.
Now, in view of Lemma 3.1, it important to say that the function Ω =

(Ω1,Ω2,Ω3) is a solution of the problem (1.4), if and only if Ω is a fixed
point of operator ψ.

Now, we introduce the following constant:

ξ :=
6

Γ(ν + 1)Γ(ζ + 1)
+

17Γ(2− ν)

2Γ(ν + 1)Γ(ζ − ν + 1)
+

4

Γ(ζ + ν + 1)
.(3.20)

In the following result, we prove the uniqueness of solution to the prob-
lem (1.4) by using Banach’s contraction mapping theorem.

Theorem 3.2. Let Ψ1,Ψ2,Ψ3 ∈ C([0, 1] × R3,R) and µi, i = 1, 2, 3, be non-
negative constants such that
(3.21)
|Ψi(t, ẑ1, ẑ2, ẑ3)−Ψi(t, ŵ1, ŵ2, ŵ3)|

≤ µi

(
|ẑ1 − ŵ1|+ |ẑ2 − ŵ2|+ |ẑ3 − ŵ3|

)
, ∀ t ∈ [0, 1], ∀ ẑ1, ẑ2, ẑ3, ŵ1, ŵ2, ŵ3 ∈ R.

Then ψ is a contraction mapping in C[0, 1] × C[0, 1] × C[0, 1] with Lipschitz
constant ξ(µ1 + µ2 + µ3). Moreover, if

(3.22) ξ(µ1 + µ2 + µ3) < 1,

then the problem (1.4) has a unique solution in C[0, 1]× C[0, 1]× C[0, 1].
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Proof. Let X := C[0, 1] × C[0, 1] × C[0, 1]. Then, (X , ∥.∥C3[0,1]) is a Banach
space with norm

∥(ẑ, ŵ, v̂)∥C3[0,1] = ∥ẑ∥∞ + ∥ŵ∥∞ + ∥v̂∥∞,

where ∥Ω∥∞ = maxt∈[0,1] |Ω(t)| for each Ω ∈ C[0, 1].
Now, for each Ω = (Ω1,Ω2,Ω3), Ω̃ = (Ω̃1, Ω̃2, Ω̃3) ∈ X and t ∈ [0, 1], we

have

|ψ1(Ω1,Ω2,Ω3)(t)− ψ1(Ω̃1, Ω̃2, Ω̃3)(t)| ≤

tνEν,ν+1(−ωtν)
( Γ(2− ν)

2Γ(ζ − ν)

∫ 1

0
(1− ℓ)ζ−ν−1(|f1,Ω(ℓ)− f

1,Ω̃
(ℓ)|+ |f2,Ω(ℓ)− f

2,Ω̃
(ℓ)|

+ |f3,Ω(ℓ)− f
3,Ω̃

(ℓ)|)dℓ+

1

2Γ(ζ)

∫ 1

0
(1− ℓ)ζ−1(|f1,Ω(ℓ)− f

1,Ω̃
(ℓ)|+ |f2,Ω(ℓ)− f

2,Ω̃
(ℓ)|+ |f3,Ω(ℓ)− f

3,Ω̃
(ℓ)|)dℓ

)
+ tν+1Eν,ν+2(−ωtν)

(Γ(2− ν)

Γ(ζ − ν)

∫ 1

0
(1− ℓ)ζ−ν−1|f1,Ω(ℓ)− f

1,Ω̃
(ℓ)|dℓ

)
+

∫ t

0
(t− ℓ)ν+ζ−1Eν,ν+ζ(−ω(t− ℓ)ν)|f1,Ω(ℓ)− f

1,Ω̃
(ℓ)|dℓ

+ Eν(−ωtν)
( 1

2(c3 + 1)

Γ(2− ν)

Γ(ζ − ν)

∫ 1

0
(1− ℓ)ζ−ν−1

×
(
(ac2 + 2bc2 + ac+ a)|f1,Ω(ℓ)− f

1,Ω̃
(ℓ)|+ (ac2 + ac+ a+ 2b)|f2,Ω(ℓ)− f

2,Ω̃
(ℓ)|

+ (ac2 + ac+ 2bc+ a)|f3,Ω(ℓ)− f
3,Ω̃

(ℓ)|
)
dℓ
)

+ Eν(−ωtν)
( 1

2Γ(ζ)(c3 + 1)

∫ 1

0
(1− ℓ)ζ−1

(
a(c2 + c+ 1)|f1,Ω(ℓ)− f

1,Ω̃
(ℓ)|

+ a(c2 + c+ 1)|f2,Ω(ℓ)− f
2,Ω̃

(ℓ)|+ a(c2 + c+ 1)|f3,Ω(ℓ)− f
3,Ω̃

(ℓ)|
)
dℓ
)

+ Eν(−ωtν)
( 1

c3 + 1

∫ 1

0
(1− ℓ)ζ+ν−1Eν,ν+ζ(−ω(1− ℓ)ν)(c2|f1,Ω(ℓ)− f

1,Ω̃
(ℓ)|+ |f2,Ω(ℓ)− f

2,Ω̃
(ℓ)|

+ c|f3,Ω(ℓ)− f
3,Ω̃

(ℓ)|)dℓ
)
.

Here, by (3.21), Lemma 2.9, Lemma 2.10, Lemma 2.11 and from the fact
that (−1)m dm

dxm (Ev,w(−x)) ≥ 0 for all x > 0 and for all m = 0, 1, 2, . . .,
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when 0 < v ≤ 1 and w ≥ v, we can derive that

|ψ1(Ω1,Ω2,Ω3)(t)− ψ1(Ω̃1, Ω̃2, Ω̃3)(t)| ≤(
2µ1 + µ2 + µ3

Γ(ζ + ν + 1)
+

2(µ1 + µ2 + µ3)

Γ(ν + 1)Γ(ζ + 1)

Γ(2− ν)(7µ1 + 5µ2 + 5µ3)

2Γ(ζ − ν + 1)Γ(ν + 1)

)
∥Ω1 − Ω̃1∥∞

+

(
2µ1 + µ2 + µ3

Γ(ζ + ν + 1)
+

2(µ1 + µ2 + µ3)

Γ(ν + 1)Γ(ζ + 1)

Γ(2− ν)(7µ1 + 5µ2 + 5µ3)

2Γ(ζ − ν + 1)Γ(ν + 1)

)
∥Ω2 − Ω̃2∥∞

(
2µ1 + µ2 + µ3

Γ(ζ + ν + 1)
+

2(µ1 + µ2 + µ3)

Γ(ν + 1)Γ(ζ + 1)

Γ(2− ν)(7µ1 + 5µ2 + 5µ3)

2Γ(ζ − ν + 1)Γ(ν + 1)

)
∥Ω3 − Ω̃3∥∞.

Similarity, we can show that

|ψ2(Ω1,Ω2,Ω3)(t)− ψ2(Ω̃1, Ω̃2, Ω̃3)(t)| ≤(
µ1 + 2µ2 + µ3

Γ(ζ + ν + 1)
+

2(µ1 + µ2 + µ3)

Γ(ν + 1)Γ(ζ + 1)

Γ(2− ν)(5µ1 + 7µ2 + 5µ3)

2Γ(ζ − ν + 1)Γ(ν + 1)

)
∥Ω1 − Ω̃1∥∞

+

(
µ1 + 2µ2 + µ3

Γ(ζ + ν + 1)
+

2(µ1 + µ2 + µ3)

Γ(ν + 1)Γ(ζ + 1)

Γ(2− ν)(5µ1 + 7µ2 + 5µ3)

2Γ(ζ − ν + 1)Γ(ν + 1)

)
∥Ω2 − Ω̃2∥∞

(
µ1 + 2µ2 + µ3

Γ(ζ + ν + 1)
+

2(µ1 + µ2 + µ3)

Γ(ν + 1)Γ(ζ + 1)

Γ(2− ν)(5µ1 + 7µ2 + 5µ3)

2Γ(ζ − ν + 1)Γ(ν + 1)

)
∥Ω3 − Ω̃3∥∞.

and

|ψ3(Ω1,Ω2,Ω3)(t)− ψ3(Ω̃1, Ω̃2, Ω̃3)(t)|

≤

(
µ1 + µ2 + 2µ3

Γ(ζ + ν + 1)
+

2(µ1 + µ2 + µ3)

Γ(ν + 1)Γ(ζ + 1)

Γ(2− ν)(5µ1 + 5µ2 + 7µ3)

2Γ(ζ − ν + 1)Γ(ν + 1)

)
∥Ω1 − Ω̃1∥∞

+

(
µ1 + µ2 + 2µ3

Γ(ζ + ν + 1)
+

2(µ1 + µ2 + µ3)

Γ(ν + 1)Γ(ζ + 1)

Γ(2− ν)(5µ1 + 5µ2 + 7µ3)

2Γ(ζ − ν + 1)Γ(ν + 1)

)
∥Ω2 − Ω̃2∥∞

+

(
µ1 + µ2 + 2µ3

Γ(ζ + ν + 1)
+

2(µ1 + µ2 + µ3)

Γ(ν + 1)Γ(ζ + 1)

Γ(2− ν)(5µ1 + 5µ2 + 7µ3)

2Γ(ζ − ν + 1)Γ(ν + 1)

)
∥Ω3 − Ω̃3∥∞.
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From the above inequalities, we obtain

∥ψ(Ω1,Ω2,Ω3)(t)− ψ(Ω̃1, Ω̃2, Ω̃3)∥C3[0,1]

= ∥ψ1(Ω1,Ω2,Ω3)− ψ1(Ω̃1, Ω̃2, Ω̃3)∥∞ + ∥ψ2(Ω1,Ω2,Ω3)− ψ2(Ω̃1, Ω̃2, Ω̃3)∥∞
+ ∥ψ3(Ω1,Ω2,Ω3)− ψ3(Ω̃1, Ω̃2, Ω̃3)∥∞

≤ ξ(µ1 + µ2 + µ3)∥(Ω1,Ω2,Ω3)− (Ω̃1, Ω̃2, Ω̃3)∥C3[0,1].

In view of the condition (3.22), we deduce that ψ is a contraction. Then
we conclude by the Banach fixed point theory that the operator ψ has a
unique fixed point Ω, which is the unique solution of problem (1.4). The
theorem is proved. □

In the following, by applying Krasnoselskii’s fixed point theorem, we
present the existence result for the BVP (1.4).

Theorem 3.3. Assume that
H1. Ψi : [0, 1]× R3 → R, i = 1, 2, 3, are continuous.
H2. There exist nonnegative functions pi, qi, ri, ki ∈ C[0, 1], such that, for all

(t, u, v, w) ∈ [0, 1]× R3, (i=1,2,3),

|Ψi(t, u, v, w)| ≤ ki(t) + pi(t)|u|+ qi(t)|v|+ ri(t)|w|,
hold. Then the system (1.4) has at least one solution on [0, 1], provided that

( 6

Γ(ν + 1)Γ(ζ + 1)
+

17Γ(2− ν)

2Γ(ζ − ν + 1)Γ(ν + 1)
+

4

Γ(ζ + ν + 1)

) 3∑
i=1

li < 1,

where
pi = max

t∈[0,1]
|pi(t)|, qi = max

t∈[0,1]
|qi(t)|, ri = max

t∈[0,1]
|ri(t)|,

ki = max
t∈[0,1]

|ki(t)|, li = pi + qi + ri, i = 1, 2, 3.

Proof. Let

ϵ ≥

(
6

Γ(ν+1)Γ(ζ+1) +
17Γ(2−ν)

2Γ(ζ−ν+1)Γ(ν+1) +
4

Γ(ζ+ν+1)

)∑3
i=1 ki

1−
(

6
Γ(ν+1)Γ(ζ+1) +

17Γ(2−ν)
2Γ(ζ−ν+1)Γ(ν+1) +

4
Γ(ζ+ν+1)

)∑3
i=1 li

be a positive number and consider the closed ball

Bϵ = {Ω = (Ω1,Ω2,Ω3) ∈ X : ∥Ω∥C3[0,1] ≤ ϵ},
where X = C[0, 1] × C[0, 1] × C[0, 1] equipped ∥.∥C3[0,1] is a Banach space
with norm

∥(ẑ, ŵ, v̂)∥C3[0,1] = ∥ẑ∥∞ + ∥ŵ∥∞ + ∥v̂∥∞,
where ∥z∥∞ = maxt∈[0,1] |z(t)| for each z ∈ C[0, 1].

Next, let us define the operators U ,V on Bϵ as follows:

UΩ(t) = (U1(Ω1,Ω2,Ω3),U2(Ω1,Ω2,Ω3),U3(Ω1,Ω2,Ω3))(t),

VΩ(t) = (V1(Ω1,Ω2,Ω3),V2(Ω1,Ω2,Ω3),V3(Ω1,Ω2,Ω3))(t),
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where

U1(Ω1,Ω2,Ω3)(t) = U2(Ω1,Ω2,Ω3)(t) = U3(Ω1,Ω2,Ω3)(t) = 0, t ∈ [0, 1],

V1(Ω1,Ω2,Ω3)(t) =

tνEν,ν+1(−ωtν)
( Γ(2− ν)

2Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1(f1,Ω(ℓ) + f2,Ω(ℓ)− f3,Ω(ℓ))dℓ+

1

2Γ(ζ)

∫ 1

0

(1− ℓ)ζ−1(f3,Ω(ℓ)− f2,Ω(ℓ)− f1,Ω(ℓ))dℓ
)

− tν+1Eν,ν+2(−ωtν)
(Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1f1,Ω(ℓ)dℓ
)

+

∫ t

0

(t− ℓ)ν+ζ−1Eν,ν+ζ(−ω(t− ℓ)ν)f1,Ω(ℓ)dℓ

+ Eν(−ωtν)
( −1

2(c3 + 1)

Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1

×
(
(ac2 − 2bc2 − ac− a)f1,Ω(ℓ) + (ac2 + ac+ a− 2b)f2,Ω(ℓ)− (ac2 + ac− 2bc− a)f3,Ω(ℓ)

)
dℓ
)

+ Eν(−ωtν)
( 1

2Γ(ζ)(c3 + 1)

∫ 1

0

(1− ℓ)ζ−1

×
(
a(c2 − c− 1)f1,Ω(ℓ) + a(c2 + c+ 1)f2,Ω(ℓ)− a(c2 + c− 1)f3,Ω(ℓ)

)
dℓ
)

+ Eν(−ωtν)
( 1

c3 + 1

∫ 1

0

(1− ℓ)ζ+ν−1Eν,ν+ζ(−ω(1− ℓ)ν)

×(−c2f1,Ω(ℓ)− f2,Ω(ℓ) + cf3,Ω(ℓ))dℓ
)
, t ∈ [0, 1],
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V2(Ω1,Ω2,Ω3)(t) =

tνEν,ν+1(−ωtν)
( Γ(2− ν)

2Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1(f2,Ω(ℓ) + f3,Ω(ℓ)− f1,Ω(ℓ))dℓ+

1

2Γ(ζ)

∫ 1

0

(1− ℓ)ζ−1(f1,Ω(ℓ)− f2,Ω(ℓ)− f3,Ω(ℓ))dℓ
)

− tν+1Eν,ν+2(−ωtν)
(Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1f2,Ω(ℓ)dℓ
)

+

∫ t

0

(t− ℓ)ν+ζ−1Eν,ν+ζ(−ω(t− ℓ)ν)f2,Ω(ℓ)dℓ

+ Eν(−ωtν)
( −1

2(c3 + 1)

Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1

×
(
− (ac2 + ac− 2bc− a)f1,Ω(ℓ) + (ac2 − 2bc2 − ac− a)f2,Ω(ℓ) + (ac2 + ac+ a− 2b)f3,Ω(ℓ)

)
dℓ
)

+ Eν(−ωtν)
( 1

2Γ(ζ)(c3 + 1)

∫ 1

0

(1− ℓ)ζ−1

×
(
− a(c2 + c− 1)f1,Ω(ℓ) + a(c2 − c− 1)f2,Ω(ℓ) + a(c2 + c+ 1)f3,Ω(ℓ)

)
dℓ
)

+ Eν(−ωtν)
( 1

c3 + 1

∫ 1

0

(1− ℓ)ζ+ν−1Eν,ν+ζ(−ω(1− ℓ)ν)

×(cf1,Ω(ℓ)− c2f2,Ω(ℓ)− f3,Ω(ℓ))dℓ
)
, t ∈ [0, 1],

V3(Ω1,Ω2,Ω3)(t)

= tνEν,ν+1(−ωtν)
( Γ(2− ν)

2Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1(f3,Ω(ℓ) + f1,Ω(ℓ)− f2,Ω(ℓ))dℓ+

1

2Γ(ζ)

∫ 1

0

(1− ℓ)ζ−1(f2,Ω(ℓ)− f3,Ω(ℓ)− f1,Ω(ℓ))dℓ
)

− tν+1Eν,ν+2(−ωtν)
(Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1f3,Ω(ℓ)dℓ
)

+

∫ t

0

(t− ℓ)ν+ζ−1Eν,ν+ζ(−ω(t− ℓ)ν)f3,Ω(ℓ)dℓ

+ Eν(−ωtν)
( −1

2(c3 + 1)

Γ(2− ν)

Γ(ζ − ν)

∫ 1

0

(1− ℓ)ζ−ν−1

×
(
(ac2 + ac+ a− 2b)f1,Ω(ℓ)− (ac2 + ac− 2bc− a)f2,Ω(ℓ) + (ac2 − 2bc2 − ac− a)f3,Ω(ℓ)

)
dℓ
)

+ Eν(−ωtν)
( 1

2Γ(ζ)(c3 + 1)

∫ 1

0

(1− ℓ)ζ−1

×
(
− a(c2 + c− 1)f2,Ω(ℓ) + a(c2 − c− 1)f3,Ω(ℓ) + a(c2 + c+ 1)f1,Ω(ℓ)

)
dℓ
)

+ Eν(−ωtν)
( 1

c3 + 1

∫ 1

0

(1− ℓ)ζ+ν−1Eν,ν+ζ(−ω(1− ℓ)ν)

×(−f1,Ω(ℓ) + cf2,Ω(ℓ)− c2f3,Ω(ℓ))dℓ
)
, t ∈ [0, 1].

Here, we divide the proof into three steps.
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(I). We prove that VΩ1 + UΩ2 ∈ Bϵ, for each Ω1 = (Ω1
1,Ω

2
1,Ω

3
1),Ω2 =

(Ω1
2,Ω

2
2,Ω

3
2) ∈ Bϵ. For any Ω1,Ω2 ∈ Bϵ, we have ∥Ω1∥C3[0,1] ≤ ϵ

and ∥Ω2∥C3[0,1] ≤ ϵ. Now

|V1Ω1(t)| ≤

tνEν,ν+1(−ωtν)
( Γ(2− ν)

2Γ(ζ − ν)

∫ 1

0
(1− ℓ)ζ−ν−1(|f1,Ω1

(ℓ)|+ |f2,Ω1
(ℓ)|+ |f3,Ω1

(ℓ)|)dℓ+

1

2Γ(ζ)

∫ 1

0
(1− ℓ)ζ−1(|f3,Ω1 (ℓ)|+ |f2,Ω1 (ℓ)|+ |f1,Ω1 (ℓ)|)dℓ

)
+ tν+1Eν,ν+2(−ωtν)

(Γ(2− ν)

Γ(ζ − ν)

∫ 1

0
(1− ℓ)ζ−ν−1|f1,Ω1

(ℓ)|dℓ
)

+

∫ t

0
(t− ℓ)ν+ζ−1Eν,ν+ζ(−ω(t− ℓ)ν)|f1,Ω1

(ℓ)|dℓ

+ Eν(−ωtν)
( 1

2(c3 + 1)

Γ(2− ν)

Γ(ζ − ν)

∫ 1

0
(1− ℓ)ζ−ν−1

×
(
(ac2 + 2bc2 + ac+ a)|f1,Ω2

(ℓ)|+ (ac2 + ac+ a+ 2b)|f2,Ω2
(ℓ)|+ (ac2 + ac+ 2bc+ a)|f3,Ω2

(ℓ)|
)
dℓ
)

+ Eν(−ωtν)
( 1

2Γ(ζ)(c3 + 1)

∫ 1

0
(1− ℓ)ζ−1

×
(
a(c2 + c+ 1)|f1,Ω2

(ℓ)|+ a(c2 + c+ 1)|f2,Ω2
(ℓ)|+ a(c2 + c+ 1)|f3,Ω2

(ℓ)|
)
dℓ
)

+ Eν(−ωtν)
( 1

c3 + 1

∫ 1

0
(1− ℓ)ζ+ν−1Eν,ν+ζ(−ω(1− ℓ)ν)(c2|f1,Ω2

(ℓ)|+ |f2,Ω2
(ℓ)|+ c|f3,Ω2

(ℓ)|)dℓ
)
.

Then by applying (H2), Lemma 2.9, Lemma 2.10, Lemma 2.11 and
from the fact that (−1)m dm

dxm (Ev,w(−x)) ≥ 0 for all x > 0 and for
all m = 0, 1, 2, . . ., when 0 < v ≤ 1 and w ≥ v, we obtain

|V1Ω1(t)| ≤∑3
i=1 ki + li∥Ω1∥C3[0,1]

2Γ(ζ + 1)Γ(ν + 1)
+

Γ(2− ν)
∑3

i=1 ki + li∥Ω1∥C3[0,1]

2Γ(ζ − ν + 1)Γ(ν + 1)
+

Γ(2− ν)(k1 + l1∥Ω1∥C3[0,1])

Γ(ζ − ν + 1)Γ(ν + 1)

+
k1 + l1∥Ω1∥C3[0,1]

Γ(ζ + ν + 1)
+

2Γ(2− ν)

Γ(ζ − ν + 1)Γ(ν + 1)
(

3∑
i=1

ki + li∥Ω1∥C3[0,1])

+
3

2Γ(ζ + 1)Γ(ν + 1)
(

3∑
i=1

ki + li∥Ω1∥C3[0,1]) +
1

Γ(ζ + ν + 1)
(

3∑
i=1

ki + li∥Ω1∥C3[0,1]).

By similar way, for p = 2, 3, we find

|VpΩ1(t)| ≤
∑3

i=1 ki + li∥Ω1∥C3[0,1]

2Γ(ζ + 1)Γ(ν + 1)
+

Γ(2− ν)
∑3

i=1 ki + li∥Ω1∥C3[0,1]

2Γ(ζ − ν + 1)Γ(ν + 1)
+

Γ(2− ν)(kp + lp∥Ω1∥C3[0,1])

Γ(ζ − ν + 1)Γ(ν + 1)

+
kp + lp∥Ω1∥C3[0,1]

Γ(ζ + ν + 1)
+ +

2Γ(2− ν)

Γ(ζ − ν + 1)Γ(ν + 1)
(

3∑
i=1

ki + li∥Ω1∥C3[0,1])

+
3

2Γ(ζ + 1)Γ(ν + 1)
(

3∑
i=1

ki + li∥Ω1∥C3[0,1]) +
1

Γ(ζ + ν + 1)
(

3∑
i=1

ki + li∥Ω1∥C3[0,1]), t ∈ [0, 1].

On the other hand, for all t ∈ [0, 1], we obtain the following in-
equality:
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∥VΩ1 + UΩ2∥C3[0,1] = ∥V1Ω1 + U1Ω2∥∞ + ∥V2Ω1 + U2Ω2∥∞ + ∥V3Ω1 + U3Ω2∥∞

≤
( 6

Γ(ν + 1)Γ(ζ + 1)
+

17Γ(2− ν)

2Γ(ζ − ν + 1)Γ(ν + 1)
+

4

Γ(ζ + ν + 1)

) 3∑
i=1

(ki + ϵli) ≤ ϵ.

Thus, VΩ1+UΩ2 ∈ Bϵ, for each Ω1 = (Ω1
1,Ω

2
1,Ω

3
1),Ω2 = (Ω1

2,Ω
2
2,Ω

3
2) ∈

Bϵ.
(II). By the definition of U , it is clear that U is a contraction mapping on

Bϵ.
(III). It is easy to see that V is continuous. Now we only prove that V is

a completely continuous operator on X .
Firstly, for any Ω = (Ω1,Ω2,Ω3) ∈ Bϵ, t ∈ [0, 1], by using (H1),

we obtain V is uniformly bounded onBϵ. Secondly, for Ω = (Ω1,Ω2,Ω3) ∈
Bϵ and t1, t2 ∈ [0, 1] with 0 ≤ t1 < t2 ≤ 1, we obtain

|V1Ω(t2)− V1Ω(t1)| ≤

|tν2Eν,ν+1(−ωtν2)− tν1Eν,ν+1(−ωtν1)|
( Γ(2− ν)

2Γ(ζ − ν)

∫ 1

0
(1− ℓ)ζ−ν−1(|f1,Ω(ℓ)|+ |f2,Ω(ℓ)|+ |f3,Ω(ℓ)|)dℓ+

1

2Γ(ζ)

∫ 1

0
(1− ℓ)ζ−1(|f3,Ω(ℓ)|+ |f2,Ω(ℓ)|+ |f1,Ω(ℓ)|)dℓ

)
+ |tν+1

2 Eν,ν+2(−ωtν2)− tν+1
1 Eν,ν+2(−ωtν1)|

(Γ(2− ν)

Γ(ζ − ν)

∫ 1

0
(1− ℓ)ζ−ν−1|f1,Ω(ℓ)|dℓ

)
+ |

∫ t2

0
(t2 − ℓ)ν+ζ−1Eν,ν+ζ(−ω(t2 − ℓ)ν)f1,Ω(ℓ)dℓ−

∫ t1

0
(t1 − ℓ)ν+ζ−1Eν,ν+ζ(−ω(t1 − ℓ)ν)f1,Ω(ℓ)dℓ|

+ |Eν(−ωtν2)− Eν(−ωtν1)|
( 1

2(c3 + 1)

Γ(2− ν)

Γ(ζ − ν)

∫ 1

0
(1− ℓ)ζ−ν−1

×
(
(ac2 + 2bc2 + ac+ a)|f1,Ω(ℓ)|+ (ac2 + ac+ a+ 2b)|f2,Ω(ℓ)|+ (ac2 + ac+ 2bc+ a)|f3,Ω(ℓ)|

)
dℓ
)

+ |Eν(−ωtν2)− Eν(−ωtν1)|

×
( 1

2Γ(ζ)(c3 + 1)

∫ 1

0
(1− ℓ)ζ−1

(
a(c2 + c+ 1)|f1,Ω(ℓ)|+ a(c2 + c+ 1)|f2,Ω(ℓ)|+ a(c2 + c+ 1)|f3,Ω(ℓ)|

)
dℓ
)

+ |Eν(−ωtν2)− Eν(−ωtν1)|

×
( 1

c3 + 1

∫ 1

0
(1− ℓ)ζ+ν−1Eν,ν+ζ(−ω(1− ℓ)ν)(c2|f1,Ω(ℓ)|+ |f2,Ω(ℓ)|+ c|f3,Ω(ℓ))|dℓ

)
.

Here, by appling by applying (H2), Lemma 2.11, Lemma 2.12,
Lemma 2.13, Lemma 2.14, and from the fact that (−1)m dm

dxm (Ev,w(−x)) ≥
0 for all x > 0 and for allm = 0, 1, 2, . . ., when 0 < v ≤ 1 andw ≥ v,
we conclude
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|V1Ω(t2)− V1Ω(t1)| ≤
1

ω
|Eν(−ωtν2)− Eν(−ωtν1)|

( Γ(2− ν)

2Γ(ζ − ν + 1)
+

1

2Γ(ζ + 1)

)
(

3∑
i=1

ki + li∥Ω∥C3[0,1])

+
1

ω
(|t2Eν,2(−ωtν2)− t1Eν,2(−ωtν1)|+ |t2 − t1|)

( Γ(2− ν)

2Γ(ζ − ν + 1)
+

1

2Γ(ζ + 1)

)
(k1 + l1∥Ω∥C3[0,1])(∫ t1

0

(
(t2 − ℓ)ν+ζ−1Eν,ν+ζ(−ω(t2 − ℓ)ν)− (t1 − ℓ)ν+ζ−1Eν,ν+ζ(−ω(t1 − ℓ)ν)

)
dℓ

+

∫ t2

t1

(t2 − ℓ)ν+ζ−1Eν,ν+ζ(−ω(t2 − ℓ)ν)dℓ
)
(k1 + l1∥Ω∥C3[0,1])

+ |Eν(−ωtν2)− Eν(−ωtν1)|(
1

Γ(ζ + ν + 1)
)(

3∑
i=1

ki + li∥Ω∥C3[0,1])

+ |Eν(−ωtν2)− Eν(−ωtν1)|(
3

2Γ(ν + 1)Γ(ζ + 1)
)(

3∑
i=1

ki + li∥Ω∥C3[0,1])

+ |Eν(−ωtν2)− Eν(−ωtν1)|(
5Γ(2− ν)

2Γ(ν + 1)Γ(ζ − ν + 1)
)(

3∑
i=1

ki + li∥Ω∥C3[0,1])

≤
tν2 − tν1
Γ(ν + 1)

( Γ(2− ν)

2Γ(ζ − ν + 1)
+

1

2Γ(ζ + 1)
)
)
(

3∑
i=1

ki + li∥Ω∥C3[0,1])

+
2

ω
(t2 − t1)

( Γ(2− ν)

2Γ(ζ − ν + 1)
+

1

2Γ(ζ + 1)
)
)
(k1 + l1∥Ω∥C3[0,1])

+
(∫ t1

0

(
(t2 − ℓ)ζ+ν−1Eν,ν+ζ(−ω(t1 − ℓ)ν)− (t1 − ℓ)ζ+ν−1Eν,ν+ζ(−ω(t1 − ℓ)ν)

)
dℓ

+

∫ t2

t1

(t2 − ℓ)ζ+ν−1Eν,ν+ζ(−ω(t1 − ℓ)ν)dℓ
)
(k1 + l1∥Ω∥C3[0,1])

+
ω

Γ(ν + 1)
(tν2 − tν1)

( 1

Γ(ζ + ν + 1)
+

3

Γ(ζ + 1)Γ(ζ + 1)
+

5Γ(2− ν)

Γ(ν + 1)Γ(ζ − ν + 1)

)
(

3∑
i=1

ki + li∥Ω∥C3[0,1]).

On the other hand, we have(∫ t1

0

(
(t2 − ℓ)ζ+ν−1Eν,ν+ζ(−ω(t1 − ℓ)ν)− (t1 − ℓ)ζ+ν−1Eν,ν+ζ(−ω(t1 − ℓ)ν)

)
dℓ

+

∫ t2

t1

(t2 − ℓ)ζ+ν−1Eν,ν+ζ(−ω(t1 − ℓ)ν)dℓ
)
≤ tζ+ν

2 − tζ+ν
1

Γ(ζ + ν + 1)
.

Since tν+ζ , tν and t are uniformly continuous on [0, 1], we conclude

|V1Ω(t2)− V1Ω(t1)| → 0, as t2 → t1 independent of Ω.

In a similar manner, for each t1, t2 ∈ [0, 1] with 0 ≤ t1 < t2 ≤ 1
we have we conclude

|ViΩ(t2)− ViΩ(t1)| → 0, as t2 → t1 independent of Ω, i = 2, 3.

Hence, the operator V is equicontinuous onBϵ, and so, by using
the Arzela-Ascoli theorem, we conclude that V is a compact oper-
ator, which implies that V is a completely continuous operator on
X .
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Therefore, all the assumptions of Theorem 2.15 are satisfied, and
then by Theorem 2.15 we deduce that there exists a fixed point of
operator V+U , which is a solution of the boundary value problem
(1.4) on [0, 1].

□

4. EXAMPLES

To illustrate our results, let us consider the following simple examples.

Example 4.1. Consider the system

D1.8
(
D0.9 + 30

)
Ω1(t) = Ψ1(t,Ω1(t),Ω2(t),Ω3(t)), 0 ≤ t ≤ 1,

D1.8
(
D0.9 + 30

)
Ω2(t) = Ψ2(t,Ω1(t),Ω2(t),Ω3(t)), 0 ≤ t ≤ 1,

D1.8
(
D0.9 + 30

)
Ω3(t) = Ψ3(t,Ω1(t),Ω2(t),Ω3(t)), 0 ≤ t ≤ 1,

Ω1(0) + Ω2(1) = 0,D0.9Ω1(0) + D0.9Ω2(1) = 0,D2(0.9)Ω1(0) + D2(0.9)Ω2(1) = 0,

Ω2(0) + Ω3(1) = 0,D0.9Ω2(0) + D0.9Ω3(1) = 0,D2(0.9)Ω2(0) + D2(0.9)Ω3(1) = 0,

Ω3(0) + Ω1(1) = 0,D0.9Ω3(0) + D0.9Ω1(1) = 0,D2(0.9)Ω3(0) + D2(0.9)Ω1(1) = 0,

where

Ψ1(t,Ω1(t),Ω2(t),Ω3(t))

=
|Ω1(t)|

10π(1 + |Ω1(t)|)
+

1

10π
sin(|Ω2(t)|) +

1 + t

(20π + t2)

Ω3(t)

1 + |Ω3(t)|
,

Ψ2(t,Ω1(t),Ω2(t),Ω3(t))

=
arctan(|Ω1(t)|)

80
+

|Ω2(t)|
80(1 + |Ω2(t)|)

+
2|Ω3(t)|

5(2 + t)5(1 + |Ω3(t)|)
,

Ψ3(t,Ω1(t),Ω2(t),Ω3(t))

=
arctan(|Ω1(t)|)

30 + t2
+

(t+ 1)Ω2(t)

15(2 + t)2
+

Ω3(t)

30
.

For every ẑ1, ẑ2, ẑ3, ŵ1, ŵ2, ŵ3 ∈ R, it is clear that

|Ψ1(t, ẑ1, ẑ2, ẑ3)−Ψ1(t, ŵ1, ŵ2, ŵ3)| ≤
1

10π
|ẑ1−ŵ1|+

1

10π
|ẑ2−ŵ2|+

1

10π
|ẑ3−ŵ3|,

|Ψ2(t, ẑ1, ẑ2, ẑ3)−Ψ2(t, ŵ1, ŵ2, ŵ3)| ≤
1

80
|ẑ1−ŵ1|+

1

80
|ẑ2−ŵ2|+

1

80
|ẑ3−ŵ3|,

and

|Ψ3(t, ẑ1, ẑ2, ẑ3)−Ψ3(t, ŵ1, ŵ2, ŵ3)| ≤
1

30
|ẑ1−ŵ1|+

1

30
|ẑ2−ŵ2|+

1

30
|ẑ3−ŵ3|.

We take
µ1 =

1

10π
, µ2 =

1

80
, µ3 =

1

30
.
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By simple computation on the given data, we find that

ξ

3∑
i=1

µi = 0.4766490186 < 1,

where ξ is defined in (3.20). Hence, Theorem 3.2 implies that the problem has a
unique solution defined in [0, 1].

Example 4.2. Consider the system

D1.9
(
D0.9 + 60

)
Ω1(t) = Ψ1(t,Ω1(t),Ω2(t),Ω3(t)), 0 ≤ t ≤ 1,

D1.9
(
D0.9 + 60

)
Ω2(t) = Ψ2(t,Ω1(t),Ω2(t),Ω3(t)), 0 ≤ t ≤ 1,

D1.9
(
D0.9 + 60

)
Ω3(t) = Ψ3(t,Ω1(t),Ω2(t),Ω3(t)), 0 ≤ t ≤ 1,

Ω1(0) + Ω2(1) = 0,D0.9Ω1(0) + D0.9Ω2(1) = 0,D2(0.9)Ω1(0) + D2(0.9)Ω2(1) = 0,

Ω2(0) + Ω3(1) = 0,D0.9Ω2(0) + D0.9Ω3(1) = 0,D2(0.9)Ω2(0) + D2(0.9)Ω3(1) = 0,

Ω3(0) + Ω1(1) = 0,D0.9Ω3(0) + D0.9Ω1(1) = 0,D2(0.9)Ω3(0) + D2(0.9)Ω1(1) = 0,

where

Ψ1(t,Ω1(t),Ω2(t),Ω3(t))

= e−t +
|Ω1(t)|

2
√
t2 + 25π2(1 + |Ω1(t)|)

+
1

5(π + πet)
sin(|Ω2(t)|) +

1 + t

24π + t2
Ω3(t)

1 + |Ω3(t)|
,

Ψ2(t,Ω1(t),Ω2(t),Ω3(t))

= 1 +
2 arctan(|Ω1(t)|)
4π

√
5et + 20

+
|Ω2(t)|

30(1 + |Ω2(t)|)
+

2|Ω3(t)|
5π(2 + t)2(1 + |Ω3(t)|)

,

Ψ3(t,Ω1(t),Ω2(t),Ω3(t))

= 3 ln(2 + t) +
arctan(|Ω1(t)|)

10π + t2
+

Ω2(t)

10π(1 + t)3
+

Ω3(t)

et + 62
.

If

k1(t) = e−t, k2(t) = 1, k3(t) = 3 ln(2 + t),

p1(t) =
1

2
√
t2 + 25π2

, p2(t) =
2

4π
√
5et + 20

, p3(t) =
1

10π + t2
,

q1(t) =
1

5(π + πet)
, q2(t) =

1

30
, q3(t) =

1

10π(1 + t)3
,

r1(t) =
1 + t

24π + t2
, r2(t) =

2

5π(2 + t)2
, r3(t) =

1

et + 62
,

then we conclude that

p1 =
1

10π
, p2 =

1

10π
, p3 =

1

10π
,

q1 =
1

10π
, q2 =

1

30
, q3 =

1

10π
,

r1 =
1

12π
, r2 =

1

10π
, r3 =

1

62
,

l1 = 0.02833, l2 = 0.0533, l3 = 0.0358.
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Hence, we obtain

ξ

3∑
i=1

li = 0.6655239192 < 1,

where ξ is defined in (3.20). Therefore, by Theorem 3.3, we conclude that the BVP
has at least one solution on [0,1].

5. CONCLUSION

The current study introduces a new tripled system of fractional Langevin
differential equations that incorporate cyclic antiperiodic boundary condi-
tions and Mittag-Leffler functions. In order to guarantee the existence and
uniqueness of solutions, the Krasnoselskii fixed point theorem, the Banach
contraction mapping theorem, and specific properties of the Mittag-Leffler
functions are implemented.

The primary problem differs from previous research in the literature in
that it entails distinct boundary conditions, which facilitates the applica-
tion of generalizations to the problem. Additionally, the main findings are
established without the need for of the friction coefficient ω, which necessi-
tates an alternative methodology. This has been proven by generating two
examples with large values of ω, indicating that the primary conclusions
of this work are distinct.
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