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Stability of generalized P -harmonic maps

AHMED MOHAMMED CHERIF1

ABSTRACT. In this paper, we prove that any stable P (x)-harmonic map ψ from S2 to N is a holomorphic or
anti-holomorphic map, where N is a Kählerian manifold with non-positive holomorphic bisectional curvature
and P (x) ≥ 2 is a smooth function on the sphere S2 satisfying some condition. We study the existence of stable
P (x)-harmonic map ψ from sphere Sn (n > 2) to Riemannian manifold N , and the stability of P (x)-harmonic
identity. We also study the case of a product Sn1 × ...× Snk .

1. INTRODUCTION

Let ψ : (M, g) → (N,h) be a smooth map between two Riemannian manifolds, τ(ψ) the
tension field of ψ (see [1, 6]), and let P : M → [2,∞), x 7−→ P (x) be a smooth function.
The P (x)-tension field of ψ is defined by

(1.1) τP (x)(ψ) = |dψ|P (x)−2τ(ψ) + dψ(grad |dψ|P (x)−2),

where |dψ| is the Hilbert-Schmidt norm of the differential dψ, and grad denotes the gra-
dient operator with respect to g. The map ψ is called P (x)-harmonic if the P (x)-tension
field vanishes, that is τP (x)(ψ) = 0. It is the Euler-Lagrange equation of the P (x)-energy
functional (see [10])

(1.2) EP (ψ;D) =

∫
D

|dψ|P (x)

P (x)
dx.

P (x)-harmonic maps is a natural generalization of harmonic map (see [1, 6]) and p-harmonic
map (see [2, 3, 7]).
We define the index form for P (x)-harmonic maps by (see [10])

(1.3) I(v, w) =

∫
M

h(JψP (x)(v), w)dx,

for all v, w ∈ Γ(ψ−1TN) where JψP (x) is the generalized Jacobi operator of ψ defined by

JψP (x)(v) = −|dψ|P (x)−2 traceg R
N (v, dψ)dψ − traceg∇ψ|dψ|P (x)−2∇ψv

− traceg∇(P (x)− 2)|dψ|P (x)−4⟨∇ψv, dψ⟩dψ,(1.4)

where ⟨ , ⟩ denote the inner product on T ∗M ⊗ψ−1TN , and RN is the curvature tensor of
(N,h) defined by

(1.5) RN (U, V )W = ∇N
U∇N

V W −∇N
V ∇N

UW −∇N
[U,V ]W,

for all U, V,W ∈ Γ(TN), ∇N is the Levi-Civita connection of (N,h), ∇ψ denote the pull-
back connection on ψ−1TN , and dx is the volume form of (M, g) (see [1]). Let ψ be a P (x)-
harmonic map such that for any vector field v along ψ the index form satisfies I(v, v) ≥ 0,
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thus ψ is called a stable P (x)-harmonic map. Note that, if P (x) ≥ 2, then every P (x)-
harmonic map from a compact Riemannian manifold (M, g) without boundary to a Rie-
mannian manifold (N,h) has SectN ≤ 0 is stable (see [10]).
Let M be a differentiable manifold. An almost Hermitian structure on M is by definition
a pair (J, g) of an almost complex structure J and a Riemannian metric g satisfying

(1.6) J2X = −X, g(JX, JY ) = g(X,Y )

for all X,Y ∈ Γ(TM). A manifold with such a structure (J, g) is called an almost Her-
mitian manifold. An almost Hermitian manifold (M,J, g) is Kählerian if and only if its
almost complex structure J is parallel with respect to the Levi-Civita connection (see [17]),
that is

(1.7) ∇XJY = J∇XY, X, Y ∈ Γ(TM).

Let X,Y be two unit vectors at a point in M . The holomorphic bisectional curvature is
defined by

(1.8) BHR(X,Y ) = g(RM (X, JX)Y, JY ).

Let ψ : (M,J, g) → (N, J ′, h) be a smooth map between two almost Hermitian manifolds.
The map ψ is called ±holomorphic (holomorphic or anti-holomorphic) if dψ◦J = ±J ′◦dψ
(see [17]).
The paper extends the results from stable harmonic map to stable P (x)-harmonic map. It
gives some properties of stable P (x)-harmonic map from Sn into a Riemannian manifold.
The stability of the P (x)-harmonic identity map of a compact Riemannian manifold with-
out boundary, and of P (x)-harmonic maps from a compact Riemannian manifold without
boundary into Sn1 × ... × Snk is studied. The paper extends some results proved by Y. T.
Siu and S. T. Yau in [15], and by L. F. Cheung, P. F. Leung in [4]. The search results provide
additional information on harmonic maps, and the stability of Riemannian manifolds (see
[9]).

2. MAIN RESULTS

2.1. Holomorphicity of P (x)-harmonic maps. In the theorem below, we examine the
conditions that determine whether a P (x)-harmonic map from the standard sphere S2
into a special Kähler manifold is a holomorphic or anti-holomorphic map (see [11, 15]).

Theorem 2.1. Let (N, J ′, h) be a Kähler manifold with non-positive holomorphic bisectional cur-
vature, and let P (x) ≥ 2 be a smooth function on the sphere S2. Then, any stable P (x)-harmonic
map ψ : S2 → N satisfying the inequality

(2.9)
1

2

∫
S2
|dψ|P (x)−2∆|dψ|2dx+ 2

∫
S2
(P (x)− 2)|dψ|P (x)−2|∇dψ|2dx ≤ 0,

is a holomorphic or anti-holomorphic map. Moreover, ψ is harmonic map and grad |dψ|P (x)−2 ∈
ker dψ.

Proof. Note that, the unit sphere S2 admits a complex structure, and every Riemannian
metric on an oriented 2-dimensional manifold is a Kähler metric with respect to the natu-
rally induced complex structure.
Take f(x) = |dxψ|P (x)−2 for all x ∈ S2. Choose a normal orthonormal frame {ei} at point
x0 in S2. Let v ∈ Γ(TS2). We compute

2∑
i=1

∇ψ
eif∇

ψ
eiJ

′dψ(v) = J ′∇ψ
grad fdψ(v) + f

2∑
i=1

J ′∇ψ
ei∇

ψ
eidψ(v).(2.10)
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By using the property ∇ψ
Xdψ(Y ) = ∇ψ

Y dψ(X) + dψ([X,Y ]) and the definition of the cur-
vature tensor, the equation (2.10) becomes

2∑
i=1

∇ψ
eif∇

ψ
eiJ

′dψ(v) = J ′∇ψ
v dψ(grad f) + J ′dψ([grad f, v])

+

2∑
i=1

[
fJ ′∇ψ

ei∇
ψ
v dψ(ei) + fJ ′∇ψ

eidψ([ei, v])
]

= J ′∇ψ
v dψ(grad f) + J ′dψ(∇grad fv)− J ′dψ(∇v grad f)

+

2∑
i=1

[
fJ ′RN (dψ(ei), dψ(v))dψ(ei) + fJ ′∇ψ

v∇ψ
eidψ(ei)

+2fJ ′∇ψ
∇ei

vdψ(ei) + fJ ′dψ([ei, [ei, v]])
]
.(2.11)

By the antisymmetry of the curvature tensor and the definition of tension field of ψ, we
obtain the following

2∑
i=1

∇ψ
eif∇

ψ
eiJ

′dψ(v) = J ′∇ψ
v dψ(grad f) + J ′dψ(∇grad fv)− J ′dψ(∇v grad f)

−
2∑
i=1

fJ ′RN (dψ(v), dψ(ei))dψ(ei) + fJ ′∇ψ
v τ(ψ)

+

2∑
i=1

[
fJ ′∇ψ

v dψ(∇eiei) + fJ ′∇ψ
∇ei

vdψ(ei)

+fJ ′dψ(∇ei∇eiv)− fJ ′dψ(∇ei∇vei)
]

= J ′∇ψ
v dψ(grad f) + J ′dψ(∇grad fv)− J ′dψ(∇v grad f)

−
2∑
i=1

fJ ′RN (dψ(v), dψ(ei))dψ(ei) + J ′∇ψ
v fτ(ψ)

−v(f)J ′τ(ψ) +

2∑
i=1

[
fJ ′dψ(∇v∇eiei) + fJ ′∇ψ

∇ei
vdψ(ei)

+fJ ′dψ(∇ei∇eiv)− fJ ′dψ(∇ei∇vei)
]
.(2.12)

By using theP (x)-harmonicity ofψ and the definition of the Ricci tensor Ricci v =
∑2
i=1R(v, ei)ei,

we have from equation (2.12) the following

2∑
i=1

∇ψ
eif∇

ψ
eiJ

′dψ(v) = J ′dψ(∇grad fv)− J ′dψ(∇v grad f)

−
2∑
i=1

fJ ′RN (dψ(v), dψ(ei))dψ(ei)− v(f)J ′τ(ψ)

+fJ ′dψ(Ricci v) + fJ ′dψ(trace∇2v).(2.13)
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From equation (2.13), we conclude that

−h(trace∇ψf∇ψJ ′dψ(v), J ′dψ(v)) = −h(dψ(∇grad fv), dψ(v))

+h(dψ(∇v grad f), dψ(v))

+

2∑
i=1

fh(RN (dψ(v), dψ(ei))dψ(ei), dψ(v))

+v(f)h(τ(ψ), dψ(v))

−fh(dψ(Ricci v), dψ(v))
−fh(dψ(trace∇2v), dψ(v)).(2.14)

By the definition of generalized Jacobi operator (1.4) and equation (2.14), we have the
following

h(JψP (J
′dψ(v)), J ′dψ(v)) = −

2∑
i=1

fh(RN (J ′dψ(v), dψ(ei))dψ(ei), J
′dψ(v))

−h(dψ(∇grad fv), dψ(v))

+h(dψ(∇v grad f), dψ(v))

+

2∑
i=1

fh(RN (dψ(v), dψ(ei))dψ(ei), dψ(v))

+v(f)h(τ(ψ), dψ(v))− fh(dψ(Ricci v), dψ(v))

−fh(dψ(trace∇2v), dψ(v))− div θ

+(P (x)− 2)|dψ|P (x)−4⟨∇ψJ ′dψ(v), dψ⟩2,(2.15)

where θ(X) = (P (x)− 2)|dψ|P (x)−4⟨∇ψJ ′dψ(v), dψ⟩h(dψ(X), J ′dψ(v)).
Let λ(x) = ⟨α, x⟩ for all x ∈ S2 where α ∈ R3, and let v = gradλ. It is easy to show that
v =

∑2
i=1⟨α, ei⟩ei, ∇Xv = −λX for all X ∈ Γ(TS2), and trace∇2v = −v (see [17]).

From equation (2.15) with Ricci v = v, we have at point x0

h(JψP (J
′dψ(v)), J ′dψ(v)) = h(dψ(∇v grad f), dψ(v))

+λh(dψ(grad f), dψ(v))

+

2∑
i=1

fh(RN (dψ(v), dψ(ei))dψ(ei), dψ(v))

−
2∑
i=1

fh(RN (J ′dψ(v), dψ(ei))dψ(ei), J
′dψ(v))

+v(f)h(τ(ψ), dψ(v))− div θ

+(P (x)− 2)|dψ|P (x)−4⟨∇ψJ ′dψ(v), dψ⟩2.(2.16)
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Let e1 = e and e2 = Je. From the P (x)-harmonicity of ψ and equation (2.16), we obtain

traceα h(J
ψ
P (J

′dψ(v)), J ′dψ(v)) = traceα h(dψ(∇v grad f), dψ(v))

+fh(RN (dψ(Je), dψ(e))dψ(e), dψ(Je))

+fh(RN (dψ(e), dψ(Je))dψ(Je), dψ(e))

−fh(RN (J ′dψ(e), dψ(e))dψ(e), J ′dψ(e))

−fh(RN (J ′dψ(Je), dψ(e))dψ(e), J ′dψ(Je))

−fh(RN (J ′dψ(e), dψ(Je))dψ(Je), J ′dψ(e))

−fh(RN (J ′dψ(Je), dψ(Je))dψ(Je), J ′dψ(Je))

−fh(τ(ψ), τ(ψ))− traceα div θ

+(P (x)− 2)|dψ|P (x)−4 traceα⟨∇ψJ ′dψ(v), dψ⟩2.

We set K(U, V ) = h(RN (U, V )U, V ) for U, V ∈ Γ(TN). The last equation is equivalent to
the following

traceα h(J
ψ
P (J

′dψ(v)), J ′dψ(v)) = traceα h(dψ(∇v grad f), dψ(v))

−2fK(dψ(e), dψ(Je)) + 2fK(dψ(e), J ′dψ(Je))

+fK(dψ(e), J ′dψ(e)) + fK(dψ(Je), J ′dψ(Je))

−fh(τ(ψ), τ(ψ))− traceα div θ

+(P (x)− 2)|dψ|P (x)−4 traceα⟨∇ψJ ′dψ(v), dψ⟩2.(2.17)

Take ω = dψ(Je)− J ′dψ(e) and η = dψ(Je) + J ′dψ(e). We have

h(RN (ω, J ′ω)η, J ′η) = −2K(dψ(e), dψ(Je)) + 2K(dψ(e), J ′dψ(Je))

+K(dψ(e), J ′dψ(e)) +K(dψ(Je), J ′dψ(Je)).(2.18)

Substituting the formula (2.18) in (2.17), we get

traceα h(J
ψ
P (J

′dψ(v)), J ′dψ(v)) = traceα h(dψ(∇v grad f), dψ(v))− traceα div θ

+fh(RN (ω, J ′ω)η, J ′η)− fh(τ(ψ), τ(ψ))

+(P (x)− 2)|dψ|P (x)−4 traceα⟨∇ψJ ′dψ(v), dψ⟩2.(2.19)

The first term of (2.19) is given by (see [5, 14])

traceα h(dψ(∇v grad f), dψ(v)) =

2∑
i=1

h(dψ(∇ei grad f), dψ(ei))

=

2∑
i=1

h(∇ψ
eidψ(grad f), dψ(ei))

−1

2

2∑
i=1

ei(f)ei(|dψ|2).(2.20)

Let α(X) = h(dψ(grad f), dψ(X)) and β(X) = fX(|dψ|2). From equation (2.20) and the
P (x)-harmonicity condition, we obtain

traceα h(dψ(∇v grad f), dψ(v)) = divα+ fh(τ(ψ), τ(ψ))

−1

2
div β +

1

2
f∆|dψ|2.(2.21)
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By using the definition of ∇dψ and the property ∇Xv = −λX , we find that

⟨∇ψJ ′dψ(v), dψ⟩ = −
2∑
i=1

h((∇dψ)(v, ei), J ′dψ(ei)).(2.22)

According to Cauchy-Schwarz inequality and equation (2.22) we get

traceα⟨∇ψJ ′dψ(v), dψ⟩2 ≤ 2

2∑
i,j=1

h((∇dψ)(ej , ei), J ′dψ(ei))
2

≤ 2

2∑
i,j=1

|(∇dψ)(ej , ei)|2|dψ(ei)|2

≤ 2|dψ|2
2∑

i,j=1

|(∇dψ)(ei, ej)|2

= 2|dψ|2|∇dψ|2.(2.23)

From (2.19), (2.21), (2.23), the stability condition of ψ, the Green Theorem, and the as-
sumption (2.9), we conclude that∫

S2
fh(RN (ω, J ′ω)η, J ′η)dx ≥ traceα I(J

′dψ(v), J ′dψ(v))

−1

2

∫
S2
f∆|dψ|2dx

−2

∫
S2
(P (x)− 2)f |∇dψ|2dx ≥ 0.(2.24)

But by the condition of non-positive holomorphic bisectional curvature∫
S2
fh(RN (ω, J ′ω)η, J ′η)dx ≤ 0.

Therefore, ω = 0 or η = 0. So that the map ψ is ±holomorphic. Consequently ψ
is harmonic (see [17]). From the P (x)-harmonicity condition of ψ, we obtain grad f ∈
Ker dψ. □

If the function P (x) = 2 on M , we deduce the following Corollary.

Corollary 2.1. [17] Let N be a Kähler manifold with non-positive holomorphic bisectional curva-
ture. Then any stable harmonic map ψ : S2 → N is a holomorphic or anti-holomorphic map.

2.2. Stable P (x)-harmonic maps from Sn. Y. L. Xin proved in [16] that any stable har-
monic map from Sn (n > 2) into any Riemannian manifold must be a constant map. This
result is a specific case of a more general Theorem.

Theorem 2.2. Any stable P (x)-harmonic map ψ from sphere Sn (n > 2) to Riemannian manifold
(N,h) is constant, where 2 ≤ P (x) < n is a smooth function on Sn satisfying

⟨grad |dψ|2, gradP ⟩ = 0,

on Sn.

Proof. Let {ei} be a normal orthonormal frame at x0 in Sn, λ(x) =< α, x >Rn+1 for all
x ∈ Sn where α ∈ Rn+1, and let v = gradλ. Note that

v =

n∑
i=1

< α, ei > ei, ∇Xv = −λX,
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for allX ∈ Γ(TSn), and trace∇2v = −v, where ∇ is the Levi-Civita connection on Sn with
respect to the standard metric of the sphere. Take f = |dψ|P−2. We compute

(2.25)
n∑
i=1

∇ψ
eif∇

ψ
eidψ(v) = ∇ψ

grad fdψ(v) +

n∑
i=1

f∇ψ
ei∇

ψ
eidψ(v).

By using the properties of ∇ψ , the first term of (2.25) is given by

∇ψ
grad fdψ(v) = ∇ψ

v dψ(grad f) + dψ([grad f, v])

= ∇ψ
v dψ(grad f)− λdψ(grad f)− dψ(∇v grad f),(2.26)

and the second term of (2.25) is given by

n∑
i=1

f∇ψ
ei∇

ψ
eidψ(v) =

n∑
i=1

[
f∇ψ

ei∇
ψ
v dψ(ei) + f∇ψ

eidψ([ei, v])
]

=

n∑
i=1

[
fRN (dψ(ei), dψ(v))dψ(ei) + f∇ψ

v∇ψ
eidψ(ei)

+2f∇ψ
[ei,v]

dψ(ei) + fdψ([ei, [ei, v]])
]

= −
n∑
i=1

fRN (dψ(v), dψ(ei))dψ(ei) + f∇ψ
v τ(ψ)− 2λfτ(ψ)

+

n∑
i=1

[
f∇ψ

v dψ(∇eiei) + fdψ(∇ei∇eiv)− fdψ(∇ei∇vei)
]

= −
n∑
i=1

fRN (dψ(v), dψ(ei))dψ(ei) +∇ψ
v fτ(ψ)− v(f)τ(ψ)

−2λfτ(ψ) +

n∑
i=1

[
fdψ(∇v∇eiei) + fdψ(∇ei∇eiv)

−fdψ(∇ei∇vei)
]
.(2.27)

Substituting the equations (2.26) and (2.27) in (2.25), with the P (x)-harmonicity of ψ, we
have the following

n∑
i=1

∇ψ
eif∇

ψ
eidψ(v) = −λdψ(grad f)− dψ(∇v grad f)

−
n∑
i=1

fRN (dψ(v), dψ(ei))dψ(ei)− v(f)τ(ψ)

−2λfτ(ψ) +

n∑
i=1

[
fdψ(∇v∇eiei)

+fdψ(∇ei∇eiv)− fdψ(∇ei∇vei)
]
.(2.28)
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From equations (1.4) and (2.28), we have

JψP (dψ(v)) = λdψ(grad f) + dψ(∇v grad f) + v(f)τ(ψ) + 2λfτ(ψ)

−
n∑
i=1

[
fdψ(∇v∇eiei) + fdψ(∇ei∇eiv)− fdψ(∇ei∇vei)

+∇ψ
ei(P (x)− 2)|dψ|P (x)−4⟨∇ψdψ(v), dψ⟩dψ(ei)

]
,(2.29)

it is equivalent to the following equation

JψP (dψ(v)) = λdψ(grad f) + dψ(∇v grad f) + v(f)τ(ψ) + 2λfτ(ψ)

−fdψ(Ricci v)− fdψ(trace∇2v)

−
n∑
i=1

∇ψ
ei(P (x)− 2)|dψ|P (x)−4⟨∇ψdψ(v), dψ⟩dψ(ei).(2.30)

A direct calculation shows that

⟨∇ψdψ(v), dψ⟩ =
1

2
v
(
|dψ|2

)
− λ|dψ|2.(2.31)

Since Ricci v = (n− 1)v and trace∇2v = −v, from (2.30) we conclude that

h(JψP (dψ(v)), dψ(v)) = λh(dψ(grad f), dψ(v)) + h(dψ(∇v grad f), dψ(v))

+v(f)h(τ(ψ), dψ(v)) + 2λfh(τ(ψ), dψ(v))

−(n− 2)fh(dψ(v), dψ(v))− div θ

+(P (x)− 2)|dψ|P (x)−4⟨∇ψdψ(v), dψ⟩2,(2.32)

where θ(X) = (P (x) − 2)|dψ|P (x)−4⟨∇ψdψ(v), dψ⟩h(dψ(X), dψ(v)). By using the P (x)-
harmonicity of ψ and equations (2.31), (2.32), we find that

traceα h(J
ψ
P (x)(dψ(v)), dψ(v)) = ⟨dψ(∇ grad f), dψ⟩

−f |τ(ψ)|2 − (n− 2)|dψ|P (x) − traceα div θ

+
P (x)− 2

4
|dψ|P (x)−4| grad |dψ|2|2

+(P (x)− 2)|dψ|P (x).(2.33)

By using the following formula (see [5, 14])〈
∇ψdψ(grad f), dψ

〉
=

1

2

(
grad f

)(
|dψ|2

)
+
〈
dψ(∇ grad f), dψ

〉
,

the P (x)-harmonicity of ψ, and the assumption ⟨grad |dψ|2, gradP ⟩ = 0 we obtain∫
Sn
⟨dψ(∇ grad f), dψ⟩dx =

∫
Sn
f |τ(ψ)|2dx

−1

4

∫
Sn
(P (x)− 2)|dψ|P (x)−4| grad |dψ|2|2dx.(2.34)

From the stable P (x)-harmonic condition, the Green Theorem, and equations (2.33), (2.34),
we get the following inequality

(2.35)
∫
Sn
(P (x)− n)|dψ|P (x)dx ≥ 0.

Consequently ψ is constant because 2 ≤ P (x) < n for all x ∈ Sn. □
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Corollary 2.2. [17] Any stable harmonic map ψ from sphere Sn (n > 2) to Riemannian manifold
(N,h) is constant.

B. Merdji and A. Mohammed Cherif proved the following result in [10] for the case
where the codomain of the stable P (x)-harmonic map is the standard sphere Sn.

Theorem 2.3. Let (M, g) be a compact Riemannian manifold without boundary. When n > 2,
any stable P (x)-harmonic map φ : (M, g) → Sn must be constant, where P (x) is a smooth
function on M such that 2 ≤ P (x) < n.

2.3. Stability of P (x)-harmonic identity map. For the identity map of a compact Rie-
mannian manifold without boundary, we have the following Theorem.

Theorem 2.4. Let (M, g) be a compact Riemannian manifold without boundary of dimension n.
If one of the following conditions holds

(1) n = 1 and P (x) ≥ 2 for all x ∈M .
(2) n = 2 and P (x) = Cst ≥ 2 for all x ∈M .

Then, the identity map Id : (M, g) → (M, g) is stable P (x)-harmonic.

Proof. Let {ei} be an orthonormal frame on (M, g) such that ∇ejei = 0 at x0 ∈ M for all
i, j = 1, ..n. Let v ∈ Γ(TM), we have at x0

g(JIdP (x)(v), v) =

n∑
i=1

[
− n

P (x)−2
2 g(R(v, ei)ei, v)− g(∇ein

P (x)−2
2 ∇eiv, v)

−g(∇ei(P (x)− 2)n
P (x)−4

2 (div v)ei, v)
]
.(2.36)

Let η1, η2 ∈ Γ(T ∗M) defined by

η1(X) = n
P (x)−2

2 g(∇Xv, v),

η2(X) = (P (x)− 2)n
P (x)−4

2 (div v)g(X, v).

So that, the equation (2.36) becomes

g(JIdP (x)(v), v) = −n
P (x)−2

2 Ric(v, v)− div η1 + n
P (x)−2

2 |∇v|2

−div η2 + (P (x)− 2)n
P (x)−4

2 (div v)2.(2.37)

As the manifold M is compact without boundary, by the Green Theorem we get the fol-
lowing inequality

I(v, v) =

∫
M

[
− n

P (x)−2
2 Ric(v, v)dx+ n

P (x)−2
2 |∇v|2

+(P (x)− 2)n
P (x)−4

2 (div v)2
]
dx

≥
∫
M

n
P (x)−2

2

[
|∇v|2 − Ric(v, v)

]
dx.(2.38)

According to the following Yano’s formula (see [18])∫
M

[
|∇v|2 − Ric(v, v)

]
dx =

∫
M

[1
2
|Lvg|2 − (div v)2

]
dx,
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where Lvg is the Lie derivative of the metric g, with the following inequality

|Lvg|2 =

n∑
i,j=1

[(Lvg)(ei, ej)]
2

=

n∑
i,j=1

[
g(∇eiv, ej) + g(∇ejv, ei)

]2
≥ 4

n∑
i=1

g(∇eiv, ei)
2

≥ 4

n

[ n∑
i=1

g(∇eiv, ei)
]2

≥ 4

n
(div v)2,

we conclude that ∫
M

[
|∇v|2 − Ric(v, v)

]
dx ≥ 2− n

n

∫
M

(div v)2dx.(2.39)

If n = 1, from equations (2.38) and (2.39), we find that

I(v, v) ≥ 2− n

n

∫
M

(div v)2dx.(2.40)

Thus, Id is stable P (x)-harmonic map. If n = 2, and the function P (x) is constant on M ,
we have I(v, v) ≥ 0. Hence Id is also stable P (x)-harmonic map. □

Corollary 2.3. For any smooth function P (x) ≥ 2 on S1, the identity map of S1 is stable P (x)-
harmonic.

2.4. Stability of P (x)-harmonic maps into Sn1 × ... × Snk . Let (N,h) be a complete n-
dimensional submanifold in the Euclidean space Rn+r. Define the function h by

h(x) = max
{
|B(u, u)|2 , u ∈ TxN, |u| = 1

}
,

for all x ∈ N where B denote the second fundamental form of (N,h) in Rn+r. We define
also the function ϕ by

ϕ(u) =

n∑
a=1

|B(u, va)|2, ∀u ∈ TxN,

where {va} is an orthonormal frame on (N,h). Note that, ϕ is independent of the choice
of this orthonormal frame (see [8, 4]). Under the above notation, we obtain the following
results.

Theorem 2.5. We assume that for any unit vector u ∈ TxN , we have

(2.41) (P (x)− 2)h(x) + ϕ(u)− RicN (u, u) < 0.

Then, any stable P (x)-harmonic map ψ from a compact Riemannian manifold (M, g) without
boundary to (N,h) is constant where P (x) ≥ 2 is a smooth function on M .
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Proof. Consider a parallel vector field v in Rn+r. We assume that ψ is not a constant map.
From (1.3) and (1.4) the second variation corresponding to v⊤ is given by

I(v⊤, v⊤) = −
∫
M

|dψ|P (x)−2
m∑
i=1

h(RN (v⊤, dψ(ei))dψ(ei), v
⊤)dx

+

∫
M

|dψ|P (x)−2
m∑
i=1

h(∇ψ
eiv

⊤,∇ψ
eiv

⊤)dx

+

∫
M

(P (x)− 2)|dψ|P (x)−4
[ m∑
i=1

h(dψ(ei),∇ψ
eiv

⊤)
]2
dx.(2.42)

Let i = 1, ...,m. We compute the following term

∇ψ
eiv

⊤ = ∇N
dψ(ei)

v⊤

= (∇Rn+r

dψ(ei)
v⊤)⊤

= −(∇Rn+r

dψ(ei)
v⊥)⊤

= Av⊥(dψ(ei)).(2.43)

Now, we consider the quadratic form Q on Rn+r defined by

Q(v) = −
∫
M

|dψ|P (x)−2
m∑
i=1

h(RN (v⊤, dψ(ei))dψ(ei), v
⊤)dx

+

∫
M

|dψ|P (x)−2
m∑
i=1

h(Av⊥(dψ(ei)), Av⊥(dψ(ei)))dx

+

∫
M

(P (x)− 2)|dψ|P (x)−4
[ m∑
i=1

h(B(dψ(ei), dψ(ei)), v
⊥)

]2
dx.(2.44)

We choose an orthonormal frame {va, vb}, a = 1, ..., n, b = n+ 1, ..., n+ r, such that the va
are tangent to (N,h) and the vb are normal to (N,h). The trace of Q is given by

traceQ = −
∫
M

|dψ|P (x)−2
m∑
i=1

n∑
a=1

h(RN (va, dψ(ei))dψ(ei), va)dx

+

∫
M

|dψ|P (x)−2
m∑
i=1

n∑
a=1

|B(dψ(ei), va)|2dx

+

∫
M

(P (x)− 2)|dψ|P (x)−4
∣∣∣ m∑
i=1

B(dψ(ei), dψ(ei))
∣∣∣2dx.(2.45)

By using the Schwarz inequality, we have∣∣∣ m∑
i=1

B(dψ(ei), dψ(ei))
∣∣∣2 =

m∑
i,j=1

⟨B(dψ(ei), dψ(ei)), B(dψ(ej), dψ(ej))⟩Rn+r

≤
m∑

i,j=1

|B(dψ(ei), dψ(ei))||B(dψ(ej), dψ(ej))|

≤ h(x)

m∑
i,j=1

|dψ(ei)|2|dψ(ej)|2.(2.46)
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We put dψ(ei) = |dψ(ei)|ui for dψ(ei) ̸= 0 at x. From equation (2.45) and inequality (2.46),
we find that

traceQ ≤ −
∫
M

|dψ|P (x)−2
m∑
i=1

|dψ(ei)|2 RicN (ui, ui)dx

+

∫
M

|dψ|P (x)−2
m∑
i=1

|dψ(ei)|2ϕ(ui)dx

+

∫
M

(P (x)− 2)|dψ|P (x)−2h(x)

m∑
i=1

|dψ(ei)|2dx.(2.47)

By the assumption (2.41) and (2.47), we conclude that traceQ < 0. Hence ψ is not stable.
□

Corollary 2.4. Let Sn1 × ... × Snk be a product of k unit spheres. We assume that 2 ≤ P (x) <
min{n1, ..., nk} for all x in a compact Riemannian manifold (M, g) without boundary. Then, any
stable P (x)-harmonic map ψ : (M, g) → Sn1 × ...× Snk is constant.

Proof. Note that N = Sn1 × ...× Snk ⊂ Rn1+...+nk+k. Since the second fundamental form
of Sni in Rni+1 (i = 1, ..., k) is given by

Bi(X,Y ) = −⟨X,Y ⟩Rni+1ξi,

where ξi is the position vector field of Rni+1. The function h is given by

h(x) = max
{∣∣∣Bi(ui, ui)∣∣∣2 , ui ∈ Txi

Sni , |ui| = 1
}

= max
{∣∣∣⟨ui, ui⟩Rni+1ξi

∣∣∣2 , ui ∈ Txi
Sni , |ui| = 1

}
.(2.48)

As |ξi| = 1 on Sni for all i = 1, ..., k, from (2.48) we get h(x) = 1 for all x ∈ N . Using
the same method, we find that ϕ(u) = 1 for any unit vector u ∈ TxN . Since the Ricci
curvature of Sni satisfies RicS

ni
(ui, ui) = ni − 1 for any unit vector ui ∈ Txi

Sni , we obtain
for all i = 1, ..., k the inequality

RicN (u, u) ≥ min{n1, ..., nk} − 1.

The Corollary 2.4 follows from Theorem 2.5. □

Example 2.1. Let M = T2 ⊂ R3 the torus of revolution equipped with the Riemannian metric
g = a2dx2 + (b + a cosx)2dy2, for b > a > 0. A straightforward calculation shows that for
all α ∈ S3, the map ψ from (M, g) to S3 × S1 defined by ψ(x, y) = (α, x) is non-constant
P (x, y)-harmonic, where

P (x, y) =
ln
(
(b+ a cosx)(1 + x2)

)
+ c

ln
(
a
2 (1 + x2)

) , ∀(x, y) ∈ T2,

for some c ∈ R. Here, n1 = 3 and n2 = 1, thus it is impossible to make 2 ≤ P (x) < min{n1, n2}.
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