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A Voronovskaya type theorem associated to geometric
series of Bernstein - Durrmeyer operators

STEFAN - LUCIAN GAROIU

ABSTRACT. In this paper we give a Voronovskaya type theorem for the operators introduced by U. Abel,
which are defined as the geometric series of Bernstein - Durrmeyer operators.

1. INTRODUCTION

A first study considering the geometric series of some positive and linear operators is
due to Péltanea, see [14]. Namely, he studied the properties of geometric series associated
to Bernstein operators ([5]) B,, : C[0, 1] — C[0, 1], given as follows:

D=3 pux@ (L) aco
k=0
where
Pk () = (Z)x’“(l—x)nk, zel0,1],k=0,1, ..., n

In paper [14], Péltanea introduced the operators

1 k

k=0
However, there are cases when operators A,, aren’t well defined, so the domain of defini-
tion cannot be C[0, 1] rather, it is chosen as the space of functions

PC0,1] ={f: C[0,1] = C[0,1] : Fg € C[0,1], f =g},

which, endowed with the norm |[|f|[,, = sup | f; ((z))l , is a Banach space. Throughout the
z€(0,1)

paper the function ¢ : [0,1] — R, is given as w () =z(1-2x).
In [14] it was proved that lim [An(f) —2G(f)ll, = 0, for any f € C[0,1], where

G()(x) = (1 - =) ftf dt+fﬂf (1—1) f(t)dt, and (G(f)(x))" = —f(z), = € [0,1].

Also, a new proof of this result was given in [2].

A generalization of the operators A,, was introduced by Abel et al. ([3]), namely, in
formula (1.1) operators B,, were replaced by positive linear operators L,, belonging to a
general class of operators. If we denote by G, the geometric series attached to these
operators L,, then the following result was proved: nl;n;o |GL,(f) = 2G(f/¥)ll, = 0,

which holds for functions f belonging to the space Cy [0,1] = {f : C[0,1] — C[0,1] :
Jg € B[0,1]NC(0,1), f =g} which together with the norm ||-[|,, is a Banach space. The
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operators A, were also studied on the space Cy[0,1] = {f € C[0,1] : f(0) = f(1) = 0}
endowed with the usual sup-norm, in paper [15]. There a Voronovskaya theorem was
obtained.

U. Abel, in paper [1], introduced the geometric series associated to Bernstein-Durrmeyer
operators (which first appeared in paper [8] and independently in [12] and their proper-
ties were later studied in [6], [7], [13] etc.)

" 1
Mo£)@) = (01D 3pos @) [ pos O f @Ot f € L70,1)
k=0 )
Namely, the operators he studied are defined as follows:
1 o

P, = 7Z(Mn)k.-

n
k=0

These operators are well defined on the space V, which is

12) V ={feL>(0,1]) : [|f]l, < o0},
where by | - ||« we mean the norm:
17l = sup |6 @) [ £ (@)ds).
y€(0,1) 0

Also, V endowed with the norm ||-||, is a Banach space.
For f € V, define the function F on (0, 1) by

(13) F(y) = (¢ (5)"! / f@)de, ye(01).
0

Then, f = (¢F) a.e.on [0,1] and || f||, = [1F|] -
Further, the operator P : V' — V, was defined as
1t
(14) P(f)(z) = / / Flu)dudt, ze[0,1], feV,
0 @
Integrating by parts in (1.4) it can be seen that
x 1
(1.5) P(f)(z) = f/tF (t) dt+/(1 —t) F(t)dt, rel0,1], feV
0 x
and here, if we differentiate, we find

(16) P/(f)(a) = —F (x).
In his paper, Abel proved that operators P, satisfy the following convergence result
Theorem 1.1. If f € V, then, in (V,||-||,) , the convergence
17) T [P, ()= P (. =0,
holds.

Also, Abel obtained the following two results concerning the norm of operators M,
and P,, on the space V.
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Proposition 1.1. For each n € N, the operators M,, map V to V, that is, M,, (V) C V, and

n

(1.8) ||Mn||c(v,v) = n+2

Proposition 1.2. For each n € N the operators P, map V to V, that is, P, (V) C V, and
1 1

(1.9) Pl zvvy = RIS

More recent results concerning the power series of approximation operators can be
seen in [4], [9], [10], [11] and [16].

The aim of our paper will be to provide an estimation of the convergence of operators
P, in the form of a Voronovskaya type theorem.

2. A VORONOVSKAYA TYPE RESULT
In this section we will provide our main result, namely we will prove our Voronovskaya

type theorem associated to the operators P, . First, we will denote by Gus, = Y (M,,)"

the geometric series associated to Bernstein - Durrmeyer operators M,,, where the conver-
gence holds on V. Next, we will prove that the following identities hold.

Lemma 2.1. Operator Gy, € V and it verifies the identities:

(2.10) (I —=My)oGun, =1,
and
(2.11) Gur, o (I —M,) =1,

where I denotes the identity operator.

Proof. Identities (2.10) and (2.11) follow from the general properties of operators algebra
L(V, V) since from (1.8) we have that || M, || z(v,v) < 1. O

In the following we will work on space V; = V N C[0, 1]. Note that condition f € V; is
equivalent with conditions f € C[0, 1] and the relation below holds

(2.12) / F(t)

On this space, we define the operator U : V; — C'[0, 1] through

‘1ff(fﬁ)dx7 ye(0,1)

_f(1)7 y=1
and norm || - || as:
(2.14) [f1l« = sup |U(f)(y)]-
y€[0,1]

Here, we have U(f)(1) = lim,_; [0¢J1(t and U(f)(0) = limy_,o fowa(g))dt, so, since 1(0) =

(1) = 0 using 1’ Hospital’s rule we will have that U(f)(1) = —f(1) and U(f)(0) = f(0).
Next, we will define the operator

(2.15) O(h)(z) = — /0 " th(t)dt + / 1(1 — t)h(t)dt,

where h € C[0,1] and z € [0, 1]. This operator has the following property.
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Proposition 2.3. The operator © maps C[0,1] to V1, i. e.

e(C[o,1]) C V.
Proof. We have that:

/01®(h)(x)dx:/01 {— /Owth(t)dt+/ml(1—t)h(t)dt} da
:_Al [/tlth(t)dx} dt+/01 Uotu—t)h(t)dx] dt

1 1
. / {1 — Dh(t)dt + / #(1 — D h(t)dt
0 0
=0.
So, since O(h) satisfies condition (2.12) our assertion is true. O

From above and from (2.15), we have that
(2.16) P(f)=0W(f), feWh.

Next, on the space V; the following result concerning the norm || - || holds.

Lemma 2.2. For any function f € Vi we have that:

(2.17) 11l < 2 flloo-
Proof. Let U be as in (2.13) and [|f||« = sup,ep,1) |U(y)|- There is a sequence (yn)n, Yn €
[0,1] such that lim, e |U(yn)| = ||f]|«. From Bolzano - Weierstrass theorem there ex-

ists a covergent subsequence (y,, ) of the sequence (y,),. Let y* € [0, 1] be such that
limg 00 Yn, = y*. Then we have the following cases:

L. If y* = 0 then
1Al = lim [U(yn, )| = im [U(y)] = [£O)] < [[floo-
[e%e] y—0

Il If y* € (0,1) then

1 v 1
P— 1 = * = —_— < < .
A1l = i 10n)] = [P0 = | s [ 10t < o= <20
I If y* € (3,1) then
191 = i W)l = 1P = |-t 1 o)) < Ifle: <201
ko0 Y (1 —yx) Jy- Y
IV. If y* = 1 then
11l = Jim Uy, = lim [U)] = 1£(D)] < 1Sl
o] y—1
So, our proof is complete. O

Now, we can prove our main result.

Theorem 2.2. Let f € V; be a ten times differentiable function on [0, 1] and which satisfies the

following conditions f01 f(y)logv(y)dy = 0, f(0) + f(1) = 0, f/(0) — f/(1) = 0, f"(0) +
£7(1) = 0 and £(0) — (1) = 0. Then:
218) T n(Py (f) — P (f) = 2P() — O(T"w) ~ LO(T"%),

with regard to the norm || - ||...
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Proof. Let us fix f € V4 and then for simplicity we denote P(¢t) = P (f) (¢), t € (0,1) and
T(t) = U(F)().

One can prove that 7' € C°[0, 1]. Indeed, one can obtain by induction that T € C*|0, 1],
1 < k < 5 as follows. If we suppose by induction that 7 € C*~1[0, 1] and we have that
T admits continuous k-derivative on interval (0, 1) it suffices that 7(*) has finite limits at
points 0 and 1. Note that the k-th derivative of T on interval (0, 1) can be expressed, after
simplification, as a fraction having the denominator equal to 1/**! and the numerator
given in terms of the derivatives of f up to order £ — 1. Then, the existence of the finite
limits of 7(*) at points 0 and 1 can be obtained by applying I'Hosptial’s rule k + 1 times,
which is possible since f is 2k = k — 1 + k + 1 times differentiable.

Now, to prove our result we will use Taylor’s polynomial with integral remainder, up
to the fifth degree, associated to P, where we will keep in mind that P’ (¢) = =T (t). Let
s, t €10,1], then

Pls) = P(t) — T (t) (s — t) — %T’ () (s — )2 — %T” ) (s — )°
1

— o T (s 1) -

(2.19)

1
(4) AL
ST (1) (5= 1) = Bs (1,5),

where Rs (t,s) = 135 [ (s — ) )’ T®) (u)du. Since P(s) € V; and any polynomial belongs

¢
to V4 also Rs (t,-) € V4, foreach ¢ € [0, 1].

Further, we will need the j!* order moments of operators M, which are denoted by
m; (t) = M, ((61 - t)j) (t), 7 =0, 1, 2,... and ¢ (t) = ¢. It is well known that the
following recurrence formula (see [6]) holds

(2.20) (G +n+2)mya(t) = P(t) [25my1(t) +mf(t)] + (G + )¢’ (t)m;(t),
and
1

(1) = ——5v' (),
2n —6 2
m) =y ' VT i mra)
B 12(n — 1) , 6 :
"= ey mrn’ VO e e

12 (n? — 21n + 10) )
(n+2)(n+3)(n+4)(n+5)w ®)
N 24 (3n — 5) 5O+ 24
n+2)(n+3)(n+4)(n+5) (n+2)(n+3)(n+4)(n+5)

ms (1) = O (7113> V2 Y () +0 (734) <1>
mﬁ(t)O(nlg) P2 (t)+ 0 (7114> Y240 <nl5>¢(t)+o (nlﬁ>

Now, since I — M,, : Vi — Vi, from (2.19) we get:

(221) ma(t) =

(I —M,)(P)() =T (t)m (t)+ %T’ (t) ma (t) + %T” (t) ms (t)
(2.22)

4 214T/// (t)ma (t) + %OT(ZL) (t)yms (t) + M, (Rs (t,-)) (t).
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In order to obtain our Voronovskaya type result we will need to use Lemma 2.1 and to
relation (2.22) we will apply operator P,. But, Lemma 2.1 only works for operators from
the space V; so first we will prove that (I — M,,)(P) belongs to the space V. Namely, we
will prove that

/1(1 M) (P)(t)dt = 0.
We have that: ’

[ a=my@ewie= [ P - [ e
0 0 0

From Proposition 2.3 and from (2.16) we have that:

memm—a

so we only have to prove that fo 2((P)(f))(t)dt = 0. However,
1

1 n
tAMmmmww n+1hgmk /mm>ﬂﬁwm

0

—Z/pnk () dx =/1 pn,k(x)P(f)(l‘)dxz/1P(f)(a:)dx:0.
0 0

k=0

So, (I — M,,)(P) belongs to V;.

Also, operators P, can only be applied to functions belonging to V; so we will need to
prove that terms from the right hand side of (2.22) belong to V;.

First, we have that

AE@M@@:;gg(fﬂMQ@

(2.23) = /0 1(log Y(y)) ( /0 yf(t)dt) dy

:—Al%w@ﬂw@
=0.

so we have that Ty’ € V; which means that T'm; € V;. Next, integrating by parts we have
that

1 1
/T@W@@:—/T@w@w
0 0

Therefore, from (2.23) it follows that fol T'(y)Y(y)dy = 0,80 T"y) € V1. Now, we will prove
that fo T'(y)dy = 0. Here,

Azﬂwwzﬂn—ﬂmz—um+ﬂm>

Then using the hypothesis it follows that fo T'(y)dy = 0so T" € V; which together with
T'y € Vq imply that T'my € V;. Further, mtegratmg by parts, we have that
1

(229) [ @ =T ww i - [ T
— T(1) — T(0) + 2(T(1) — T(O)).
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Since,
D) fly) ' (y) f) F(t)dt

¥ (y) ’
using I'Hospital rule for 3 we have that 7/(1) = —1 /(1) + f(1) and 7(0) = 3 f/(0) + f(0).
So, condition (2.24) becomes

T'(y) =

/O T ()¢ (w)dy = ~(£(1) — /(0)) — 3(/(0) + (1),

which, as we can see from the hypothesis, means that fol T" (Y)Y (y)dy = 0so Ty € V.
Next, integration by parts yields:

/0 T" () ()Y (y)dy = T' () ()Y (v)1 —/0 T' () [(W' (1) + ()Y (y)ldy
— [ T -y =~ [ Twdy+s [ Twuwds=o
0 0 0

which implies that T"¢’ belong to V1. Because T"+)' € Vi and T"¢1)' € V; then T"mg3 €
V1. Proceeding in a similar fashion we can prove that

1 1
/ T () (y)dy = —2 / T () ()¢ (y)dy = 0,

0 0

so T""1)? isin the space V1. Again, we have that fol T" ()Y (y)dy = — fol T (y)¥'(y)dy =0,
so T""y € V1. Now, fo T"(y)dy = T"(1) — T"(0). But,

2(1 = 3¢(y)) fo F&)dt —(y) (24 () f(y) — () [ (y))
¢3(y) ’

so after using ’'Hospital’s rule for 3 and the assumptions made in the statement of our
theorem we get

T(y) =

[T @y = =170 + 0]+ () - )] - 250 + (0] =

which means that 7"’ € V;. Therefore we have that T""m4 € V.
Next, integrating by parts we obtain that

/ T () (y)d (y)dy = T" ()Y ()Y (y)]s — / T (y)(1 — 6(y))dy

0 0
—6 /O T ()b (y)dy — /0 T (y)dy
1
=6 ()w)ls ~ 0 | T Wy
0
-0,

and also,

/0 TO ()02 ()0 (y)dy = T" ()62 ()’ ()]} — 2 / T ()b () dy + 10 / T (42 (y)dy

0 0
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so it follows that Ty’ and T2y’ belong to V;. Again, integration by parts yields

1 1
| 0wy =Tl +2 [ 1wy

0 0
_ _T///(l) _ TW(O).

We have that:
1" _ L / _ Y
7() = s {ov s -1 [ o
+ ()61 = 3¢(y) f(y) — Y)Y (W) f'(y) — L) [ ()]}
Using ’'Hospital’s rule for § we get:
1

(W) +17(0) = [170) = S W+ (1) + S7O)] + 3[£(0) = f/ ()] + 6[f (1) + f(O)],

s0, from the hypothesis, we obtain [ T(*)(y)¢/(y) = 0 s0 ()¢ is in V;. So TWms € V.
Also, from (2.19) it follows that M,,(R5(t,-))(t) € Vi because all the other terms are from
Vi.

Now, we will apply operators nP, to relation (2.22), and since we have that (I —
M,,)(P) € V1 we can use Lemma 2.1 and for = € [0, 1] we obtain

2n—6

n+2)(n+3)

120

n

Ple) = P T) (@) 4 5P

! 2 7
Ty+ (n+2)(n+3)T)(x)

(2.25) P, (T(4)m5) (@)

G P (T7ma) (@) 4 37 Pa(T"ma) (2) +

+nP, (K,) (x),

where K, (t) = M, (Rs5(t,-))(t).
Then, because f = ¢'T + T"+), we have

—2n 8n? + 6n

WP ()= a0 @) = 22 P (T0)(0) — et (1) (1)
(2.26) + mpn (T)(x) + Fpn (T"ms3) (x)

2 2
n 2z n (4)
+ 57 Pal T ma)(@) + 15 P (TWms ) (1
+n2P, (K,) (z).

Now, we will prove that remainder n*P, (K,), from (2.26), converges to 0 in the norm
I - I+ First, for s, t € [0, 1] we have

1 S
|R5(t, )| = —/ s —u)’T® (u)du
120 J, ( ) )
[EARICOI[E /S 5
< 1= \7Jllee _
< 120 t (s —u)’du
174) (1)]] 0o
O, e
Then for ¢t € [0, 1] we obtain
|17 () o

(K (D)) = [Mn (Rs (¢, ) (8)] <



A Voronovskaya type theorem associated to geometric series of Bernstein - Durrmeyer operators 359

Hence, n?||K,||o = O (%) , which together with Lemma 2.2 imply that P, (X,,) converges
to 0 in the norm || - ||..
Next, using Theorem 1.1 and (2.21), returning to (2.26) we see that

lim (P, (f) — P (f)) = 2P (T4/) + 8P (I") — P(T")

(2.27) 1
— 2P (T"Y"y) — (T“’w )

with regard to the norm || - ||, which is,

lim n(P, (f) = P(f)) = 2P(f) + 6P<T'¢> ~ P(T')

n— oo

(2.28)

—2P(T"Y) — S P(T"),

2

with regard to the norm || - || .. Now, we have that

P(T"y'p)(x) =

-[ 5% ( / t T”(y)wy)w’(y)dy) as [ 1 o ( / t T/’(yw(y)w’(y)dy) i,

where, if we integrate by parts and use the fact that (¢'(y))? = 1 — 4¢(y), we get that:
t t
| T wes i = [ @@yt
¢ ¢
v OT(0) - [ Twdy+6 [ Ty,
0 0

S0,

T 1
(2.29) P (x) = — /0 # ()T (£)dt + / (1 — ) (T (1)t

0 % (/ot ) /: % (/Ot T'(y)dy> dt
(/ot r ) dt + 6/: % (/Ot T'(y)w(y)dy> dt,

which becomes

(2.30) P(T"Y'p)(x) = O(T'Y')(x) — P(T")(x) + 6P(T")) ().
Next,
(2.31) P(T""¢?)(x) =

[ ( t Ty ) dr-+ [ 1 (] t T ()0 5y ) .

and since integration by parts yields

/ T ()2 (y)dy = Y2(OT(F) - 2 / T (9 (4)(w)dy,

0 0



360 Stefan - Lucian GAROIU

we can see that (2.31) becomes

(2.32) P(T""?)(x) =
- /I t ()T (t)dt + /1(1 — () T" (t)dt
0 T

g {_ /O : % ( /O t T”(y)¢’(y)¢(y)dy> dt + /m 1 % ( /O t T”(y)w’(y)w(y)dy) dt}

= O(T"y)(x) = 2P(T"¢") (w),
Therefore, from (2.30) we see that (2.32) becomes
(2.33) P(T""?)(x) = O(T"¢)(w) — 20(T"¢")(x) + 2P(T")(x) — 12P(T"¢)(x).
Now, replacing (2.30) and (2.33) in (2.28) we obtain

(239 lim (B, () ~ P (/) = 2P(f) ~ O(T'4/) = 16(T"y)

n—

with regard to the norm || - ||, which is our Voronovskaya type result. O
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