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Geometry of Cs; cyclic polyyne and some of its clusters

LORENTZ JANTSCHI' AND LAVINIA-LORENA PRUTEANU?

ABSTRACT. Cyclic chemical compounds can form clusters. Cyclic C, polyyne is considered here. For a
system in which 4 Cj, rings cross independently of each other, a fifth C3, ring has been found a minimal energy
conformation that favors the recursion of this structural unit in the 3 dimensions of space. Cs, polyyne rings
have been used to form linked clusters when geometry of Cs, reveals that are no steric impediments in crossing
it in a 4 pointed star arrangement. Larger clusters have been derived by recursion having the crossing star
pattern. Shape of the cluster was found to be approximated by a bifrustum. The analysis allowed to estimate
a limit value (crystal-like) of 502.56 kg/m? for the density of the cluster, with even smaller values for smaller
clusters. Energy build analysis has shown that almost entirely the energy of the cluster is given by the internal
forces connecting the atoms in the rings and only less than 0.0003% can be attributed to the intermolecular forces
between the rings.

1. INTRODUCTION

We must go back till the discovery of the chemical structure [47] to find the first studies
on carbon—carbon chains [48]. Carbon is by far the most readily element in catenation but
should be acknowledged here that other elements are bridging long chains of monomers
or molecules. Here are some classical examples: hydrogen in hydrogen bonds bridg-
ing water molecules and DNA bases, oxygen bridging monosaccharides in polycarbohy-
drates, sulphur bridging polyisoprene chains sections in rubber. Other examples include
oxygen and phosphorus in phosphodiesters, oxygen and silicium in silicones, oxygen,
silicium and aluminum in zeolites, and the complexity of repeating unit can go on and
on.

The number of isomers of branched chains of carbon is impressive. A000602 [74] in-
teger sequence lists their numbers when ignoring stereoisomers and A000628 [75] when
stereoisomers are considered.

If the formation of linear or branched chains is one of the tools with which nature orga-
nizes the higher levels of matter, then the second tool is the formation of cycles. Looking
at the number of distinct bonds, carbon can form 2, 3 or 4, in which cases the natural an-
gle between them is arccos(—1), arccos(—1/2), and arccos(—1/3) respectively. Apeirogon
(n = 00), heptagon (n = 7), hexagon (n = 6), and pentagon (n = 5), are the polygons
with closest angles ("T’Qﬂ; m, 51 /7, 4w /6, and 37 /5) to these angles (m, 27/3, and 147/23),
which explains the tendency of carbon to form mostly rings of 5 and 6 atoms, but also
predicts the stability for heptagons, long chains and large rings.

Another way of organization is the formation of molecular aggregates. They can be
formed mainly by establishing hydrogen bonds, but other forces (such as van der Waals
forces) contribute significantly to the formation of complex molecular aggregates.

Molecular topology [20] addresses these topics in the context of characterization and
classification of molecular structures. The preferred tool of molecular topology is un-
weighted and unoriented graphs, in which all heavy atoms (only hydrogen is light; the
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other atoms are heavy) are undistinguishable. An important result in relation to the rep-
resentation of molecules in the form of molecular graphs is that the number of attached
hydrogen atoms is always a recoverable information from the heavy atoms graph repre-
sentation of the molecule. Thus, if nc, nN, no and ny are the number of atoms of carbon,
nitrogen, oxygen and hydrogen, and b the number of bonds between heavy atoms (num-
bered here conventionally by multiplying with the bond order), then:

(1.1) dnc + 3nN + 2no = nyg + 2b.

Eq. (1.1) become 2nc = b for compounds made only from carbon atoms, such is the case
for cyclic polyynes (ex.: Cg; here, Cyg in [79]) and cumulenes (ex: Cyg in [45]).

Molecular knots is a special arrangement within molecular aggregates - and cyclic Cy,
polyyne clusters falls in - formation of clusters without implying or implicitly assuming
the existence of forces that hold the molecules together in the cluster, but whose presence
can actually stabilize the molecules constitutive of the cluster. Catenanes, containing two
or more intertwined rings, are a special case of knots which gain much more interest since
the preparation of the first [19].

Here the construction of an interlinked cyclo[32]carbon (or Cs, cyclic polyyne) network
is analyzed. The repetitive basic unit is a Cs, ring that is intersected by 4 other Cs, rings
located in a plane perpendicular to it and in which are twisted to each other at 90 °.

2. CARBON-BASED ASSEMBLIES

As a part of their applications as molecular wires linear polyynes and cumulenes have
been studied in detail and [14] review covers at least in part this area of interest. Topo-
logically, cumulenes contain sequences of carbon-carbon double bonds, while polyynes
alternate single and triple bonds. A linear chain may be hydrogen capped (Tab. 1).

TABLE 1. Hydrogen capped linear polyynes and cummulenes.

N Molecular formula Rational formula Type

1 C,H; HC=C----C...—C=CH polyyne
2 C,Hu H;C-C=...C---—C=CH polyyne
3 C,Hy H,C=C=...C.---=C=CH, cumulene
4 C,Hy HC=C----C...=C—CH; polyyne
5 C,Hs H;C-C=...C...=C—CH; polyyne

Molecules 2 and 4 are identical due to the isomorphism of the representation
If the olyyne is bent to form a ring, then the limit conformations are only two (Tab. 2).

TABLE 2. Conformations of cyclic polyynes and cummulenes.

N Molecular formula Structural formula Type

C—C=+-C=C

1 G, C-C=-—-C=C polyyne
C=C=-=C=C

2 C, C=C=~=C=C cumulene

The generic name of C,, is cyclo[n]carbon; n must be a multiple of 2

Different studies have investigated cyclic polyynes and cumulenes of different sizes. A
cyclo-carbon C,, is a polyyne if n = 4k (k =2, 3, ...) and is a cumulene if n = 4k + 2 (k = 2,
3, ...). Literature reports are summarized in Tab. 3.
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TABLE 3. Some cyclo[n]carbons in increasing size.

Size (n) Cumulene studies Size (n) Polyyne studies

6 Cs  [65, 66, 44] 8 Cs [61, 66, 44]

10 Cyo [61, 66, 44] 12 Cp, [66,44,37]

14 Cyy [66,44,37] 16 Cye [66,44,37]

18 Cis [66,44,37,24,15] 20 Cy  [66, 44,24, 53]

22 Cyp [66,44,24,53,15] 24 Cyy  [66, 44, 24, 53, 46]

26 Cy  [66,44,24,53,15] 28 Cys  [66, 44, 24]

30 Cao  [66,44,24,15] 32 Ca  [66,44, 24] & this study

n must be a multiple of 2

Calculations on cyclo[n]carbon proved that they would be more stable than linear
chains for n > 10 [37], and from n = 16 quickly approach the minimum energy state
[39], but should be kept in mind that from n = 20 the C,, fullerenes also stabilizes [81, 38].

Among chemical compounds sharing the same molecular formula is not uncommon
the rearrangement of the bonds and transition from one topology to another (called tau-
tomerism). Cs, fullerene is a rearrangement of the bonds from cyclic Cs; polyyne. Refer-
ring Cj, fullerenes, there are exactly 6 isomers of Cs, fullerene (Fig. 1).

Count for cycles of Cxn Single linkage distance, 1-rpearson(ChP roots)

5 6 7 8 9 10 11 12 fullerene 0.0004  0.0008 0.0012 0.0016  0.002C
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FIGURE 1. Cjg, fullerenes, differentiation on cycles of length at most 12
and clustering on the correlation of characteristic polynomial (ChP) roots

Moreover, the connection between fullerenes and cyclo[n]carbon is strong. Thus, cy-
clization of polyynic and cumulenic carbon chains was observed at laser vaporization of
graphite as secondary product in the synthesis of fullerenes in [36] for 22 < n < 46.

Euler’s formula [23] for a convex polyhedron with n vertices, E edges, and F' faces is:

(2.2)

n—E+F=2
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An important property was established [85]: If a convex polyhedron the faces have only
5 vertices (pentagons) or 6 vertices (hexagons), then in Eq. (2.2), n must be even, must
be exactly 12 pentagons and n/2 — 10 hexagons. All topologies given in Fig. 1 follows
this rule. On should note that Fig. 1 isomers are very similar topologically one with each
other: all have exactly 12 cycles of 5 and 6 cycles of 6 (as faces and as smallest set of
smallest rings) and the difference between them is made only at the arrangement of those
rings. More, the series of characteristic polynomial roots values are highly correlated (the
lowest correlation is 0.994 and the highest is 0.999).

The structure and bonding of Cs, carbon clusters has been the subject of theoretical
investigation in [41], was found as a secondary product in [21], and a synthetic route to
tris(3,5-di-t-butylphenyl)methyl (Tr) capped polyyne (n = 32 at entry 1 in Tab. 1) has been
reported in [18]. In the same work [18] the HOMO-LUMO bandgap of Tr capped Cs,
polyyne has been estimated at about 89% of the bandgap of the hypothetic carbine (C.,
Erumo — Fromo =2.56 eV).

The interlocking of the chains stabilizing the molecules as a cluster is supported by
[76,77, 53], while concurrent processes are of polymerization [40].

Experimental data for electronic spectra of hydrogen capped linear polyynes and cu-
mulenes C,,H, are readily in the literature till n = 10 in [50], n = 24 in [28], n = 26 in [63],
and n = 44 in [18].

The proper name for Cs; cyclic polyyne is cyclic hexadecayne since it have exactly 16
single and 16 triple bonds. Crossing (or interlinking) of a cyclic hexadecayne by other
4 cyclic hexadecaynes clearly defines a polycatenane, namely a [5]catenane [68], and cy-
clo[32]carbon[5]catenane as family name seems reasonable.

3. MATHEMATICAL MODELING

3.1. Cs, topology. Cyclo[32]carbon (using the nomenclature defined in [68]) is made en-
tirely from carbon atoms in which are alternating single and triple bonds. This feature
allows a simplified representation as a graph (Fig. 2). As previous studies have shown, it
is expected to be a planar structure which gain more stability from its symmetry.

atoms representation (dots, vertices) bonds representation (lines, edges)
FIGURE 2. Cg, cyclic polyyne as a graph
The parameters characterizing the structure are the bond lengths, which along with the

angles completely defines the structure in internal coordinates. Z-matrix [6] formalism is
given in Fig. 3.
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FIGURE 3. Cg, cyclic polyyne in Z-matrix internal coordinates (n = 32)

In Fig. 3, a parameter is constant (a3 = 0.0 °) while the other (a2) depend on the value
of n (n = 32 for Cgy) and ¢ (from 1 ton — 1):

n—2

o

(3.3) as = 180

1— (1)
(3.4) s(i) = #fori: 1,2,...,n—1

In Eq. (3.3) ag is defining an angle which increases with n, while in Eq. (3.4) s(4) defines
an alternating function (s(1) = 1,s(2) = 0,...) having thus two variable parameters (ao
and ay).

The distances a¢ and a; (usually given in A in Z-matrix [6] files) are the subject of
molecular geometry optimization (by minimizing the energy of the molecule), which
solves a problem of localization.

3.2. Numerical method. Localization (of the atoms inside the molecule) is usually solved
via the conservation of the total energy for an isolated system and respectively the quan-
tification of the variation of the total energy for a closed system in (quantified) exchange
with its environment. Under these principles, the change in time of the total energy in
the presence of an outside field U (produced outside of the system, considered uniformly
distributed in the closed system, time dependent) in a closed system of k particles (char-
acterized by their spatial positions 1 = 71 (t),...,7; = 7%(t)) are expressed through the
Schrodinger’s equation [69]:

(3.5) HU(Fy, ..., P t) = ih%\l}(ﬁ, oy Ty 1) + U ()

(36) p(’,:’lj"ﬂ’,?k?t) = |ql(7?15"'a7?k7t)|2

where H is the Hamiltonian (providing the total energy of the system), i the imaginary
unit (v/—1), h is the reduced Planck constant (A = 4=, h = 6.62607015 x 1073* kg - m -
rad - s71), U is the wavefunction (a complex-valued function building up the probability
density - function p from Eq. (3.6) - and localizing thus the system), and for simplification
the spin effects were neglected.

Eq. (3.5) admits as solutions time independent wave functions called standing waves,
associated with stationary states. For a system whose Hamiltonian has no explicit time
dependence, it makes sense to try and find stationary states, for which the time evolution
is given by an explicit separable function (¥; in Eq. (3.7)):

(3.7) U(F, ey Try t) = Us(T1, ooe, T ) W (2)

where U, characterizes a stationary state and simplifies the solving of Eq. (3.5) for any
state.
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However, direct solving of Eq. (3.5) is still a challenge (even numerical), so a series of
approximations are in practice applied. Born-Oppenheimer approximation [13] stiffens
the nucleuses allowing the separation of their functions - Eq. (3.8):

(3.8 Ue(Pry ooy ™) = U (Fy ooy Thy, ) - Y1y ooy Tk, )

where ¥, is the wave function of k,, nucleons and ¥, is the wave function of k. electrons.

To accurately approximate the energy of the system, a series of models (including Bohr-
Sommerfeld, Thomas-Fermi, Thomas-Fermi-Dirac, and Thomas-Fermi-Dirac-Weizsicker)
and corrections were proposed [7]. Even so, Eq. (3.5) is accessible for real cases only in the
context of certain simplifications [22, 11].

Hartree-Fock (HF) method ([29, 30, 25, 26]) separates the ¥,, and ¥, wavefunctions by
their variables such that this separation to be the simplest one keeping the antisymmetry
at permuting of the variables. Slater [72] express Vg as a determinant (of k. wavefunc-
tions for k. electrons) and as a permanent (of k,, wavefunctions for k,, nucleons):

7/}1 (Fl) wne (Fl)
(39) \I/e(Fl,...,Fk) ZIIIIII‘[A

1/’1(77716) 1/’%(7?716)

where Imm), is the immanant [55] and Imm_; = det (determinant, when A = —1) and
Imm; = perm (permanent, when A\ = 1).

Again Slater [73] proposed the localization of the electrons in the orbitals with a func-
tion having as radial part a Laplace distribution function (named STO, Eq. (3.10)), which
was later replaced [31] with sums of Gauss distribution functions (Gaussians, named STO-
nG or GTO, in Eq. (3.11)).

(3.10) Yesto(r; Z, o, B) = ro—letSHE
where Z, o and f constants depending on the atom, its population with electrons, elec-
tronic shell and group (see [73] for numeric values).

(3.11) Ve 510-nG (T {73, 0i Fi=1,.. 4, {0k, € }1,..n) = Z 5k7'%€7€”2(305(9i)
=1

where v, and 0y for i = 1,...,4 constants depending on the type of the orbital approxi-
mated (s, p, d, f) and J;, and ¢ for & = 1, ..., n constants depending also on the number of
the basic functions used (n).

Hohenberg and Kohn have shown [34] that in the ground state U, is a uniquely deter-
mined functional which may be expressed depending on the electronic density alone (p
in Eq. (3.12)).

(312) \Pe(Fl,...,Fk) = \I/HK(p(’Fl,...,’/_"k))

where ¥k the functional featuring the desired property (HK, Eq. (3.12)). The use of a fic-
tive system with no interactions and with movement of the electrons in the presence of an
potential of a single particle to reproduce the same fundamental state with the real system
in which the interaction is present has been later then proposed [51]. The main advantage
of this approach is that in the absence of interactions, the wavefunction is separable in its
variables [35].
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3.3. Software. Several molecular modeling software can be used to localize the atoms in
molecules implying different implementations of the Eq. (3.5)-(3.12). The use of a molecu-
lar modeling software usually requires choosing of a level of theory and then the method.
HF approach is usually available under ab initio level of theory while density functional the-
ory (DFT) includes several HK alternatives, such as BP (implemented using [9] and [62]),
BLYP (implemented using [9] and [52]) and B3LYP (implemented using [10] and [78]).

The choosing of a basis set is usually made between a series of alternatives including
STO - Eq. (3.10), STO-G - Eq. (3.11) and its polarized [67] and diffuse [57] variants, GIAO
[83], ANO [3], or others recently reviewed in [56], and refers mainly to the number of
parameters involved in the characterization of an orbital function.

Our experience include the use of Spartan [44], HyperChem [46], Molecular Modeling
Pro [12], ChemBioOffice [70], MPQC [70], and Gaussian [16].

Molecular geometry of the Cs, ring (Fig. 2) was generated at DF'T level of theory using
BP ([9], [62]) method implemented in Spartan (for Spartan usage see [44]) with 6-311G*
([57]) basis set.

The manuals ([82] p. 494) suggest that 3-21G is sufficient for molecules consisting only
of elements from the first two periods of the periodic system. However, considering the
complexity of the studied assembly, 6-311G* ([67],[57]) basis set was chosen. BP represents
one of the first approaches to solving equation 3.5 at the DFT level (in the formalism
defined by 3.12).

In order to include the constraints related to symmetry in the model, the internal coor-
dinate system was adopted and the geometry optimization was transferred to Gaussian
(for Gaussian usage see [16]). Also an improved variant (B3LYP, [10], [78]) of BP was cho-
sen (the B3LYP model being even more popular [60], and thus better documented). The
optimization was done with B3LYP with 6-311G* as basis set.

Next step was to obtain the first member of the cluster family, cyclo[32]carbon[5]catenane.
In order to accelerate the convergence, ab-initio HF ([29, 30, 25, 26]) STO-3G ([31]; conver-
gence achieved in 54 steps), followed by 3-21G* ([57]; convergence achieved in 33 steps)
and 6-31G* ([57]; convergence achieved in 10 steps) were used. A pattern of crossing has
been identified and were further used to grow the cluster and the frame of the cluster
generation was implemented.

Due to the simplicity in the representation of molecules, the HyperChem format (for
HyperChem usage see [46]) was preferred for the generation of clusters starting from the
Cj, ring in Fig. 2.

4. RESULTS AND DISCUSSION

Gaussian software has been used to get symmetry constrained optimization (in Fig. 3)
at B3LYP/6-311+G level of theory. Generated data is given in the Appendix A. The values
of the parameters are extracted here:

(4.13) ap = 1.2352 A;a; = 1.3356 A

Considering the typical lengths (p. 318 in [42]) of carbon-carbon single (1.531 A), dou-
ble (1.331 A), and triple (1.205 A) bonds one may regard the bonds associated with ag and
a, bonds as being both double (but distinct one to the other) or the one with a; a single
bond (with a strength comparable with a double bond) and the one with ag a triple bond
(with a strength comparable with a double bond) (see Fig. 2).

Let be R the radius of the circumscribed circle of the Cj; polyyne (see the Cs; polyyne
in Fig. 2). Using the notations from Fig. 3, the radius of the polyyne is the solution of the



378 L. Jantschi, L.L. Pruteanu
Eq. (4.14) - see §4.1 in [44]:

2
(4.14) arc:sin2a—](i2 + arcsin% = %

Using ag and a; from Eq. (4.13), the solution of Eq. (4.14) is given in Eq. (4.15).

(4.15) R =6.5557 A

A Dign symmetry [59] for C;, represented in Fig. 2 is therefore established (Fig. 3,
Eq. (4.13), Eq. (4.14), Eq. (4.15)).

The cluster of quadruple crossed cyclo[32]carbon[5]catenane has been build and is
depicted in Fig. 4. The pattern identified in Fig. 4 is that all 4 rings intersect in per-
pendicular planes. Even more, the crossed section (z) is approximately of R/2 width
(z = 3.278 A ~ R/2, with R from Eq. (4.14)).

perspective view Z-axis view Y-axis view X-axis view

7 £
N

FIGURE 4. A cyclo[32]carbon[5]catenane (perspective view, and Z, Y and
X axes projections)

The construction of the Fig. 4 cluster was thus achieved by copying, rotation from the
horizontal plane to the vertical plane, the translation in the horizontal plane along the
distance R — z, followed by the rotation with respect to an axis perpendicular to the hori-
zontal plane in each instance by 7/2 (Alg. 1).

Algorithm 1 Iterate Cs; cluster

Input: 7,Q2 //current topology (7) and its outer rim (£2)
/ /arrays containing coordinate versors (3), rotation versors (3), adjacencies (0-5)
itey + array(0,0,1,0,0,0,4,1,2,3,4) //inner ring
ite; « array(0,1,0,1,0,0,1,0) //ring to the right
itey « array(0,1,0,-1,0,0,1,0) //ring to the left
ites < array(1,0,0,0,1,0,1,0) //ring to the top
itey + array(1,0,0,0,-1,0,1,0) //ring to the bottom
for (i < 0, ..., count(2)-1)
k<« Q;;m<« 1, //refer (as m)a outer rim ring
rotate 7 to get m into (0,0,1) rotation position
translate 7 to get m into (0,0,0) coordinate position
for(j <+ 2,...,4)ifite; ¢ 7 then 7 < 7 Uite; endfor //add ite rings N m in 7
translate 7 to get m into its initial coordinate position
rotate 7 to get m into its initial rotation position
endfor
Output: 7/ /7 is the modified current topology
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Alg. 1 applies the pattern from Fig. 4 to each outer rim rings and in one of its iterations
add one more outer rim of rings to the current topology. In order that Alg. 1 to work in
successions, after each iteration the list of outer rim rings must be updated.

Tab. 4 gives the information regarding the following congeners of the Fig. 4 cluster,
which were obtained by the same procedure of copying, rotations and translations applied
to each outer rim of the layer. For visibility, in Figs. 4 - 8 the colors of the rings were
alternated (red and blue).

TABLE 4. Number of atoms in cyclo[32]carbon[n;]catenanes by layers (!).

Fig.  Fig.2 Fig 4 Fig.5 Fig.6 Fig.7 Fig.8
l 0 1 2 3 4 5
n 1 5 17 45 95 171
Atoms 32 160 544 1440 3040 5472
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FIGURE 5. A cyclo[32]carbon[17]catenane (perspective view, and Z, Y
and X axes projections)
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FIGURE 6. A cyclo[32]carbon[45]catenane (perspective view, and Z, Y
and X axes projections)

L

The series of n; given in Tab. 4 is continued with ng = 281, ny = 429, ng = 623,
ng = 867, n1o = 1169 (too big to be represented).
Based on the data from Tab. 4 the following recurrence relation has been established:

(4.16) Nita — ONi43 + Myt + Tnyypr + 20y = 0 for i > 2

It is expected that in the presence of other rings, the distances between atoms to suffer
some minor changes and in the same time the whole structure to remain stable. A such
stability study was conducted on cyclo[32]carbon[5]catenane (depicted in Fig. 4), which
was small enough (160 heavy atoms, see entry 2 in Tab. 4) to address the symmetry con-
strained optimization at the same level of theory as for Cs;. Appendix B contains the
results of the optimization. Changes in the bond lengths are minor (a¢ from 1.2352 to
1.2569 A, a; from 1.3356 to 1.3267 A).
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FIGURE 7. A cyclo[32]carbon[95]catenane (perspective view, and Z, Y
and X axes projections)

Fig. 5 to Fig. 8 show the conformations of the first congeners of the series defined by
Tab. 4. The alignment of the cluster with the coordinate system was done according to the
axes of the main components of the eigenvalues according to the procedure described in
[43].

In the Figs. 4 - 8 one can see the elegance of Dy, symmetry. Starting from [ = 2 the
shape of the ensemble approximates the largest part of an octahedron (Fig. 9).

The volume of bifrustum (Fig. 9), Vg, is given by Eq. (4.17):

hD?—d3
417 o
(4.17) Vb 6 D_d

where h is the height (between the two small bases) and d and D the diagonals of the
squares of the bases.
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FIGURE 8. A cyclo[32]carbon[171]catenane (perspective view, and Z, Y
and X axes projections)

In order to proof the claim from Fig. 9, MatLab [58] software has been used to envelope
the cyclo[32]carbon[2- 3! — 1]catenanes (I = 1,2, ..., 8) with more complex convex hulls [8].
The results regarding the approximated volume are given in Tab. 5.

In any instance the approximation of the constructed cyclo[32]carbon[n;]catenanes with
a bifrustum is remarkable with the increase of the cluster size. if at [ = 2 the overlap is
93.05%, at I = 8 is 99.99%. One should notice that the arrangement constructed in this
way seem not too compact, since a stack of rings located on the outside supports several
crossings (Figs. 5 - 8).
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FIGURE 9. A square bifrustum approximating the convex hull of
cyclo[32]carbon[2 - 3! — 1]catenane (I = 2,3, ...)

TABLE 5. Approximating the volume of cyclo[32]carbon[n;]catenanes

l 1 2 3 4 5 6 7 8

Vern 5909 28320 73431 147448 260805 416857 628888 897403

Vsu 7044 30288 75508 150311 262305 419097 628293 897501

nep 124 188 124 188 124 188 124 188

Vn: volume (in A%) with convhulln [8] MatLab [58] function; Vip: volume (in A?) of
bifrustum (Eq. (4.17), Fig. 9), h = 3IR — R, d = 5R, D = 3IR + 2R (h is the height between
the two small bases and d and D the diagonals of the squares of the bases); n.x: number
of convhulln vertices (the correspondent is always the same, ng = 12)

An alternate construction is obtained by iterating the catenating process by the three
natural Cartesian coordinates (see for instance Z-axis view in Fig. 4). Fig. 10 shows a such
arrangement.

It can be shown that if k£ even (such in Fig. 10, where k = 6) then k repetitions in each
direction produces a total number of 3% rings (162 rings in Fig. 10) that are contained in
a cube of size 2L R (a size of 9.5R in Fig. 10). The density then is:

25610 n3
~ 18.069 - R (n +1/3)3

with a limit value po = 502.56 kg/m? (R is the one provided by Eq. (4.14)).

A similar calculation for the bifrustum arrangement (Figs. 5 - 8) gives 383 kg/m?,
391 kg/m?, 411 kg/m3, and 418 kg/m3, for Fig. 5, Fig. 6, Fig. 7 and Fig. 8 catenanes re-
spectively.

Symmetry constrained model of Cs, cyclic polyyne from Fig. 3 has been used inten-
sively in this paper. According to this model, to characterize the cyclic polyyne only two
parameters are needed (are to be determined): the length of the triple bond (ao in Fig. 3,
obtained for the even indices feed into s function) and the length of the single bond (a; in
Fig. 3, obtained for the odd indices feed into s function). These two parameters uniquely
determine the R value (polyyne ring radius, Eq. (4.14)). Polyyne cluster has been further
obtained by simple translations and rotations of the polyyne molecule. Note that from the
chemical point of view the formation of a catenane requires breaking and bonding again
of the ring or bending of the linear polyyne and formation of the ring on site. The use

(4.18) Pk kg/m?, for k even
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FIGURE 10. A cyclo[32]carbon[162]catenane (6 chained rings in each or-
thogonal direction)

of internal coordinates combined with symmetry constrains simplifies a lot the molecule
specification. For the polyyne cluster along with the two aforementioned parameters (ag
and ay, Eq. (4.17)), are necessary only a translation parameter (noted with z and identified
in the case of Cj; crosses - see Fig. 4 - as being half of the radius R) and some constant
rotation parameters to change the alignment of the polyyne from xy plane into xz and
yz planes. Advantages other than simplification of the problem for the use of internal
coordinates system has been reported elsewhere [5].

Due to the complexity of the system, the level of refinement is relatively low. There-
fore, one may question the level of theory used to do the computations. For instance,
recent variations of the classical methods has been reported: CAM-B3LYP in [84], wB97 in
[17], LC-wHPBE in [32], APF in [4]. In the defense of methods used (HF, BP and B3LYP)
may stay the fact that actually the improvement reported in the context of the use of the
new methods is in the presence of heteroatoms (N, O, S, P instead of C; for CAM-B3LYP
reported in [84]), non-covalent interactions (wB97X-D and its relatives, wB97 and wB97X
reported in [17]), for diatomic molecules of different elements and dimers of small hy-
drocarbons [4], and finally reaction barrier heights and Rydberg excitation energies of
heteroatomic molecules for LC-wHPBE [32], none of them being the case here.
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The identified bifrustum geometry (Fig. 9, of Dy, symmetry) for the layer-based ar-
rangement (cluster growth in Figs 5 - 8) approaches, in convergence (I — o0), the octahe-
dral (Oy) arrangement (D = 3[R+ 2R; h = 3IR— R; D = h for large [), and in this instance
it is only a matter of threshold [64] to distinguish between the two.

From hexavalent atoms, Ruthenium [49] and Uranium [80] is known to adopt Oy, and
Dy, conformations, while tetravalent includes Titanium [1] and Vanadium [27]. Evan if
appears more often for planar compounds, Dy, point group is one of the most common
molecular symmetries found in nature. Porphyrin complexes consist of a square planar
core [54].

Tetravalent compounds (such as of Copper and Nickel reported in [71]) are the topo-
logical relatives of the bifrustum conformation.

The energy of the system provides important information about the role of clustering
in the stabilization of the Cs, rings. It was shown that a series of important molecular
parameters (nodal structure, order of the energy levels, prediction of molecular shape,
and changes in hybridization and ionization potential with angle [2]) are reflected in the
extended Hiickel energy ([33]), the calculated values of Slater based [73] single point ex-
tended Hiickel energy given in Tab. 6 (in Hartree, 1 Hartree ~ 72395 ] /mol)) were used to
make qualitative judgments about the stabilization by clustering.

TABLE 6. Binding energy of several cyclo[32]carbon[n]catenanes

—FE xop 1 2 3 4 Representation
52639 1 0 0 0O O Fig.2

263183 5 4 0 0 1 Fig. 4
315815 6 0 6 0 O Fig. 10 with 2 instead of 6 (and 6 instead of 162)
684270 13 8 0 4 1 Fig.5 with 4 (Z-axis view) outer rims removed
894813 17 12 0 0 5 Fig.5

1052706 20 0 12 8 0 Fig. 10 with 3 instead of 6 and central rim removed

1105333 21 0 8 12 1 Fig. 10 with 2 instead of 6 (and 6 instead of 162)
1894845 36 0 11 18 7 Fig. 10 with 3 x 4 instead of 6x6
2520724 48 0 12 24 12 Fig. 10 with 4 instead of 6 (and 48 instead of 162)
E: extended Hiickel energy (rounded values from HyperChem software
xo: number of Cs; rings (32 - x¢ is the number of Carbon atoms)
x1: number of Cs, rings crossed by (only) one (another) Cs, ring
x2: number of Cs, rings crossed by two Cs, rings
x3: number of rings crossed by three rings; x4: number of rings crossed by four rings

A linear regression (with no intercept) with data from Tab. 6 is significant (Eq. (4.19)).

4
(419) E~ E = —52638.896i0_01$0 + 1-495i0.004 ZZ - Ty

i=1
where the variables I and z; with the meaning and the values from Tab. 6.

The equation (4.19) shows that almost entirely the energy of the cluster is given by its
rings and only a very small amount of the contribution (less than 0.003%) is given by its
crosses. The coefficient of z; for i = 1,2, 3,4 is positive, so it is an very small (less than
0.003%) energetical cost with each cross.

Both discussed arrangements - bifstrum like (Figures 5 - 8) and Cartesian directions
iterated net (Fig. 10) are highly symmetrical. In fact, both express actually one and the
same crystalline net. Let us imagine that in Fig. 10 a red circle is a Natrium atom, and a
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blue circle is a Chlorine atom. It became obvious that the net is a (little more complex) face-
centered cubic lattice. Regarding the second statement, that the bifstrum like arrangement
is the same net, it is enough to say that both arrangements are obtained by the same
symmetry operations (same rotations and translations of the Cs, ring) and the results are
placed in same relative position, and each neighboring ring of a ring in same relative
position in both instances.

The large number of atoms did not allow the study to be carried out at a high level
of theory and with a basis function too large than in the case of the Cs, ring. The use
of symmetry (see Fig. 3), however, dramatically reduces the complexity of the problem.
The catenane networks proposed by the chaining of Cs, have a very good geometric ar-
rangement (face centered cubic) and present a special potential for exploitation through
the prism of its expected properties.

5. CONCLUSIONS

This study has shown that by crossing Cs, cyclic polyynes if succeeded is obtained a
material about four times lighter than graphite (and with half the density of water, see
Eq. 4.18) but with a hardness comparable to that of diamond (due to the alternation of
simple and triple bonds) and with incredible elasticity due to the catenation (chained
shape of the molecules).
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APPENDIX A. GAUSSIAN B3LYP 6-311+G OPTIMIZATION OUTPUT FOR Cjs,

1|1 |UNPC-DESKTOP-F4T462M|FOpt |RB3LYP|6-311+G|C32|DESKTOP |27-May-2023]1
| | #B3LYP/6-311+G opt=(Z-matrix,maxcycle=1000) ||C32 polyyne optimizatio
nllo0,1/C|C,1,bl]|C,2,b3,1,a0|C,3,b1,2,a0,1,d0,0/C,4,b3,3,a0,2,d0,0]C,5,
bl,4,a0,3,d0,0|C,6,b3,5,a0,4,d0,0|C,7,b1,6,a0,5,d0,0|C,8,b3,7,a0,6,d0,
0olc,9,p1,8,a0,7,d0,0(¢,10,b3,9,a0,8,d0,0(¢C,11,b1,10,a0,9,d0,0(C,12,b3,
11,a0,10,d0,0/C,13,b1,12,a0,11,d0,0|C,14,b3,13,a0,12,d0,0]C,15,b1,14,a
0,13,d0,0/C,16,b3,15,a0,14,d0,0(C,17,b1,16,a0,15,d0,0|C,18,b3,17,a0,16
,d0,0/C,19,b1,18,a0,17,d0,0/C,20,b3,19,a0,18,d0,0(C,21,b1,20,a0,19,do0,
0l1c,22,pb3,21,a0,20,d0,01C,23,b1,22,a0,21,d0,01/C,24,b3,23,a0,22,d0,0|C,
25,b1,24,a0,23,d0,0/C,26,b3,25,a0,24,d0,0|C,27,b1,26,a0,25,d0,0(C,28,b
3,27,a0,26,d0,0(C,29,b1,28,a0,27,d0,0|C,30,b3,29,a0,28,d0,0|C,31,bl, 30
,a0,29,d0,0] |b3=1.23515276|b1=1.33561459]a0=168.75|d0=0.||Version=IA32
W-GO9RevD.01 |HF=-1218.5487807 |RMSD=9.857e-009 |RMSF=1.490e-006 |Dipole=0
.,0.,0.|Quadrupole=-0.9486494,1.8972987,-0.9486494,0.,0.,0.|PG=D16H [S
GH(C32)]|1@

APPENDIX B. GAUSSIAN B3LYP 6-311+G OPTIMIZATION OUTPUT FOR 5C3,

1|1 |UNPC-DESKTOP-F4T462M|FOpt |RB3LYP|6-311+G|5C32 |DESKTOP |30-June-2023
|1]|#B3LYP/6-311+G opt=(Z-matrix) | |second step - the 5C32 polyyne clus
ter optimization] |0, 1\C\C,1,c2\C,2,c3,1,clI\C,3,c2,2,c1,1,c0,0\C,4,c3,3
,cl,2,c0,0\C,5,c2,4,c1,3,c0,0\C,6,c3,5,c1,4,c0,0\C,7,c2,6,c1,5,c0,0\C,
8,c3,7,¢c1,6,c0,0\C,9,c2,8,c1,7,c0,0\C,10,¢c3,9,c1,8,c0,0\C,11,c2,10,c1,
9,c0,0\C,12,¢3,11,¢1,10,c0,0\C,13,¢c2,12,¢1,11,c0,0\C,14,c3,13,c1,12,c0
,0\C,15,c2,14,¢c1,13,c0,0\C,16,c3,15,c1,14,c0,0\C,17,¢c2,16,c1,15,c0,0\C
,18,¢3,17,¢1,16,c0,0\C,19,¢c2,18,¢c1,17,c0,0\C,20,c3,19,c1,18,c0,0\C, 21,
c2,20,c1,19,c0,0\C,22,¢3,21,¢1,20,c0,0\C,23,¢c2,22,c1,21,c0,0\C,24,c3,2
3,cl,22,c0,0\C,25,c2,24,¢c1,23,c0,0\C,26,¢c3,25,c1,24,c0,0\C,27,c2,26,cl
,25,¢c0,0\C,28,c3,27,c1,26,c0,0\C,29,c2,28,c1,27,c0,0\C,30,c3,29,cl,28,
c0,0\C,1,c3,2,¢9,3,c0,0\C,25,¢c6,24,c10,23,c22,0\C,33,c2,25,cl11,24,c23,
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0\C,34,¢3,33,c1,25,c0,0\C,35,¢c2,34,c1,33,c0,0\C,36,c3,35,cl1,34,c0,0\C,
37,¢2,36,c1,35,c0,0\C,38,¢c3,37,¢c1,36,c0,0\C,39,c2,38,c1,37,c0,0\C,40,c
3,39,¢1,38,c0,0\C,41,c2,40,c1,39,c0,0\C,42,c3,41,c1,40,c0,0\C,43,c2,42
,cl,41,c0,0\C,44,c3,43,c1,42,c0,0\C,45,c2,44,¢c1,43,c0,0\C,46,c3,45,cl,
44,¢c0,0\C,47,c2,46,cl1,45,c0,0\C,48,¢c3,47,¢c1,46,c0,0\C,49,c2,48,cl1,47,c
0,0\C,50,c3,49,c1,48,c0,0\C,51,c2,50,c1,49,c0,0\C,52,¢c3,51,c1,50,c0,0\
c,53,c2,52,¢c1,51,c0,0\C,54,¢3,53,¢c1,52,c0,0\C,55,¢c2,54,c1,53,c0,0\C, 56
,c3,55,¢1,54,c0,0\C,57,¢c2,56,c1,55,c0,0\C,58,c3,57,c1,56,c0,0\C,59,c2,
58,c¢1,57,c0,0\C,60,¢c3,59,c1,58,c0,0\C,61,c2,60,c1,59,c0,0\C,62,c3,61,c
1,60,c0,0\C,33,c3,25,c12,24,c24,0\C,1,¢c7,2,¢c13,3,c25,0\C,65,c2,1,cl4,2
,c26,0\C,66,c3,65,c1,1,c0,0\C,67,c2,66,cl,65,c0,0\C,68,c3,67,cl,66,c0,
0\C,69,c2,68,c1,67,c0,0\C,70,c3,69,cl1,68,c0,0\C,71,c2,70,cl1,69,c0,0\C,
72,¢3,71,¢1,70,c0,0\C,73,c2,72,¢c1,71,c0,0\C,74,¢c3,73,¢c1,72,c0,0\C,75,c
2,74,¢1,73,c0,0\C,76,c3,75,c1,74,c0,0\C,77,c2,76,c1,75,c0,0\C,78,c3,77
,cl,76,c0,0\C,79,c2,78,c1,77,c0,0\C,80,¢c3,79,c1,78,c0,0\C,81,c2,80,cl,
79,c0,0\C,82,¢c3,81,¢c1,80,c0,0\C,83,c2,82,c1,81,c0,0\C,84,c3,83,cl1,82,c
0,0\C,85,c2,84,c1,83,c0,0\C,86,c3,85,c1,84,c0,0\C,87,c2,86,cl1,85,c0,0\
c,88,c3,87,c1,86,c0,0\C,89,c2,88,cl1,87,c0,0\C,90,c3,89,c1,88,c0,0\C, 91
,¢2,90,c1,89,c0,0\C,92,¢3,91,¢c1,90,c0,0\C,93,c2,92,c1,91,c0,0\C, 94,c3,
93,c¢1,92,c0,0\C,65,c3,1,¢c15,2,¢c27,0\C,17,¢c4,16,c16,15,¢c28,0\C,97,c2,17
,cl7,16,c29,0\C,98,¢c3,97,¢c1,17,c0,0\C,99,c2,98,c1,97,c0,0\C,100,c3,99,
cl,98,c0,0\C,101,¢c2,100,c1,99,c0,0\C,102,¢c3,101,¢1,100,c0,0\C,103,c2,1
02,c1,101,c0,0\C,104,¢3,103,c1,102,c0,0\C,105,¢c2,104,c1,103,c0,0\C, 106
,¢c3,105,¢c1,104,c0,0\C,107,¢2,106,c1,105,c0,0\C,108,¢3,107,c1,106,c0,0\
c,109,¢2,108,¢c1,107,c0,0\C,110,¢3,109,¢c1,108,c0,0\C,111,¢c2,110,c1,109,
c0,0\C,112,¢c3,111,¢1,110,c0,0\C,113,¢2,112,¢1,111,c0,0\C,114,c3,113,cl
,112,c0,0\C,115,¢c2,114,¢c1,113,c0,0\C,116,c3,115,c1,114,c0,0\C,117,c2,1
16,c1,115,¢c0,0\C,118,¢3,117,¢c1,116,c0,0\C,119,¢c2,118,¢c1,117,c0,0\C,120
,¢3,119,¢1,118,c0,0\C,121,¢2,120,¢c1,119,c0,0\C,122,¢3,121,c1,120,c0,0\
c,123,¢2,122,c1,121,c0,0\C,124,¢c3,123,cl,122,c0,0\C,125,¢c2,124,cl,123,
c0,0\C,126,¢3,125,c1,124,c0,0\C,97,¢c3,17,¢c18,16,c30,0\C,9,c5,8,c19,7,c
31,0\C,129,c2,9,c20,8,c32,0\C,130,c3,129,c1,9,c0,0\C,131,c2,130,cl,129
,c0,0\C,132,¢3,131,¢1,130,c0,0\C,133,¢c2,132,¢c1,131,c0,0\C,134,c3,133,c
1,132,c0,0\C,135,¢c2,134,¢1,133,c0,0\C,136,¢3,135,¢1,134,c0,0\C,137,c2,
136,¢1,135,c0,0\C,138,¢3,137,¢1,136,c0,0\C,139,¢c2,138,¢c1,137,c0,0\C, 14
0,¢3,139,¢c1,138,c0,0\C,141,¢c2,140,c1,139,c0,0\C,142,¢c3,141,c1,140,c0,0
\C,143,c2,142,cl1,141,c0,0\C,144,¢c3,143,¢c1,142,c0,0\C,145,¢c2,144,¢cl,143
,c0,0\C,146,c3,145,c1,144,c0,0\C,147,¢c2,146,cl,145,c0,0\C,148,c3,147,c
1,146,c0,0\C,149,c2,148,c1,147,c0,0\C,150,¢c3,149,c1,148,c0,0\C,151,c2,
150,c1,149,c0,0\C,152,¢c3,151,cl,150,c0,0\C,153,¢c2,152,cl,151,c0,0\C, 15
4,¢3,153,¢1,152,¢0,0\C,155,¢c2,154,¢c1,153,c0,0\C,156,¢c3,155,c1,154,c0,0
\¢c,157,¢2,156,c1,155,c0,0\C,158,¢3,157,c1,156,c0,0\C,129,c3,9,c21,8,c3
3,0\\c2=1.32667598\c3=1.25685912\c4=4.02743752\c5=6.74877158\c6=8.0996
1993\c7=9.26287576\c9=168.77982421\c10=91.85676211\c11=66.98305268\cl2
=101.76206714\c13=97.70982214\c14=83.598515\c15=85.14256563\c16=86.732
87207\c17=75.91782528\c18=92.81859516\c19=90.95260341\c20=107.35926725
\c21=61.37341641\c22=227.81743274\c23=86.97387078\c24=266.97127511\c25
=181.95830982\c26=89.67126798\c27=269.66938991\c28=337.35232344\c29=88
.34910889\c30=268.34888019\c31=255.77391797\c32=266.36446291\c33=86.36
329052\c0=0.\c1=168.75\\Version=ES64L-G16RevA.03\State=1-A\HF=-6092.98
17907\RMSD=5.898e-09\RMSF=4.802e-05\Dipole=-0.0004099,-0.0002089,0.000
059\Quadrupole=-0.1287811,0.3107265,-0.1819454,0.0045478,0.0047578,-0.
0089417\PG=C01 [X(C160)]1\\@
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