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An inertial method for solving the split equality fixed point
problem with multiple output sets

HABTU ZEGEYE!, YIRGA ABEBE BELAY!2, AND HAGOS HAILU GIDEY!

ABSTRACT. In this paper, we introduce the split equality fixed point problem with multiple output sets in real
Hilbert spaces and propose an iterative method for solving the problem. We then establish a strong convergence
result under the assumption that the underlying mappings are uniformly continuous quasi-pseudocontractive.
We give some specific cases of our main result and finally provide a numerical example to reveal the effectiveness
of our method. Our result extends many of the results in the literature.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-, -) and induced norm || - || and let
C be a nonempty, closed and convex subset of H. Let T: C' — H be a mapping. A point
p € Cis said to be a fixed point of T" if T'p = p. The set of all fixed points of 1" is denoted
by F(T'). A mapping T: C — H is said to be
i. firmly quasi-nonexpansive if F(T) # () and
| Tz — p||? < ||z —p||* — ||z — Tz||? forallz € C, p € F(T);
ii. quasi-nonexpansive if F(T') # () and
[Tz —pll < ||z = pl, forallz € C,p € F(T);
iii. SB-demicontractive if F(T) # () and there exists number 8 € (0, 1) with
(1.1) 1Tz — p|% < ||z — p||2 + BTz — z||?, forallz € H and p € F(T);
iv. pseudocontractive if
|72 = Ty|]? < o — ylI? + (I = T)a — (I = T)y|2, forall v,y € C;
or equivalently
(1.2) (I-T)x—(I-T)y, x—y) >0, forall z,y € C;
v. quasi-pseudocontractive if F(T) # (), and
1Tz — pl2 < 1z = p|I? + |z — Tl
or equivalently
(x =Tz, x—p) >0, forallz € C, pe F(T);
vi. Lipschitz continuous if there exists a constant L > 0 such that
[Tz —Ty|| < L|jz —y||, forallz,y € C.
Ifin (vi), L = 1, then we say that T is nonexpansive and it is said to be a contraction if L < 1.
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Remark 1.1. We observe from the above definitions that the class of quasi-pseudocontractive map-
pings is a more general class of mappings that contains the classes of firmly quasi-nonexpansive,
quasi-nonexpansive mappings, demicontractive mappings. It also contains the class of pseudocon-
tractive mappings with nonempty set of fixed points.

The mapping 7' is said to satisfy the demiclosedness property if (I — T") is demiclosed
at 0, that is, if {x,,} is any sequence in C such that z,, — p and ||({ — T)z,| — 0, then
Tp=np.

The class of pseudocontractive mappings is closely related to the class of monotone
mappings, where a mapping A: D(A) C H — H is said to be monotone if for all z,y €
D(A), we have

(1.3) (Az — Ay,z —y) > 0.

In fact, a mapping 7: H — H is pseudocontractive if and only if the mapping A =1 — T
is monotone. In this case, the set of fixed points of 7" is the same as the set of null points,
N(A), of A, where N(A) = {z € H : Az = 0}. Many physical problems can be modeled
by initial value problems involving monotone mappings. One of such problems is the
evolution equation which is given as

(1.4 = —Ax(t), #(0) = o

where A is a monotone mapping in an appropriate space [33]. If in (1.4), x(t) is inde-
pendent of the variable ¢, then (1.4) reduces to the problem Az = 0, whose solutions
correspond to the equilibrium points of the system (1.4).

The study of fixed point theory was motivated by the desire to study the existence
and properties of boundary value problems for nonlinear partial differential equations
[33]. Fixed point theory has also been applied in, for instance, biology, chemical reactions,
chemistry, complementary problems, economics etc.

Due to these and other applications, the theory of fixed points has become an interest-
ing area of research. Thus, several iterative algorithms have been proposed and studied
for approximating fixed points of nonexpansive, strictly pseudocontractive, pseudocon-
tractive, and quasi-pseudocontractive mappings (see, for instance, [5, 7, 13, 16, 17, 20, 23,
25,37, 45, 46, 47, 48]).

Let C and () be nonempty, closed, and convex subsets of the real Hilbert spaces H; and
H, respectively, and let A: H; — H; be a bounded linear mapping. The Split Feasibility
Problem (SFP) is defined as finding a point

zt e CNATHQ),
or equivalently, finding a point
(1.5) x* € C such that Az™ € Q.

The SFP which was initially introduced by Censor and Elfving [10] has got applications
in certain inverse problems and later played a crucial role in real-life problems such as
data compression, sensor networks, radiation therapy, antenna design, computerized to-
mography, immaterial science, medical image reconstruction, data denoising, (see, for
instance, [8, 9, 35]).

If we assume that (1.5) has a solution, then it can be shown that p is a solution of (1.5)
if and only if

(1.6) p= Po(p— pA™(I — Pg)Ap),

where p is a positive constant, Pc and Py are the metric projections of the Hilbert spaces
H, onto C and H, onto @), respectively, and I is the identity mapping on Hs [35]. Thus,
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the split feasibility problem is closely related to fixed point problems, and thus fixed point
methods can be applied in the split feasibility problems. Due to their wide applications,
SFPs have attracted the attention of researchers, and thus several iterative algorithms have
been introduced for approximating their solutions (see, for instance, [11, 12, 19]).

One of the famous methods for solving SFP is the C'Q—algorithm which was intro-
duced by Byrne [8] and is given as follows: For an arbitrary initial guess x¢ € H, let {z,}
be the sequence defined by

(1.7) Tny1 = Po [z, —TA* (I — Pg) Ax,], n >0,

where A* is the adjoint of the bounded linear mapping 4, I is the identity mapping on Hy,
and 7 > 0 is a properly chosen step-size, P and P are the metric projections of H; and
H; onto C and @), respectively. The author proved that the sequence generated by (1.7)
converges strongly to a solution of (1.5) provided that H; is a finite dimensional space.
Many other authors have also studied the CQQ—algorithm (see, for instance, [39, 40, 41, 42,
44] and the references therein).

One of the problems which is more general than the SFP is the Split Feasibility Prob-
lem with Multiple Output Sets (SFPMOS) and it was introduced by Reich et al. [28] as
follows: Let H, H;,i = 1,2,..., N be real Hilbert spaces and let A; : H — H; be bounded
linear mappings. Let C and Q; be nonempty, closed and convex subsets of H and H;,
respectively. The SFPMOS is defined as finding a point

N
(1.8) v ec() <ﬂ A7 (Q») :
i=1
or equivalently, finding a point
xz* € C such that A;z* € Q;, fori=1,2,...,N.

In 2020, Reich et al. [28] proposed the following iterative method for approximating SF-
PMOS (1.8): Starting with any o € H, let {z,} be the sequence generated arbitrarily

by

(1.9) Tn41 = Po

)

N
Zn =AY A7 (I - Pg,) Ay

i=1

1

where 0 < A < ————.
k max || A;|?
1<i<k

They obtained a weak convergence result of the sequence generated by (1.9). To obtain
a strong convergence result, they modified (1.9) as follows (see, [28]): Starting from any
initial guess = € H, their modified method produces the sequence {z,,} by

N

Tn =AY AT (I - Pg,) Az,
i=1

b

(1.10) Tnt1 = Ynf () + (1 =) P

where {7,} C (0,1) and f is a contraction function. They proved, under some appropriate
conditions, that the sequence {z,,} generated by (1.10) converges strongly to a solution of
the problem (1.8).

If, in (1.8), the set C' is replaced with F(T) and @; with F(S;), where T: H — H, S;:
H, — H;,i=1,2,...,N, are nonlinear mappings and A;: H — H;,fori=1,2,..., N, are
bounded linear mapping with adjoints A}, fori = 1,2,..., N, then we get the Split Fixed
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Point Problem with Multiple Output Sets (SFPPMOS). The SFPPMOS was introduced by
Wang [38] and is defined as finding a point 2* € H such that

N
(1.11) zt e F(T) (ﬂ A7 (F(S»)) :
=1

or equivalently, finding a point
x* € F(T) such that A;z* € F(S5;), fori=1,2,...,N

In 2022, Wang [38] proposed the following iterative algorithm for solving SFPPMOS:
Let S;: H; — H; be k;—demicontractive mappings with x; € (0,1), foreachi =1,2,3,...,N.
Let {x,,} be the sequence generated from arbitrary zo € H by

N
(1.12) Tnp1 =Tx |xn — 7Y AT (I = 8;) Az |

i=1

where T\ = (1 — A\)I + AT, 7 and \ are properly chosen parameters. The author ob-
tained a weak convergence result to a solution of (1.11) under the assumptions that S; is
demiclosed foreachi=1,2,..., N and

N
é%lgnN( Ki)

N
>l
i=1

In 2022, Reich et al. [31] introduced a more general problem called the split common fixed
point problem with multiple output sets as follows: Let H, H;,i = 1,2, ..., m, be real Hilbert
spaces. Let A; : H — H;, i = 1,2,...,m, be bounded linear operators. Let T; : H — H,
j=12,.,.M,S.:H;, — H;,i=1,2,..,N, k= 1,2,..., M, , be nonexpansive mappings.
They defined the split common fixed point problem with multiple output sets as finding
a point z* € H such that

M N M; )
(1.14) z* e (ﬂ F(sj)) N (ﬂ A7t (ﬂ F(S,@))) :
j=1 i=1 k=1

Moreover, they introduced an iterative algorithm (see Algorithm 3.1 of [31]) and estab-
lished a strong convergence result to a solution of (1.14).

(1.13) 0<71< , 0< A< 1 — Ko

We have also another generalization of the split fixed point problems (see, [14]) known
as the Split Equality Fixed Point Problem (SEFPP) which was introduced by Moudafi and
Al-Shemas [26] and is defined as finding a point

(1.15) (z*,y*) € F(S1) x F(S3) such that Az* = By*,

where H; and H, are real Hilbert spaces, Si: Hy — H; and Sy: Hy — Hj are nonlinear
mappings, A: H, — Hz and B: Hy — Hj are bounded linear mappings, where H3 is
another real Hilbert space.

Many authors have proposed and studied different iterative algorithms for approxi-
mating solutions of SEFPP (see, for instance, [2, 13, 14, 15, 26]).

In 2011, Moudafi and Al- Shemas [26] proposed the following algorithm which approx-
imates a solution of SEFPP (1.15): Let Hy, Hs and Hj be real Hilbert spaces and let 7"
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H, — Hy and S: H, — H> be firmly quasi-nonexpansive mappings. Let {(z,,yn)} be the
sequence obtained by the following iteration:
Tn1 =T (xy — BpA"(Azy — Byyn))
{yn+1 = S(yn + BnB*(Az, — Byn)),
where {3, } is a real sequence satisfying some conditions and A: H; — Hs and B: Hy —

Hj are bounded linear mappings. Then they proved that the sequence {(z,,y,)} con-
verges weakly to a solution of the SEFPP (1.15) .

(1.16)

However, the calculation of the step size {/3,,} in (1.16) is dependent on the operator norms
| Al and [|B]|.

In 2015, Che and Li [15] proposed the following algorithm for solving SEFPP (1.15)
which does not require prior information about the norms of the bounded linear map-
pings for calculating the step sizes: Let H;, H> and H3 be real Hilbert spaces and let T;:
H, — H; and T3: Hy — Hj be quasi-nonexpansive mappings. Let {(zn,y,)} be the
sequence defined from arbitrary (xo, yo) € H1 x Hs as

Cn = Ty — 0, A" (Az,, — Byy),
Tyl = 0nZn + (1 — 0n)T1Cp,
dn = Y — 0o B*(Byn — Azy),
Yn+1 = On¥Yn + (1 — 0n)T2dn,

where A: H; — Hs and B: Hy — Hj are bounded linear mappings. They established
a weak convergence result under some appropriate conditions on the control sequences

{on}and {0, }.

In 2015, Chang et al. [13] proposed the following algorithm for solving SEFPP (1.15)
involving more general mappings: Let H;, Hy and Hj be real Hilbert spaces and let 7"
H, — H; and S: Hy — H; be Lipschitz quasi-pseudocontractive mappings. Let A: H; —
Hs and B: Hy — Hj are bounded linear mappings with adjoints A* and B*, respectively.
Let {(«n, yn)} be the sequence obtained from the following scheme:
cn = — 0, A" (Ax,, — Byy),

Tnt1 = Onn + (1= 0n) [(1 = G)I + T (1 = mn) I + mnT)] cn,s
dn =Yn — enB*(Byn - A(I;n)7
Yn+1 = OnYn + (1 - Qn) [(1 - Cn)l + C”S ((1 - nn)l + nns)] dn7

Then they proved a weak convergence theorem under some appropriate conditions on
the sequences {¢,}, {6}, {n.} and {¢,}. They have also obtained a strong convergence
result if in addition T" and S are semi-compact.

(1.17)

Recently, researchers have become interested in increasing the speed of convergence of
iterative algorithms. One of the methods employed for accelerating iterative algorithms is
the inertial method. The inertial method is a method where a specific term of the sequence
of iterates depends on the combination of the immediate preceding two terms. Many
authors have proposed a large number of inertial iterative algorithms for solving different
problems (see, for instance, [2, 3, 4, 18, 22, 27, 36]).

We now raise the following important questions:
Question 1.1. Can we introduce a new problem which generalizes the aforementioned

problems? Can we also propose an inertial iterative method for approximating a solution
of the problem introduced?
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Motivated and inspired by the results discussed above and the ongoing research inter-
est in this direction, we introduce the split equality fixed point problem with multiple output
sets (SEFPPMOS) which is defined as finding a point

(1.18) (=™, 97,v5,...,yn) € F(T) x F(S1) X F(S3) x ... F(Sy) such that A;z* = B;y;,

where C and @; are nonempty, closed and convex subsets of the real Hilbert spaces H
and H; fori=1,2,...,N; T:C — Cand S;: Q; = Q;, fori =1,2,..., N, are nonlinear
mappings; A;: H — H,; and B;: H; — H; are bounded linear mappings with adjoints
A7 and B}, respectively, for i = 1,2,...,N. We also propose an inertial algorithm for
solving the problem introduced under the assumption that the governing mappings are
uniformly continuous quasi-pseudocontractive.

The SEFPPMOS (1.18) is a quite general problem which contains the split feasibility
problem (SFP), split equality fixed point problem (SEFPP) and the split feasibility prob-
lem with multiple output sets (SFPMOS). Thus, it can be applied in numerous real-life
problems such as data compression, sensor networks, radiation therapy, antenna design,
computerized tomography, immaterial science, medical image reconstruction, data de-
noising with more complicated constraint sets.

2. PRELIMINARIES

This section is devoted to present some basic definitions and important results that
will be used in the sequel. The strong and weak convergence of a sequence {x,,} C H to
a point ¢ € H will be denoted as z,, = « and z,, — z, respectively.

Let H be a real Hilbert space. Then we have the following relations:

(2.19) lz +yl1* = ll2* + Iyl + 2(z, ),

(2.20) lz = ylI* = ll2]* + [ly[|* — 2(z,y), and

(2.21) |z +yl? < ||lz||? + 2(x +y,y), forall z,y € H.

The following identities also hold for all z,y,w, z € H:

(2.22) lz = ylI* + lly = w|* = |z — w|® = 2(y — w,y — =),

(2.23) ly = 2l” + fl = w|® = ly = w|® = |z — 2| = 2(w - 2,y — @),

For a nonempty, closed and convex subset C in H, the metric projection of the point
x € H onto C is defined as the unique point, Pcx, in C such that

[Pea — || = inf {{lz —yl: y € C}.
The metric projection has the following important properties:

(2.24) z=Pcx ifand only if (z — 2,y — 2) <0, forally € C, and

(2.25) ly — Pez||* + ||[Pox — z||* < ||z — y||?, forallz € H,y € C.

Lemma 2.1. [34] Let H be a real Hilbert space and let o, 3 € R. Then |jax + By|* = a(a +
Axl? + Bla+ B)yll> — ablla — yl|?, for any x,y € H.

Lemma 2.2. [49] Let C be a nonempty, closed and convex subset of of a real Hilbert space H and
let T: C' — C be a continuous pseudocontractive mapping. Then

(i) F(T) is a closed and convex subset of C;
(ii) (I —T) is demiclosed at zero.



Solution of the Split Equality Fixed Point Problem with Multiple Output Sets 575

Lemma 2.3. [43] Let {x,,} be a sequence of non-negative real numbers such that
Tn+1 S (1 - an) Tn + andna

where {a,,} C (0,1) with Y7 | o, = oo and {d,} is a sequence of real numbers such that
limsupd, <0. Then lim z, = 0.

n—oo n—oo

Lemma 2.4. [24] Let {c,, } be a sequence of non-negative real numbers. If {c,,, } is a sub-sequence

of {cn} such that ¢,;, < cp,41 for all i € N, then there exists a non-decreasing sequence {my, }

of N such that klim my, = oo and the following properties are satisfied by all (sufficiently large)
— 00

number k € N:
Cmy, S Cmyp+1 and Ck § Cmp+1-

In fact, mp=max{n <k :c, < chy1}.

Lemma 2.5. [21] Let H be a real Hilbert space and let C' is a nonempty closed convex subset of
H. Forallx € H and o > 8 > 0, the inequalities hold:

E

Lemma 2.6. [1] If Hy, Hs, ..., Hy are real Hilbert spaces, then H = Hy; x Hy x ... x Hy is
also a real Hilbert space with inner product

x — Po(z — aAx)
!

z — Po(x — BAzx)
B

(1,22, . 2n), (Y1, y2, .- -, yN)) = (@1, Y1) + (T2, y2) + ... + (&N, YN),

forall (z1,22,...,2n), (Y1,Y2,...,yn) € H and

(Tn1,Tn2,- - TnN) — (T1,22,...,TN) implies x,; — x;, foreachi=1,2,... N.

Lemma 2.7. [6] Let H = Hy X Hy X ... x Hy, where Hy, Ho, ..., Hy are real Hilbert

spaces, and let C be a nonempty, closed and convex subset of H. If (u1,ua,...,un) € H and
(ui,us,...,uly) = Po(ug,ug,...,un), then
<(U1,7.L2,...,UN) - (UT,U;,...,UR{),(IL’MSEQ...,(EN) - (uTvu;aau}k\/» <0,

forall (x1,z2...,2n) € C.

3. MAIN RESULTS

In this section, we state our algorithm and discuss its convergence analysis. Before
introducing our main result, we prove the following lemma.

Lemma 3.8. Let C' be a nonempty, closed and convex subset of a real Hilbert space H and let T"
C — C be a continuous quasi-pseudocontractive mapping. Then F(T') is closed and convex.

Proof. The closedness of F(T') readily follows from the continuity of 7. We now show that
F(T) is convex. Let ¢1,¢q2 € F(T) and put ¢ = tq1 + (1 — t)ga2, t € (0,1). We show that
q € F(T). Letyg = (1—p8)q+ pTqfor g € (0,1), thatis, ¢ —ys = 8(¢ — Tq). Now, we have
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for all p € F(T) that

1
lg—Tq||* = (qg—Tq,q— Tq) = B<q—yﬂ7q—Tq>

= %@— ys:a —Ta— (ys — Tyg)) + %(q—y/s’yﬂ —Tyg)
= %@—yﬁaq—Tq— (yp — Typ)) + %<q—p+p—y57y6 —Tyg)
(3.26) :%(q—yﬁ,q—Tq—(yB—Tyﬂ)H%(q—p,yﬁ—Tyﬂ>
+ %@—yﬁ’yﬁ — Tyg)
= % [llg = ysll* = (@ — s, Tq — Typ)] + %(q—p,yﬂ —Tyg)
+ %@— v, ys — Tys)-

Since T is quasi-pseudocontractive, we have that (p — y3,ys — Tyg) < 0. Thus, it follows
from (3.26) that

1 1
lo=Tall* < 5 [la —vsl* ~ (¢~ 5. Ta ~Tys)] + 5{a~p.ys — Tys)
1
= Bllg = Tal = (g = Tq, Tq = Tys) + 5(¢~P.ys = Tys),
which upon substitution of ¢ — yg with 3(¢ — Tq) and some rearrangement gives that

(3.27) (1=B)llg—Tq||> < —{qg—Tq,Tq— Tyg) + %<q —p,ys — Tys).

Taking p = ¢;, for ¢ = 1,2, multiplying ¢ and (1 — ¢) on both sides of (3.27), respectively,
and adding up we get

(3.28) (1= B)lla—Tal* < —{a—Tq,Tq — Typ).
Since yg — g as 8 — 0, and T is continuous, it follows from (3.28) that ||¢ — Tq|| = 0, that
is, ¢ € F(T) and hence F(T) is convex. O

Throughout the rest of the paper, we shall assume the following conditions.

Conditions

(C1) Let H be a real Hilbert space and let C' and be nonempty, closed and convex subset
of H;

(C2) Let Q; be nonempty, closed and convex subsets of the real Hilbert spaces H;, i =
1,2,...,N;

(C3) LetT: C' — C and S;: Q; — Q; be uniformly continuous quasi-pseudocontractive
mappings with (I — T) and (I; — S;) being demiclosed at zero, for each i =
1,2,....,N;

(C4) Let A;: H — H;and B;: H; — H;, i =1,2,..., N, be bounded linear mappings
with adjoints A} and B, respectively;

(C5) Let

Q={(z", v, y5,---,yn) € F(T) X F(S1) x F(S2) X ... x F(Sn) :
Aix® = Byyf,i=1,2,... N} #
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(C6) Let {ay} C (0,1) besuch that lim a,, =0 and > an =o0;
n=1

(C7) Let {¢,} be a sequence such that ¢,, € (O, ;) foralln > 0and lim G =0.

n—00 Qi
We now state our algorithm and discuss its convergence analysis.

Algorithm 3.1.

Initialization: Let xo,x1 € H, yo,i, y1; € H;,1=1,2,...,N,0 €[0,1). Let~,l,u,0 € (0,1).
For arbitrary points u € C and v; € Q;,1=1,2,..., N, calculate {x,,} and {yy,;} as follows:

Step 1. Given the iterates x,,_1,x, € H and y,_1;, Yn,; € H;, choose 8,, such that 0 < 6,, < oy,
where

. Cn .
(3.29) — m%&%,#%¢m
0, otherwise,
where
On = |lTn — Tnall + 1r§nia§}§v My, = Yn—1.4ll}-

Step 2. Compute
(330) a, = Pc [xn + 0, (mn - xnfl)] )
(3.31) bn,i = Pg, [Yn,i + On (Ynyi — Yn—1.3)] -
Step 3. Compute

N
(332) cn = Pc (an —Tn Z A: (Aian - Blbnﬂ)) )

i=1
(333) dn,i = PQ'i (bn,i - 'YnB; (Bibn,i - Azan)> 5

where 0 < p < v, < pp, With
(3.34)

N
Z HAzan - -szn,'LH2
i=1

pn =min ¢ p+ 1,

N )

> 147 (Asan — Biby)|

i=1

2( 5 [1B: (Bibai - Aian>||}2>
i=1

form e Y ={m e N: A;an, — Biby,; # 0}, otherwise ~,, = p.
Step 4. Compute
(3.35) en =cn— A(I —T)ecp,

Iy = dpi — ni(Ii — Si)dn.i,

where N, = yl9™ and j,, is the smallest nonnegative integer j satisfying
(3.36) 1L = T) (e =1 (I = T)en) — (I = Theall < pll(Z = Teal,
and n,, ; = '™, where j,, ; is the smallest nonnegative integer j; satisfying
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Step 5. Compute
(3.38) Pn = Polen = Anl(I = Ten — (I = T)ea)],
Gni = PQi [Pnyi — Mn,i(Li — Si)hni — (1i = Si)dni)] -
Step 6. Compute
(3.39) Tnt1 = Qptt + (1 — o) Dn,
(3.40) Ynt1,i = an¥; + (1 — )G s
Setn =n+ 1and go to Step 1.

Remark 3.2. The following are some of the novelties of our results:

i. The problem we introduced is more general than the SEFPP (1.15);
ii. It extends the nature of mappings considered in the results of Chang et al. [13] from
Lipschitz continuous to uniformly continuous;
iii. The type of convergence in Chang et al. [13] is improved from weak to strong convergence;

Remark 3.3. We deduce from (3.29) and condition (C'7) that

.0
lim —|||z, — 21| =0,
n— oo a,n

and this together with the condition on «,, gives that
(3.41) lim 60, ||z, — zn—1| = 0.
n—oo
Lemma 3.9. Assume that Conditions (C'1) — (C'5) hold. Then the Armijo line-search rules (3.36)
and (3.37) are well defined.

Proof. 1t is sufficient to show that (3.36) is well defined. If ¢, is a fixed point of T, then
obviously j = 0 satisfies the relation (3.36). Assume on the contrary that ¢, is not a fixed
point of 7. Then the right hand side of (3.36) is always positive. On the other hand, we
have from the continuity of 7" and the fact! € (0, 1) that

lim [|(I=T) (cn =7 (I =T)cn) — (I = T)en|l = 0.
J—00
Therefore, there exists a nonnegative integer j which satisfies the inequality (3.36) and

hence (3.36) is well defined. Similarly, there exists a nonnegative integer j; which satisfies
the relation (3.37) for each i = 1,2,3,..., N, and hence the proof is complete. O

Remark 3.4. We note here that the line search rule (3.36) can be rewritten as
)‘n”(l - T) (Cn - 'Ylj(j - T)Cn) - (I - T)Cn” < ,u)‘n”(l - T)an,

or equivalently

(3.42) Mll(I—=T)en — (I =Ten| < pllen — call-

Similarly, (3.37) can be rewritten as

(Iz — Sz)hn’z - (Iz - Sz)dn,z

i | < 0l[hn,i = dnill

Theorem 3.1. Assume that conditions (C1) — (C7) hold. Then the sequences {x,,} and {y, .},
i=1,2,...,N, generated by Algorithm 3.1 are bounded.
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Proof. Let (z*,y5,y5,...,yn) € Q. Then z* € C and yf € Q;, foreach i = 1,2,...
From (3.39) and Lemma 2.1, we have
n41 = 2" = llanu + (1 = an)pn — 2"
(3.43) = [lon (u = =) + (1 = o) (pn — 27|

< anflu— 2" + (1 = o) lpn — 27|
From (3.38) and nonexpansivity of the metric projection, we obtain

o — 21> < llen = An((I = T)en — (I = T)en) — 2*|?

= ||pn||2 + ||J}*H2 —2{en = A (I =T)en, — (I = T)ey) ,JJ*>

= [lpnll? + l2*]1* = 2(en, 2*) + 22 (I = T)en — (I = T)ep, ™).

= Ipall® = llenll? + leall® + [l2*[1* = 2(en, z*)
+ 20 (I —=Tep, — (I —T)cy, ™).

= [len = "1 = [leall® + [Ipnll® + 220 ((I = Ten — (I = T)ep, %)

= llen — "1 = [lenll® + 2llpnll> = Pall® = 2(en, Pn) + 2(en, pn)
+20, (I =T)en, — (I =T)cp, z*)

(3.44) = llen —&*[1* = llpn — enll? + 2llpnl1> — 2(en, pn)

+20 (I =T)ep, — (I —T)cp, z™)

= ||en - x*llz - ||pn - en||2 + 2<pnapn> - 2<enapn>
+20 (I —T)ep, — (I —T)ey, z™)

= llen —&*[I* = llpn — enll* + 2(pn, pn — €n)
+20((I —=T)en — (I = T)cp, z™*)

= llen — x*”2 — lpn — en”2 = 2(pn; M [(I = T)en — (I = T)en])
+20 (I —T)en, — (I = T)ep, z™)

)

= llen — 1'*”2 — ||pn — en”2 + 22\ (I = T)en — (I = T)en, " — pn)-

But, we have from (2.23) that
(345  llen —2"|” — llen — pall* = llen — 271 = llen — pall® + 2{en — cnopn — 27).
Substituting (3.45) into (3.44), we obtain

(3.46) o = 2*)* < llen = 2*1* = [P0 = call® + 2(en — cn,pn — %)
' + 20, ((I = T)en — (I = T)en, x* — pn).

We also have from (2.22) that

(3.47) |pn — Cn||2 = |lpn — en||2 + llen — cn||2 —2(en — Cp,€n = Pn)-

Substituting (3.47) into (3.46), we obtain

|en - CnH2 + 2<en — Cn, En _pn>
+ 2(en — Cpypn — ) F 20T —Tey, — (I = T)ep, x* — pr).

I — ™[I < llew — 2™[|* = Ipn — enll* -

(3.48)

579
N.



580 H. Zegeye, Y. A. Belay and H. H. Gidey

We have from (3.32), nonexpansivity of the metric projection and property (2.21) that

2
lew = 212 = || Pean %ZA (Asan — Bibyi)] — 2"

2

(349) ‘ —Tn ZA* A; iln — z n z) - (E*
N
< Han - x*“Q - 27n< ZA: (Azan - szn,z) s Sn — .’13*>,
i=1

N
where s, = a, — Vn Z A7 (Asan — B;by, ;). Combining (3.48) and (3.49), we get
i=1
* H2

< llan — 93*”2 — lpn — 6n”2 — llen — Cn”2 +2(en — Cnyen — Pn)

+ 2(es, — Cpyn — ) + 220 (I = T)ep, — (I = T)ep, ™ — pp)

— 2 iv:A;ﬂ (Asan = Bibni) 50— " ).

i=1

”pn -

(3.50)

Moreover, we have from (3.30), nonexpansivity of the metric projection and (2.20) that

lan —a*[|* = | Po (xn + Op(zn — 2n1)) — 2*|?
(3.51) < lwn + O (20 — 201) — %2
= Hx*HQ = 2(xn + On (29, — Tp—1), %) + th”Za

where t,, = z, + 0, (2, — 2,,—1). We now obtain from (3.51) that

lan =21 < fl2*)1* = 2z, %) = 20, (20 — 2p—1,2") + |[ta])?
= [l2*[1” = lznll? + lznll® = 2(2n, 2*) = 200 (xn — zn1,2*) + [[tn]|®
= lzn = 2*|* = lzall® = 200 (20 — 2n1, %) + |Ita)?
= [lzn — 2| = [|zall* = 200 (@n — 201, %) — [|ta]|®
(3.52) + 2ltnll? = 2(xn, tn) + 220, t)
= [lzn — 2*|]* = [lzn — tal* — 26,
NP = llan — tall® — 26,
= [lzn — 2*|* = [lzn — tal* — 26,

= ||z, — = ||2 lzn — tn||2 + 20,

*

2([tnll* = 2(zn, ta)
<tn7tn -rn>
9 <tn7xn - xn71>

~1)-

Tp —Tp—-1,T
2
2

™) +
Ty — Tp—1,T") +
Ty — Tp—1,2") +

Ip

/\/\/\/\

*
tp — X", Ty —
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Substituting (3.52) into (3.50), we obtain

(3.53)
lpn — m*HQ < lwn — x*||2 — |lzn — tn||2 — |lpn — en||2 — llen — Cn”2 +2(en — Cn,n — Pn)
+2(en —Cnypn — %) + 20 (I = T)ep — (I = T)en, 2" — pr)

N
- 27n< ZA;k (Aian - szn,z) y S — SU*> - 20n<x* - tnaxn - xn—l>
i=1

= ||lzn — x*||2 = |lzn — tn||2 — |lpn — en||2 — llen — Cn”2
+2(ep, —cpyen — ") + 20, (I =Ty, — (I = T)ep, % — €y)
+20 (I —=T)en, — (I —T)cn,en — pn)

N
— 27n< ;Af (Ajan — Bibn i), Sn — :1:*> — 20, (x" —tn, Tp — Tp_1).

= ||lzn — $*||2 — [|zn — tn||2 — lpn — 6n||2 — llen — Cn||2

F20 [(I—=T)ey — (I —=T)epn] — (en —cn), ™ —ep)
+ 20 (I = T)ew — (I = T)ep,en — ) — 200 (2" — tp, Tp — Tp—1)

- 277L< iv: Af (Aian - Bibn,i) , Sn — x*>

i=1
But, e, = ¢, — \n({ — T)¢y. Now let 7, = (I — T)e,,. Then we have
ent+Tn=cn+\[(I—-T)en,— (I —-T)cy],

which implies that

(3.54) Tn = E A (I =T)en — (I —=T)en) — (en —cn)] -

Since T is quasi-pseudocontractive, we have that

(3.55) (Tnyen — ™) > 0.

Thus, substituting (3.54) into (3.55), we obtain

(3.56) M (I=T)en — (I —T)ecn) — (en — cpn),en — ") > 0.

Thus, we obtain from (3.53) and (3.56) that

I = 2* |1 <l — 2*|° = [J2n — tall® = Ipn — enll® — llen — call?
+ 2>‘n<(I - T)en - (I - T)Crmen - pn>
(3.57) =20, (x" —ty, Tp — Tp_1)

— 2’yn< Z A7 (Ajay, — Biby i), Sn — x*>

i=1
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We also have from the Cauchy Schwarz Inequality that

(3.58)
—(On(zn —Tn-1), 2" —tn) < Opllzn — o] 2" — ]

)

< |27 — xanH [Hx* - th2 + 1]

2

0, . 5
0, .

< ?”xn - xanH [2”93 - xn”Q + 2|z, — tn||2 + 1]

= Op|lzn — xanHHxn - x*HQ + eonn - xnfllHlxn - tn”Q

O

2

+ ||£L’n—13n_1H

From (3.57), (3.58) and the Cauchy Schwarz inequality, we obtain that

lpn = 2*(|* < o — 2™ = [lzn — tall® = [Ipn — enll® = llen — call?

+ 20, ((I = Ten — (I —T)cn, en — pn) + 2Ca ||z, — x*||?

N
+ 2<n||-rn - tn||2 +Cn — 2'Yn< Z A: (Aian - Bibn,i) ySn — JJ*>

i=1
<||zn — m*||2 — |zn — tn‘lz —[lpn — 6n\|2 — llen — Cn||2

+ 20, [[(T = T)en — (I = T)enl|llen = pall + 26nllzn — 2%

N
+ 26l = bl 4+ Go = 29 ( D_ A7 (Aian = Bibui) 50 — ),

i=1
which implies by (3.42) that

(3.59)

Ipn = 2*|1* < |z — 2*|* = llzn — tall® — lpn — enll® = llen — call?

+ 2pllen = cenllllen — pall + 2¢allzn — x*||2 + 2G| 20 — tn||2

+Cn— 2’yn< i A* (Ajan — Bibn.) s $n — :c>
=1

< (14260l — 2% )* = (1= 2G0) lon — tall® = [P0 — eall® = llen — call?

llen — enll® + llen pnlw

2 n
+ﬂ[ > +Cn

N
— 2")/n< ZA? (Alan — Blbn,l) ySn — I’*>
i=1
< (14 2G) 20 — 2*)* = (1= 2¢) [z — tall* = (1 = 1) [pn — enl]?

N
— (1= p)llen — CnH2 +Cn — 2’7n< ZA: (Asan — Bibn,z’) ySn — x*>

=1
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1 .
As ¢, € (07 2) and p € (0,1), we obtain from (3.59) that

N

B60) lpn — 2| < (1+ 26)llam — 21 + Gu — 290 D7 A7 (st = Bib) 50 — ).
i=1

Substituting (3.59) back into (3.43), we obtain
lzns1 = 2*[* < +enllu — 2|7 + (1 = an) (1 +26) on — 2™
— (1= )1 = 26a) |2 = tal® = (1 = @) (1 = 1) [pn — enl®
(3.61) (1= an)1 = pllen =l + (1 = an)Ca

~2(1 = an)m( iv:A;f (Asan = Bibni) 50— " ).

i=1

Similarly, we have

[Yntri — 4 1P < anlloi — g7 11 + (1= an) (14 260) lyn.e — v |17
(3.62) — (1 = an)(1 = 26) |Yn,i — un,ill® = (1 = o) (1 = 0) | gn,i — hanill?
— (1= ) (1= 0)|[hns = dnsl> + (1 = an)Cn
- 2(1 - an)’)/n <B:< (Bibn,i - Aian) sTnyi — y:>a

n 1 .
foreachi € {1,2,3,..., N}. Since i— — 0asn — oo, forany e € (O, 3 there exits ng € N
such that ¢, < ea,, forall n > ng. Thus, we obtain from (3.61) and (3.62), respectively,
that

lZni1 — %)% < anllu — 2|2 + (1 — an) (1 + 2ea,)||zn — 2*||* + can
(3.63) N
- 2(1 - an)’yn< ZA? (Azan - B'Lbn,z) y S — x*>a
i=1
and
(3.64) Y41 = 47 17 < anllvi =y 12 + (1 — an) (1 + 2e00) lyns — ¥ |I* + can

= 2(1 — an) (B} (Bibni — Aiay) ,rn; — yi) for all n > ny.

Taking the summation of (3.64), we obtain

(3.65)
N N N
Dyt =417 < an Z i = w7 1* + (1 = an) (1 + 2200) > lyms — v |I* + Neay,
i= i i=1
N
]-*Oén V"Z 1*Aian)arn,i7y;;k>'
1=1
N
Denote A, = ||z, — z*||2 + Z [y — yill> and T = [Ju — 22 + ) [lo; — y;||?, for all

i=1

n > ng. Then combining (3. 63) and (3.65), we obtain
Apt1 <apl'+ (1 —an)(1 + 2ea,)An + (N 4+ 1eay,

3.66 N
( ) 2(1 — ”ynz (Ajan, — Biby i, Aisy — Biry i), forall n > ny.
i=1
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We have from the Cauchy Schwarz inequality that

N
- Z<Azan - Bibn,ia Ajsp — Birn,i>

=1

N
—_ZAan_ 7.n7.7 Aian_Bibnz ZAan_ znzv Aisn_Aian>
i=1

(367) - Z A ian — B n iy B;b, K Bi’rn,i>
N
<- ZHA an = Bibu il + 3 147 (Asan — Bibn,o)llllsn — an|
i=1

+ Z 1B (Aian — Bibn,i) [ 1bn,i = mnill-
i=1

Moreover, we have

N N
(B.68) [Isn — anl = llan — ZAr(Aian = Bibn,i) = an| = 7| Z Ai(Asan — Bibni)|l,

i=1 i=1
and
(3.69) 7, — bn,i” = an,i - 'VnB;'k(Bibn,i — Aja,) — bn,i” = ’YnHB;(Bibn,i — Ajay)|-

Combining (3.67), (3.68) and (3.69) and using (3.34), we obtain

N
- 2’771, Z<A7an - Bibn,ia A13n - Bi’rn,i>
=1
N N 2
< =29, Z ”Azan - Bibn,iH2 + 2’77% <Z ”A: (Aian - szn,z)”>
=1 1=1
N
* 2
+292 Y (1B (Aian — Bibyi)|))
i=1
(3.70) N N
S _IOZ ||Aian - Bibn,iHQ —Tn Z ||Azan - szn,zH2
i=1 1=1

N 2 N
+ 277 (Z | A7 (Aian — Bibm)> + 292> (B (Asan — Bib,i)[l)?

i=1 i=1

N
< —p Y | Aian — Bibnil*.

i=1
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Combining (3.66) and (3.70), we obtain

(3.71)
N
Api1 < a4+ (1 — an)(1 4+ 2ea,)An + (N + Dea,, — (1 — an)pz lAsa, — Bz-bw'H2
i=1
<D+ (1 —an)(1 + 2ean)A, + (N + 1ea,
<l—a,(1-2¢)] A+, [T+ (14 N)e]
'+ (1+N)e '+ (1+N)e
= — — — -~ < -~ @@
[1—a,(l-2)]A,+a,(1 26)[ -2 } _maux{An7 -2
r 1+ N
We conclude by induction that A,, < max {AO, Ay, Aoy A1, w } Thus,

{A,} is bounded. This implies that the sequences {||z, — z*||} and {||yn: — y;||} are
bounded which in turn implies that {z, } and {y,, ; } arebounded foreachi =1,2,3,..., N,
and hence the proof is complete. O

Theorem 3.2. Let (C1) — (C7) hold. Then the sequence {(Zn, Yn,1, Yn,is---5 Yn,N)} S€N-
erated by Algorithm 3.1 converges strongly to (p,q1,qz,--.,qn), where (p,q1,q2,...,qn) =
Po(u,v1,v2,...,0N).

Proof. We can easily conclude from Lemma 3.8 that the set 2 is closed and convex and
thus projections onto 2 are well defined. Let (p,q1,42,...,98) = Pa(u,vi,v2,...,0N).
Then it follows by Lemma 2.7 that

(372) <(U,’U1,U2,... aUN)_(p7(I17(J2a~~~7CIN)7(U}77U17U127~~~»wN)_(p7Q1,(I27-~7QN)> S Oa

for all (w, wy, wa,...,wx) € 2. Now, we obtain from (3.39) and (2.21) that
(3.73) [Znt1 = plI* = lanu + (1 = an)pp = pl* = llan(u = p) + (1 = an)(pa = p)|1?
S (1 - an)ll(pn _p)||2 + 2an<u — Dy Tn+1 _p>'

Substituting (3.60) into (3.73) with * = p, we obtain

(3.74)
[#n41 = plI> < (1= an) [(1+2¢0) lzn — plI + G
—2(1 — an)m

N
<ZA: (Aian - Blbn,l) »Sn _p> + 204n<u — Dy Tpt1 — p>'

i=1

¢

1
Since 2> — 0 as n — oo, for any € € <0, 2) there exits n; € N such that {, <
ap

eay, forall n > n;. Thus, we obtain from (3.74) and the Cauchy Schwarz inequality
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that
(3.75)

[2nt1 = plI* < (1= an)l|ln — plI? + 2ean|lzn — pl?

N
—2(1 — o)y (Y A} (Aian — Bibyi) 0 — 1)

i=1
+2ap[lu = pl| [[nt1 = @n | + (= p, 20 —p) + Cn

N
=[1— an(1 = 20)][lzn — pI* = 201 — @)y (D" A} (Asan — Bibi) .50 — p)

=1
+ 2anu = pl 71 = zall + (0 = py 0 =) + 0

n

N
=1 — an(1 = 2¢)][|zn — p||* — 2(1 — an)7a( ZA;‘ (Ajan — Bibni), $n — D)

i=1
Cn
2|lu = pll |enss = znll + 20w = p, 20 —p) + ==

1-2 n In ’
+( e)a T

for all n > n;. Similarly, we have for each i € {1,2,..., N} that

lYnt1,i — %’”2 <1 = an(l=28)]|lyn,i — %‘”2 —2(1 - Ofn)'Vn<B;k (Bibn,i — Aian) ,Tni —

Lo

2l|vi = @il |1Ynt1,i = Ynyill + 2(0i — G, Yni — @)
+(1—-2¢)ay,

n

1—2e

which gives upon summation that that

(3.76)
N
Z”ynJrl,i —ail?
i=1

N

(1¢>

N
<= a1 =29 llymi — aill* = 201 = an)yn ¥ _ (B (Bibni — Aian) ;i — ¢;)
=1

i=1

Cn

N N
QZ vi = @il |yn+1,6 — Ynall + 22(%‘ — i Yni — @) T N=—
i=1 i—1

Ap

1—2)a,
+ ( e)a o

for all n > ny. Then combining (3.75) and (3.76), we obtain
(3.77) Api1 <[1—an(l—2¢)] A, + an(l—26) (T, +Z,), foralln > ny,

where
Cn
2/lu = pll [[Tns1 — znll +2(u — p, 2n — p) + anOT

3.78 Tn = n ,
( ) 1—2¢
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and

N N
QZ lvi = @ill lyn+1,i = Ynill +2 Z(Uz‘ = GisYn,i — @) + Nanci
=1 i=1 n

(3.79) =, =

1— 2
Combining (3.61) and the summation over: = 1,2, 3, ..., N of (3.62) and using the relation
(3.70), we obtain upon rearrangement that
(3.80)
(1= an)(1 = 2¢)[|zn — thz + (1= an)(1 = p)llpn — en||2 + (1= an)(1 = pllen — Cn||2
N N
+ (1= ) (1 =26) Y lymi — il + (1= ) (1= 8) Y llgn.i — hnil?
i=1

i=1

N
24 p(1—an) Y |Aian — Bibni)?

i=1

N
+ (1= an)(L=6) Y llhni = dn
i=1
N+1
<A, —Apyq +an [F+(25— DA, + H)C"} .
Qp
Now, we consider two cases on the sequence {A, } of nonnegative real numbers.
Case I: Suppose the sequence {A, } is nonincreasing. Then we have by the Monotone
Convergence Theorem that {A,,} is convergent. Taking the limit as n — oo of (3.80), we
get

N
(3.81) lim Z; | Aia, — Bibn.i| =0,
i—
(3.82) lim ||z, —t,] = lIm ||pp —epn] = lim |lep, —cnl =0,
n—oo n—oo n—oo
and
N N N
(3.83) nlgrolo Zl ||ynz - un,l” = nlggc Zl ”‘In,i - hn,t” = nlggo Zl ”hrm - dn,i||~
We also have from (3.32) and the condition on 7, that
(3.84)
N
len = anll = lan — Po(an = Y A7 (Aian — Bibn.,))|
i=1

N N
<Y > A7 (Aian = Bibni) || < (p+1) Y IIA} (Aian — Bibyi) | — 0, as n — oo.

i=1 i=1

From (3.39), boundedness of {p,,} and the condition on «,,, we obtain that

(3.85) lim ||2pe1 — poll = lim ||apu+ (1 — an)pn — pull = lim ayplju — pa|| = 0.
n—o0 n—o0 n—0o0

Moreover, we have from the nonexpansivity of the metric projection and (3.41) that

ILm ”an - InH = ILm ||PC (mn + an(zn - xn—l)) - PC%LH
3.86 n o0 n o0
(3.86) < lim 0,||zn — zp—1|| = 0.
n—oo

From (3.82), (3.84), (3.85) and (3.86), we obtain that

(3.87) Jim [z g0 — 2l =0
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Similarly, we obtain that

N
(3.88) Jim > yns1i = ynll = 0.

i=1
Since the sequence {(«y, Yn.1, Yn.2,---Yn,n)} is a bounded sequence, there exists a subse-

quence

{(xnmynk,lvynk,% .. 7ynk,N)} of {(xruyn,ly Yn,25 - - yn,N)} and a Pomt ('fa zjlnga s 7y7V)
such that

(xnkvynk,lvynk,% R aynk,N) - (:Z'vy_l,y_% oo 7y7\f) and

1imSHp<(U,U1,U2,...,UN) - (paqlana"'an)a

n—oo

(xn,yn,layn,% e 7yn,N) - (pv 41,92, - - '7qN)>

(3.89)
= lim <(U7U17U2a"'7UN)_(p7qlaQQa"'7qN)7
k—o0
(g YUne,1s YUng,25 -+ s Yn,N) — (P,(J17Q27~~,(IN)>~
As a consequence, we have z,,, — Z and y,,, ; — ¥, for each i € {1,2,...,N}. Now, we

show that (Z, 71,92, ..., yn) € 2.
Put z,, = Pc (cn, — Anl ™I = T)cy, ). From (3.84) and (3.86), we obtain ¢, — Z. By
Lemma 2.5 and (3.82), we have

1
(3.90) len, — 2zl < 7||an —en, || = 0, asn — oo.

Therefore, z,, — Z. Thus, we have that {z,,} is bounded. Since I — T is uniformly
continuous, we have

(3.91) (I —=T)cn, — (I =T)zy, || =0, as k — oc.
By the Armijo line-search rule (3.36), we have
)‘nkl_lH(I - T)(an - )‘nkl_l(l - T)cnk) - (I - T)cnk H > :U’H)‘nkl_l(l - T)an)H,

which implies

(392) (I - T)(an - )‘nkl_l(I - T)c'nk) - (I - T)cnkH > H(I - T)an)”

o

"

We conclude from (3.91) and (3.92) that klim (I —T)ecp, = 0. This together with the fact
:—00

¢n, — T and demiclosedness of T" implies that (I — T)z = 0, thatis, z € F(T'). It can be
similarly shown that g; € F(S5;).
Moreover, we have by (2.21) that

(3.93)
|AiZ — Bigil|* = || Aian, — Bibnyi + Ait — Asan, + Bibn, i — Bigil)?
< ||Aian, — Bibn, ill* + 2(Ai& — Bigi, Ai® — Ajan, + Bibn, i — Bitii).

Since a,, — %, we obtain from (3.81) and (3.93) that A;z = B,y;, and thus we conclude
that (z,g;) € Q.
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Thus, we have from (3.89) and Lemma 2.6 that
(3.94)

thUp<(U,U1,’I)2,...,’UN) - (p7(I1»(I27-~~7CIN),

n—oo

(a:nayn,lay’n727 v 7yn,N) - (pa q1,492, - - aQN)>

= lim <(u7vla1}27"'aUN)_(p7q17q27"'7q]\7)7

k—o0
(Inkayﬂk,laynkﬂa e ?yn,N) - (p7 q1,42, ... 7QN)>

= <(u,’l)1,'l}2,...,'l)N) - (paqlvq%'"an)v(:an_l,y_%"'vij) - (p7Q1,qQa"'7QN)> é 0.
From (3.78), (3.79), (3.87), (3.88) and (3.94), we conclude that

(3.95) limsup(Y,, + Z,) < 0.
n— o0
From (3.77), (3.95) and Lemma 2.3, we obtain that lim A, = 0, which implies that
n— oo
lim ||z, —p|| = lim |yn; — ¢l = 0 and hence lim z, = p and lim y,; = ¢; for
1=1,2,...,N.

Case II. Suppose there exists a subsequence {A,,, } of {A,} with A, < A,, 41 for all
k > 0. Then, by Lemma 2.4, there exists a nondecreasing sequence {m;} of positive

integers such that lim m; = oo and
j—o00

(3.96) Apy SAp1 and Ay <Apy g,
for all positive integers j. We have from (3.80) and (3.96) that
(1 - amk)(l - 2<mk)||mmk - tmk ||2 + (1 - amk)<1 - :u’)llpmk — €my, ||2

N
+ (1= am )L = w)llem, = cm I+ (1= am, ) (1= 2Gm,) D ymgs — il
i=1

(3.97) N i N 2
+ (1 = am, )(1 = 6) Z lGmy.i — Py il + (1 — @, ) (1 = 0) Z [T ——
i=1 i=1
S (N +1)¢
(1= ) 3 A, — Bl < [+ (25 = 13, 4 ],
=1 mp

Taking the limit as ¥ — oo and following similar methods used in Case I, we obtain

(3.98) limsup(Yy,; +Epm;) < 0.

j—o0
We obtain from (3.77) and (3.96) that v, (1 —2¢) Apy11 < iy (1 —22) (T + Enmyy),
which implies that

(399) Amj-i-l < ij + Emj-
Taking the limit as j — oo of (3.99) and using (3.98), we obtain that lim A, ;; = 0. This
j—o0

together with (3.96) implies that lim A; = 0. Thus, we have lim |jz; — p|| = lim |ly;; —
j—oo j—o0o j—o0

¢i|| = 0 and hence we have lim z; =pand lim y;; =¢; fori=1,2,..., N.
j—o0 j—o0
Thus, we conclude from Case I and Case II that the sequence {(zy, Yn.1, Yn2,---, Yn,N)}

generated by Algorithm 3.1 converges strongly to a point (p, ¢1, g2, . . ., gn), Wwhere
(P, q1,92, - - -, an) = Pa(u,v1,v2,...,vy) and hence the proof is complete. O
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We now deduce the following corollaries from our main result.

Corollary 3.1. Assume that conditions (C1) — (C2) and (C4) — (C6) hold. If T : C — C
and S; : Qi — Q; are uniformly continuous pseudocontractive mappings, then the sequence
{(@n, Yn,1s Yn2,-- -, Yn,n)} generated by Algorithm 3.1 converges strongly to (p, g1, g2, - - -, qn),
where (p,q1,q2, - .,9n) = Pa(u,v1,ve,...,0N).

3.1. Some Particular Cases of the Main Result. In this subsection, we draw some special
cases of our main result.

3.1.1. Split Feasibility Problem. If we takei = 1and By = I, F(T) = C'and F(S1) = Q1
in (1.18), then the SEFPPMOS reduces to the problem of finding a point

e C:Ajx* e
which is the SFP (1.5). Denote II = {z* € C': Ayz* € Q1}. Then the following corollary
follows from Theorem 3.2.

Corollary 3.2. Assume that conditions (C1) — (C4) and (C6) — (C7), withi = 1land By = I,
hold. Assume also that I1 # (. Then the sequence {(xy, yn1)} generated by Algorithm 3.1,
converges strongly to (p, q1), where (p, q1) = Pr(u,v1).

3.1.2. Split Fixed Point Problem with Multiple Output Sets. If we take B, = I,, where
I; is the identity mapping on H;, then (1.18) reduces to the split fixed point problem with
multiple output sets defined as finding a point

N
z* e F(T)() (ﬂ A7t (F(Sz-))) ,fori=1,2,...,N.
i=1

Denote I'* = {a:* eF(T)N (ﬂf\il At (F(Sl))) } Thus, we have the following corollar-
ies.

Corollary 3.3. Assume that conditions (C1) — (C4) and (C6) — (C7), with B; = I, hold. As-
sume also that T* # (). Then the sequence {(xy, Yn,1, Yn,2:---, Yn,n)} generated by Algorithm
3.1, converges strongly to (p, q1,qz, - - .,qn), where (p,q1, G2, - - ., qn) = Pr«(u,v1,v2,...,0N).

Corollary 3.4. Assume that conditions (C1) — (C2), (C4) and (C6) — (C7), with B; = I,
fori = 1,2,...,N, hold. Let T: C — Cand S;: Q; — Q;, i = 1,2,...,N, be uni-
formly continuous pseudocontractive mappings. Assume also that T* = (). Then the sequence
{(®ns Yn,1s Yn,2,-- - Yn,n)} generated by Algorithm 3.1, converges strongly to (p, ¢1, g2, - - -, gN),
where (p,q1,q2,---,qn) = Pr«(u,v1,v2,...,UN).

3.1.3. Split Equality Fixed Point Problems. If we take i = 1 in Algorithm 3.1, then (1.18)
reduces to split equality fixed point problem of finding a point (p, ¢1) € F(T)x F(Sy) such that A1p =
Biq:. Denote Q* = {(p,q1) € F(T) x F(S1) : Aip = Bi¢1 }. Then we obtain the following
corollaries.

Corollary 3.5. Assume that conditions (C1) — (C4) and (C6) — (C7), with i = 1, hold. Assume
also that Q* # (). Then the sequence {(x,,, yn,1)} generated by Algorithm 3.1, converges strongly
to (p, q1), where (p, q1) = Pa-(u, v1).

Corollary 3.6. Assume that conditions (C1) — (C2), (C4) and (C6) — (C7), with i = 1, hold.
Let T: C — Cand Si: Q1 — Q1 be uniformly continuous pseudocontractive mappings. Assume
also that QO* # (). Then the sequence {(xy,yn 1)} generated by Algorithm 3.1, converges strongly
to (p, q1), where (p,q1) = Pax(u,v1).
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3.1.4. The Split Equality Null Point Problem with Multiple Output Sets. Let H, H; for
i = 1,2,..., N be real Hilbert spaces. Let K: H — H and K;: H;, — H; be nonlinear
mappings and let A;: H — H, and B;: H; — H; be bounded linear mappings. We define
the split equality null point problem with multiple output sets (SENPPMOS) as finding a
point (z*, ¥, y5, ..., yN) € N(K) x N(K7) x N(K3) x...x N(Ky) such that A;z* = B;y;.
Denote
O = {(z*,y7,¥5,...,yN) € N(K) x N(K31) x N(K2) x ... x N(Ky) : Aiz* = Byyr}.

A mapping K: H — H is called quasi-monotone if the mapping 7' = I — K is quasi-
pseudocontractive and it is called monotone if 7' = I — K is pseudocontractive. In this
case, one observes that the set of fixed points T is the same as the set of null points, N (K),
of K where N(K) = {z € H : Kz = 0}. With these monotonicty properties, we now have
the following corollaries from our main results:

Corollary 3.7. Let H,H.,...,Hy be real Hilbert spaces and let K : H — H and K, :
H, — H,;, i = 1,2,...,N be uniformly continuous quasi-monotone mappings with K and
K;, fori = 1,2,... N, demiclosed at zero. Let A;: H — H,; and B;: H; — H; be bounded
linear mappings. Assume that the set ® # () . If the conditions (C6) and (C7) hold, then
the sequence {(xn, Yn,1, Yn,2:---, Yn,N)} generated by Algorithm 3.1, with T = I — K and
S; = I; — K, converges strongly to an element (p,q1,qz, .- .,qn), where (p,q1,q2,...,qN) =
P@(U,Ul,vg,-..,'UN)-

Proof. Taking K =1 — T and K; = I; — S;, the proof follows from Theorem 3.2. O

4. NUMERICAL EXAMPLES

In this section, we provide examples of quasi-pseudocontractive mappings and conduct
numerical experiments.

Example 4.1. Let H = H; = Rand C = Q; = [0,00), for i = 1,2, 3 with the usual metric.
Let T: C — Cand Si: Q; — Q;, i = 1,2,3, be defined by T(z) = v — /x + V2, Si(y) =

3 /5 . o
y— Y+ 7 So(y) =y— Jy+{ T and S3(y) = y— Y+ /3. The mapping T is uniformly
continuous quasi-pseudocontractive on C which is not Lipschitz continuous. In fact, let M > 0

1 1
be given and choose y = 0and 0 < x < ik that M < —. Now,

Jz

‘T(x)_T(y” _ |£L‘—\/E| _1’ > M —1.

1
le—yl =l ‘\/5
Since M is arbitrary, one concludes that T is not Lipschitz continuous. Similarly, it can be shown

that Sy, Sg and Ss are uniformly continuous mappings on ) which are not Lipschitz continuous.

We also have that p = 2 € F(T), 1 = g € F(S1), ¢2 = 138 € F(S3) and g3 = 3 € F(S3).

Since
(x—Tz,x—p)=(r —Tr,x—2) = (r—z+ V& —V2,2—2)
= (Vz +V2)lVa - V2’ >0,

we have that the mapping T is quasi-pseudocontractive. Similarly, we can show that the mappings
S1, So and Ss are quasi-pseudocontractive. Now, define the mappings A;, B;: H — H as

T . 14 18 2
Ai(z) = Z,forz =1,2, 3, Bi(y) = gy, Bs(y) = Ey and Bs(y) = §y.
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Clearly, A; and B; are bounded linear mappings with adjoints Af(z) =

14 18 2
Bi(y) = oY Bi(y) = = and B3(y) = oY Moreover, we have A1(p) = 2 = Bi(q1),

As(p) = 1 = Ba(ge), As(p) = g = Bs(qs). Thus, (p,q1,92,q3) = (273,5,3) € Q. Let
(20, Y01, Yo,2, ¥o,3) = (0,0,0,0), ¢ = %—Hi’ ap = n+1100’ n>1,~v=05 1=0.5,
0 = 0.5 p = 04,6 = 04. Thus, conditions (C1) — (C7) are satisfied. We obtained the
following numerical experiment results which demonstrate that the error term sequence E, =
{(®n, Yn,1, Yn2 Uns) — (P, a1,q2,43) }, n > 1, converges strongly to zero for different values
of the inertial parameter 0., and different choices of initial points (xl, Y115 Y1,2, ng).

3t = 0, =0, Non-inertial

— ] =
n

f
o5 | \ 0,=(0,)/3
—_—0 (0 )5

=%,

Error term sequence, FE,

0 0.5 1 15 2
Elapsed time(sec.)

=05, 1=05 v=05 6=04, p=04, (z0, yo,1, Y0,2, ¥0,3) = (0,0,0,0),
(zla Y1,1, Y1,2, yl,S) = (1707 170)

FIGURE 1. Convergence rate for different values of the inertial parameter 6,,.

3 —— XYY Y 5)=01.01)
— XYy Yy )=(11,0.2)
25 (¥4 ¥ 145)=0151025)

Error term sequence, FE,

0 0.5 1 15 2
Elapsed time(sec.)

9 = 05, l = 05, Y= 05, 5 = 0.4, n = 0.4, (IEo, y071,y072,y073) = (0, 0, 0,0)

FIGURE 2. Convergence rate for different initial points (z1, y1,1, 1,2, ¥1,3)-
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Remark 4.5. One can observe from FIGURE 1 that the inertial version (6,, # 0) of the algorithm
converges at a faster rate than that of the non-inertial version (6, = 0). FIGURE 2 reveals
convergence of the method for different values of initial points and its seems that the convergence

L ) ) 9 5
gets faster as the initial point (x1, Y11, y1,2, y1,3) gets closer to the solution (27 F2ETY 3).

5. CONCLUSIONS

In this paper, we introduced the split equality fixed point problem with multiple output
sets and proposed an inertial algorithm for approximating its solution. A strong conver-
gence theorem was proved under some conditions, where the underlying mappings are
uniformly continuous quasi-pseudocontractive and demiclosed at zero. A numerical ex-
ample is also provided to demonstrate effectiveness of the algorithm. The main result in
this paper extends the results of [10, 13, 15, 26, 28, 29, 30, 31, 38] in the sense that: (i) the
introduced problem is a more general problem that contains all the problems in the litera-
ture; (i7) it extends all the mappings discussed in the literature to more general uniformly
continuous quasi-pseudocontractive mappings. It can also be observed from Corollary 3.9
and Corollary 3.10 that the Lipschitz continuity and inverse strong monotonicity proper-
ties of the mappings considered [32] have been extended in our result to a more general
class of uniformly continuous monotone mappings. Thus, the result in [32] is special case
of our result.
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