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Existence, uniqueness, and stability of solutions to a
nonlinear Ψ -Hilfer fractional differential equation with
anti-periodic conditions

PIYACHAT BORISUT1,2 AND SUPAK PHIANGSUNGNOEN1,2,∗

ABSTRACT. In this paper, we investigate the existence, uniqueness, and Ulam-Hyers stability of solutions to
the nonlinear Ψ -Hilfer fractional differential equation with anti-periodic conditions by using O’Regan’s fixed
point theorem and the Banach contraction principle. An illustrative example is included to demonstrate the
applicability of our results.

1. INTRODUCTION

Fractional differential equations have evolved into a vital tool for tackling real-world
issues in biology, physics, chemistry, biophysics, electromagnetic theory, electrodynamics,
electrochemistry, fluid mechanics, networking, economics, and image processing, etc.; see
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10] for more details. There are various distinct definitions of fractional
integrals and derivatives in the literature; for example, fractional derivatives in the sense
of Riemann–Liouville and Caputo are two of the most prominent. The Hadamard frac-
tional derivative, the Erdeyl–Kober fractional derivative, the Hilfer-Katugampola frac-
tional derivative, the Caputo-Fabrizio fractional derivative, and others are some examples
of similar well-known concepts.

In 2019 Salem and Alghamdi [11] studied anti-periodic and a new class of multi-point
boundary conditions. They further investigated both, the existence and uniqueness of
solutions for the Langevin equation that has Caputo fractional derivatives of two different
orders. Existence of solutions was obtained by applying the Krasnoselskii–Zabreiko and
the Leray–Schauder fixed point theorems. The Banach contraction mapping principle was
used to investigate the uniqueness of the form:

CDβ
0+(

CDα
0+ + λ)u(t) = F(t, u(t)), t ∈ [0, 1],

u(0) + u(1) = 0, (CDα
0+u)(0) = 0, (CDα

0+u)(1) =

m∑
i=1

γiu(qi),

where CDα
0+ and CDβ

0+ are the Caputo fractional derivative of orders α ∈ (0, 1] and β ∈
(1, 2], λ ∈ R, qi ∈ (0, 1), i = 1, 2, . . . ,m with m ∈ N and the function F : [0, 1]× R → R is
continuously differentiable.
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The following implicit Caputo fractional derivative and non-local fractional integral
conditions of following were analyzed in the work by Borisut and Bantaojai [12] in 2021:{

(CDq
0+u)(t) = f(t, u(t), (CDq

0+u)(t)), t ∈ [0, T ]

u(0) = η, u(T ) = (RLIp0+u)(κ),

where 1 < q ≤ 2, 0 < p ≤ 1, η ∈ R, CDq
0+u(t) is the Caputo fractional derivative of order

q, RLIp0+ is the Riemann-Liouville fractional integral of order p and f : [0, T ]×R×R → R
is a continuous function. By using the Krasnosel’skii fixed point theorem and and Boyd-
Wong non-linear contraction principle, the existence and uniqueness of solutions to this
problem were obtained.

In 2021, Chatthai et. al [13] investigated the existence and uniqueness of solutions
for a class of Ψ -Hilfer implicit fractional integro-differential equations with mixed non-
local conditions. The arguments are based on the Banach, Schaefer, and Krasnosell’skii
fixed point theorems. Further, applying techniques of nonlinear functional analysis, the
authors establish various kinds of the Ulam-Hyers stability, Ulam-Hyers-Rassias stability
and generalized stability of the following Ψ -Hilfer fractional integro-differential equation
with mixed non-local conditions

(Dα,ρ;Ψ
0+ u)(t) = F(t, u(t), (Dα,ρ;Ψ

0+ u)(t), (Iα;Ψ0+ u)(t)), t ∈ [0, T ],
m∑
i=1

ωiu(ηi) +

n∑
j=1

κj(D
βj ,ρ;Ψ

0+ u)(ζj) +

k∑
r=1

σr(Iδr;Ψ0+ u)(θr) = A,

where Dx,ρ;Ψ
0+ is the Ψ -Hilfer fractional derivative of order x = {α, βj} with 0 < α, βi ≤

1, α ≥ βj + ρ(1 − βj), j = 1, 2, . . . , n and 0 ≤ ρ ≤ 1, Iα;Ψ and Iδ;Ψ are Ψ -Riemann-
Liouville fractional integrals of orders α and δ, respectively, ωi, κj , σr, A ∈ R, ηi, ζj , θr ∈
J , i = 1, 2, . . . ,m, j = 1, 2, . . . , n, r = 1, 2, . . . , k, F : J × R3 → R is a given continuous
function and J := [0, T ], T > 0.

Inspired by the results in the papers [11, 12, 13, 14], the aim of this study is to derive
the existence and uniqueness of solutions to the Ψ -Hilfer fractional differential equation
with anti-periodic conditions:(Dq,p;Ψ

η+1
u)(t) = F(t, u(t)), q ∈ [1, 2), p ∈ [0, 1],

u(η1) = −u(η2), (Ds,p;Ψ

η+1
u)(η1) = −(Ds,p;Ψ

η+1
u)(η2), 0 < s < 1, t ∈ (η1, η2),

(1.1)

where Dq,p;Ψ

η+1
, Ds,p;Ψ

η+1
are Ψ -Hilfer fractional derivatives of orders q and s, respectively, and

−∞ < η1 < η2 < ∞, with F : (η1, η2)× R+ → R+ is increasing continuous function.
The structure of the paper is as follows. Section 2 contains some fundamental concepts

of fractional derivatives and fixed point theorems. In Section 3, we first employ O’Regan’s
fixed point theorem to demonstrate the existence of solutions in Section 3.1, followed
by the Banach contraction principle to guarantee their uniqueness in Section 3.2. Subse-
quently, in Section 3.3, we investigate the Ulam-Hyers stability of the solutions. Finally,
this section concludes with an illustrative example that exemplifies our main findings.

2. PRELIMINARIES

We will go through some fundamental notations, definitions, lemmas, and theorems
that will be utilized to establish the major result in this section.
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Definition 2.1. [15] Let Γ(·) denote the Gamma function which is defined by Γ(q) =∫∞
0

e−ssq−1ds, and let a function F : R+ → R be given. Then the Riemann-Liouville
fractional integral of order q > 0 is given by

(RLIq0+F)(t) =
1

Γ(q)

∫ t

0

(t− s)q−1F(s)ds.

Definition 2.2. [16] The Ψ -Riemann-Liouville fractional integral of order q for an inte-
grable function F : (η1, η2) → (−∞,∞) with respect to Ψ . Let Ψ : (η1, η2] → (−∞,∞) be
an increasing function and continuous derivative Ψ ′(t) on (η1, η2), Ψ

′(t) ̸= 0 is defined as
follows:

(Iq;Ψ
η+1

F)(t) =
1

Γ(q)

∫ t

η1

Ψ ′(s)(Ψ(t)− Ψ(s))q−1F(s)ds(2.1)

and the differential fractional derivative of order q is defined by

(Dq;Ψ
a+ F)(t) =

( 1

Ψ ′(t)

d

dt

)n
In−q;ψ
η+1

F(t)

=
1

Γ(n− q)

( 1

Ψ ′(t)

d

dt

)n ∫ t

η1

Ψ ′(s)(Ψ(t)− Ψ(s))n−q−1F(s)ds,

where n is the positive integer with n− 1 < q < n and −∞ ≤ η1 < η2 ≤ +∞.

Definition 2.3. [16] The Ψ -Caputo fractional derivative of a function F ∈ Cn[η1, η2] with
respect to another function Ψ is defined by

(CDq;Ψ

η+1
F)(t) = In−q;Ψ

η+1

( 1

Ψ ′(t)

d

dt

)n
F(t)

=
1

Γ(n− q)

∫ t

η1

Ψ ′(s)(Ψ(t)− Ψ(s))n−q−1F [n]
Ψ (s)ds,

where n is the positive integer with n − 1 < q < n and n is the smallest integer such that

n ≥ q, F [n]
Ψ (s) =

(
1

Ψ ′(s)
d
ds

)n
F(s) and Ψ is as in Definition 2.2.

Definition 2.4. [3] Let 0 ≤ p ≤ 1, and q a positive non-integer. Also, let Ψ ∈ Cn[η1, η2] be
increasing with Ψ ′(t) ̸= 0 for all t ∈ (η1, η2], where n ∈ N is so that n − 1 < q < n and
also −∞ ≤ η1 < η2 ≤ ∞. The Ψ -Hilfer fractional derivative of a function F ∈ Cn[η1, η2]
of order q is determined as

(Dq,p;Ψ

η+1
F)(t) = Ip(n−q);Ψ

η+1

[ 1

Ψ ′(t)

d

dt

]n
I(n−q)(1−p);Ψ
η+1

F(t), t > η1.

However, since we have access to

(Dq,p;Ψ

η+1
F)(t) = I(n−q)p;Ψ

η+1
Dr;Ψ

η+1
F(t), t > η1,(2.2)

where Dr;Ψ

η+1
=

[
1

Ψ ′(t)
d
dt

]n
I(n−q)(1−p);Ψ
η+1

F(t) where r := q + np − qp, then in particular,
the Ψ -Hilfer fractional derivative of 0 < q < 1 and type 0 ≤ p ≤ 1, can be expressed as
follows:

(Dq,p;Ψ

η+1
F)(t) =

1

Γ(r − q)

∫ t

η1

(Ψ(t)− Ψ(s))r−q−1Dr;Ψ

η+1
F(s)ds,

where Ir−q;Ψ
η+1

(·) is as defined in Equation (2.1) and (Dr;Ψ

η+1
F)(t) =

[
1

Ψ ′(t)
d
dt

]
I1−r;Ψ
η+1

F(t).
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Lemma 2.5. [17] Let ρ, q > 0, F ∈ L1(η1, η2), 0 ≤ r ≤ 1.Then Iq;Ψ
η+1

Iρ;Ψ
η+1

F(t) = Iq+ρ;Ψ
η+1

F(t), ∀t ∈
[η1, η2]. In particular:

(i) If F ∈ Cr;Ψ [η1, η2], then Iq;Ψ
η+1

Iρ;Ψ
η+1

F(t) = Iq+ρ;Ψ
η+1

F(t), ∀t ∈ [η1, η2].

(ii) If F ∈ C[η1, η2], then Iq;Ψ
η+1

Iρ;Ψ
η+1

F(t) = Iq+ρ;Ψ
η+1

F(t), ∀t ∈ [η1, η2].

Lemma 2.6. [18] Let 0 ≤ p ≤ 1, q > 0, 0 ≤ r ≤ 1.

(i) If F ∈ Cr;Ψ [η1, η2] then Dq,p;Ψ

η+1
Iq;Ψ
η+1

F(t) = F(t), ∀t ∈ (η1, η2].

(ii) If F ∈ C1[η1, η2] then Dq,p;Ψ

η+1
Iq;Ψ
η+1

F(t) = F(t), ∀t ∈ (η1, η2].

Proposition 2.7. [19] The Ψ -fractional derivative and integral of a power function are
considered by

Dq,p;Ψ

η+1
(Ψ(t)− Ψ(η1))

ρ−1 =
Γ(ρ)

Γ(ρ− q)
(Ψ(t)− Ψ(η1))

ρ−q−1

and

Iq;Ψ
η+1

(Ψ(t)− Ψ(η1))
ρ−1 =

Γ(ρ)

Γ(ρ+ q)
(Ψ(t)− Ψ(η1))

ρ+q−1,

where t > η1, 0 ≤ p ≤ 1, q ≥ 0 and ρ > 0. Additionally, if 0 < q < 1, then Dq,p;Ψ

η+1
(Ψ(t) −

Ψ(η1))
q−1 = 0.

Theorem 2.8. [20] Let F ∈ Cn[η1, η2], 0 ≤ p ≤ 1, n− 1 < q < n, n ∈ N and r = q + p− qp.
Then for all t ∈ (η1, η2],

Iq;Ψ
η+1

Dq,p;Ψ

η+1
F(t) = F(t)−

n∑
i=1

[Ψ(t)− Ψ(η1)]
r−i

Γ(r − i+ 1)
F [n−i]
Ψ I(n−q)(1−p);Ψ

η+1
F(η1),

where F [n−i]
Ψ (s) =

(
1

Ψ ′(s)
d
ds

)n−i
F(s), i = 1, 2, . . . , n. If 0 < q < 1, then in particular,

Iq;Ψ
η+1

Dq,p;Ψ

η+1
F(t) = F(t)− [Ψ(t)− Ψ(η1)]

r−1

Γ(r)
I(1−q)(1−p);Ψ
η+1

F(η1).

Furthermore, if F ∈ C1−r;Ψ [η1, η2] and I1−r;Ψ
η+1

F ∈ C1
1−r[η1, η2] for 0 < r < 1, that for all

t ∈ (η1, η2],

Ir;Ψ
η+1

Dr;Ψ

η+1
F(t) = F(t)− [Ψ(t)− Ψ(η1)]

r−1

Γ(r)
I(1−r);Ψ
η+1

F(η1).

Lemma 2.9. [18] Let n − 1 ≤ r ≤ n and F ∈ Cr;Ψ [η1, η2], q > r the Iq;Ψ
η+1

F(η1) =

lim
t→η+1

Iq;Ψ
η+1

F(t) = 0.

Theorem 2.10. [15] (O′Regan Fixed Point Theorem)
Let X be a Banach space and K ⊂ X a convex, closed set. Let O be an open set in K

with 0 ∈ O. Consider an operator A from O to K with A(O) bounded, which is given by
A = A1+A2 where A1 : O → K is completely continuous and continuous, and A2 : O →
K is a non-linear contraction (i.e., there exists a non-negative, non-decreasing function
θ : [0,∞) → [0,∞) satisfying θ(w) < w for w > 0, such that ∥A2u−A2v∥≤ θ(∥u− v∥) for
all u, v ∈ O). Then either
(C1) A has a fixed point u∗ ∈ O, or
(C2) there exist a point u∗ ∈ ∂O and λ ∈ (0, 1) with u∗ = λAu∗, where Ō and ∂O,
respectively, represent the closure and boundary of O.
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Theorem 2.11. [15] (Contraction Mapping Principle)
Consider a Banach space B, let Q be a closed set in B and F : Q → Q be a contraction
mapping (i.e. ∥Fu− Fv∥≤ k∥u− v∥ for some k ∈ (0, 1) and for all u, v ∈ Q). Then F has
a unique fixed point.

3. MAIN RESULTS

In this section, we present the main results concerning the existence, uniqueness, and
stability of solutions for the nonlinear Ψ -Hilfer fractional differential equation with anti-
periodic conditions (1.1). Initially, we apply O’Regan’s fixed point theorem to establish
the existence of solutions in Section 3.1. Subsequently, the uniqueness of the solution
is proved by utilizing the Banach contraction principle in Section 3.2. Furthermore, we
investigate the Ulam-Hyers stability and its generalizations for the proposed problem in
Section 3.3. Finally, we provide an illustrative example (Example 3.7) to demonstrate the
applicability of our theoretical findings.

Lemma 3.1. Let 1 < q ≤ 2, 0 < s ≤ 1, 0 ≤ p ≤ 1, r1 ≥ s+ p(1− s), where r1 = q+ p− pq =

q + p(1− q) and F ∈ C[η1, η2]. Then Ds,p;Ψ

η+1
Iq;Ψ
η+1

F(t) = Iq−s;Ψ
η+1

F(t).

Proof. From r1 = q + p− pq = q + p(1− q) and by (2.2), we have

Ds,p;Ψ

η+1
(Iq;Ψ
η+1

F(t)) = Ir1−s;Ψ
η+1

Dr;Ψ

η+1
(Iq;Ψ
η+1

F(t))

= Ir1−s;Ψ
η+1

( 1

Ψ ′(t)

d

dt

)
I1−r1;Ψ
η+1

(Iq;Ψ
η+1

F(t))

= Ir1−s;Ψ
η+1

( 1

Ψ ′(t)

d

dt

)
I1−r1+q;Ψ
η+1

F(t)).

Consider( 1

Ψ ′(t)

d

dt

)
I1−r1+q;Ψ
η+1

F(t)) =
1

Ψ ′(t)Γ(1− r1 + q)

1

dt

∫ t

η1

Ψ ′(s)
(
Ψ(t)− Ψ(s)

)q−r1
F(s)ds

=
1

Γ(q − r1)

∫ t

η1

Ψ ′(s)
(
Ψ(t)− Ψ(s)

)q−r1−1

F(s)ds

= Iq−r1;Ψ
η+1

F(t).

Thus Ds,p;Ψ

η+1
(Iq;Ψ
η+1

F(t)) = Ir1−s;Ψ
η+1

Iq−r1;Ψ
η+1

F(t) = Iq−s;Ψ
η+1

F(t). □

Lemma 3.2. Let the function F : [η1, η2]×R → R be a function such that F ∈ C2[η1, η2] for all
u ∈ C2[η1, η2]. If a function u ∈ C2[η1, η2] then u satisfies,(Dq,p;Ψ

η+1
u)(t) = F(t, u(t)), t ∈ (η1, η2),

u(η1) = −u(η2), (Ds,p;Ψ

η+1
u)(η1) = −(Ds,p;Ψ

η+1
u)(η2),

(3.1)

for some 1 ≤ q < 2, 0 ≤ p ≤ 1 and 0 < s < 1, then the following integral expression holds for u,

u(t) = (Iq,Ψ
η+1

Fu)(t) + (Ψ(t)−Ψ(η1))
r−1

□Γ(r)

[
(Ψ(η2)−Ψ(η1))

−s

Γ(r−s−1) (Iq;Ψ
η+1

Fu)(η1 + η2)

− 1
Γ(r−1) (I

q−s;Ψ
η+1

Fu)(η1 + η2)
]

+ (Ψ(t)−Ψ(η1))
r−2

△Γ(r−1)

[
(Ψ(η2)−Ψ(η1))

−s

Γ(r−s) (Iq;Ψ
η+1

Fu)(η1 + η2)

− 1
Γ(r) (I

q−s;Ψ
η+1

Fu)(η1 + η2)
](3.2)
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where

□ =
[
− 1

Γ(r − s− 1)Γ(r)
+

1

Γ(r − s)Γ(r − 1)

]
(Ψ(η2)− Ψ(η1))

r−s−1,

△ =
[
− 1

Γ(r − s)Γ(r − 1)
+

1

Γ(r − s− 1)Γ(r)

]
(Ψ(η2)− Ψ(η1))

r−s−2,

provided that q ≤ r = q + 2p− pq < 2.

Proof. Applying Iq;Ψ
η+1

to both sides in equation (3.1) and using Theorem 2.8, we obtain

(Iq;Ψ
η+1

Fu)(t) = u(t)− (Ψ(t)− Ψ(η1))
r−1

Γ(r)
u
[1]
Ψ (I(1−p)(2−q);Ψ

η+1
u)(η1)

− (Ψ(t)− Ψ(η1))
r−2

Γ(r − 1)
(I(1−p)(2−q);Ψ
η+1

u)(η1)

u(t) = Iq;Ψ
η+1

F(t, u(t)) +
(Ψ(t)− Ψ(η1))

r−1

Γ(r)
u
[1]
Ψ (I(1−p)(2−q);Ψ

η+1
u)(η1)

+
(Ψ(t)− Ψ(η1))

r−2

Γ(r − 1)
(I(1−p)(2−q);Ψ
η+1

u)(η1).

From the first condition, we have−(Iq;Ψ
η+1

Fu)(η1) = Iq;Ψ
η+1

F(η2, u(η2)) +
(Ψ(η2)−Ψ(η1))

r−1

Γ(r) u
[1]
Ψ (I(1−p)(2−q);Ψ

η+1
u)(η1)

+ (Ψ(η2)−Ψ(η1))
r−2

Γ(r−1) (I(1−p)(2−q);Ψ
η+1

u)(η1).
(3.3)

By using Lemma 2.6, Proposition 2.7, and the second condition, we obtain

(Ds,p;Ψ

η+1
u)(t) = (Ds,p;Ψ

η+1
Iq;Ψ
η+1

Fu)(t) +Ds,p;Ψ

η+1

(Ψ(t)− Ψ(η1))
r−1

Γ(r)
u
[1]
Ψ (I(1−p)(2−q);Ψ

η+1
u)(η1)

+Ds,p;Ψ

η+1

(Ψ(t)− Ψ(η1))
r−2

Γ(r − 1)
(I(1−p)(2−q);Ψ
η+1

u)(η1)

= (Iq−s;Ψ
η+1

Fu)(t) +
(Ψ(t)− Ψ(η1))

r−s−1

Γ(r − s)
u
[1]
Ψ (I(1−p)(2−q);Ψ

η+1
u)(η1)

+
(Ψ(t)− Ψ(η1))

r−s−2

Γ(r − s− 1)
(I(1−p)(2−q);Ψ
η+1

u)(η1).

So, 
−(Iq−s;Ψ

η+1
Fu)(η1) = (Iq−s;Ψ

η+1
Fu)(η2)+

(Ψ(η2)−Ψ(η1))
r−s−1

Γ(r−s) u
[1]
Ψ (I(1−p)(2−q);Ψ

η+1
u)(η1)

+ (Ψ(η2)−Ψ(η1))
r−s−2

Γ(r−s−1) (I(1−p)(2−q);Ψ
η+1

u)(η1).

(3.4)

From (3.3) and (3.4), we then obtain that

u
[1]
Ψ (I(1−p)(2−q);Ψ

η+1
u)(η1) =

1

□

[ (Ψ(η2)− Ψ(η1))
−s

Γ(r − s− 1)
(Iq;Ψ
η+1

Fu)(η1 + η2)

− 1

Γ(r − 1)
(Iq−s;Ψ
η+1

Fu)(η1 + η2)
]

(I(1−p)(2−q);Ψ
η+1

u)(η1) =
1

△

[ (Ψ(η2)− Ψ(η1))
−s

Γ(r − s)
(Iq;Ψ
η+1

Fu)(η1 + η2)

− 1

Γ(r)
(Iq−s;Ψ
η+1

Fu)(η1 + η2)
]
.
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This implies that

u(t) = (Iq,Ψ
η+1

Fu)(t) +
(Ψ(t)− Ψ(η1))

r−1

□Γ(r)

[ (Ψ(η2)− Ψ(η1))
−s

Γ(r − s− 1)
(Iq;Ψ
η+1

Fu)(η1 + η2)

− 1

Γ(r − 1)
(Iq−s;Ψ
η+1

Fu)(η1 + η2)
]

+
(Ψ(t)− Ψ(η1))

r−2

△Γ(r − 1)

[ (Ψ(η2)− Ψ(η1))
−s

Γ(r − s)
(Iq;Ψ
η+1

Fu)(η1 + η2)

− 1

Γ(r)
(Iq−s;Ψ
η+1

Fu)(η1 + η2)
]
.

□

Let E = C([η1, η2],R), so that E is a Banach space with norm ∥u∥= max
t∈[η1,η2]

|u(t)| and

F : (η1, η2)× R+ → R+ is continuous function. Define an operator A : E → E by

(Au)(t) = (Iq;Ψ
η+1

Fu)(t)

+ (Ψ(t)−Ψ(η1))
r−1

□Γ(r)

[
(Ψ(η2)−Ψ(η1))

−s

Γ(r−s−1) (Iq;Ψ
η+1

Fu)(η1 + η2)

− 1
Γ(r−1) (I

q−s;Ψ
η+1

Fu)(η1 + η2)
]

+ (Ψ(t)−Ψ(η1))
r−2

△Γ(r−1)

[
(Ψ(η2)−Ψ(η1))

−s

Γ(r−s) (Iq;Ψ
η+1

Fu)(η1 + η2)

− 1
Γ(r) (I

q−s;Ψ
η+1

Fu)(η1 + η2)
]
.

(3.5)

then the problem (1.1) has a solution if and only if the operator A has a fixed point. In
the next step, we show the existence and uniqueness of solutions for the Ψ -Hilfer frac-
tional differential equation with anti-periodic conditions (1.1) via the O′Regan fixed point
theorem and using Banach contraction principle. An example is included as illustration.

3.1. Existence Result via O’Regan Fixed Point Theorem.

Theorem 3.3. Assume that F : (η1, η2)×R → R is a continuous function and (Ψ(η2)−Ψ(η1)) >
1, and let BR = {u ∈ E : ∥u∥< R}. Suppose that the following hypotheses hold:
(H1) there exists a positive constant B and non-decreasing function Θ : [0,∞) → (0,∞) such
that

|F(t, u)|≤ BΘ(|u|), ∀(t, u) ∈ (η1, η2)× R.
(H2) Let K ≥ R− (η2 + η1)BΘ(R), where

K =
(Ψ(η2)− Ψ(η1))

q+r−s−1

|□|Γ(r)

[ (η2 + η1)BΘ(R)

Γ(r − s− 1)Γ(q + 1)
+

(η2 + η1)BΘ(R)

Γ(r − 1)Γ(q − s+ 1)

]
+
(Ψ(η2)− Ψ(η1))

q+r−s−2

|△|Γ(r − 1)

[ (η2 + η1)BΘ(R)

Γ(r − s)Γ(q + 1)
+

(η2 + η1)BΘ(R)

Γ(r)Γ(q − s+ 1)

]
.

Then the problem (1.1) has at least one solution on (η1, η2).

Proof. From (3.7), we can now decompose the operator A : E → E by

Au(t) = A1u(t) +A2u(t),

where A1, A2 are given by

A1u(t) = (Iq;Ψ
η+1

Fu)(t)
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A2u(t) =
(Ψ(t)− Ψ(η1))

r−1

□Γ(r)

[ (Ψ(η2)− Ψ(η1))
−s

Γ(r − s− 1)
(Iq;Ψ
η+1

Fu)(η1 + η2)

− 1

Γ(r − 1)
(Iq−s;Ψ
η+1

Fu)(η1 + η2)
]

+
(Ψ(t)− Ψ(η1))

r−2

△Γ(r − 1)

[ (Ψ(η2)− Ψ(η1))
−s

Γ(r − s)
(Iq;Ψ
η+1

Fu)(η1 + η2)

− 1

Γ(r)
(Iq−s;Ψ
η+1

Fu)(η1 + η2)
]
.

We divide the proof into three steps as follows:
Step 1 We will show that A1 is a non-linear contraction.

Let

|F(t, u)−F(t, v)|≤ y(t)|u− v|
Y∗ + |u− v|

for all t ∈ (η1, η2),where y(t) : (η1, η2) → R, Y∗ is the constant defined by Y∗ :=

(Iq,Ψ
η+1

y)(η2). Define a continuous non-decreasing function Y : R+ → R+ by Y(ϵ) =

Y∗ϵ

Y∗ + ϵ
, ∀ϵ ≥ 0. Then Y(0) = 0 and Y(ϵ) < ϵ,∀ϵ > 0. We now obtain that∣∣∣A1u(t)−A1v(t)

∣∣∣ ≤ Iq;Ψ
η+1

|F(t, u(t))−F(t, v(t))|

≤ ∥u− v∥
Y∗ + ∥u− v∥

Iq;Ψ
η+1

y(η2)

=
Y∗∥u− v∥

Y∗ + ∥u− v∥
= Y(∥u− v∥).

Since ∥A1u−A1v∥≤ Y(∥u− v∥), therefore A1 is a non-linear contraction.
Step 2 We will prove that A2 is continuous and completely continuous. Since Ψ(t) is
continuous, then A2 is continuous also. From BR = {u ∈ E : ∥u∥< R} and (H1) hold,
1 ≤ q ≤ r < 2 for all t ∈ (η1, η2), Ψ(t) is a non-decreasing continuous function, we get∣∣∣A2u(t)

∣∣∣ ≤ (Ψ(t)− Ψ(η1))
r−1

|□|Γ(r)

[ (Ψ(η2)− Ψ(η1))
−s

Γ(r − s− 1)

∣∣∣(Iq;Ψ
η+1

Fu)(η2) + (Iq;Ψ
η+1

Fu)(η1)
∣∣∣

− 1

Γ(r − 1)

∣∣∣(Iq−s;Ψ
η+1

Fu)(η2) + (Iq−s;Ψ
η+1

Fu)(η1)
∣∣∣]

+
(Ψ(t)− Ψ(η1))

r−2

|△|Γ(r − 1)

[ (Ψ(η2)− Ψ(η1))
−s

Γ(r − s)

∣∣∣(Iq;Ψ
η+1

Fu)(η2) + (Iq;Ψ
η+1

Fu)(η1)
∣∣∣

− 1

Γ(r)

∣∣∣(Iq−s;Ψ
η+1

Fu)(η2) + (Iq−s;Ψ
η+1

Fu)(η1)
∣∣∣]

≤ (Ψ(t)− Ψ(η1))
r−1

|□|Γ(r)

[ (Ψ(η2)− Ψ(η1))
q−s

Γ(r − s− 1)Γ(q + 1)
BΘ(R)(η2 + η1)

− (Ψ(η2)− Ψ(η1))
q−s

Γ(r − 1)Γ(q − s+ 1)
BΘ(R)(η2 + η1)

]
+
(Ψ(t)− Ψ(η1))

r−2

|△|Γ(r − 1)

[ (Ψ(η2)− Ψ(η1))
q−s

Γ(r − s)Γ(q + 1)
BΘ(R)(η2 + η1)

− (Ψ(η2)− Ψ(η1))
q−s

Γ(r)Γ(q − s+ 1)
BΘ(R)(η2 + η1)

]
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≤ (Ψ(η2)− Ψ(η1))
q+r−s−1

|□|Γ(r)

[ (η2 + η1)BΘ(R)

Γ(r − s− 1)Γ(q + 1)
+

(η2 + η1)BΘ(R)

Γ(r − 1)Γ(q − s+ 1)

]
+
(Ψ(η2)− Ψ(η1))

q+r−s−2

|△|Γ(r − 1)

[ (η2 + η1)BΘ(R)

Γ(r − s)Γ(q + 1)
+

(η2 + η1)BΘ(R)

Γ(r)Γ(q − s+ 1)

]
≤ K.

Hence |A2u(t)| is uniformly bounded, and for τ1, τ2 ∈ (η1, η2), τ1 < τ2, we have∣∣∣A2u(τ2)−A2u(τ1)
∣∣∣ =

(
(Ψ(τ2)− Ψ(η1))

r−1 − (Ψ(τ1)− Ψ(η1))
r−1

)
×

∣∣∣∣∣ 1

□Γ(r)

[ (Ψ(η2)− Ψ(η1))
−s

Γ(r − s− 1)
(Iq;Ψ
η+1

Fu)(η1 + η2)

− 1

Γ(r − 1)
(Iq−s;Ψ
η+1

Fu)(η1 + η2)
]∣∣∣∣∣

+
(
(Ψ(τ2)− Ψ(η1))

r−2 − (Ψ(τ1)− Ψ(η1))
r−2

)
×

∣∣∣∣∣ 1

△Γ(r − 1)

[ (Ψ(η2)− Ψ(η1))
−s

Γ(r − s)
(Iq;Ψ
η+1

Fu)(η1 + η2)

− 1

Γ(r)
(Iq−s;Ψ
η+1

Fu)(η1 + η2)
]∣∣∣∣∣.

As τ1 → τ2, the right-hand side of the above equation tends to zero. By applying the
Arzala-Ascoli theorem with A2 : C[η1, η2] → C[η1, η2] is equicontinuous and uniformly
bounded, and as a consequence is completely continuous.
Step 3 We will prove that the case (C2) in Theorem 2.10 does not occur. To this end let
us suppose to the contrary that condition (C2) holds, with corresponding λ ∈ (0, 1) and
BR = {u ∈ E : ∥u∥< R}. From hypothesis (H1), let u∗ ∈ ∂B̄R, u

∗ = λAu∗, so we have
∥u∗∥= R,

|u∗(t)| = λ|Au∗(t)|
= λ|A1u

∗(t) +A2u
∗(t)|

≤ |A1u
∗(t)|+|A2u(t)|

≤ Iq;Ψ
η+1

|F(t, u∗(t))|+K

≤ BΘ(R)(η2 + η1) +K.

Taking the supremum for all t ∈ [η1, η2], then ∥u∗∥≤ (η2 + η1)BΘ(R)+K. In consequence,
we have R − (η2 + η1)BΘ(R) ≤ K, which contradicts (H2). Thus the operators A1 and
A2 satisfy all the conditions O′Regan’s fixed point theorem. Hence the operator A has at
least one fixed point on (η1, η2), which is a solution of the problem (1.1).

□

3.2. Uniqueness Result via The Banach contraction principle.

Theorem 3.4. Let F ∈ C[η1, η2] satisfy that for any there exists a positive constant D such that
|F(t, u)−F(t, v)|≤ D|u− v| for any u, v ∈ R and t ∈ [η1, η2]. If

(
(Ψ(η2)−Ψ(η1))

q

Γ(q+1) + (Ψ(η2)−Ψ(η1))
q+r−s−1

|□|Γ(r)

[
1

Γ(r−s−1)Γ(q+1) +
1

Γ(r−1)Γ(q−s+1)

]
+ (Ψ(η2)−Ψ(η1))

q+r−s−2

|△|Γ(r−1)

[
1

Γ(r−s)Γ(q+1) +
1

Γ(r)Γ(q−s+1)

])
D < 1,

(3.6)

is satisfied, then problem (1.1) has a unique solution.
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Proof. Define an operator A : C[η1, η2] → C[η1, η2] by

(Au)(t) = (Iq;Ψ
η+1

Fu)(t)

+ (Ψ(t)−Ψ(η1))
r−1

□Γ(r)

[
(Ψ(η2)−Ψ(η1))

−s

Γ(r−s−1) (Iq;Ψ
η+1

Fu)(η1 + η2)

− 1
Γ(r−1) (I

q−s;Ψ
η+1

Fu)(η1 + η2)
]

+ (Ψ(t)−Ψ(η1))
r−2

△Γ(r−1)

[
(Ψ(η2)−Ψ(η1))

−s

Γ(r−s) (Iq;Ψ
η+1

Fu)(η1 + η2)

− 1
Γ(r) (I

q−s;Ψ
η+1

Fu)(η1 + η2)
]
.

(3.7)

Let u, v ∈ C[η1, η2] and |F(t, u)−F(t, v)|≤ D|u− v|, t ∈ [η1, η2], then we get

|Au(t)−Av(t)| ≤ Iq;Ψ
η+1

D|u− v|(t)

+
(Ψ(t)− Ψ(η1))

r−1

|□Γ(r)|

[ (Ψ(η2)− Ψ(η1))
−s

Γ(r − s− 1)
(Iq;Ψ
η+1

D|u− v|)(η2)

+
1

Γ(r − 1)
(Iq−s;Ψ
η+1

D|u− v|)(η2)
]

+
(Ψ(t)− Ψ(η1))

r−2

|△Γ(r − 1)|

[ (Ψ(η2)− Ψ(η1))
−s

Γ(r − s)
(Iq;Ψ
η+1

D|u− v|)(η2)

+
1

Γ(r)
(Iq−s;Ψ
η+1

D|u− v|)(η2)
]

≤

{
1

Γ(q + 1)
+

(Ψ(η2)− Ψ(η1))
r−s−1

|□|Γ(r)

[ 1

Γ(r − s− 1)Γ(q + 1)

+
1

Γ(r − 1)Γ(q − s− 1)

]
+

(Ψ(t)− Ψ(η1))
r−s−2

|△|Γ(r − 1)

[ 1

Γ(r − s)Γ(q + 1)

+
1

Γ(r)Γ(q − s+ 1)

]}
× (Ψ(η2)− Ψ(η1))

qD|u− v|.

This implies that

∥Au−Av∥ ≤

{
(Ψ(η2)− Ψ(η1))

q

Γ(q + 1)
+

(Ψ(η2)− Ψ(η1))
q+r−s−1

|□|Γ(r)

[ 1

Γ(r − s− 1)Γ(q + 1)

+
1

Γ(r − 1)Γ(q − s+ 1)

]
+

(Ψ(η2)− Ψ(η1))
q+r−s−2

|△|Γ(r − 1)

[ 1

Γ(r − s)Γ(q + 1)

+
1

Γ(r)Γ(q − s+ 1)

]}
D∥u− v∥.

From the Banach contraction principle, A has a unique fixed point, which is the unique
solution of the problem (1.1). □

3.3. Ulam-Hyers Stability. We discuss the Ulam-Hyers stability of solution to the prob-
lem 1.1.

Definition 3.5. The problem 1.1 has the Ulam-Hyers stability if there exists a real number
γ > 0 with the following property. For every ϵ > 0, u ∈ E, if∣∣∣Dq,p;ψ

η+1
u(t)− f(t, u(t))

∣∣∣ ≤ ϵ
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then there exists some u∗ ∈ E satisfying(Dq,p;Ψ

η+1
u∗)(t) = F(t, u∗(t)), t ∈ (η1, η2),

u∗(η1) = −u∗(η2), (Ds,p;Ψ

η+1
u∗)(η1) = −(Ds,p;Ψ

η+1
u∗)(η2),

(3.8)

such that |u(t)− u∗(t)|≤ γϵ, t ∈ (η1, η2).

Theorem 3.6. Suppose that Theorem 3.4 hold, then the unique solution u ∈ E is given by
equation (3.2) is Ulam-Hyers stable if there exist γ > 0, for each ϵ > 0 and the following
inequalities∣∣∣u(t) − (Iq,Ψ

η+1
Fu)(t)−

(Ψ(t)− Ψ(η1))
r−1

□Γ(r)

[ (Ψ(η2)− Ψ(η1))
−s

Γ(r − s− 1)
(Iq;Ψ
η+1

Fu)(η1 + η2)

− 1

Γ(r − 1)
(Iq−s;Ψ
η+1

Fu)(η1 + η2)
] (Ψ(t)− Ψ(η1))

r−2

△Γ(r − 1)

[ (Ψ(η2)− Ψ(η1))
−s

Γ(r − s)
(Iq;Ψ
η+1

Fu)(η1 + η2)

− 1

Γ(r)
(Iq−s;Ψ
η+1

Fu)(η1 + η2)
]∣∣∣ ≤ ϵ∗

and inequality (3.6) hold, where ϵ∗ = ϵ. There exists a solution u∗E of problem (1.1) such
that |u(t)− u∗(t)|≤ γϵ, t ∈ (η1, η2).

Proof. In view of Theorem 3.4, let u ∈ E be a unique solution of (1.1), which is given by
equation (3.2) and let u∗ ∈ E satisfy equation (3.8) that is

u∗(t) = (Iq,Ψ
η+1

Fu∗)(t) +
(Ψ(t)− Ψ(η1))

r−1

□Γ(r)

[ (Ψ(η2)− Ψ(η1))
−s

Γ(r − s− 1)
(Iq;Ψ
η+1

Fu∗)(η1 + η2)

− 1

Γ(r − 1)
(Iq−s;Ψ
η+1

Fu∗)(η1 + η2)
]

+
(Ψ(t)− Ψ(η1))

r−2

△Γ(r − 1)

[ (Ψ(η2)− Ψ(η1))
−s

Γ(r − s)
(Iq;Ψ
η+1

Fu∗)(η1 + η2)

− 1

Γ(r)
(Iq−s;Ψ
η+1

Fu∗)(η1 + η2)
]
.

By the above equation, we have∣∣∣u(t)− u∗(t)
∣∣∣ = ϵ∗ + Iq;Ψ

η+1
|Fu −Fu∗ |(t)

+
(Ψ(t)− Ψ(η1))

r−1

|□Γ(r)|

[ (Ψ(η2)− Ψ(η1))
−s

Γ(r − s− 1)

(
Iq;Ψ
η+1

|Fu −Fu∗ |(η1)

+Iq;Ψ
η+1

|Fu −Fu∗ |(η2)
)
+

1

Γ(r − 1)

(
Iq−s;Ψ
η+1

|Fu −Fu∗ |(η1)

+Iq−s;Ψ
η+1

|Fu −Fu∗ |(η2)
)]

+
(Ψ(t)− Ψ(η1))

r−2

|△Γ(r − 1)|

[ (Ψ(η2)− Ψ(η1))
−s

Γ(r − s)

(
Iq;Ψ
η+1

|Fu −Fu∗ |(η1)

+Iq;Ψ
η+1

|Fu −Fu∗ |(η2)
)
+

1

Γ(r)

(
Iq−s;Ψ
η+1

|Fu −Fu∗ |(η1)

+Iq−s;Ψ
η+1

|Fu −Fu∗ |(η2)
)]



646 P. Borisut and S. Phiangsungnoen(
1 −

{
(Ψ(η2)− Ψ(η1))

q

Γ(q + 1)
+

(Ψ(η2)− Ψ(η1))
q+r−s−1

|□|Γ(r)

[ 1

Γ(r − s− 1)Γ(q + 1)

+
1

Γ(r − 1)Γ(q − s+ 1)

]
+

(Ψ(η2)− Ψ(η1))
q+r−s−2

|△|Γ(r − 1)

[ 1

Γ(r − s)Γ(q + 1)

+
1

Γ(r)Γ(q − s+ 1)

]}
D
)∣∣∣u(t)− u∗(t)

∣∣∣ ≤ ϵ∗,

so;

∥u(t)− u∗(t)∥≤ ϵ∗/
(
1 −

{
(Ψ(η2)− Ψ(η1))

q

Γ(q + 1)
+

(Ψ(η2)− Ψ(η1))
q+r−s−1

|□|Γ(r)

[ 1

Γ(r − s− 1)Γ(q + 1)

+
1

Γ(r − 1)Γ(q − s+ 1)

]
+

(Ψ(η2)− Ψ(η1))
q+r−s−2

|△|Γ(r − 1)

[ 1

Γ(r − s)Γ(q + 1)

+
1

Γ(r)Γ(q − s+ 1)

]}
D
)∣∣∣,

hold, where ϵ∗ = ϵ. Take

γ ≤ 1/
(
1 −

{
(Ψ(η2)− Ψ(η1))

q

Γ(q + 1)
+

(Ψ(η2)− Ψ(η1))
q+r−s−1

|□|Γ(r)

[ 1

Γ(r − s− 1)Γ(q + 1)

+
1

Γ(r − 1)Γ(q − s+ 1)

]
+

(Ψ(η2)− Ψ(η1))
q+r−s−2

|△|Γ(r − 1)

[ 1

Γ(r − s)Γ(q + 1)

+
1

Γ(r)Γ(q − s+ 1)

]}
D
)∣∣∣,

it follows that ∥u− u∗∥≤ γϵ. Therefor problem (1.1) solution is Ulam-Hyers stable.
□

Example 3.7. Consider the following Ψ -Hilfer fractional differential equation and anti-
periodic conditionsD

7
4 ,

1
2 ;t

1
3

2+ u(t) = sin(t)
5(t+2)

(
|u(t)|

1+|u(t)|

)
− 1

100 ,

u(2) = −u(12), D
3
4 ,

1
2 ;t

1
3

2+ u(2) = −D
3
4 ,

1
2 ;t

1
3

2+ u(12), t ∈ (2, 12).

(3.9)

By comparing problems (1.1) and (3.9), we obtain q = 7
4 , s =

3
4 , p = 1

2 , Ψ(t) = t
1
3 , F(t, u(t)) =

sin(t)
5(t+2)

(
|u(t)|

1+|u(t)|

)
− 1

100 , a = 2, b = 12, r = q+2p−pq = 15
8 . As (Ψ(12)−Ψ(2)) = 12

1
3 −2

1
3 ≈

1.0295. By setting Θ(ϵ) = ϵ, ϵ > 0, |u(t)|< R, |f(t, u(t))|≤ 1
20 |u(t)|<

1
20R. We then obtain

the following result:

R− (η2 + η1)BΘ(R) ≈ 0.3R.

From (3.9), we can calculate that K ≈ 0.4637R. This implies that K ≥ R− (η2 + η1)BΘ(R),
and

|F(t, u(t))−F(t, v(t))| ≤ 1

20

∣∣∣ |u(t)|
1 + |u(t)|

− |v(t)|
1 + |v(t)|

∣∣∣
≤ 1

20
|u− v|,
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with D = 1
20 and following(
(Ψ(η2)−Ψ(η1))

q

Γ(q+1) + (Ψ(η2)−Ψ(η1))
q+r−s−1

|□|Γ(r)

[
1

Γ(r−s−1)Γ(q+1) +
1

Γ(r−1)Γ(q−s+1)

]
+ (Ψ(η2)−Ψ(η1))

q+r−s−2

|△|Γ(r−1)

[
1

Γ(r−s)Γ(q+1) +
1

Γ(r)Γ(q−s+1)

])
D ≈ 0.1984 < 1,

we can conclude that problem (3.9) has a unique solution. Moreover, the solution is Ulam-
Hyer stable from the theorem 3.6, this is there exists a unique solution u∗ ∈ E, such that
∥u− u∗∥≤ γϵ, t ∈ (2, 12) where γ ≈ 1.2474 > 0.

4. CONCLUSIONS

We have proved the existence and uniqueness of a solution for a class of Ψ -Hilfer frac-
tional differential equation with anti-periodic conditions. We used the fixed point theorem
of O′Regan and the Banach contraction principle to investigate the existence, uniqueness
and stability of the solution. Our results are not only new in the given setting but also pro-
vide some new special cases: by fixing p = 0 and Ψ = t then our equation and conditions
will be reduced to a Caputo fractional differential equation of order q, s and by setting
p = 1 and Ψ = t then our equation and conditions will be reduced to a Riemann-Liouville
fractional differential equation of order q, s. The obtained results are well illustrated by
example.

The work accomplished in this paper is new and enriches the literature on Ψ -Hilfer
fractional differential equation and anti-periodic conditions.
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