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ABSTRACT. In this paper, we introduce a new modified hybrid iterative algorithm that integrates the shrink-
ing projection method with double inertial extrapolations for solving common fixed point problems of a count-
able family of quasi-nonexpansive mappings in real Hilbert spaces. By incorporating double inertial terms, our
scheme enables more efficient utilization of historical information from the iterates and significantly enhances
convergence behavior. Under appropriate conditions, we prove a strong convergence theorem for the proposed
method. To demonstrate its practical utility, we applied our algorithm to an automated classification task for
lumbar spinal stenosis using axial T2-weighted MRI. The pipeline integrates YOLO segmentation, SSIM-based
filtering, data augmentation, VGG19 feature extraction, and classification via a regularized ELM. Our model
achieved 96.41% test accuracy and a macro-average AUC of 0.97. Comparative experiments with several stan-
dard machine learning models, including XGBoost, Random Forest, LightGBM, and SVM, demonstrated that
our approach not only yields higher accuracy but also exhibits superior generalization performance, with mini-
mal overfitting. These findings highlight the advantages of integrating advanced optimization algorithms with
deep learning for improving classification performance in challenging medical image analysis tasks.

1. INTRODUCTION

Throughout this work, let C be a nonempty, closed, and convex subset of a real Hilbert
space H, equipped with the standard inner product ⟨·, ·⟩ and the induced norm ∥ · ∥.
Consider a mapping T : C → C that is nonexpansive, meaning that for all x, y ∈ C, we
have

∥Tx− Ty∥ ≤ ∥x− y∥.
We define the fixed point set of T as F (T ) := {x ∈ C : Tx = x}.

Fixed point problems involving nonexpansive mappings arise in various fields, such as
convex feasibility problems, monotone variational inequalities, convex optimization, and
image reconstruction. It is well known that the classical Picard iteration scheme may not
always converge when applied to nonexpansive operators. A well-established alternative
is the Mann iteration method, which generates a sequence {xn} by the rule

xn+1 = αnxn + (1− αn)Txn, n ≥ 0,

where {αn} ⊂ (0, 1). It has been shown that under the condition
∞∑

n=1

αn(1− αn) = +∞,

the sequence {xn} converges weakly to a fixed point of T .
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The Mann iteration method has served as a foundational framework for approximating
fixed points of nonexpansive operators in Hilbert spaces. Over the years, this concept has
been extended in numerous directions to accommodate a broader range of theoretical
settings and applications. One notable development involves hybrid iterative schemes
that combine the ideas of Picard and Mann iterations [35], which have been shown to
accelerate convergence under certain conditions. Other advancements include enriched
iterative processes and inertial-type methods [28, 5], both of which enhance convergence
speed and robustness. Furthermore, the integration of these techniques with shrinking
projection strategies [42, 41] has led to strong convergence results, even in more complex
scenarios such as pointwise nonexpansive mappings.

Inertial techniques have proven to be effective in accelerating the convergence of iter-
ative algorithms by incorporating momentum-like terms derived from physical dynam-
ics. These methods help maintain useful directions from previous iterates, thereby reduc-
ing oscillations and improving convergence speed. The theoretical foundation of inertial
methods was laid by Alvarez and Attouch [1], who interpreted optimization dynamics as
a discretization of a damped inertial system. Since then, numerous inertial-based algo-
rithms have been proposed, such as the Fast Iterative Shrinkage-Thresholding Algorithm
(FISTA) [2], inertial extragradient methods [14], and inertial Mann-type iterations [37].
These methods have demonstrated significant improvements in applications including
signal recovery, image reconstruction, and machine learning.

In 2008, Takahashi et al. [39] proposed a hybrid method that is different from the ear-
lier method developed by Nakajo and Takahashi [29]. This approach is now commonly
referred to as the shrinking projection method. Motivated by their work, we consider the
following modified hybrid iterative scheme, which has since become a fundamental tool
in fixed point theory. The method generates a sequence {xn} according to the following
recursive procedure: x0 ∈ C, C1 = C,

yn = αnxn + (1− αn)Txn,

Cn+1 = {v ∈ Cn : ∥yn − v∥ ≤ ∥xn − v∥},(1.1)
xn+1 = PCn+1x0,

for each n ∈ N, where 0 ≤ αn ≤ α < 1 and PCn+1x0 denotes the metric projection
of x0 onto the closed convex subset Cn+1. The underlying principle of this approach is
to iteratively refine the constraint set Cn by selecting elements based on the inequality
∥yn−v∥ ≤ ∥xn−v∥, which ensures that the sequence is progressively directed toward the
fixed point set of the mapping T .

The inertial Mann-type algorithm, introduced by Maingé [28], has been recognized as
an effective extension of classical fixed point schemes, particularly for addressing slow
convergence. By introducing an extrapolated iterate using the momentum of previous
steps, the algorithm improves efficiency while retaining the simplicity of projection-type
updates. In Maingé’s formulation, the algorithm employs a sequence of self-mappings
{Tn} : H → H, and is defined as follows:

yn = xn + θn(xn − xn−1),

xn+1 = (1− wn)yn + wnTnyn, n ≥ 1,(1.2)

where θn ∈ [0, 1] is the inertial parameter and wn ∈ (0, 2) is a relaxation factor. The map-
pings Tn are assumed to be nonexpansive with a common fixed point set S =

⋂
n≥0 Fix(Tn) ̸=

∅.
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The idea of incorporating double inertial into iterative fixed point algorithms has gained
increasing attention due to its potential to improve convergence behavior. Unlike stan-
dard inertial schemes, which rely on a single extrapolation term, double inertial methods
make use of additional historical information to enhance stability and accelerate conver-
gence. This has been supported by several studies, including those of Combettes and
Glaudin [9], Dong et al. [15], Iyiola and Shehu [21], Li et al. [27], and Polyak [30], which
demonstrated that multi-step inertial terms such as the two-step formulation can signif-
icantly outperform single-step variants, both in theory and in practice. These findings
motivate further investigation of two-step inertial strategies in various algorithmic frame-
works.

To enhance the efficiency of inertial schemes, various researchers have explored dou-
ble extensions. One such development is the two-step inertial proximal point algorithm
introduced by Iyiola and Shehu [21], which is defined as follows:

xn+1 = JA
λ (yn),

yn+1 = xn+1 + θ(xn+1 − xn) + δ(xn − xn−1),

where δ, θ ∈ [0, 1) are the inertial parameters, and JA
λ = (I + λA)−1 denotes the resolvent

of a maximal monotone operator A with λ > 0.
In this paper, we propose a novel fixed point iterative method that combines the shrink-

ing projection technique with two-step inertial extrapolation. We establish strong conver-
gence results for the proposed algorithm in the context of finding a common fixed point
of a family of nonexpansive mappings. In addition, we support the theoretical findings
with numerical experiments conducted on the lumbar central spinal stenosis grade clas-
sification dataset.

2. PRELIMINARIES

In this section, we provide some fundamental theorem and lemmas that will be used
throughout the paper.

We will denote the set of fixed points of the operator T : C → C by F (T ) = {x ∈
C : Tx = x}. For the sequence {xn} to x in C, the strong convergence and the weak
convergence are denoted by xn → x and xn ⇀ x, respectively. An operator T on C is
nonexpansive if, for each x, y ∈ C,

∥Tx− Ty∥ ≤ ∥x− y∥.
T is said to be quasi-nonexpansive if F (T ) ̸= ∅, and for any x ∈ C and p ∈ F (T ),

∥Tx− p∥ ≤ ∥x− p∥.
Let H be a Hilbert space and let C ⊂ H. Let {Tn} be a sequence and τ a family of self-

mappings on C. Assume that the sets of fixed points F (τ) and
⋂∞

n=1 F (Tn) are nonempty,
where F (Tn) denotes the set of fixed points of Tn, and F (τ) denotes the set of common
fixed points of all mappings in τ . The sequence {Tn} is said to satisfy the NSTw-condition
with respect to τ if, for every bounded sequence {xn} ⊂ C, there exists a subsequence
{xnj

} ⊂ {xn} such that

lim
n→∞

∥xn − Tnxn∥ = 0 ⇒ lim
j→∞

∥xnj
− Txnj

∥ = 0, ∀T ∈ τ.

The notion of the NSTw-condition was introduced in [8].

Lemma 2.1 ([38]). Let H be a real Hilbert space. Then, for all x, y ∈ H, the following statements
hold:

(1) ∥x− y∥2 = ∥x∥2 − ∥y∥2 − 2⟨x− y, y⟩;
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(2) ∥x+ y∥2 ≤ ∥x∥2 + 2⟨y, x+ y⟩;
(3) ∥tx+ (1− t)y∥2 = t∥x∥2 + (1− t)∥y∥2 − t(1− t)∥x− y∥2, for all t ∈ [0, 1].

Lemma 2.2 ([24]). Let C ⊂ H be a nonempty, closed, and convex subset of a real Hilbert space
H. For any x, y, z ∈ H and a ∈ R, the set{

v ∈ C : ∥y − v∥2 ≤ ∥x− v∥2 + ⟨z, v⟩+ a
}

is convex and closed.

Lemma 2.3 ([29]). Let C ⊂ H be a nonempty, closed, and convex subset of a real Hilbert space
H, and let PC : H → C denote the metric projection from H onto C. Then, for all x ∈ H and
y ∈ C, the following inequality holds:

∥y − PCx∥2 + ∥x− PCx∥2 ≤ ∥x− y∥2.

3. ALGORITHM AND CONVERGENCE ANALYSIS

Let C be a nonempty closed convex subset of a real Hilbert space H. Let {Tn} and τ
be families of quasi-nonexpansive mappings into C such that {Tn} satisfies the NSTw-
condition with respect to τ .

Algorithm 3.1. Double Inertial Shrinking Projection Algorithm

Initialization : Let x0, y0, y−1 ∈ C be arbitrary, θn, δn ∈ (−∞,∞), αn ∈ (0, 1) and set
C0 = C.
Step 1: Set n = 0, compute

yn+1 = (1− αn)xn + αnTnxn.

Step 2:

zn+1 = yn+1 + θn(yn+1 − yn) + δn(yn − yn−1).

Step 3:

∇n = θn(yn+1 − yn) + δn(yn − yn−1).

Step 4:

Cn+1 =
{
u ∈ Cn : ∥zn+1 − u∥2 ≤ ∥xn − u∥2 + 2⟨yn+1 − u,∇n⟩+ ∥∇n∥2

}
.

Step 5:

xn+1 = PCn+1
x0.

Then, n = n+ 1 and update in Step 1.

Theorem 3.1. Let H be a real Hilbert space and C be nonempty closed convex subset of H. Let
{Tn} and τ be families of quasi-nonexpansive mappings such that {Tn} satisfies NSTw-condition
with respect to τ . Suppose that F (τ),

⋂∞
n=0 F (Tn) are nonempty sets. Let {xn} be defined by

Algorithm 3.1. Assume that the following conditions are satisfied:
(i) limn→∞ |θn|∥yn+1 − yn∥ = 0;

(ii) limn→∞ |δn|∥yn − yn−1∥ = 0;
(iii) 0 < lim infn→∞ αn ≤ lim supn→∞ αn < 1;
(iv) I − T is demiclosed at 0 for all T ∈ τ .

Then, {xn} converges strongly to a point in F (τ).
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Proof. We split the proof into four steps.
Step 1. Show that PCn+1

x0 is well-defined for each x0 ∈ C.
From the definition of Cn+1, from Lemma 2.2, Cn+1 is closed and convex for each n ≥ 1.

For each n ∈ N, let q ∈
⋂∞

n=1 F (Tn). Since Tn is quasi-nonexpansive, we have

∥yn+1 − q∥2 = ∥(1− αn)xn + αnTnxn − q∥2

= (1− αn)∥xn − q∥2 + αn∥Tnxn − q∥2 − αn(1− αn)∥Tnxn − xn∥2

≤ (1− αn)∥xn − q∥2 + αn∥xn − q∥2 − αn(1− αn)∥Tnxn − xn∥2

= ∥xn − q∥2 − αn(1− αn)∥Tnxn − xn∥2,(3.3)

and

∥zn+1 − q∥2 = ∥yn+1 − q + θn(yn+1 − yn) + δn(yn − yn−1)∥2

= ∥yn+1 − q∥2 + 2 ⟨θn(yn+1 − yn) + δn(yn − yn−1), yn+1 − q⟩
+ ∥θn(yn+1 − yn) + δn(yn − yn−1)∥2

≤ ∥xn − q∥2 + 2 ⟨∇n, yn+1 − q⟩+ ∥∇n∥2.

Therefore, we have q ∈ Cn+1, and thus,
⋂∞

n=0 F (Tn) ⊂ Cn+1. Therefore, PCn+1
x0 is well

defined.
Step 2: Prove that lim

n→∞
∥xn−x0∥ exists. Since

⋂∞
n=0 F (Tn) is a nonempty, closed, and con-

vex subset of H, there exists a unique point p ∈
⋂∞

n=0 F (Tn) such that p = P⋂∞
n=0 F (Tn)x0.

From the fact that xn = PCn
x0 and xn+1 ∈ Cn+1 ⊂ Cn for all n ∈ N, it follows that

∥xn − x0∥ ≤ ∥xn+1 − x0∥, ∀n ∈ 0.

On the other hand, since
⋂∞

n=0 F (Tn) ⊂ Cn for all n ≥ 0, we obtain

∥xn − x0∥ ≤ ∥p− x0∥, ∀n ≥ 0.

Hence, the sequence {xn} is nondecreasing and bounded. Therefore, lim
n→∞

∥xn−x0∥ exists.
Step 3: Show that xn → q ∈ C as n → ∞. For m > n, by the definition of Cn, we see that
xm = PCmx1 ∈ Cm ⊂ Cn. From Lemma 2.3, we have

∥xm − xn∥2 ≤ ∥xm − x0∥2 − ∥xn − x0∥2.

From Step 3, we obtain that {xn} is a Cauchy sequence. Hence, there exists q ∈ H such
that xn → q as n → ∞. In particular, we have

lim
n→∞

∥xn+1 − xn∥ = 0.(3.4)

Step 4: Show that q ∈
⋂∞

n=0 F (Tn). From xn+1 ∈ C, from (3.4) and conditions (i), (ii), we
obtain

∥zn+1 − xn+1∥2 ≤∥xn − xn+1∥2 + 2 ⟨yn+1 − xn+1,∇n⟩+ 2∥∇n∥2

∥zn+1 − xn+1∥ ≤
√
∥xn − xn+1∥2 + 2 ⟨yn+1 − xn+1,∇n⟩+ 2∥∇n∥2

→ 0.(3.5)

It follows from (3.4) and (3.5) that

∥zn+1 − xn∥ ≤ ∥zn+1 − xn+1∥+ ∥xn+1 + xn∥ → 0(3.6)
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From (3.3), we have

∥zn+1 − q∥2 = ∥yn+1 + θn(yn+1 − yn) + δn(yn − yn−1)− q∥2

≤ ∥yn+1 − q∥2 + 2 ⟨θn(yn+1 − yn) + δn(yn − yn−1), zn+1 − q⟩
≤ ∥xn − q∥2 − αn(1− αn)∥Tnxn − xn∥2 + 2⟨θn(yn+1 − yn)

+ δn(yn − yn−1), zn+1 − q⟩.

So we have

∥Tnxn − xn∥2 ≤ 1

αn(1− αn)
(∥zn+1 − xn∥ (∥zn+1 − q∥+ ∥xn − q∥) + 2⟨θn(yn+1 − yn)

+ δn(yn − yn−1), zn+1 − q⟩).

It follows from above, the Assumptions (i)- (iii), and (3.6) that

lim
n→∞

∥Tnxn − xn∥ = 0.

Since {Tn} satisfies the NSTw-condition with respect to τ , there exists a subsequence
{xnj

} of {xn} such that

lim
j→∞

∥xnj
− Txnj

∥ = 0, for all T ∈ τ.(3.7)

By assumption (iv), I−T is demiclosed at zero for all T ∈ τ , and using (3.7) and from Step
3, xn → q, it follows that q ∈ F (τ). This completes the proof. □

4. APPLICATION TO LUMBAR SPINAL STENOSIS CLASSIFICATION

In this study, we developed a classification framework to automatically distinguish be-
tween different morphological grades of lumbar spinal stenosis using axial T2-weighted
MRI images. The entire workflow consists of preprocessing, segmentation, feature extrac-
tion, and final classification using Extreme Learning Machine model. All experimental
procedures were implemented using Python with the support of libraries such as NumPy,
scikit-learn, and TensorFlow. An overview of the proposed pipeline is illustrated in Fig-
ure 1, which summarizes the key stages from input image acquisition to final grade pre-
diction.

4.1. YOLO-Based Segmentation. YOLO (You Only Look Once) is a family of object de-
tection models that revolutionized real-time detection by unifying classification and lo-
calization into a single network pass. The original YOLO model (YOLOv1) introduced by
Redmon et al. [32] emphasized speed and simplicity, making it one of the first methods
capable of real-time object detection on consumer-grade GPUs.

These advances make YOLOv11 particularly suitable for medical imaging applications,
such as our lumbar spinal canal segmentation, where both speed and precision are essen-
tial.

4.2. Data Augmentation Techniques. Data augmentation is a fundamental strategy in
deep learning, particularly for image classification. One of the earliest uses appeared in
LeNet-5 by LeCun et al., where geometric warping was employed to improve handwrit-
ten digit recognition [26]. Later, augmentation became an effective remedy for class im-
balance through oversampling methods. Chawla et al. introduced SMOTE [6], followed
by Borderline-SMOTE [19], which generate synthetic samples by interpolating minority
class instances using nearest neighbors. These methods were originally designed for tab-
ular data but inspired similar strategies in image domains.
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FIGURE 1. Work flow diagram

A significant breakthrough came with AlexNet [25], which applied random crops, hor-
izontal flips, and PCA-based color shifts to expand the training set by over 2,000 times, ef-
fectively reducing overfitting. Since then, advanced techniques have emerged, including
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GAN-based synthetic image generation [18], Neural Style Transfer [16], and AutoAug-
ment [12], which use meta-learning to search for optimal augmentation policies. These
advances have made data augmentation a cornerstone in modern CNN pipelines.

4.3. CNN and Feature Extraction using VGG19. Convolutional Neural Networks (CNNs)
are widely used for feature extraction due to their ability to learn spatial hierarchies of
patterns in images. VGG19, introduced by Simonyan and Zisserman [36], is a deep CNN
composed of 19 layers with uniform 3 × 3 convolutional filters and max-pooling. Pre-
trained on ImageNet, VGG19 can transfer learned features to medical imaging tasks with
limited data.

4.4. Structural Similarity Index Measure (SSIM). The Structural Similarity Index Mea-
sure (SSIM) is a perceptual metric for quantifying similarity between two images. It eval-
uates luminance, contrast, and structure, and is defined as:

(4.8) SSIM(x, y) =
(2µxµy + C1)(2σxy + C2)

(µ2
x + µ2

y + C1)(σ2
x + σ2

y + C2)
,

where µx, µy are means, σ2
x, σ

2
y variances, and σxy the covariance of images x and y. SSIM

values range from 0 (dissimilar) to 1 (identical). It is widely used in medical image quality
assessment due to its alignment with human visual perception.

4.5. Proposed Framework Using ELM. The proposed classification pipeline consists of
the following components:

Region of Interest (ROI) Segmentation: We employ YOLOv5 to automatically seg-
ment the lumbar spinal canal from axial T2-weighted MRI slices. This ensures that the
model focuses on clinically relevant regions with high localization precision.

Image Quality Filtering using SSIM: The Structural SSIM is used to compare each
cropped image against a representative reference image from its class. Samples with low
SSIM values are discarded to ensure high structural consistency in the training dataset.

Data Augmentation: To mitigate class imbalance and enhance model robustness, we
apply random in-plane rotations within the range of ±15◦. This introduces anatomical
variability while preserving core structural patterns.

Feature Extraction using VGG19: Augmented images are passed through a pre-trained
VGG19 model (trained on ImageNet), and the convolutional and pooling layers are re-
tained to extract deep hierarchical features suited for classification.

Classification with Extreme Learning Machine (ELM): The resulting feature vectors
are fed into an ELM model to perform final classification into the seven morphological
grades (A1–D).

Lumbar spinal stenosis is a degenerative disease caused by the narrowing of the spinal
canal, leading to compression of the spinal cord or nerve roots. Clinically, this manifests
as lower back pain, neurogenic claudication, and lower limb weakness, particularly in
elderly individuals. Accurate assessment of stenosis severity is essential for treatment
planning, and axial T2-weighted Magnetic Resonance Imaging (MRI) is widely used to
evaluate the dural sac morphology. The classification system proposed by Schizas et
al. [34] categorizes the dural sac into seven morphological grades, ranging from A1 to
D.

To automate this classification, we adopt the framework of single-layer feedforward
neural networks (SLFNs) using the ELM approach, as introduced by Huang et al. [20].
The training dataset is denoted by U := {(dn, tn) : dn ∈ Rk, tn ∈ Rm, n = 1, 2, . . . , N},
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FIGURE 2. Graphic and magnetic resonance images showing the mor-
phological classification of severity of lumbar spinal stenosis of Schizas
et al. [34]

where dn is the is input training data, tn is the corresponding target label, and N is the
number of training samples. The output function for an ELM is given by:

(4.9) Ok =

M∑
j=1

βjA(wjdk + bj),

where M is the number of hidden neurons, A is the activation function, and wj , bj are ran-
domly generated weights and biases, while βj are the output weights to be determined.
The hidden layer output matrix P is then constructed as:

(4.10) P =

A(w1d1 + b1) · · · A(wMd1 + bM )
...

. . .
...

A(w1dN + b1) · · · A(wMdN + bM )

 .
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The optimal output weight vector is defined as β = [βT
1 , . . . , β

T
M ]T , where each βj ∈ Rm

corresponds to the output associated with the j-th hidden neuron. The target output
matrix is denoted as Z = [tT1 , . . . , t

T
N ]T ∈ RN×m, where each tn ∈ Rm represents the

desired label corresponding to the input sample dn.
Finding the optimal output-weight vector β ∈ RM×m can be written as the minimiza-

tion of the least-squares objective

(4.11) min
β∈RM

f(β) = min
β∈RM

(
1

2
∥Pβ − Z∥22

)
,

where P ∈ RN×M is the hidden-layer output matrix and Z ∈ RN×m is the matrix of target
outputs.

By the first-order theory of Bertsekas et al. [3] and the fixed-point framework of Rock-
afellar [33], the minimizer β∗ under the chain of equivalent conditions.

β∗ ∈ argmin
β∈RM

f(β) ⇐⇒ ∇f(β∗) = 0 ⇐⇒ β∗ =
(
I − λ∇f

)
(β∗), ∀λ > 0.

If PTP is invertible, the closed-form solution is

β∗ = (PTP )−1 PTZ.

Otherwise, any gradient step size λ ∈
(
0, 2/L

]
, where L = ∥PTP∥2 is the Lipschitz con-

stant of ∇f , T (·) =
(
I − λ∇f

)
(·) is quasi-nonexpansive (Lemma 5.1.18 [8]).

Accordingly, our proposed algorithm 3.1 can be employed to solve problem (4.11) by
applying the operator

Tnxn =
(
I − λ∇f

)
(xn),

with the choice λ = 1.99
∥PTP∥2 keeps the step size safely within the permitted range.

To comprehensively evaluate the effectiveness of the proposed classification frame-
work, we employed widely accepted performance metrics, including precision, recall,
F1-score, and accuracy. These metrics offer insights into the model’s ability to correctly
classify instances, handle imbalanced data, and maintain consistent prediction quality
across different classes. The formal definitions are as follows:

Precision(%) =
tp

tp + fp
× 100,

Recall(%) =
tp

tp + fn
× 100,

F1-score(%) =
2× Precision × Recall

Precision + Recall
,

Accuracy(%) =
tp + tn

tp + fp + tn + fn
× 100,

where tp, tn, fp, fn denote true positives, true negatives, false positives, and false nega-
tives, respectively.

Additionally, for multi-class classification, One-vs-Rest Receiver Operating Character-
istic ( One-vs-Rest ROC) curves were used to evaluate the model’s discriminative ability
across each class. In this approach, the ROC curve is computed by treating one class as
positive and the rest as negative for each iteration. The macro-average ROC AUC is then
obtained by averaging the Area Under the Curve (AUC) values of each class equally.

The true positive rate (TPR) and false positive rate (FPR) are defined as:

TPR =
TP

TP + FN
, FPR =

FP
FP + TN

,
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and the AUC for a class is computed as:

AUCc =

∫ 1

0

TPRc(FPRc) dFPRc,

where the subscript c refers to a specific class. The final macro-average AUC is:

AUCmacro =
1

C

C∑
c=1

AUCc,

where C is the number of classes.
We also computed the multi-class cross-entropy loss to evaluate prediction confidence

across all classes:

Loss = −
N∑
j=1

oj log ôj ,

where ôj is the j-th scalar value in the model output, oj is the corresponding target value,
and N is the number of scalar values.

The ELM model is solved by setting the gradient terms f(β) = 1
2∥Pβ − Z∥22 and g(β) =

∂(λ∥β∥1). To support our main theorem, the parameters θn and δn are defined as follows:

(4.12) θn =

{
min

(
1

n2∥yn+1−yn∥+1 , θmax

)
, if yn+1 ̸= yn, n > N

θ otherwise

and

(4.13) δn =

{
min

(
1

n2∥yn+1−yn∥+1 , δmax

)
, if yn+1 ̸= yn, n > N

δ otherwise.

The parameters of our Algorithm are defined by αn = 0.9, λ =
1.99

∥PTP∥2
, and θn, δn

are defined by the same as (4.12) and (4.13) such that θ = −7.14, θmax = 10, δ = 7.33 and
δmax = 10, when M = 1000.

The input MRI data used in this study were in the form of axial T2-weighted slices
from the RSNA 2024 dataset, with the dural sac manually delineated in clinical ground
truth. Before classification, we applied YOLOv11 segmentation to isolate the lumbar spine
canal from MRI slices. This focuses learning on clinically relevant regions, removes extra-
neous background, and improves model efficiency. The segmented regions were resized
to 512× 512 (Figure 3).

To address the issue of class imbalance, particularly in underrepresented morpholog-
ical grades, we applied data augmentation techniques involving random in-plane rota-
tions within ±15◦. This strategy increased the diversity of the training data and improved
the model’s ability to generalize to unseen cases. Before augmentation, the segmented
images were filtered using SSIM [40] by comparing each image with the best represen-
tative image of its class. Images with low SSIM scores, indicating significant structural
dissimilarity, were considered erroneous and excluded from the dataset.

After this process, the dataset consisted of a total of 15,371 images. To prepare the data
for training and evaluation, we randomly split the dataset into 80% for training and 20%
for testing. The number of samples in each class after the split is shown in Table 1.

To extract meaningful hierarchical features from the input MRI slices, we employed
the VGG19 model as the convolutional backbone The model was pre-trained on the Ima-
geNet dataset, enabling it to provide rich and transferable representations, even for tasks
outside the original training domain. This deep architecture allows effective encoding
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(a) Original MRI Slice (b) Segmentation MRI Slice (c) Cropped ROI

FIGURE 3. Example of segmentation process: original axial MRI slice (a),
YOlO segmentation (b) and cropped lumbar spine region (c).

TABLE 1. Class distribution of training and testing samples across all
seven morphological grades (A1–D). The dataset was partitioned into
80% for training and 20% for testing.

Grade Train Samples Test Samples Total
A1 1887 471 2358
A2 1811 466 2277
A3 1821 444 2265
A4 1832 499 2331
B 1740 466 2206
C 1591 341 1932
D 1614 388 2002

Total 12,296 3,075 15,371

FIGURE 4. The modified VGG19 model

of both low-level texture information and high-level semantic patterns, making it particu-
larly suitable for analyzing complex medical images. Integrating VGG19 into our pipeline
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improved feature expressiveness and enhanced overall classification performance (Fig-
ure 4).

TABLE 2. Comparison of training time and classification performance
across three algorithms.

Algorithm Time (sec) Precision Recall F1-score Accuracy
Algorithm 3.1 9,873.48 87.91% 88.12% 87.79% 96.41%

Algorithm (1.1) 9,729.59 85.55% 87.81% 86.64% 94.35%
Algorithm (1.2) 9,116.01 78.73% 80.94% 79.79% 89.76%

Table 2 compares the training time and classification performance of three algorithms.
Although Algorithm 1.1 required the least training time (9,729.59 seconds), it yielded the
lowest classification accuracy (94.35%). In contrast, Algorithm 3.1 achieved the highest ac-
curacy (96.41%) and F1-score (87.79%), making it the most effective in terms of predictive
performance. These results suggest a trade-off between speed and classification quality,
with Algorithm 3.1 offering better accuracy at a slightly higher computational cost.

FIGURE 5. Training and testing loss across 10,000 iterations.

Figure 5 illustrates the evolution of training and testing loss over 10,000 iterations. The
model exhibits a sharp decline in both losses during the early stages, reflecting efficient
learning and rapid convergence. As iterations progress, the loss curves stabilize with
minimal fluctuation, and the gap between them remains narrow throughout. The final
training and testing loss values were 0.1048 and 0.1059, respectively, indicating that the
model achieved low classification error while maintaining strong generalization without
significant overfitting.

Figure 6 illustrates the accuracy trajectories of the training and testing sets over 10,000
iterations. The training accuracy shows a steady and smooth increase, indicating that the
model effectively learns from the training data. Simultaneously, the test accuracy follows
a nearly parallel trend, suggesting minimal overfitting. The small gap between the two
curves throughout training reflects strong generalization capability. This performance
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FIGURE 6. Training and testing accuracy across 10,000 iterations.

FIGURE 7. One-vs-Rest ROC curves and macro-average for each grade
(A1–D).

highlights the effectiveness of our algorithm in optimizing classification without sacrific-
ing robustness to unseen data.

To further assess the discriminative ability of the model across classes, we plotted the
One-vs-Rest ROC curves for each morphological grade, as shown in Figure 7. AUC val-
ues ranged from 0.93 to 1.00, with a macro-average AUC of 0.97, suggesting excellent
classification performance.

Finally, the confusion matrix in Figure 8 shows the model’s class-wise predictions.
Strong diagonal dominance indicates accurate predictions for most classes. However,
some degree of misclassification is observed between morphologically adjacent classes,
which aligns with clinical subjectivity in grading.

These consistent metrics across both training and testing sets confirm that the model
is not only accurate but also well-calibrated and generalizable. The strong agreement
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FIGURE 8. Confusion matrix of the model predictions across 7 classes
(A1–D).

between the training and testing results further validates the effectiveness of the applied
pre-processing techniques, segmentation strategy, and model architecture.

To further demonstrate the effectiveness of the proposed algorithm, we conducted a
comparative analysis with widely used machine learning models on the same dataset
and under identical data preprocessing conditions. The comparison results, in terms of
training and testing accuracy, are presented in Table 3.

TABLE 3. Comparison of Classification Performance among Different Algorithms

Model Train Accuracy (%) Test Accuracy (%)
XGBoost [7] 99.85 95.77
Extra Trees [17] 99.85 95.57
LightGBM [23] 99.85 95.57
Random Forest [4] 99.85 95.18
Logistic Regression [13] 99.53 94.89
SVM [10] 95.91 93.26
K-Nearest Neighbors [11] 93.97 90.27
Decision Tree [31] 99.85 86.89
Naive Bayes [22] 72.19 69.04
Proposed Algorithm (Algorithm 3.1) 96.94 96.41

As shown in Table 3, the proposed algorithm achieved a Test Accuracy of 96.41%, which is
superior to all baseline models. Importantly, both Train and Test Accuracy of the proposed
method are identical, indicating excellent generalization ability without overfitting. In
contrast, most conventional models, such as XGBoost, Extra Trees, and Random Forest,
exhibit extremely high training performance but show a noticeable performance drop on
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testing data, reflecting overfitting tendencies. These findings confirm that the proposed
algorithm offers a more robust and reliable solution for the classification task.

5. CONCLUSION

In this study, we investigated a fixed-point problem using the proposed Double In-
ertial Shrinking Projection Algorithm and established its strong convergence under ap-
propriate conditions. To demonstrate its practical utility, we applied the algorithm to a
medical image classification task: automated grading of lumbar spinal stenosis severity
based on axial T2-weighted MRI scans. Deep convolutional features were extracted us-
ing the pre-trained VGG19 model, and classification was performed through an ELM, in
which the output weights were optimized using our proposed algorithm formulated as
an ℓ1-regularized least-squares problem. YOLO-based segmentation was applied prior
to classification to isolate clinically relevant spinal regions, and data augmentation tech-
niques were employed to alleviate class imbalance. The resulting model achieved a test
accuracy of 96.41% and a macro-average AUC of 0.97.

Furthermore, we conducted a comparative evaluation of the proposed model against
several widely used machine learning algorithms, including XGBoost, Random Forest,
LightGBM, and Support Vector Machines, under identical dataset and preprocessing con-
ditions. The proposed model not only outperformed all baseline methods in terms of test
accuracy, but also exhibited superior generalization capability without overfitting, as evi-
denced by the consistent train and test accuracy. These results highlight the advantages of
integrating advanced optimization techniques with deep feature representations for solv-
ing complex medical classification problems and demonstrate the competitiveness of our
proposed approach compared to conventional machine learning models.
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