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Energy and skew-energy of a modified graph

V. LOKESHA, Y. SHANTHAKUMARI and K. ZEBA YASMEEN

ABSTRACT. Graph energies draw the greater attention of the scientific community due to their direct appli-
cability in molecular chemistry. In this paper, we establish the energy of a graph obtained by the means of some
graph operations. The energy of the product of graph K, x G, where K, is a complete graph and G is a simple
undirected graph and energy of the corresponding digraph are estimated. Further, the duplication graph DG is
considered and proved that the energy £(DG) = 2E(G) and £(DG?) = 26(G?).

1. INTRODUCTION

A graph G is an ordered pair (V, E), where | V(G) | = m. Let A(G) be its an adjacency

matrix of order m. The characteristic polynomial of a graph G is denoted by Ch(G; \) =
det(A\I—G), where ) is an eigenvalue of a graph G. The spectrum of G denoted by Spec(G)
and is the set of all eigenvalues of G with their multiplicity. In 1978, I. Gutman introduced
the concept of energy of a graph [4], the energy of G is defined as £(G) = i~ | A; |. In
graph theory, one consistently tries to generate new graphs from a given graph. In this
section, we consider some newly generated graphs from a given graph and we check out
energy for them.
In 2010, A. Dilek Gungor et al., [2] investigated the Harary energy and Harary Estrada
index of a graph and some bounds for the Kirchhoff index of a connected (molecular)
graph are reported in [3]. Kinkar Ch. Das et al., [6, 7] investigated some bounds for
Laplacian energy and Laplacian-energy-like invariant. The concept of skew energy was
introduced by Adiga et al., [1] in 2010 and we also also refere [8,10] for skew energy. The
definition of a digraph is utilized to compute the skew energy of some graphs.

The following definition will be needed in our results in the coming sections.

Definition 1.1 ([1]). Let G“ be a directed graph of order m with the vertex set V' (G) and
the arc set I'(G?) C V(G?) x V(G?). The skew adjacent matrix of G is the n x n matrix
S(G?) = [s;5], where s;; = 1 whenever (v;,v;) € I'(G?), s;; = —1 whenever (vj,v;) €
I'(G7) and s;; = 0 otherwise.

Definition 1.2 ( [5]). The Cartesian product (denoted by G; x G2 ) of two simple graphs
G1 = (V1, E1) and G5 = (V, E») has the vertex-set V(G1) x V(G2). For any u,v € V(Gy)
and z,y € V(G2), (u, x) is adjacent to (v, y) if either u = v and zy € E(G2) or wv € E(G1)
andz=yand | E(Gy x G2) |=| Vi |.| Ea |+ | Va|.| E1].

This article is organized as follows. Section 1 consists of the introduction and basic
definitions required for the development of the main results. In section 2 the energy of
the graph K, x G and the energy of the corresponding digraph G is evaluated. In section
3 the energy of a duplication graph DG and digraph DG are computed.
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2. ENERGY OF THE GRAPH K,, x G
In this section, the energy of K,, x G is calculated, where K, is a complete graph and

G is a simple undirected graph and the energy of corresponding digraph G is also calcu-
lated.

Theorem 2.1. Let G = (V, E) be a simple graph with | V' | = m. Let A\;, j = 1,2,...,m be
eigenvalues of G. Then
EE,xG) =) (n—1)| N —1|+|X+n—1].
j=1
Proof. Let V(K,) = {u1,...,u,} and V(G) = {v1,...,v,} then adjacency matrix of G is
given by

0 a2 a3 -+ aim
ao1 0 a3 -+ G2m
AG)=|a1 a2z 0 - agn
Aml Am2 am3 0
Now, V(K, x G) = w; =
{(ula U1)7 (U17'U2), ety (u17vm)a
(UQavl)) (UQ, U2)7 MR (u27’U1’TL)7
(Una 7]1)7 (Un; U2)7 ey (Un, UWL)}-
Then A(K,, x G) can be written as a block matrix as given below,
AG) I, L, - I, I,
I, AG) I, - In I
A(K, x G) = 1, I, AG) - In 1,
Im Im Im e Im A(G)

Where I, is the identity matrix of order m.
By the laws of matrix algebra, A\; — 1 (n — 1 times) and A; + n — 1 are eigenvalues of
matrix A(K, x G) ,where )\;, j =1,2,...,m are the eigenvalues of G. Hence the energy of
A(K, x G)is given by

m

EEnxG) =Y (n=1)|\j—1]+|X\+n—1].
j=1
O

Illustration 1 : Consider the cycle C3 and the cartesian product graph K; x C3 with
V(K3 x C3) = {w1, wa, ws, ws, ws, we }. and A(Ks x Cs) be its adjacency matrix.
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FIGURE 1. The graph of C3 and K3 x Cs

01 1. 1 0 O
1 01 0 1 0
1 1.0 0 0 1
AR xC) =11 5 ¢ 0 1 1
01 0 1 0 1
00 1 1 1 0
-2 0 1 3

Spec(Ky x C3) = ( 9 9 1 1) .

Therefore
E(Kg X Cg) =38
0 1 1 0 1
ACs) =1 0 1 andA(Kg):<1 O).
1 1 0

Eigenvalues of C5 are -1, -1, 2 and eigenvalues of K5 are 1, -1. Therefore by using
Theorem 2.1, the eigenvalues of Ky x C5 are 0, 0,-2, -2, 3,1 and the energy is £(K2 x C3) =
8. Hence the result is verified. In Figure 1, the graph of K> x ('3 is shown.

Theorem 2.2. Let G be the oriented graph on m vertices and K7 be the oriented complete graph
on n vertices with the orientations of all the arcs go from low labels to high labels. Let i);, j =
1,2,...,mand i = \/—1 be the eigenvalues of G°. Then

(o2 (el G T
E(K? x G ):; [ (A —cot@k+ 1)) |, k=0,1,...,n—1.
Proof. Let V(K7) = {u1,...,un} and V(G?) = {v1, ..., vn} then adjacency matrix of G”
(by using the definition of digraph) is given by

0 a2 a1z Qim
—a21 23 - 2m,
a 0 a a
AG7) = | a1 —as 0 - aszm

—Qml —Am2 —am3 0
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Then A(KJ x G7) can be written as a block matrix as given below

AG) e L o Ie I

—1, A(G) I, - I, I,
A(KZ X GU) = I —Inm A(GU) I Iy

*Im *Im *Im e *Im A(GU)

By using the result in [5], the eigenvalues of the matrix are given by
i(\j —cot(2k +1)5-) |, where k = 0,1,2,...,n—1land j = 1,2,...,mand i = v/—1.

m

o o _§ ™
O

Illustration 2: Consider the cycle C{(all the arcs go from low labels to high labels) and
the cartesian product K3 x CY.

o W uy

A »
iy iy iy

FIGURE 2. The graph of C§ and K§ x CY

Adjacency matrix of K§ x (Y is given by

0 1 1 1 0 O
-1 0 1 0 1 0
o 1 -1 0 0 01
ARG =11 o o 0 1 1
0 -1 0 -1 0 1
0 0O -1 -1 -1 0
o o i —t 2.7321¢ —2.7321¢ 0.7321¢ —0.7321¢
Spec(K3 ><C'3)—(1 1 1 1 1 1 )
Therefore
E(KS x CF) = 8.92884.
Now,
0 1 1 0 1
AC)=1-1 0 1 arule(Kg):(1 O)'
-1 -1 0

The eigenvalues of C§ are £1.73213, 0 and eigenvalues of K are +i therefore by us-
ing Theorem 2.2, the eigenvalues of K§ x C are i(1.7321-1), i(1.7321+1), i(-1.7321-1), i(-
1.7321+1), i, -i. and the energy is £(KJ x C§) = 8.92884. Hence the result is verified. In
Figure 2, the graph of K x Cg is shown.
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3. ENERGY OF A DUPLICATION GRAPH

In [9] S. K. Vaidya et al., has estimated the energy of a splitting graph and a shadow
graph. In this section, we reckon the energy of a duplication graph and its corresponding
digraph.

Let A € My,xn and B € M,,. Then the tensor product (or Kronecker product) of A
and B is defined as the matrix

anB  ai2B -+ a1, B

a1B  axpB -+ a,B
A®B = . : ) .

am1B ameB -+ amnB

Proposition 3.1 ([5]). Let A € My« and B € M,y and let X be the eigenvalue of matrix
A with corresponding eigenvector x and p be the eigenvalue of matrix B with corresponding
eigenvector y. Then Ay is an eigenvalue of A @ B with corresponding eigenvector x & y.

Definition 3.3. Let G be a graph with V(G) = {v1,...,v,}. Take another set U =
{u1,...,un}. Make u; adjacent to all the vertices in N(v;) in G for each j and remove
edges of G only. The resulting graph H is called the duplication graph of G denoted by
DG.

Theorem 3.3. Let V(G) = {v1,...,vm} be the vertex set of a graph G and A(G) be its adjacency
matrix. Then E(DG) = 2E(QG).

Proof. The adjacency matrix of G is given by

0 a2 a3z -+ aim

a1 0 as3 - agy

AG)=| a1 a2z 0 - asn
aml Am2 Am3 0

Let U={us,...,un}. Make u; adjacent to all the vertices in N(v;) in G for each j and re-
move edges of G only. We get duplication graph DG with V(DG) ={v1,va,. . ., U, Ut - -, U}
The adjacency matrix of duplication graph DG is given by

0 0 0 e 0 0 ai2 ais te QA1n

0 0 0 tee 0 a1 0 a3 s aon

0 0 0 0 asq aso 0 aszn
o 0 0 0 0 anp1 ap2 ap3 0
A(DG ) - 0 —a12 —ais ce —Q1n 0 0 0 0
—az1 0 —a23 cee —a2n 0 0 0 0
—as —as2 0 tee —Qas3zn 0 0 0 0

—Qn1 —an?2 —an3 te 0 0 0 0 ce 0
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0 a2 a3z -+ aim
01 a1 0 a3 -+ aoy
A(DG) = (1 0) | a1 ax 0 - agm
Am1 Am2 am3 e 0
Spec(DG) = <_i\rjl i‘é),

where )\;, j = 1,2,...,m are the eigenvalues of G while + 1 are the eigenvalues of the

tri 0 1
matrix | ;).

m m

E(DG) =" |+ [=2) |\ = 2€(G).

Jj=1 j=1

O

Illustration 3: Consider the cycle Cy and its duplication graph DCy4 with vertex set
V(DCy) = {v1, 2,03, v4, U1, u2, us, ta}.

(& 'a (& o
l] . L . -y -

TP T
.',.
; () 4 '
Ty ™ . ~ g
Cy Do,

FIGURE 3. The duplication graph of C,

Adjacency matrix of DC} is given by

00 0 0 01 0 1
00 0 01 0 1 0
000 O0O0OT1TO01
000 O01O0T10
ADC)=151 0100 0 0
101 00 0 OO
01 01 0 0 0 O
1 01 0 0 0 0 O
-2 0 2 -2 0 2
Spec(DC’4)< 5 4 2) andSpec(C’4)< 1 9 1).
Therefore
E(DCy) =8and £(Cy) = 4.
Hence

£(DCy) = 28(Cy)
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Corollary 3.1. Let V(G®) = {vy,...,v,,} be the vertex set of a graph G with arc set T(G?)
and A(G?) be its adjacency matrix. Then E(DG?) = 2E(G7).

Ilustration 4 : Consider the directed cycle Cf (all the arcs in clockwise direction) and
Let V(DCY) = {v1,v2,v3, V4, u1, Uz, u3, us } be the vertex set of duplication graph DCY .

A u""r- e iy y
- fl } i
cy DCy

FIGURE 4. Duplication graph of digraph C§

Adjacency matrix of DCY is given by

oo o, OO

SO OO OO

[N eNeNall el e
O OO OO = O

A(DCY) =

|
orroRrRrOoOOCOO
\
|

O, OOOOoOo

o oOrRrocOoOoO
|

O, OOOOoOo

0 1\ _ .
_(1 0>®C4

O = O =

0 1
o (01 -1 0
A(DG)—(1 0)@ 0 1
1 0

Spec(DCY) = <2 _222 222) and Spec(CY) = <g _212 2ll>
Therefore
E(DCY)=8and £(CY) = 4.
Hence

£(DCT) = 28(CF)

4. CONCLUSION

We initiated investigation on energy of a graph obtained via some graph operations.
Here we considered duplication graph DG and it has been disclosed that £(DG) = 2£(G)
and £(DG?) = 2£(Go) and also the energy of product of graph K,, x G and energy of
corresponding digraph K7 x G are determined.



48 V. Lokesha, Y. Shanthakumari and K. Zeba Yasmeen
REFERENCES

[1] Adiga, C., Balakrishnan, R. and Wasin, So., The skew energy of a digraph, Linear Algebra Appl., 432 (2010),
1825-1835

[2] Dilek Gungor, A. and Cevik, A. S., On the Harary Energy and Harary Estrada Index of a Graph, MATCH
Commun. Math. Comput. Chem., 64 (2010), No. 1, 281-296

[3] Dilek Gungor, A., Das, K. C. and Cevik, A.S., On Kirchhoff Index and Resistance-Distance Energy of a Graph,
MATCH Commun. Math. Comput. Chem., 67 (2012), No. 2, 541-556

[4] Gutman, L., The energy of a graph, Ber. Math. Statist. Sekt. Forschungsz. Graz., 103 (1978), 1-22

[5] Horn, R. A. and Johnson, C. R., Topics in Matrix Analysis, Cambridge Univ. Press, Cambridge, (1991)

[6] Das, K. C., Gutman, I, Cevik, A. S. and Zhou, Bo, On Laplacian Energy, MATCH Commun. Math. Comput.
Chem., 70 (2013), No. 2, 689-696

[7] Das, K. C., Gutman, I. and Cevik, A. S., On the Laplacian-Energy-Like Invariant, Linear Algebra Appl., 442
(2014), 58-68

[8] Lokesha, V., Shanthakumari, Y. and Reddy, P. S. K., Skew-Zagreb energy of directed graphs, Proc. Jangjeon
Math. Soc., 23 (2020), 557-568

[9] Vaidya, S. K. and Kalpesh, M. Popat., Some New Results on Energy of Graphs, MATCH Commun. Math.
Comput. Chem., 77 (2017), 589-594

[10] Shader, B. and Wasin, So, Skew spectra of oriented graphs, Electron. J. Combin., 16 (2009), No. 1, Note 32, 6 pp.

DEPARTMENT OF MATHEMATICS

VIJAYANAGARA SRI KRISHNADEVARAYA UNIVERSITY
BALLARI, KARNATAKA, INDIA

Email address: v.lokesha@gmail.com

Email address: yskphd2019@gmail.com

Email address: zebasif44@gmail.com



