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Durrmeyer type modification of (p, q)-Szász Mirakjan
operators and their quantitative estimates

HONEY SHARMA and RAMAPATI MAURYA

ABSTRACT. In the present paper, we introduce Durrmeyer type modification of (p, q)-Szász Mirakjan oper-
ators. We estimate the rate of convergence and local approximation behavior of the operators using modulus
of continuity and Peetre’s K-functional. We compute the quantitative estimates for difference of the proposed
operators with (p, q)-Szász Mirakjan operators and (p, q)-Szász Mirakjan Kantorovich operators.

1. INTRODUCTION

In the last two decades, quantum calculus (q-calculus) was studied extensively in the
field of approximation theory and quantum generalizations of several positive linear
operators have been discussed, for details one may refer to [1]. Further in 2015, Mur-
saleen et al. [13] introduced the (p, q)-Bernstien operators (Post Quantum generaliza-
tion of Bernstien operators) and discussed their approximation properties. Following
[13], many authors have studied the post quantum generalizations of various operators
and investigated about their approximation properties, for details, readers may refer to
[10, 12, 15, 16, 17, 19].
Throughout the paper, we employ the following standard notations of (p, q)-calculus:
Let 0 < q < p < 1. The (p, q)-integer [n]p,q is defined as

[n]p,q =
pn − qn

p− q
n = 0, 1, 2....

and (p, q)-factorial is defined by

[n]p,q! =

{
[1]p,q[2]p,q.........[n]p,q, n ≥ 1

1, n=0
.

For integers 0 ≤ k ≤ n, (p, q)-binomial coefficient is defined as[
n
k

]
p,q

=
[n]p,q!

[k]p,q![n− k]p,q!
.

The (p, q)-binomials expansion is expressed as:

(x+ y)np,q =

n−1∏
j=0

(pjx+ qjy).

(p, q)-form of the exponential function is defined as follows:

ep,q(x) =

∞∑
n=0

pn(n−1)/2xn

[n]p,q!
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and

Ep,q(x) =

∞∑
n=0

qn(n−1)/2xn

[n]p,q!
.

(p, q)-analog of the Gamma function is defined as

Γp,q(n) =

∫ ∞
0

p(n−1)(n−2)/2xn−1

Ep,q(qx)
dp,qx

and Γp,q(n+ 1) = [n]p,q! for n ∈ N.
Recently, T. Acar [2] introduced (p, q)-Szász Mirakjan operators and investigated the rate
of uniform convergence over bounded and unbounded intervals, weighted approxima-
tion and Voronovskaya type theorem for these operators. Sharma et al. [18] introduced
the Kantorovich type modification of (p, q)-Szász Mirakjan operators and investigated
about their approximation behavior. For more studies in the similar direction, see [3, 4, 5,
6, 7, 11, 14].
Inspired by the above studies, we introduce Durrmeyer type modification of (p, q)-Szász
Mirakjan operators and study their approximation properties.

2. CONSTRUCTION OF OPERATOR

For 0 < q < p < 1 and f ∈ C[0,∞), (p, q)-Szász Mirakjan Durrmeyer operators are
defined as follows:

Dp,q
n (f ;x) =

[n]p,q
q

∞∑
k=0

sp,qn,k(x)
pk(k−1)/2

qk(k+1)/2

∫ ∞
0

sp,qn,k(t)f

(
pk

qk
t

)
dp,qt,

where sp,qn,k(.) is base function defined as

sp,qn,k(x) =
qk(k−1)/2

Ep,q([n]p,qx)

[n]kp,qx
k

[k]p,q!

and Ep,q is (p, q)-exponential function.
By using definition of (p, q)-exponential function, we directly get

∑∞
k=0 s

p,q
n,k(x) = 1.

Lemma 2.1. For m ∈ N and Im(k) = pk(k−1)/2

qk(k+1)/2

∫∞
0
sp,qn,k(t)pmk

qmk t
mdp,qt, we have

Im(k) =
[k + 1]p,q[k + 2]p,q......[k +m]p,q

q(mk−m−1) p(m(m−1)/2) [n]m+1
p,q

.

Proof. Using definition of (p, q)-Gamma function and the equality Γp,q(n+ 1) = [n]p,q! for
n ∈ N, we have

Im(k) =
pk(k−1)/2

qk(k+1)/2

∫ ∞
0

sp,qn,k(t)
pmk

qmk
tmdp,qt =

pk(k−1)/2

qk(k+1)/2

pmk

qmk

∫ ∞
0

qk(k−1)/2

Ep,q([n]p,qt)

[n]kp,q
[k]p,q!

tm+kdp,qt

= pk(k−1)/2
pmk

qmk[k]p,q!

qm+1

[n]m+1
p,q

∫ ∞
0

1

Ep,q(qt)
tm+kdp,qt

=
p(2mk+k2−k)/2

qmk−m−1[k]p,q!

1

[n]m+1
p,q

[k +m]p,q!

p(k+m)(k+m−1)/2 =
[k + 1]p,q[k + 2]p,q......[k +m]p,q

q(mk−m−1) pm(m−1)/2 [n]m+1
p,q

.

�

Lemma 2.2. We have
∞∑
k=0

sp,qn,k(x)
[k]p,q

qk−1[n]p,q
= x;

∞∑
k=0

sp,qn,k(x)

(
[k]p,q

q(k−1)[n]p,q

)2

=
x

[n]p,q
+
p

q
x2.
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Lemma 2.3. For ei = ti, i = 0, 1, 2, the moments of the proposed operators are estimated as
follows:

(i)Dp,q
n (e0;x) = 1,

(ii)Dp,q
n (e1;x) = q

[n]p,q
+ px,

(iii)Dp,q
n (e2;x) = q2(q+p)

p[n]2p,q
+ (2pq+q2+p2)

[n]p,q
x+ p3

q x
2.

Proof. For f(t) = tm, m = 0, 1, 2, the proposed operators can be expressed as:

Dp,q
n (tm;x) =

[n]p,q
q

∞∑
k=0

sp,qn,k(x)Im(k).

For m = 0, we have

Dp,q
n (e0;x) =

[n]p,q
q

∞∑
k=0

sp,qn,k(x)I0(k) =
[n]p,q
q

∞∑
k=0

sp,qn,k(x)
q

[n]p,q
= 1.

Using Lemma 2.1, Lemma 2.2 and identity [k + 1]p,q = qk + p[k]p,q , first moment can be
obtained as follows:

Dp,q
n (e1;x) =

[n]p,q
q

∞∑
k=0

sp,qn,k(x)I1(k) =
[n]p,q
q

∞∑
k=0

sp,qn,k(x)
[k + 1]p,q
qk−2[n]2p,q

=

∞∑
k=0

sp,qn,k(x)

(
q

[n]p,q
+

p[k]p,q
qk−1[n]p,q

)
=

q

[n]p,q
+ px.

Using Lemma 2.1, 2.2, the second moment can be obtained as follows:

Dp,q
n (e2;x) =

[n]p,q
q

∞∑
k=0

sp,qn,k(x)I2(k) =
[n]p,q
q

∞∑
k=0

sp,qn,k(x)
p2k[k + 1]p,q[k + 2]p,q

q2k−3p [n]3p,q

=
q2

[n]2p,q

∞∑
k=0

sp,qn,k(x)
1

pq2k

(
q2k+1 + pq2k + 2p2qk[k]p,q + pqk+1[k]p,q + p3[k]2p,q

)

=

∞∑
k=0

sp,qn,k(x)

(
q2(p+ q)

p[n]2p,q
+
q(2p+ q)

[n]p,q

[k]p,q
qk−1[n]p,q

+
p2[k]2p,q

q2(k−1)[n]2p,q

)

=
q2(p+ q)

p[n]2p,q
+

(2pq + q2 + p2)

[n]p,q
x+

p3

q
x2.

�

Lemma 2.4. Using Lemma 2.3, the central moments are computed as follows:

Dp,q
n (t− x;x) =

q

[n]p,q
+ (p− 1)x.

Dp,q
n ((t− x)2;x) =

q2(q + p)

p[n]2p,q
+

(q + p)2 − 2q

[n]p,q
x+

(
1− 2p+

p3

q

)
x2.

Remark 2.1. For 0 < q < p ≤ 1, one can observe that limn→∞[n]p,q = 1
p−q , which restricts

the operators {Dp,q
n } to involve in the approximation process. We proposed the sequence

{pn}, {qn} such that 0 < qn < pn ≤ 1 and qn → 1, pn → 1, qnn → a, pnn → b as n → ∞.
Such sequences always exists, for instance, let a, b ∈ R+, a > b and qn =

(
1 + a

n

)−1, pn =
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1 + b

n

)−1
then 0 < qn < pn ≤ 1 and qn → 1, pn → 1, qnn → ea, pnn → eb, [n]pn,qn → ∞ as

n→∞. For the above type of sequences, we may consider the following:

lim
n→∞

[n]pn,qn(pn − 1) = α, lim
n→∞

[n]pn,qn

(
1− 2pn +

p3n
qn

)
= β.

Theorem 2.1. For the sequence {pn} and {qn} as considered in Remark 2.1 and f ∈ C[0,∞),
the sequence of operators {Dpn,qn

n (f ; .)} converges uniformly to f .

Proof. By using well-known Korovkin theorem along with Lemma 2.3, result can be ob-
tained directly. �

3. CONVERGENCE PROPERTIES OF OPERATORS

In this section, we will present some direct results and Voronovskaya type theorem to
estimate the rate of convergence of proposed operators.

Theorem 3.2 (Local approximation theorem). For f ∈ CB [0,∞) be the space of real val-
ued continuous and bounded functions defined on [0,∞) equipped with supremum norm and
sequences {pn} and {qn} as assumed in Remark 2.1, there exists an absolute constant C > 0 such
that

|Dpn,qn
n (f ;x)− f(x)| ≤ Cω2(f, δn(x)) + ω

(
f,

∣∣∣∣ qn
[n]pn,qn

− (1− pn)x

∣∣∣∣),∀x ∈ [0,∞),

where δ2n(x) =
3q2n

pn[n]2pn,qn

+ (qn+pn)
2+2pnqn−4qn

[n]pn,qn
x+ 2

(
1− 2pn +

p3
n

qn

)
x2.

Proof. To prove the result, we shall employ the properties of modulus of continuity and
Peetre’s K-functional. For details readers may refer to [8, Theorem 2.4].
For f ∈ CB [0,∞), we define

D̃pn,qn
n (f ;x) = Dpn,qn

n (f ;x) + f(x)− f
(

qn
[n]pn,qn

+ pnx

)
.

Using Lemma 2.3, we immediately get, D̃pn,qn
n (t− x;x) = 0.

For g ∈W 2 = {g ∈ CB [0,∞) : g′, g′′ ∈ CB [0,∞)}, by using Taylor’s formula, we have

g(t) = g(x) + (t− x)g′(x) +

∫ t

x

(t− u)g′′(u)du.

Therefore, we have

D̃pn,qn
n (g;x) = g(x) + D̃pn,qn

n

(∫ t

x

(t− u)g′′(u)du;x

)
= g(x) +Dpn,qn

n

(∫ t

x

(t− u)g′′(u)du;x

)
−
∫ qn

[n]pn,qn
+pnx

x

(
qn

[n]pn,qn

+ pnx− u
)
g′′(u)du.

Thus,

|D̃pn,qn
n (g;x)− g(x)| ≤ Dpn,qn

n

(∫ t

x

|t− u‖g′′(u)|du;x

)
+

∫ qn
[n]pn,qn

+pnx

x

∣∣∣∣ qn
[n]pn,qn

+ pnx− u
∣∣∣∣|g′′(u)|du

≤ Dpn,qn
n ((t− x)2;x)‖g′′‖

+

(
qn

[n]pn,qn

+ pnx− x
)2

‖g′′‖.
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Using central moments, we get

|D̃pn,qn
n (g;x)− g(x)| ≤

(
3q2n

pn[n]2pn,qn

+
(qn + pn)2 + 2pnqn − 4qn

[n]pn,qn

x

+ 2

(
1− 2pn +

p3n
qn

)
x2
)
‖g′′‖

= δ2n(x).‖g′′‖.

Also, |D̃pn,qn
n (f ;x)| ≤ 3‖f‖. We observe that, for f ∈ CB [0,∞) and g ∈W 2, we have

|Dpn,qn
n (f ;x)− f(x)|

=

∣∣∣∣D̃pn,qn
n (f ;x)− f(x) + f

(
qn

[n]pn,qn

+ pnx

)
− f(x)

∣∣∣∣
≤ |D̃pn,qn

n (f − g;x)|+ |D̃pn,qn
n (g;x)− g(x)|+ |g(x)− f(x)|

+

∣∣∣∣f( qn
[n]pn,qn

+ pnx

)
− f(x)

∣∣∣∣
≤ 4‖f − g‖+ δ2n(x)‖g′′‖

+ω

(
f,

∣∣∣∣ qn
[n]pn,qn

− (1− pn)x

∣∣∣∣)
≤ 4

(
‖f − g‖+ δ2n(x)‖g′′‖

)
+ ω

(
f,

∣∣∣∣ qn
[n]pn,qn

− (1− pn)x

∣∣∣∣).
Now, taking the infimum on the right hand side over all g ∈W 2, we obtain

|Dpn,qn
n (f ;x)− f(x)| ≤ 4K2

(
f, δ2n(x)

)
+ ω

(
f,

∣∣∣∣ qn
[n]pn,qn

− (1− pn)x

∣∣∣∣).
Finally, we have

|Dpn,qn
n (f ;x)− f(x)| ≤ Cω2

(
f, δn(x)

)
+ ω

(
f,

∣∣∣∣ qn
[n]pn,qn

− (1− pn)x

∣∣∣∣).
This is the required result. �

Let B2[0,∞) be the space of all functions f , for which |f(x)| ≤ Mf (1 + x2), where Mf

is a positive constant that may depend on the function f only. Clearly, B2[0,∞) is a linear
normed space, equipped with the norm ‖f‖2 = supx≥0

|f(x)|
1+x2 . By C2[0,∞), we denote the

subspace of all continuous functions f ∈ B2[0,∞) and C∗2 [0,∞) denotes the subspace of
all functions f ∈ C2[0,∞) satisfying

lim
x→∞

f(x)

1 + x2
= C,

here C is a constant depending on f only.

Theorem 3.3. For {pn} and {qn} be the sequence as considered in Remark 2.1 and f ∈ C2[0,∞),
we have

||Dpn,qn
n

(
|f(t)− f(x)|;x

)
||C[0,a] ≤ 6Mf (1 + a2)δ2n + 2ωa+1

(
f, δn

)
,

here, ωa(f, δ) is modulus of continuity on the interval [0, a] and

δn =
√
Dpn,qn

n

(
(t− x)2;x

)
.
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We are here omitting the proof of the theorem, for details readers may refer to [18, The-
orem 4].

Theorem 3.4 (Voronovskaya Type Theorem). Let {pn} and {qn} be the sequence as considered
in Remark 2.1 and f, f ′, f ′′ ∈ C∗2 [0,∞), then

lim
n→∞

[n]pn,qn

(
Dpn,qn

n (f ;x)− f(x)
)

= (1 + αx)f ′(x) + (x+
β

2
x2)f ′′(x)

uniformly on any [0,K], K > 0.

We are here omitting the proof of the theorem, for details readers may refer to [18,
Theorem 5].

4. QUANTITATIVE ESTIMATES

In this section, we give some quantitative estimates for the difference of the proposed
operators with the operators having similar basis function.
Let C(I) be the space of all real valued continuous functions defined on interval I ⊂ R
and CB(I) = {f ∈ C(I) : ||f || = supx∈I |f(x)| <∞}.
Further, we consider a positive linear functional F : C(I) → R such that F (e0) = 1. We
set bF = F (e1) and µF

r = F (e1 − bF e0)r, r ∈ N.

Theorem 4.5. ([9, Theorem 1]) LetUn =
∑∞

k=0 pn,k(x)Fn,k(f) and Vn =
∑∞

k=0 pn,k(x)Gn,k(f)
be positive linear operators having their basis as pn,k(x). If f ∈ D(I) with f ′′ ∈ CB(I), then

|(Un − Vn)(f ;x)| ≤ α(x)||f ′′||+ 2ω(f, δ(x)),

where

α(x) =
1

2

∞∑
k=0

pn,k(x)

(
µ
Fn,k

2 + µ
Gn,k

2

)
,

δ2(x) =

∞∑
k=0

pn,k(x)

(
bFn,k − bGn,k

)2

.

Using the above assumptions, the proposed operators Dp,q
n can be expressed as

Dp,q
n (f ;x) =

∞∑
k=0

sp,qn,k(x)F p,q
n,k(f),

where

sp,qn,k(x) =
qk(k−1)/2

Ep,q([n]p,qx)

[n]kp,qx
k

[k]p,q!

and

F p,q
n,k(f) =

[n]p,q
q

pk(k−1)/2

qk(k+1)/2

∫ ∞
0

sp,qn,k(t)f

(
pk

qk
t

)
dp,qt.

Remark 4.2. By using Lemma 2.1, we have

F p,q
n,k(em) =

[k + 1]p,q[k + 2]p,q......[k +m]p,q
qm(k−1) pm(m−1)/2 [n]mp,q

, m = 0, 1, 2, ... .

Following the above equation, we get

bF
p,q
n,k =

[k + 1]p,q
q(k−1)[n]p,q
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and

µ
Fp,q

n,k

2 = F p,q
n,k(e1 − bF

p,q
n,ke0)2

= F p,q
n,k(e2)− (F p,q

n,k(e1))2

=
[k + 1]p,q[k + 2]p,q
q2(k−1)[n]2p,q

−
[k + 1]2p,q

q2(k−1)[n]2p,q

=
[k + 1]p,q

pq(k−3)[n]2p,q
.

4.1. Difference with (p, q)-Szász-Mirakyan operators. For f : [0,∞) → R, (p, q)-Szász-
Mirakyan operators defined by T. Acar [2], can be expressed as:

Sn,p,q(f ;x) =

∞∑
k=0

sp,qn,k(x)Gp,q
n,k(f),

where

sp,qn,k(x) =
qk(k−1)/2

Ep,q([n]p,qx)

[n]kp,qx
k

[k]p,q!

and

Gp,q
n,k(f) = f

(
[k]p,q

qk−2[n]p,q

)
.

Remark 4.3. By above representation of the operators Sn,p,q , we have

bG
p,q
n,k = Gp,q

n,k(e1)

=
[k]p,q

qk−2[n]p,q

and hence, for r ∈ N, we get

µ
Gp,q

n,k
r = Gp,q

n,k(e1 − bG
p,q
n,ke0)r = 0.

Now, we give the quantitative estimates for the difference of the proposed operators
with (p, q)-Szász-Mirakyan operators.

Proposition 4.1. Let f, f ′, f ′′ ∈ CB [0,∞) and x ∈ [0,∞). Then for n ∈ N, we have

|(Dp,q
n − Sn,p,q)(f ;x)| ≤ α1(x)||f ′′||+ 2ω(f, δ1(x)),

where

α1(x) =
1

2

q2

[n]p,q

(
q

p[n]p,q
+ x

)
, δ21(x) =

p

q
(p− q)2x2 +

(p2 − q2)

[n]p,q
x+

q2

[n]2p,q
.

Proof. Here, we observe that Theorem 4.5 validates the Proposition. It remains only to
compute the values of α1(x) and δ1(x) accordingly.
Using Remark 4.2 and Remark 4.3, we have

α1(x) =
1

2

∞∑
k=0

sp,qn,k(x)

(
µ
Fp,q

n,k

2 + µ
Gp,q

n,k

2

)

=
1

2

∞∑
k=0

sp,qn,k(x)

(
[k + 1]p,q

pq(k−3)[n]2p,q

)
.
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Now, using the identity [k + 1]p,q = qk + p[k]p,q and Lemma 2.2 in above, we get

α1(x) =
1

2

q2

[n]p,q

(
q

p[n]p,q
+ x

)
.

Similarly,

δ21(x) =

∞∑
k=0

sp,qn,k(x)

(
bF

p,q
n,k − bG

p,q
n,k

)2

=

∞∑
k=0

sp,qn,k(x)

(
[k + 1]p,q
qk−1[n]p,q

− [k]p,q
qk−2[n]p,q

)2

=

∞∑
k=0

sp,qn,k(x)

(
(p− q)2

[k]2p,q
q2(k−1)[n]2p,q

+ 2q(p− q) [k]p,q
qk−1[n]2p,q

+
q2

[n]p,q

)
= (p− q)2

(
p

q
x2 +

x

[n]p,q

)
+

2q(p− q)
[n]p,q

x+
q2

[n]2p,q

=
p

q
(p− q)2x2 +

(p2 − q2)

[n]p,q
x+

q2

[n]2p,q
.

�

4.2. Difference with (p, q)-Szász-Mirakyan Kantorovich operators. For n ∈ N and f :
[0,∞)→ R, (p, q)-Szász-Mirakyan Kantorovich operators [18], can be expressed as

Kp,q
n (f ;x) =

∞∑
k=0

sp,qn,k(x)Hp,q
n,k(f),

here,

sp,qn,k(x) =
qk(k−1)/2

Ep,q([n]p,qx)

[n]kp,qx
k

[k]p,q!
and Hp,q

n,k(f) = [n]p,q
qk−2

pk

∫ [k+1]p,q

qk−2[n]p,q

[k]p,q

qk−3[n]p,q

f(t)dp,qt.

Lemma 4.5. For Hp,q
n,k(f) = [n]p,q

qk−2

pk

∫ [k+1]p,q

qk−2[n]p,q

[k]p,q

qk−3[n]p,q

f(t)dp,qt, we have

(i) Hp,q
n,k(e0) = 1,

(ii) Hp,q
n,k(e1) =

[k + 1]p,q + q[k]p,q
qk−2(p+ q)[n]p,q

,

(iii) Hp,q
n,k(e2) =

[k + 1]2p,q + q[k]p,q[k + 1]p,q + q2[k]2p,q
q2(k−2)(p2 + pq + q2)[n]2p,q

.

Remark 4.4. By using above lemma, we have

bH
p,q
n,k = Hp,q

n,k(e1) =
[k + 1]p,q + q[k]p,q
qk−2(p+ q)[n]p,q

,
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and

µ
Hp,q

n,k

2 = Hp,q
n,k(e1 − bH

p,q
n,ke0)2

= Hp,q
n,k(e2)− (Hp,q

n,k(e1))2

=
[k + 1]2p,q + q[k]p,q[k + 1]p,q + q2[k]2p,q

(p2 + pq + q2)q2(k−2)[n]2p,q
− ([k + 1]p,q + q[k]p,q)2

(p+ q)2q2(k−2)[n]2p,q

=
q4

(p2 + pq + q2)(p+ q)2

(
(p2 − q2)[k]p,q
qk−1[n]2p,q

− pq

[n]2p,q

)
.

Here, we present the quantitative estimates for the difference of the proposed operators
with (p, q)-Szász-Mirakyan Kantorovich operators.

Proposition 4.2. Let f, f ′, f ′′ ∈ CB [0,∞) and x ∈ [0,∞). Then for n ∈ N, we have

|(Dp,q
n −Kp,q

n )(f ;x)| ≤ α2(x)||f ′′||+ 2ω(f, δ2(x))

where

α2(x) = α1(x) +
q4

(p2 + pq + q2)(p+ q)2

(
(p2 − q2)

[n]p,q
x− pq

[n]2p,q

)
and δ22(x) = (p− q)2

(
p

q
x2 +

x

[n]p,q

)
+

2pq(p− q)
p+ q

x

[n]p,q
+

p2q2

(p+ q)2[n]2p,q
.

Proof. Here, we observe that Theorem 4.5 validates the Proposition. It remains only to
compute the values of α2(x) and δ2(x).
By Remark 4.2, Remark 4.4 and Lemma 2.2, we have

α2(x) =
1

2

∞∑
k=0

sp,qn,k(x)

(
µ
Fp,q

n,k

2 + µ
Hp,q

n,k

2

)

= α1(x) +
1

2

∞∑
k=0

sp,qn,k(x)µ
Hp,q

n,k

2

= α1(x) +
1

2

∞∑
k=0

sp,qn,k(x)
q4

(p2 + pq + q2)(p+ q)2

(
(p2 − q2)[k]p,q
qk−1[n]2p,q

− pq

[n]2p,q

)
= α1(x) +

q4

(p2 + pq + q2)(p+ q)2

(
(p2 − q2)

[n]p,q
x− pq

[n]2p,q

)
.

Similarly, we have

bF
p,q
n,k − bH

p,q
n,k =

[k + 1]p,q
q(k−1)[n]p,q

− [k + 1]p,q + q[k]p,q
qk−2(p+ q)[n]p,q

= (p− q) [k]p,q
qk−1[n]p,q

+
pq

(p+ q)[n]p,q
.

Therefore,

δ22(x) =

∞∑
k=0

sp,qn,k(x)

(
bF

p,q
n,k − bH

p,q
n,k

)2

=

∞∑
k=0

sp,qn,k(x)

(
(p− q)2

[k]2p,q
q2(k−1)[n]2p,q

+
2pq(p− q)
p+ q

[k]p,q
qk−1[n]2p,q

+
p2q2

(p+ q)2[n]2p,q

)
.
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Finally, using Lemma 2.2, we have

δ22(x) = (p− q)2
(
p

q
x2 +

x

[n]p,q

)
+

2pq(p− q)
p+ q

x

[n]p,q
+

p2q2

(p+ q)2[n]2p,q
.

�
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