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Relative (p, ¢)-¢ order and relative (p, q)-¢ type based on
some growth properties of composite p-adic entire
functions

TANMAY BISWAS

ABSTRACT. Let K be a complete ultrametric algebraically closed field and .A (K) be the K-algebra of en-
tire functions on K. For any p adic entire functions f € A (K) and > 0, we denote by |f| (r) the number
sup{|f (z)]|: |z| = r} where |-| (r) is a multiplicative norm on A (K) . In this paper we study some growth
properties of composite p-adic entire functions on the basis of their relative (p, g)-¢ order, relative (p, ¢)-¢ type
and relative (p, g)-¢ weak type where p, g are any two positive integers and ¢ (r) : [0, +00) — (0,400) is a
non-decreasing unbounded function of 7.

1. INTRODUCTION AND DEFINITIONS

Let us consider an algebraically closed field K of characteristic 0, complete with respect
to a p-adic absolute value |-| (example C,). For any o € K and R €]0, +o0], the closed
disk {x € K : |z — o] < R} and the open disk {z € K : |z — a| < R} are denoted by
d (o, R) and d (o, R™) respectively. Also C(a,r) denotes the circle {x € K : | —a| =
r}. Moreover A (K) represents the K-algebra of analytic functions in K, i.e., the set of
power series with an infinite radius of convergence. Let f € A (K) and r > 0, then we
denote by |f|(r) the number sup {|f (z) | : |z| = r} where || (r) is a multiplicative norm
on A (K) . Moreover, if f is not a constant, the | f| (r) is strictly increasing function of r and

tends to +oco with r therefore there exists its inverse function |f| : (|f (0)],00) — (0,00)

(k]

with 1Lm m (s) = o0. For z € [0,00) and k& € N, we define log'™ z = log (log[kfl] x
S o0

and expl*l z = exp (exp* ! ) where N is the set of all positive integers. We also denote
log”) 2 = 2 and expl®) 2 = 2. Throughout the paper, log denotes the Neperian logarithm.
Further we assume that throughout the present paper p, ¢, m and n always denote positive
integers. Also throughout the paper occasionally ¢4 (r) will stand for r. Taking this into
account the (p,q)-¢ order p®% (f, ¢) and (p,q)-¢ lower order A9 (f, ) of an entire
function f € A (K) are defined as follows:

Definition 1.1. [1] Let f € A (K). Also let ¢ (r) : [0,4+00) — (0, 400) be a non-decreasing
unbounded function of r. The (p, q)-¢ order p® (f, ) and (p, q)-p lower order AP9) (f, )
of f are respectively defined as:

pP (fp) _ o sup log? 11 (r)

AP9) (f o) T rSoo inf logl o (r)

Received: 22.02.2019. In revised form: 10.01.2020. Accepted: 10.01.2020

2010 Mathematics Subject Classification. 12]25, 30D35, 30G06, 46510.

Key words and phrases. p-adic entire function, growth, composition, relative (p, q)- order, relative (p, q)-¢ type,
relative (p, q)- weak type, index-pair.

233



234 Tanmay Biswas
If ¢ (r) = r, then Definition 1.2 of [2] is a special case of Definition 1.1. Also for any
non-decreasing unbounded function ¢ (r) : [0, +00) — (0,+00), if ¢ (1) satisfies the con-

ey . [a]
dition lim 1°[g] L
r——oolog!? o(r)

pgp"” (f,0) = apép’q) (f) and Agf”‘” (f, @) = a/\gp"” (f). However, In this connection we
just introduce the following definition:

= a where o > 0, then for any f € A (K), one can easily verify that

Definition 1.2. An entire function f € A(K) is said to have index-pair (p,¢)-¢ if b <
pP9 (f, ) < oo and pP~19=1) (f ) is not a nonzero finite number, where b = 1if p = ¢
and b = 0 for otherwise. Moreover if 0 < p"9 (f,p) < oo, then

p(p—n,q) (f, (,0) =00 for n <p,
pPa=) (f ) =0 for n <gq,
pPrmatn) (f o) =1 for n=1,2,---

Similarly for 0 < A9 (f, p) < 0o, one can easily verify that

AP=nma) (f ) = 00 for n <p,
A4 (f, ) = 0 for n <gq,
Nptmatn) (f 0y =1 for n=1,2,--- .

Next, to compare the growth of entire functions on K having the same (p, ¢)-¢ order,
we give the definitions of (p, ¢)-¢ type and (p, ¢)-¢ lower type in the following manner:
Definition 1.3. Let f € A(K). Also let ¢ (r) : [0,+00) — (0,+00) be a non-decreasing
unbounded function of ». The (p,g)-¢ type and (p, ¢)-¢ lower type of f having finite
positive (p, ¢)-p order p® D (f, ) (0 < pP9 (f, ) < 00) are defined as :

o(Pa) (f,») _ sup log[pil] If\ (7")
~ pPD (f,p) "
(1og[q e (7“))

Likewise, to compare the growth of f € K having the same (p, ¢)-¢ lower order, one
can also introduce the definition of (p, ¢)-¢ weak type 79 ( f, ) and the growth indicator
79 (f, ) of fin the following manner:

Definition 1.4. Let f € A(K). Also let ¢ (r) : [0,+00) — (0,400) be a non-decreasing
unbounded function of r. The (p, ¢)-¢ weak type 779 (f, ) and the growth indicator

79 (f, ) of f having finite positive (p, ¢)-¢ lower order APD (f, ) (0 < \P9 (f, ) <
oo) are defined as :

09 () s s 7l
—(p, 3 (p,2) :
7P (f, ) r—oo inf (log[q_l] ; (r)>/\ (f.)

In order to make some progress in the study of p-adic analysis, recently Biswas [1]

introduced the definitions of relative (p, q)-¢ order pép ) (f,¢) and relative (p, q)- lower

P9 (f,p)  roise inf

order )\(gp ) (f, ) of an entire function f € A (K) with respect to another entire function
g € A(K) in the following way:
Definition 1.5. Let f, g € A(K) and ¢ (r) : [0,4+00) — (0, +00) be a non-decreasing un-

bounded function of r. Also let the index-pairs of f and g be (m, ¢)-¢ and (m, p) , respecti-

vely. The relative (p, ¢)-¢ order denoted as pgp ) (f,¢) and relative (p, ¢)-¢ lower order

denoted by /\gp ) (f, ) of f with respect to g are defined as

PP (F0) _ iy s o ol (111 ()

NPD (fre) o il ogll g (r)
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In this connection we also introduce the following definition which will be needed in
the sequel:

Definition 1.6. An entire function f € A(K) is said to have relative index—pair (p,q)-¢

with respect to an entire function g € A (K) if b < p*? (f,¢) < oo and pP 117 (£, )
is not a nonzero finite number, where b = 1 if p = ¢ and b = 0 for otherwise. Moreover if

0 < pP? (f, ) < oo, then

@"qﬁw><m for n < p,
!(]p7q n) (f7 ) - fOI' n < q7
pngrn’qun) (f, <p) =1 for n=1,2,---

Similarly for 0 < A%""? (f, ) < oo, one can easily verify that

)\(pfn’q) (f,¢) =0 for n <p,
)\(pq " (f,0) =0 for n<gq,
A(””’q*") (f.p)=1 for n=1,2,--

Throughout the paper, whenever we deal with any entire function f € A (K) ha-
ving relative index-pair (p, ¢)-¢ with respect to an entire function g € A (K) , we mean that
f has positive relative (p, ¢)-¢ lower order and finite relative (p, ¢)-¢ order with respect to

g.

Now in order to refine the above growth scale, one may introduce the definitions of
other growth indicators, such as relative (p, ¢)-¢ type and relative (p, ¢)-¢ lower type of
entire functions with respect to another entire function which are as follows:

Definition 1.7. Let f, g € A(K) and ¢ (r) : [0,400) — (0,400) be a non-decreasing

unbounded function. The relative (p, q)-¢ type a(p 9 (f,¢) and the relative (p, ¢)-¢ lo-

wer type J(p 9 (f, ) of f with respect to g having non-zero finite relative (p, ¢)-¢ order
PP (f, ) are defined as :

A I e 1)
P T 500 inf PP (f0)
ag " (f, ) [log[qil] @ (1) ‘

Analogously, to determine the relative growth of f having same non zero finite relative
(p, q)-¢ lower order with respect to g, one can introduce the definition of relative (p, ¢)-¢

weak type T(p ) (f, ) and the growth indicator 7. (p 9 (f,¢) of f with respect to g of finite
positive relative (p, ¢)-¢ lower order A""? (f, ) in the following way:

Definition 1.8. Let f, g € A(K) and ¢ (r) : [0,4+00) — (0, 400) be a non-decreasing un-

bounded function. The relative (p, ¢)-¢ weak type ?gf’ ) (f,%) and the growth indica-

tor T(p ) (f, ) of f with respect to g having non-zero finite relative (p, ¢)-¢ lower order
APD (£ ) are defined as :

00 _ gy, 0 LoVl
—(p.q r—00 e '
Ty (]c‘7 90) — inf log[q—l] o (71):| Ag (f:)

Since p? (f,7) ALY (£,7)), o7V (f,7) @LV (f,7)) and 799 (f,r) are respectively
known as relative (p, ¢)-th order (relative (p, ¢)-th lower order), relative (p, ¢)-th type (re-
lative (p, ¢)-th lower type) and relative (p, ¢)-th weak type of f with respect to g, so for
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o(r) = r, we simplify to denote pgp"” (f,r) (Aépm (f.r)), PP (f,7) (Eépm (f,r)) and
0 (f,) FPV (£, by oD (1) AP (1), oV () @ () and 7V () FPV (£)
respectively. For detail about relative (p, ¢)-th order (relative (p, ¢)-th lower order), rela-
tive (p, g)-th type (relative (p, ¢)-th lower type) and relative (p, ¢)-th weak type of p-adic
entire functions, one may see [2].

The purpose of this paper is to deal with some growth properties of composite p-adic
entire functions in the light of their relative (p, ¢)-¢ order, relative (p, ¢)-¢ type and rela-
tive (p, g)- weak type where ¢ () : [0, +00) — (0, 4+00) be a non-decreasing unbounded
function of r.

2. MAIN RESULTS

First of all, we recall one related known property which can be found in [3] or [4] and
will be needed in order to prove our results, as we see in the following lemma:

Lemma 2.1. Let f, g € A(K). Then for all sufficiently large positive numbers of r the following
equality holds

[fogl(r)=171(gl(r))-

Theorem 2.1. Let f, g, h € A(K). Also let the relative index pair of f with respect to h and the
index pair of g be (p, q)-1 and (m, n)-¢ respectively. Then

(i) the relative index-pair of f o g is (p,n)-¢ when ¢ = m and either /\Elp’q) (f, 1) > 0 or
Amm) (g ) > 0. Also

(@) AP (f,01) p™™ (g, ) )

ph (f °g, QD)
PP (fo01) 0 (g,0) I APD (f, 1) > 0

IN

N

and

®) PP (F,00) A (g,0) < pP™ (fog, )
< P (f01) 0 (g,0) AT (g, ) > 0;

(ii) the relative index-pair of f o g is (p,q +n — m)-p when q > m and either )\Ef’q) (f,1) >0
or X (g, ) > 0. Also

(@) AP (1) < pP T (Fog,0) < pPY (Fopr) AP (f,01) > 0and

(1) PP (fo g, @) = p P (fr 1) if AT (g,0) > 0;

(iii) the relative index-pair of f o g is (p + m — q,n)-¢ when q¢ < m and either )\Elp’q) (f,p1) >0
or X(mm) (g, ) > 0. Also

(@) pPT™ M (fog,0) = p ™ (g, 0) AP (f,01) > 0and

(6) AU (g,0) < pPTT (f o g,0) < P (g,0) I AT (g,0) > 0.

Proof. In view of Lemma 2.1, it follows for all sufficiently large values of r that

togl” ] (17 0 91 (1)) > (M (£.01) — <) log™ g (r) @

and also for a sequence of values of r tending to infinity we get that

log!”! |/h\\ (lfog|(r) > (/);Lp’q) (frp1) — 6) log!®! |g] (r) . (2.2)
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Likewise, we have for all sufficiently large values of r that

tog" [1] (11 0 91 (r)) < (i (£, 01) +2) og” lg| (r). @3)

Now the following three cases may arise:
Case I. Let ¢ = m. In this case we have from (2.3) for all sufficiently large values of r that
ol 17,1
s 08 LS 001 (r)
o log o (r)

Also from (2.1) we obtain for a sequence of values of r tending to infinity that

PP (f,01) P (g, ) (2.4)

lim Suplog |h|[7§]|f og|(r)) > /\ng"q) (f, 1) p(m,n) (g,¢). 2.5)
rroo log™ ¢ (r)

Similarly we get from (2.2) that
P nl (£ 0 g1 (r)

lim sup o > oD (f,01) AT (g, ). (2.6)
r—00 log"™ ¢ (r)
Therefore from (2.4) and (2.5) , we get for A% (f, 1) > 0 that
NP (£ 0 (g.0) < o™ (Fo g0 <ol (Frp0) /™ (g09). 27)
Similarly, from (2.4) and (2.6) we obtain for A\(™™ (g, ¢) > 0 that
il (Fo) A (g.0) < o™ (Fog.0) < o (Frn) P (9.0) . (28)
Also from (2.7) and (2.8) one can easily verify that

1,n
P (fog,p) = o,

P (Fogp) =0
and
P (Fog,p) =1,
and therefore we obtain that the relative index-pair of f o g is (p,n)-¢ when ¢ = m and

either )\Elp ) (fy 1) > 0 or A™™ (g, ) > 0 and thus the first part of the theorem is esta-
blished.

Case II. Let ¢ > m. Now we obtain from (2.3) for all sufficiently large values of r that
tog 0] (£ 0 g1 (1) < (o7 (.01 + £) 1ogl? ™™ [ (0 (g, 0) + ) Tog") o (1)
L 1ogP Bl (£ 0 91 (1) < (P (f,01) + ) log ™ o (1) 4+ O(1)

log™ 1] (If © g1 (r))
l[g+n—m] o (1)

<P (f,01). (2.9)

i.e., limsup
r—00 log

Also from (2.1) we have for a sequence of values of r tending to infinity that
tog ] (11 0 g1 (1) = (AP (£,01) =€) 10~ | (67 (g,0) — ) 10g!" o (1)]
ive. 10g" [0 (1f 0 91 (1) = (AP (f01) = ) 1ogl"™ ™" o (1) 4 O(1)

log” [] (| f © g| (r))
laen=ml o (1)

i.e., limsup > AP (F ). (2.10)

T oo log
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Similarly we get from (2.2) that

] 7]
g 227 LU 091 0)) s

re 1ogl T o (1)

(f, 1) (2.11)

Therefore from (2.9) and (2.10) , we get for AP? (f, 1) > 0 that

NP (£rp1) < o (Fog,0) <pl P (Fop0). (212)
Likewise, from (2.9) and (2.11) we get for A\("™™) (g, ) > 0 that
P (Fog.0) = i (frp1) - (213)

Hence from (2.12) and (2.13) one can easily verify that

—1l,g+n—m
PP (F o g, ) = oo,

pPI T (fog,0) =0

and

T (Fog,0) = 1,
and therefore we get that the relative index-pair of f o g is (p,¢ +n — m)-o when g > m
and either )\Ef"” (f, 1) > 0or A (g, ) > 0 and thus the second part of the theorem
follows.
Case III. Let ¢ < m. Then we obtain from (2.3) for all sufficiently large values of r that

1og®+™ =4 [h] (|f 0 g| () < (,ﬂmm) (9,0) + s) log™ o () + O(1)

[p+m—q] |7
ie. lim 28 |2l (f 29| (r))
r—+oo 1Og[n] o (’/‘)
Also from (2.1) we have for a sequence of values of r tending to infinity that

log? ™[R (1f 0 gl (r)) = (67" (g,0) = &) log" i (r) + O(1)

log?*™ =4[] (| o g| (r))

<P (g, ). (2.14)

lim sup > p(™™) (g,¢). (2.15)
r—00 log[n] (2] (7”)
Similarly, we get from (2.2) that
[p+m—a] 7]
r—o0 log™" ¢ (r)
Therefore from (2.14) and (2.15) , we obtain for A\”? (f, 1) > 0 that
P (f o g,0) = p™ (g, ) (2.17)
Similarly, from (2.14) and (2.16) we get for A(™™) (g, ) > 0 that
AT (g, ) < pfP T (Fo ) < p M (g, 0) (2.18)
So from (2.17) and (2.18) one can easily verify that
Pt (Fog,p) =00, Pt (fog,0) =0
and -
P;Lp+7rl_q+ ,n+ )(fog,tp) _ 17

and therefore we obtain that the relative index-pair of fogis (p + m — ¢, n)-p when ¢ < m

and either )\Ef”‘n (fy1) > 0or A™™) (g,¢) > 0 and thus the third part of the theorem is
established. O
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In the line of Theorem 2.1 one can easily deduce the conclusion of the following
theorem and so its proof is omitted.

Theorem 2.2. Let f, g, h € A(K). Also let the relative index pair of f with respect to h and the
index pair of g be (p, q)-1 and (m, n)-y respectively. Then
(@) AP (F 1) AT (g,0)
AP (F o g.0) < min {pfP? (£01) A7 (9.0) AP (F.00) 07 (9.0 }
ifg=m, )\gp,q) (f, 1) > 0and \™™ (g, ) > 0;

(@) AP (Fogie) = APD (1)
ifqg > m, AP (f,01) > 0and \™™ (g,0) > 0

and
(ZZZ) AgLP—‘rm—q,n) (f °g, QD) _ )\(m,n) (g7 sD)
ifqg < m AP (f,01) > 0and A™ (g,0) > 0.

Corollary 2.1. Let f, g, h € A(K). Also let the relative index pair of f with respect to h and the
index pair of g be (p — I, m — 1)-1 and (m, n)-p respectively such that p—1 > 0 and m — 1 > 0.
Then

o (f09:0) = p™™ (9, 0) and NI (f 0 g,0) = X" (g, )

Proof. In view of Definition 1.6,

pP™ (f,01) = AP™ (f,01) = 1.

Therefore the conclusion of the corollary immediately follows from the first part of Theo-
rem 2.1 and Theorem 2.2. O

Corollary 2.2. Let f, g, h € A(K). Also let the relative index pair of f with respect to h and the
index pair of g be (p — 1,m — 1)-p1 and (m, n)-p respectively such that p > 1 and m > 1. Then

@) AP (F01) 0 (g,0) < o™ (fog,0) < pPTHTV (fL01) 0 (g, 0)
(i) AP (015 (g,0) < TP (Fog,0) < pPTHITY (f,00) 7™ (g, )

(i) AP (F00) 70 (g, 0) < 7P (Fog,0) < pP T (f,00) 70 (g, )
and

(iv) APHI7 (£ o) 70 (g,0) < TP (Fog,0) < pPTHI (F,00) T (g, ) -

Proof. In view of Lemma 2.1 and Corollary 2.1, we get that
log” 1| (1] (191 (")) log!™Yg| (r)

(p,n) 1
o, (fog,¢) < limsup p— m sup o
o gl ) (g )T

ie, 0P (Fog,0) < pP MY (f01) 0™ (g, ) (2.19)
Similarly

log” U [R (111 (1)) 1y o loa™ Mgl (1)

(p,n) S
o, (fog,p) > liminf — mon
=0 10g[ 1] |g| (’I“) r—o0 (1Og[n71] o (r))P( )(g,)

ie., P (fog,0) = APTH (£ 0 g (mm) (g ). (2.20)
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Hence the first part of corollary follows from (2.19) and (2.20) . Further

N 1 [P—l]/h\ loglm—1
200 (£ o g0y > timinf B LSl ) e gl 1)
r—00 lOg[mfl] |g‘ (r) r—00 (10g[n71} o (T))p("”*"‘)(g,cp)
Again
i, TP (Fog,0) 2 APV (f,00) 7™ (g,0). (2.21)
Also
N log?=1 7] loglm—1]
7" (f 0.9,¢) < limsup==— [Ll|(1|]J|c|(|(g I)(r))) -lirginf( = qup((n:)n)(g ”
r—00 og gl (r e log®—1] ’
g™ H(r)
i, 7™ (fog,) <o TV (f,00) 7™ (g,0). (222)

Therefore the second part of corollary follows from (2.21) and (2.22) . Reasoning similarly
as in the proofs of above, one can easily deduce the conclusion of third and fourth part of
corollary, and so its proofs are omitted. Thus the corollary follows. O
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