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n-Commuting skew higher derivation on semiprime rings

BALCHAND PRAJAPATI

ABSTRACT. In this article we study skew higher derivation (d;);cy on semiprime ring R with suitable tor-
sion restriction and we prove that every n-centralizing skew higher derivation is n-commuting. Further, we
show that if a ring R has n-centralizing skew higher derivation then either R is commutative or some linear
combination of (d;);cn maps center of R to zero.

1. INTRODUCTION

Throughout the article, R is a semiprime ring with center Z(R). A ring R is said to
be a prime ring if for any z,y € R, tRy = 0 implies either x = O or y = 0 and R is
said to be a semiprime ring if for x € R, xRz = 0 then x = 0. Here, we notice that
every prime ring is a semiprime ring but converse need not be true in general. One of the
other characterizations of semiprime is that the center of semiprime ring does not contain
nonzero nilpotent elements. Let n > 2 be an integer. A ring R is said to be n-torsion free
if for all x € R, nx = 0 then = 0. The commutator of = and y is denoted by [z, y] and
defined by [z,y] = 2y — yx. Let S be a nonempty subset of R. An additive mapping
f + R — R is said to be centralizing (resp. commuting) on S if [f(z),z] € Z(R) (resp.
[f(z),z] = 0) for all z € S. In [6], Deng and Bell extended this notion to n-centralizing
(resp. n-commuting) for positive integer n, i. e. a mapping f is said to be n-centralizing
(resp. n-commuting) on S if [f(z),2"] € Z(R) (resp. [f(z),2"] = 0) forall z € S. An
additive mapping d : R — R is said to be a derivation if d(zy) = d(x)y + zd(y) for all
x,y € R. Posner [16], has initiated the study of centralizing and commuting mappings
and prove that the existence of a nonzero centralizing derivation on a prime ring forces
the ring is to be a commutative ring. Further, several authors have extended ‘derivation’
in various directions such as generalized derivation, Jordan derivation, («, §)-derivation,
multiplicative derivation, multiplicative generalized derivation, . .. ,etc. and have studied
the structure of rings as well as structure of additive mappings.

One more generalization of derivation is a skew derivation. By skew derivation, we
mean an additive mapping d : R — R associated with an automorphism « on R such that

d(wy) = d(x)y + a(z)d(y),

for all z,y € R. A family of additive mappings (d;);en of a ring R is said to be a higher
derivation if for every m € N,

dm('ry) = dm(l‘)y + Z dl(x)dj (y) + xdm(y)a
e

forall z,y € R (for more detail see [9] exercise 4, page 540). A family of additive mappings
(di)ien of aring R is said to be a skew higher derivation associated with an automorphism
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a if for every m € N, d,,(zy) = dp(2)y + Z di(x)d;(y) + a(x)dm(y) for all z,y € R.

i+j=m

i>1
Let (d;)ien be a higher derivation of a ring 7" and D be a ring such that either D C T or
T C D. We say that (d;);cn satisfy a D-linear relation on 7 if there exist ag, a1, ...,an, # 0

in D such that Z a;d;(z) = 0 for every = € T. (for more detail see [8], Definition 1.2).

i=0

In [2], Bell and Martindale proved that if a semiprime ring R possesses derivation d
centralizing on a nonzero left ideal I of R then R contains a nonzero central ideal provided
d(I) # 0. In this direction several other results have been done by number of authors see
[3, 12, 17], where further references can be found. Recently, in [7], Dhara and Ali proved
several results on an n-commuting generalized derivation of a semiprime ring. We extend
some of these results for skew higher derivation on a semiprime ring.

2. PRELIMINARIES

In this section, we invoke some known results those are useful in the proof of our
results. The Martindale’s quotient ring and the extended centroid of a semiprime ring R
will be denoted by @ and C respectively. We have the following facts:

Fact1. Z(Q) N R = Z(R) ([10, Proposition 14.17]). A ring R is said to be von Neumann

regular ring if for every a € R there exists x € R such that axa = a.

Fact 2. The Martindale’s quotient ring () of a semiprime ring R is a semiprime ring
([1, page 65]).

Fact 3. I, Q and R satisfy same generalized polynomial identity (GPI) ([4]).

Fact 4. The extended centroid C of a semiprime ring R is a commutative von Neumann
regular self injective ring ([1, Theorem 2, page 66]).

An element e € R is said to be a nontrivial idempotent if e # 0,1 and e? = e.
Fact 5. The extended centroid C of a semiprime ring R has many idempotents ([1, page
66]).
Fact 6. For any ring R, R/ P is a prime ring if and only if P is a prime ideal of R. Moreover,
if R is a semiprime ring then () { P | P is a prime ideal of R} = {0} ([14, Corollary 4.16]).

Fact 7. Let n be a fixed positive integer and R is an n!-torsion free ring. Suppose
T1,Ta,..., T, € Rsatisfy kxy +k*za+. .. +k"z, =0 (resp. kzy +k*zo+...+k"x, € Z(R))
fork=1,2,...,n. Thenxz; =0 (resp. x; € Z(R)) foralli = 1,2,...,n. ([5, Lemma 1], [15,
Lemma 2.4])

3. MAIN RESULTS

Theorem 3.1. Let R be an (n+ 1)!-torsion free semiprime ring and (d;),cn be a skew higher deri-
vation such that [d,,(z),z™] € Z(R) for all x € I, where I be an ideal of R, then [d,,(z),2"] =0
forallxz e 1.

Proof. Replacing x by z + ky in [d,, (), 2"] € Z(R) we get
[ (2) + kdp (y), 2" 4+ k(" ry + 2" 2y + .+ aya™ 2 fyz™ ) L
+E N wy" T b yay" TRy Ry oy ) + K"y € Z(R)
which can be written as
[din(2), 2"] + k{[dn(y), 2"] + [dm(2), 2" 'y + 2" Pyz + ...+ y2" D]} + ...
A5 {[dm (1), y"] + [dm (1), 2y + o+ 2"y + B [dn (), 5]} € Z(R).
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Since [d,(x), 2"] € Z(R) for all z € R above expression becomes
k{[dn(y), 2" + [dn(2), 2" 'y + 2" Pyz + ... +y2" ]} + ...
Ak {[dn (2),5"] + [dim (y), 2y " + ...+ 2" y]} € Z(R). (3.1)
Using fact 2 in (3.1), we get
[ (y), "] + [dn(x), 2"y + 2" 2yz + ... +yz" "' € Z(R) (3.2)
for all z,y € I. Replacing y by 2" *! in (3.2), we obtain
[ (2" T1), 2] + [dp(2), 22 + 22" + ... + 2] € Z(R) (3.3)
for all x € I. (3.3) can be rewritten as
[dm(2)2™ 4+ A (2, 2™) + a(x)dp (27), 2"] + nldn(x), 2*"] € Z(R) (3.4)

forall z € I, where A,,(z,2") = dpm—1(2)d1(2") + dip—2(x)d2(z™) + ... + di(x)dpm—_1(z™).
That is

[dm(x), 22" + [Am (2, 2"™) + a(x)dm (2™), 2" + na"[dp (), 2"] + nldm (z),2"]2" € Z(R)

3.5)
forall z € I. Since [d, (2),2"] € Z(R), from (3.5), we have
2n + 1)a"[dm(x), 2" + [Am (2, 2") + a(x)dp (2™), 2"] € Z(R) (3.6)
forall z € I. Suppose s € Z(R) such that
s=(2n+ Da"[dn(x),2"] + [Am(z, 2") + a(z)dy (™), 2"] € Z(R) (3.7)

forall z € I. Put 2"*! in place of z in our hypothesis, we have [d,,, (z"*1), 2"("+V] € Z(R)
for all z € I. This gives

[dm($n+1)7 xn(n+1)] — [dm(:c)x”7 xnz-i-n] + [Am(.%', CL’”) + a(ac)dm(x"), mn2+n]
= [dn(z), x"2+"]$" + [Ap(z,2") + a(z)dy, (™), m"2+"} (3.8)
forall z € I. From (3.7) we notice that [A,, (z, 2™) 4+ a(z)d, (™), "] commutes with = and

using the hypothesis [d,,(z), 2"] € Z(R) for all x € I, we get
[ (2), 2" 2" = (n+ 1)z 4" [dyn (2), 2]
and
[Am(z,2") + a(z)dm (™), x"2+"] =(n+ 1).%‘"2 [Ap (2, 2™) + a(z)dy (™), 2").
Hence, (3.8) implies that
[dn (@41, 2" "D] = (04 1)a" "y (2), 2"
+ (n+ D" [An(z,2") + a(2)dm(2"), 2" € Z(R)  (3.9)
for all z € I. Application of (3.7), (3.9) reduces to
[ (2"F1), 24D = (04 1)z +[d (2), 2"
+ (n+ 1):5"2{5 — (2n+ 1)x"[dm(x),x”]} € Z(R) (3.10)
forall z € I. That is
[ (z"1), 2" D] = —2n(n + 1)2"™ 4 [d,, (2), 2]
+ (n+1)a2"se Z(R) (3.11)
forallz € I.
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Now commuting z*" with d,, (), we get
[y (), 257 = [dp (), 2™ 2™ ... 2" = k[dp (), "],
Again commuting the last expression with d,,, () we get

k!
(k- 2)]

(o). [ (), 2] = [dn (2), 2722,
Thus commuting z*" with d,, (z) successively m times, we get

[dm (), ..., [dn(z), xk"] )= ——[dm(z), :C"]mx(k_m)" (3.12)

forallz € I.
Now commuting both sides of (3.11) with d,,,(z) and using (3.12), we get

(n+1)!
1!
Again commuting (3.13) with d,, (z), we get

—2n(n+ 1)(n + D![dn(x),2"]" 2 =0 (3.14)

—2n(n + 1) [dm(2), z"]" T 2™ + (n + 1)nls[d,, (x), 2"]" = 0. (3.13)

for all z € I. By using (n + 1)!-torsion freeness and semiprimness of R, we obtained
[dm(x),2™] = 0. O

Corollary 3.1. Let R be an (n + 1)!-torsion free semiprime ring and d be a skew derivation such
that [d(z),z"] € Z(R) for all x € I, where I be an ideal of R, then [d(x),z"] = 0 forall x € I.

Theorem 3.2. Let R be a 2 and 3-torsion free semiprime ring and (d;);en be a skew higher
derivation such that [[d,,(z),z]),z] € Z(R) for all x € I, where I be an ideal of R, then
[[dm(z),z], 2] =0forall x € I.

Proof. Replacing x by = + y and using torsion free restriction on R and fact 2, we get
[[dm(y)7 x]a 33] + [[dm ('T)’ y]? $} + [[dm(m)7 1‘], y] € Z(R) (315)
for all z,y € I. Substituting z? for y in (3.15), we get
[ldm (22), 2], 2] + [[dm (), 2%], 2] + [[dm (), 2], 2%]
= [ldm(x)z + Am (2, 2) + (@) dm (2), 2], 2] + 2[[dm (z), 2], 2]
Hdm (2), 2], z]a + z[[dm (2), 2], 2]

+[dm(z), z], z]x € Z(R) (3.16)
for all z € I. Since [[d., (), z],x] € Z(R), (3.16) reduces to
[Am(z,z) + a(z)dm(x), x], 2] + 5z[[dmn(x), 2], 2] € Z(R) (3.17)

for all z € I. Substituting z? for = in our hypothesis, we get

([ (2*), 2%, 2] m(2)2 + A (2, 2) + (@) dm (), 2%], 27]

[ld

= [[dn(2)z,2°],2%) + [[Am (2, 2) + (2)dp (), 7], 27
([din(2), 2], 2]2° + 22 [[dm (@), 2], 2)2?

+ 2?[[dn(2), 2], 2] + [Am (2, ) + a(2)dp (2), 2], 2]2°

+ 2z[[An(z,2) + a(z)dy(2), 2], ]2

+  2?[[An (2, 2) + a(z)d, (2), 2], 7] € Z(R) (3.18)
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for all « € I. Using the fact that [[d,,,(z), z], z] € Z(R), we get

[[dm(mQ),xQ],a?] = 4333[[dm($)a ], 7] + [[Am(z, ) + oz(x)dm(sc),x],x]xQ
+ 2z[[Ap(z,2) + a(x)dn (2), 2], ]2
+ 2 [[An(z,2) + a(z)d,(2), 7], 7] € Z(R) (3.19)

forall z € I. From (3.17), we notice that [[A,, (z, 2)+a(z)dm (x), x], 2] = s—5x[[dm (x), z], z],
where s € Z(R). It implies that [[A,,(z, z) + a(z)d(x), ], z] commutes with z. Hence,
(3.19) reduces to

([dm(2?),27],2%] = 42*[[dm(2), ], 2]

+  42?[[Ap(z,7) + a(x)dp (2), 2], 2] € Z(R). (3.20)
Substituting the value of [[A,,(z, z) + a(z)d, (), z], z] in (3.20), we get
([dm(2?),2%], %] = 42*[[di(2), 2], 2] + 42® {s — 5a[[dm (), 2], 2]}
—162°[[d,n (), 2], 7] + 42%s € Z(R) (3.21)
for all x € I. Now commuting both sides of (3.21) with [d,,(x),z] and we notice that
[[dm (), 2], %] = k[[dm (), 2], z]2*"1, we get —48[[d,,(z), 2], 2]22% + 8[[d(2), 7], 2]xs €

Z(R). Again commuting last expression consecutive two times with [d,,(z), z] we get,
—96[[dyn (), x],2]* = 0. Now using torsion restriction and semiprimness of R, we get
[[dm(z),z],2] =0forall x € I. O

In particular, for m = 1 and d; = d, we have following corollary:

Corollary 3.2. Let R be a 2 and 3-torsion free semiprime ring and d be a skew derivation on R
such that [[d(z), z],x] € Z(R) for all z € I, where I be an ideal of R, then [[d(z), z],x] = 0 for
allz € 1.

Theorem 3.3. Let R be an (n + 1)!-torsion free semiprime ring, I an ideal of R and Q) be its

Martindale’s ring of quotient with extended centroid C. Let (d;);en be a skew higher derivation of

R such that [d,,(z),z"] € Z(R) for all x € I, then either R is commutative ring or some linear

combination of (d;);en maps center of R to zero.

Proof. Linearizing [d,,(z),z"] € Z(R) and using torsion free restriction and fact 2, we get
[ (y), "] + [ (), 2"ty + 2" 2yx + ... +yz" 1] € Z(R) (3.22)

for all z,y € I. Replace y by yz in (3.22), where z € Z(R), we get

[dm(y)2 + Am(y, 2) + a(y)dm(2), 2"]

+  [dm(x), {z" Yy + 2" Pyx + .+ ya" 2] € Z(R) (3.23)
for all z,y € I. From (3.22) and (3.23), we obtain
[Am(y, 2) + a(y)dm(2),2"] € Z(R) (3.24)

for all z,y € I. That is [[An(y, 2) + a(y)dm(2),2"],z] = [6(z"™),z] = 0, where é(z) =
[An(y, 2) + a(y)dm(2), z], then by [11] (main theorem), we have either §(I) = 0 or §(I)
and §(R)I are contained in a nonzero central ideal of R. If §(I) and §(R)I are contained
in a nonzero central ideal of R then R is commutative. If 6(I) = 0, then [A,,(y, z) +
a(y)dmn(z),z] = 0 for all z,y € I. Since I and () satisfy same generalized polynomial
identity, we have

[Am(y, 2) + a(y)dm(2), 2] = 0 (3.25)
forall z,y € Q.

If P be a prime ideal of Q then Q = Q/P is a prime ring. Define additive map-
pings (d;)ien and @ from Q@ — @ such that d;o = d; and @ = « and for each m € N,
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A (2Y) = d(@)7+ D di(2)d;(§) + a(Z)dm (y), then (d;)icn is a skew higher deri-

itj=m,i>1
vation associated with automorphism @. Now (3.25) can be rewritten as
[An (7, 2) + a(§)dm (%), 7] = 0 (3.26)

forallz,y € Q and z € Z(Q). Now replacing the value of 4,,(7, Z) in (3.26) we get,
[din—1(5)d1(2) + din—2(5)d2(2)
b G @) 1(2) + W) (5), 7] = 0 (3.27)
forall Z,y € Q. Since d;(2) € Z(Q) for all i > 1, (3.27) can be rewritten as

[din-1(9), Z]d1(2) + [dm-2(7), Z]d2(2)
+oH [d1(7), Fldm—1(2) + [0(7), Zdm (2) = 0. (328)
Replace z by zt in (3.28) and using (3.28), we get

[din-1(9), z]td1 (2) + [dm—2(7), Z]Eda(2)
+...+ [dl( )7 }tdm—l( ) + [d(g%j]f m(z) =0 (329)

forall z,7,t € Q. B
By [13] (see corollary, page 444), either {[a(7), Z], [d1(7)

i"], oy [dm_ (9), 7]} is linearly de-

pendent over extended centroid C of Q or {dy(2),d2(Z),...,dmn(Z)} is linearly dependent
over C.

Since C is a field of dimension 1, the set {d;(Z), dg( ) .ydm(2)} is always linearly
dependent So, there are scalers, not all zero, A;, Aa, .. C’ such that

ZX di(z —Oorz/\ di(2) = 0mod P.

i=1
Since P is an arbltrary prime ideal and N{P | Pisa primeideal of Q} = {0}, we have

ZA d;(z) =0 forall z € Z(R) .ThusZAidi (R)) = 0.
i=1
If {[a(y), z],[d1(9),Z], ..., [dm—1(y), 2]} is linearly dependent over C, then there are
scalars, not all Z€10, Ao, My - -+ s A1 e C’ such that

;\O[a(g)’ 'f] + )\1 [dl (g)’ j:] +.o. /\m—l[dm—l(g)a j] = 0.

Suppose j is the highest index such that \; # 0. Then the last expression can be rewritten
as

J J
Z Xildi(@), %] = MoSay (®) + > Xidly ) (&) =0 (3.30)
i=1 i=1
forall z,j € Q, where 5a(y (z) = [a(y), (z)] and 5@ (@) = [di(7), 7). From (3.30), we
notice that {5 5(5) d @) (% @ )} satisfies C linear relatlon over @ of length j + 1, then
by [8] (corollary 1.4), there are gy = 1 .., qj € Q such that
j
B0%) + D G0, = 0- (3.31)
i=1
Moreover,
Sag) = 0q, and &5 . (F) = 0, (F) — Zqzak 0 (3.32)
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forallt € Q,2 <k <j. If 52@) = 6, then [a(7), 1] = [q1,1] for all §,f € Q. Replace § by
a~!(t),we get [q1,t] = 0 forallf € Q and thus ¢; € C. Second expression of (3.32) can be

rewritten as
k—1
[dk(@), 1] = [ 1] = > Gilde—i (D), T,
i=1

forall g, € Q.
Replace ¢ by € and using d;(¢) = 0 for all j > 1, we get [gy, 7] = 0 forall £ € Q.
Thus g, € C forall 2 < k < 5.
So, for k = j second expression of (3.32) reduces to
j—1

; qiagj—ji o0 =0. (3.33)

Subtracting (3.33) from (3.31), we get
Qj [d(g)7ﬂ = 07
forall g,z € Q. -

Since g; € C, we get [a(y),t] =0or [7,t] = 0or gt =ty in Q. Thatis yt — ty € P for all
y,t € (). Since P was an arbitrary prime ideal of Q) and N{P | P is a prime ideal of Q} =
{0} we getyt —ty = O forall y,t € Q, thus Q is commutative. Since R C ), we get R is
commutative. O

Corollary 3.3. Let n be a fixed positive integer and R be an n!-torsion free semiprime ring. Let d
be a skew derivation of R such that [d(zx),x"] € Z(R) for all x € I, where I be an ideal of R, then
either d(Z(R)) = 0 or R is commutative.

Proof. By putting m = 1 and d; = d in Theorem (3.3), we get either R is commutative or
{d(2)}, z € Z(R) C Z(Q) = C is linearly dependent over C. Since C' is von Neumaan
regular free module over C with dimension 1, we conclude that d(z) = 0. Since z € Z(R)
was arbitrary we get d(Z(R)) = 0. O
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