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On regular and intra-regular I'-semihypergroups

SAFOORA J. ANSARI!, KISHOR F. PAWAR? and KOSTAQ HILA?

ABSTRACT. In this paper we have investigated the intra-regular I'-semihypergroup S and presented its char-
acterizations while exploring properties of I'-hyperideals of S. We have also studied the I"-semihypergroup
which is both regular and intra-regular and proved some results in this regard. We have investigated converse
of some results and provided counterexamples as well.

1. INTRODUCTION

The notion of I'-semigroup was first introduced by Sen and Saha [26] as a natural gen-
eralization of semigroup and ternary semigroup. This has inspired algebraist to extend
and generalize many concepts, result and properties of classical theory of semigroups and
rings to I'-semigroups [1, 7, 8, 18]. N. Yaqoob and M. Aslam have studied the properties
of prime (m,n)-bi-I'-ideals in I"-semigroups.

Davvaz et al. [6, 14, 15, 16] introduced the concept of I'-semihypergroup as a general-
ization of three algebraic structures semigroup, semihypergroup and I'-semigroup. They
have given many examples and explored the properties of I'-semihypergroups on a large
scale. The notion of ordered I'-semihypergroup is given by M. Kondo and N. Lekkok-
sung in [22] where they have introduced bi-hyperideals, quasi-hyperideals, left hyperide-
als and right hyperideals in ordered I'-semihypergroups and characterized intra-regular
ordered I'-semihypergroups in terms of their bi-hyperideals and quasi-hyperideals. Re-
cently S. Omidi et al. [24] defined and used the notion of regular ordered I'- semihyper-
groups to examine some classical results and properties in ordered I'-semihypergroups.

Theory of hyperstructure attracts the algebraists when it was first proposed by the
French mathematician Marty [23] in the year 1934. He defined hypergroups based on the
notion of hyperoperation at the 8¢ Congress of Scandinavian Mathematicians. Since then
a number of different algebraic hyperstructures like hypergroups, semihypergroups, I'-
semihypergroups, hyperrrings etc. are being studied. In a nonempty set equipped with
binary operation, the composition of two elements is an element while in an algebraic
hyperstructure the composition of two elements yields a nonempty set, thus the hyper-
structures represents the most natural extension of classical algebraic structures. There
are many researchers across the world who study hyperstructures and extend their con-
tributions through research articles and books. A useful review of various algebraic hy-
perstructures and their applications in different fields can be found in [9, 10, 11, 12, 13].

Some motivations for the study of hyperstructures comes mainly from inside mathe-
matics, computer sciences, biological inheritance, cryptography, theoretical physics, phys-
ical phenomenon as the nuclear fission, chemical reactions and redox reactions and a
lot of other fields. This wide range of applications in various fields has led to the ex-
pansion and generalization of hyperstructures in recent decades, such as H,-structures
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and I'-hyperstructures. A lot of work has been done in general on the theory of I'-
hyperstructures, in particular, I'-semihypergroups by many algebraists, preparing the
mathematical background for further applications. Hyperideal theory is important not
only for the intrinsic interest and purity of its logical structure but because it is a neces-
sary tool in many branches of mathematics and its applications. Several related results
have been obtained in I'-semihypergroup. However, the very fundamental results of I'-
hyperideals in different important classes of I'-semihypergroups remained yet untouched.
Therefore a need was felt to study further these classes in terms of hyperideals theory.

In this paper, we have generalized the results of I'-semigroup and I'-semiring to that
of I'-semihypergroups. We have studied the behaviour of I'-hyperideals in intra-regular
I'-semihypergroup and in the I'-semihypergroup which is both regular and intra-regular.
We have investigated bi-I'-hyperideals and quasi I'-hyperideals in regular and intra-regular
I'-semihypergroup and used them to present the characterization of the regular and intra-
regular I'-semihypergroups. We have also explored the converse of few results and have
given examples to support our claims.

2. PRELIMINARIES

We start the section by recalling the notion of I'-semihypergroup and some definitions
and properties from [2, 6, 15] required to proceed with the article.

Definition 2.1. [6] Let H be a nonempty set and o : H x H — p*(H) be a hyperopera-
tion, where p*(H) is the family of all nonempty subsets of H. The pair (H, o) is called a
hypergroupoid.

For any two nonempty subsets A and B of H and « € H,
AoB= U aob/Ao{x} =Aoxand {z} o A=1z0 A

a€A,beB

Definition 2.2. [6] A hypergroupoid (H, o) is called a semihypergroup if for all a,b,c € H
we have, (a0 b) o c = a o (bo c), which means that

U woc= |J aow.

u€aob vEboc
In addition if for every a € H,ao H = H = H o a, then (H, o) is called a hypergroup.

Let S be a nonempty set and I a nonempty set of binary operations on S. Then, S is
called a I'-semigroup if
(1) sjasg €8,
(2) (s1as2)Bsz = s1a(s28s3)
for all 51, 2,53 € Sand all o, 8 € I'. In [21], Kehayopulu added the following property in
the definition:
(3) If S1,892,83,584 € S, Y1,7V2 € I, are such that S1 = 83,71 = V2 and So = 84, then
517182 = 837254.
Definition 2.3. [15,16] Let S and I" be two nonempty sets. Then S is called a I'-semihypergroup
if every v € I is a hyperoperation on S that is, 2yy C S for every z,y € S such that, for
a,b,c,d € S,v,m1 € I';a=c¢,b=d,y = imply ayb = c¢y1d, and for every o, 5 € I' and
x,y,z € S we have the associative property

za(ypz) = (zay)pz,
which means that, Vz,y, z € S, a, 5 € I, we have
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U uBz= U zaw.

uecroy ve(y[jz)
It is clear that, in the above definition, if every v € I' is an operation, then S is a I'-

semigroup.
Let A and B be two nonempty subsets of S and v € I', we denote the following;:

AyB = U ayb
acA,beB
also,
ArB = | J{ayb|a € A;be Band y € T}.
A I'-semihypergroup S is said to be commutative if for every =,y € S and v € I' we have
xyy = yyx. If (S, v) is a hypergroup for every v € I, then S is called a I'-hypergroup.

Example 2.1. [6] Let S = [0,1] and I' = N. For every z,y € S and v € T we define
v: 8 xS — p*(S) by zvy = [O, %} Then v is a hyperoperation on S and za(yf5z) =
{0, %{r;] = (zay)pz. This means that S is a I'-semihypergroup.

Definition 2.4. [15] A nonempty subset A of I'-semihypergroup S is said to be a I'-
subsemihyp — ergroup if AA C Aie. ayb C Aforeverya,be Aandy eT.

Definition 2.5. [15] A nonempty subset A of a I'-semihypergroup S is said to be a left
(right) T-hyperideal if STA C A (AT'S C A).

A is said to be a two sided I'-hyperideal or simply a I'-hyperideal if it is both left and
right I'-hyperideal.

S is called a left (right) simple I'-semihypergroup if it has no proper left (right) I'-
hyperideal. S is said to be a simple I'-semihypergroup if it has no proper I'-hyperideal.

Example 2.2. In Example 2.1, let 7" = [0,¢], where ¢t € [0,1]. Then T is left (right) I'-
hyperideal of S.

Definition 2.6. [15] A proper ideal P of a I'-semihypergroup S is called a prime ideal, if
for everyideal I, J of S, IT'J C P implies I C Por J C P.

Theorem 2.1. [15] Let S be a I'-semihypergroup and P be a left ideal of S. Then P is prime if
and only if for all x,y € S,2I'ST'y C P implies x € Pory € P.

Definition 2.7. [25] An element a of I'-semihypergroup S is said to be an a-idempotent
if @ € aaa. An element a of I'- semihypergroup S is said to be a I'-idempotent or simply
idempotent if @ € aca forall o« € T'i.e. a € al'a.

Definition 2.8. [4] A I'-semihypergroup S is said to be an idempotent I'-semihypergroup
if every element in S is a I'-idempotent.

Definition 2.9. A nonempty subset A of a I'-semihypergroup S is said to be a I'-idempotent
subset of Sif A C AT'A. A is said to be globally idempotent if A = AT'A.

Definition 2.10. [17] Let S be a I'-semihypergroup and ) a nonempty subset of S. Then
Q is called a quasi I'-hyperideal of S if QI'S N ST'Q C Q.

Theorem 2.2. [6] Let S be a I'-semihypergroup and R, L be right and left T'-hyperideal of S,
respectively. Then R N L is a quasi I'-hyperideal of S.

Theorem 2.3. [6] Every quasi I'-hyperideal of S is the intersection of a right T'-hyperideal and a
left I'-hyperideal of S.
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S. Abdullah et al. [2] defined bi-I-hyperideals of I'-semihypergroup as follows.

Definition 2.11. [2] A nonempty subset B of a I'-semihypergroup S is called bi-I'-hyperideal
of S if the following two conditions hold

(1) BTBC B

(2) BTSTBC B
A bi-I-hyperideal B of I'-semihypergroups S is proper if B # S.

Example 2.3. [2] Let S=(0, 1), I" = {y,|n € N} and for every n € N we define the hyper-
operation v, on S as follows

= {520 <k <n} forallz,y e s.

1

Then S is a I'-semihypergroup. Let S; = (0, 5

of S.

) where i € N. Then S; is a bi-I'-hyperideal

Example 2.4. [2] In example 2.2 T' is a bi-T'-hyperideal of S.

Proposition 2.1. [3] In a I'-semihypergroup S the following statements are true.
(1) Every left (right, two sided) T'-hyperideal of S is a bi-T'-hyperideal of S.

(2) Intersection of a left I'-hyperideal of S and right I'-hyperideal of S is a bi-I'-hyperideal of
S.

(3) If B is a bi-I'-hyperideal of S, then ST B and BT'S are also bi-I'-hyperideals of S.
(4) Every quasi I'-hyperideal of S is a bi-I'-hyperideal of S.

Readers are recommended to read [2, 3, 17] to know more about bi-I-hyperideals and
quasi-I'-hyperideals in I'-semihypergroup.

3. INTRA-REGULAR I'~-SEMIHYPERGROUPS

The concept of intra-regular I'-semihypergroup generalizes the corresponding concept
of intra-regular I'-semigroup. In this section, we investigate intra-regular I'- semihyper-
group with examples and build its characterization in terms of left and right I'-hyperideals
and further in terms of bi-I'-hyperideal and quasi I'-hyperideal. Our work in this paper is
inspired by the research of R.D. Jagtap and Y.S. Pawar [20].

Definition 3.12. [2] Let S be a I'-semihypergroup. An element x € S is said to be an
intra-regular element if there exits y,z € S and o, 8,7 € I' such that z € yaxfzyz or
equivalently if x € ST2'zI'S.

A T-semihypergroup S is said to be an intra-regular I'-semihypergroup if every element
of S is intra-regular.

Example 3.5. Let S = {a,b,c,d,e} andI' = {«, 5} be the set of binary operations defined
as follows:

ale b ¢ d Ble a b c d
ele e e e e ele e e e e
ale {a,b} b b b ale a a a a
ble b b b b ble a {a,b} a a
cle ¢ ¢ ¢ ¢ cle ¢ c ¢ c
d|e d d d d dle d d d d

then S is a I'-semihypergroup [27]. It is easy to check that every element of S is intra-
regular hence S is an intra-regular I'-semihypergroup.
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Proposition 3.2. Every I'-hyperideal of an intra-reqular T'-semihypergroup S is globally idempo-
tent.

Proof. Proof is straightforward. O

Definition 3.13. Let S be a I'-semihypergroup and = € S. Then the intersection of all left
I'-hypeideals (respectively right I'-hyperideals) of S containing z is a left I'-hyperideal
(respectively right I'-hyperideal) generated by = and is denoted by < = >; (respectively
<z >p).

By definition it is clear that < = >; (respectively < z >,) is the smallest left (respec-
tively right) I'-hyperideal of S containing .

Proposition 3.3. Let S be a I'-semihypergroup. Then for x € S, the left and the right I'-
hyperideals generated by x are given as < x >;= x U STz and < x >,= x U «I'S respectively.

Proof. Proof is elementary. O

Definition 3.14. [15] Let A be a nonempty subset of a I'-semihypergroup S. Then in-
tersection of all ideals of S containing A is an ideal of S generated by S, and denoted by
<A>.

Lemma 3.1. [15] Let S be a T'-semihypergroup. If A is a nonempty subset of S, then < A >=
AUAI'SUSTAU STATLS.

Proposition 3.4. Let I be a I'-hyperideal of S and A be a I'-hyperideal of I. Then < A > T' <
A>T < A>CA.

Proof. Let S be a I'-semihypergroup and A be a I'-hyperideal of a I'-hyperideal I of S.
Consider < A>T < A>T <A>CIT<A>TI=IT'(AUAT'SUSTAUSTAT'S)I'I =
(ITAUITATSUITSTAUITSTATS)I'T € (AUATSUITAUITATS)I'T € (AUATSUAU
ATS) ] = ATTUATSTIUATTUATSTI C AUATTUAUATT C AUAUAUA = Abecause
Ais I-hyperideal of I and I is I'-hyperideal of S. Thus, < A>T < A>T <A>CA. 0O

Remark 3.1. A I'-hyperideal of a I'-hyperideal of a I'-semihypergroup S need not be a
I'-hyperideal of S.

To see this consider the following example.

Example 3.6. Let S = {a,b,c,d} and I' = {«, B} be the set of binary hyperoperations
defined as follows:

o o
SIS RS
[SEESTRSERS
22 20
SERSHESH

b
dla a b {bc}
A mapping S x I' x S — P*(S) defined by zyy = z -y forall z,y € S and for all v € I.
Then S is a I'-semihypergroup. Here I = {a,b, c} is a I'-hyperideal of S because ST'I =
IT'S = {a,b} C I. For A = {a,c}, Ais aI'-hyperideal of I because ITA = AT'] = {a} C A
but A is not a [-hyperideal of S, for STA = AT'S = {a,b} ¢ A.

In an intra-regular I'-semihypergroup S we have the following observation.

Theorem 3.4. Let I be a I'-hyperideal of an intra-reqular I'-semihypergroup S. If A is a I'-
hyperideal of I, then A is T'-hyperideal of S also.

Proof. Proof is elementary. O
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Converse of the Theorem 3.4 need not be true. To see this consider the following exam-
ple.

Example 3.7. Let S = {a,b,¢,d,e} and T' = {«, 8} be the set of binary hyperoperations
defined as follows:

o a b c d e o a b c d e
a | {a,b} {b,c} c {d,e} e a | {b,c} c c {d,e} e
b | {b,c} c c {d,e} e b c c ¢ {d,e} e
c c ¢ c {d,e} e ¢ c c ¢ {d,e} e
d | {d,e} {d,e} {d,e} d e d|{d,e} {d,e} {d,e} d e
e e e e e e e e e e e e

Then S is a I'-semihypergroup [27]. All I'-hyperideals of S are given by I, = {e} , I, =
{d,e} , Is = {c,d,e} and Iy = {b,c,d,e}. It is easy to check that every I'-hyperideal
of I'-hyperideal I, Iy, I3 and I, is a I-hyperideal of S but S is not an intra-regular I'-
semihypergroup because b ¢ STOI'bI'S.

Theorem 3.5. Let I, J be two I'-hyperideals of a T'-semihypergroup S with ITI C J. If S is an
intra-regular T'-semihypergroup, then I C J.

Proof. Straightforward. O

Converse of the above result need not be true. That is, for any two I'-hyperideals I, J of
a I'-semihypergroup S, if IT'I C J implies that I C J, then S need not be an intra-regular
I'-semihypergroup.
Example 3.8. Consider the example of I'-semihypergroup given in example 3.7, we see
that IJ‘Il g Il,IQ,Ig,I4 ’ IQFIQ g 12,13,.[4 ’ IgFIg g 13,14 and I4FI4 Q I4 1mp11es that
L C L, Iy, 13,14, 1o C Iy, 13,14, I3 C I3,14, Iy C I;. But S is not an intra-regular
I'-semihypergroup.

In the following result a very important characterization of an intra-regular I'- semi-
hypergroup is presented which will be of great help to prove that a I'-semihyergroup is
intra-regular in forthcoming part of the paper.

Theorem 3.6. A I'-semihypergroup S is intra-reqular if and only if for any left T-hyperideal I
and for any right T-hyperideal J of S, I N J C IT'J.

Proof. Let S be an intra-regular I'-semihypergroup and I, J be the left and right I'- hyper-
ideals of S respectively. For z € INJ we have x € ST'zI'2I'S because S is an intra-regular
I-semihypergroup. Therefore, x € STzI'2I'S C STIT'JT'S = (STI)I'(JI'S) C IT'J for all
xz € I'NJ. Thus we obtain I N J C IT'J. Conversely, assume that for any left I'-hyperideal
I and for any right I'-hyperideal J of S we have I N J C IT'J. We know that for any
x € §,< z >y and < z >, are the left and right I'-hyperideals of S respectively, and
both contain « hence by assumption we have < z > N < z >,C< z > ' < z >,. By
Proposition 3.3 we have
<zr>N<zr>Cr>I<ax>,

= (z U STz)I'(z Ul'S)

=gz Ual'S) U STal(x U al's)

=zglzUgl2l'S U STalz U ST2l2l'S . (1)
Consider S as a right I'-hyperideal of S, by hypothesis we have

reE<z>=<z>NSC<ax>TS=(xuUSTz)l'S =al'SUSTzT'S
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this implies that x € 'S U ST'zI'S. Similarly treating S as left I'-hyperideal of S we can
write
xeE<x >=5N<x>CST <z>.=ST(xUzl'S)= STz UST2l'S

this implies that z € ST'x U ST'zI'S. Consider

STz U ST2l'S C ST (2I'S U ST2I'S) U STal'S
= ST2I’S U ST ST2l'S U STal'S
C STzI'SuU STal'S U ST2l'S
= Srzl'S (2)
from (1) we have
STal'S C ST (aT'z U alal'S U STzl'z U STal2'S)T'S
= (ST2l'x U ST2Il'2T'S U ST'ST2l'x U ST ST2I'2T'S)I'S
C (ST2l'x U STal'2l'S U STaT'x U ST2Lal'S)I'S
= STal'2l'S U STal'zl'ST'S U STaT'2l'S U STal'zI'ST'S
C STxI'2l’'S U STzl'zI’'S U ST x2S U STxl'x''S
= STzlel’s L (3)

Thus from (2) and (3) we have z € ST'z U ST2I'S C STzI'S C STzI'zI'S, that is for every
z € S,z € STaI'zl'S, hence z is an intra-regular element. Therefore S is an intra-regular
I'-semihypergroup. O

Now in the next two results characterization of intra-regular I'-semihypergroup is pre-
sented in terms of quasi I'-hyperideals and bi-I'-hyperideals.

Theorem 3.7. Let S be a I'-semihypergroup. The following statements are equivalent in S.
(1) S is an intra-regular I'-semihypergroup.

(2) For any two bi-I'-hyperideals B, and By of S,
B1NBy CSTBI'ByI'S.

(3) For a bi-T-hyperideal B and a quasi I'-hyperideal Q) of S,
BNQ C (STBTQTS) N (STQTBTS).

(4) For any two quasi T-hyperideals Q1 and Q2 of S,
Q1N Q2 C STQITQLT'S.

Proof. (1) = (2)

Assume that § is an intra-regular I'-semihypergroup and B; , B be the bi-I-hyperideals
of S. Letx € B1N B, implies that z € S and S is an intra-regular I'-semihypergroup hence
x € STal'zl'S C ST B1I'B,I'S for every « € By N By. Therefore By N By C ST BI'B,I'S.
2) =)

Assume that (2) holds in a I'-semihypergroup S and let () be a quasi I'-hyperideal of S
by (4) of Proposition 2.1 we see that @) is a bi-I'-hyperideal of S, therefore by hypoth-
esis, BN Q C STBIQTS and Q N B C ST'QI'BT'S. But BN Q = @ N B therefore
BNQ CSI'BIrQrSn STQIBTS.

B) =4

Assume that (3) holds in a I'-semihypergroup S and let ()1, Q2 be the two quasi I'-
hyperideals of S. By (4) of Proposition 2.1 we see that ¢); and @, are bi-I'-hyperideals
of S. Therefore from assumption we have @)1 N Q2 C STQI'Q2I'S.

@) =1

Assume that the statement (4) holds in a I'-semihyperoup S and let I, J be the left and
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right I'-hyperideals of S respectively. By Theorem 2.2 we see that I N J is a quasi I'-
hyperideal of S. Therefore by assumption we have INJ = (INnJ)Nn(INJ) C ST N
HI(INJ)I'S C STITJTS C ITJ, thatis I N J C IT'J. By Theorem 3.6 we conclude that
S is an intra-regular I'-semihypergroup. O

Proposition 3.5. Every one sided I'-hyperideal of a I'-semihypergroup S is a quasi I'-hyperideal.

Proof. Straightforward. U

Theorem 3.8. In a I'-semihypergroup S following statements are equivalent.
(1) S is an intra-regqular I'-semihypergroup.
(2) For a left I'-hyperideal I and bi-I-hyperideal B of S, I " B C IT'BT'S.
(3) For a left T-hyperideal I and a quasi I'-hyperideal Q of S, I N Q C ITQI'S.
(4) For a right I'-hyperideal J and a bi-I-hyperideal B of S, J N B C ST'BL'J.
(6) For aright I'-hyperideal J and a quasi T'-hyperideal Q) of S, J N Q C STQTJ.

Proof. (1) = (2)

Straightforward.

(2) = (3)

Assume that (2) holds in a I'-semihypergroup S and let I, Q be the left I'-hyperideal and
quasi I'-hyperideal of S respectively. By (4) of Proposition 2.1 we know that every quasi
I-hyperideal is a bi-I-hyperideal hence @ is a bi-I'-hyperideal of S and by (2) we have
INQC ITQTS.

(3) = (1)

Assume that (3) holds in a I'-semihypergroup S and let I, J be the left I'-hyperideal and
right I'-hyperideal of S respectively. By Proposition 3.5 J is a quasi I'-hyperideal of S
therefore by (3) we have I N J C IT'JI'S C IT'J because J is a right I-hyperideal of S.
Thus we obtained I N J C IT'J for every left I'-hyperideal I and every right I'-hyperideal
J of S hence by Theorem 3.6 we conclude that S is an intra-regular I'-semihypergroup.
(1) = (4)

Let S be an intra-regular I'-semihypergroup and J, B be the right I'-hyperideal and bi-I'-
hyperideal of S respectively. Take z € J N B implies that + € S and S is an intra-regular
I'-semihypergroup therefore x € STaI'cI'S C STBI'JI'S C STBT'J forallz € J N B.
Hence J N B C ST'BT'J.

(4) = (5)

Assume that (4) holds in a I'-semihypergroup S and let J, @ be the right I'-hyperideal
and quasi I'-hyperideal of S respectively. Because every quasi I'-hyperideal is a bi-I'-
hyperideal of S by (4) of Proposition 2.1, we see that () is a bi-I'-hyperideal of .S hence by
(4) we obtain J N Q C STQTJ.

(5) = (1)

Assume that (5) holds in a I'-semihypergroup S and let I, J be the left I'-hyperideal and
right I'-hyperideal of S respectively. By Proposition 3.5 it is known that every left I'-
hyperideal is a quasi I'-hyperideal hence I is a quasi I'-hyperideal of S and by (4) we have
INJ=JnICSTITJ C IT'J because I is a left I'-hyperideal of S. Thus I N J C IT'J,
therefore by Theorem 3.6 S is an intra-regular I'-semihypergroup.

Thus it is established that (1) = (2) = (3) = (1) and (1) = (4) = (5) = (1) and this
proves that all the statements are equivalent. O
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4. REGULAR AND INTRA-REGULAR I'-SEMIHYPERGROUPS

Regular and Intra-regular I"-semihypergroups have been introduced by S. Abdullah et
al. in [2]. We begin this section by presenting the definition of regular I'-semihypergroup
and it characterizations which will be needed as the section unfolds. We have discussed
properties of I'-semihypergroup which is both regular and intra-regular and later pre-
sented few characterizations as well.

Definition 4.15. [2] An element a of the I-semihypergroup S is called regular if there
exists z € S and «, 8 € I' such that a € aazfa . If every element of I'-semihypergroup S
is regular, then S is called a regular I'-semihypergroup.

Theorem 4.9. [5] S is a reqular T'-semihypergroup if and only if for any left I'-hyperideal I and
for any right T-hyperideal [ of S, I N J = JT'I.

Theorem 4.10. [5] In a I'-semihypergroup S, if one of the following statements is true, then so
are the others.

(1) S is a regular I'-semihypergroup.
(2) For any bi-I'-hyperideal B of S, BT ST'B = B.
(3) For any quasi I-hyperideal Q of S, QI'STQ = Q.

Remark 4.2. A regular I'-semihypergroup need not be an intra-regular. To see this, con-
sider the following example.

Example 4.9. Let S = {a,b,c,d,e, f} and T' = {«, 5} be the set of binary operations defined as
follows.

ala b c d e f Bla b c d e f
ala b a a a a ala b a a a a
b|b b b b b b b|b b b b b b
cla b {a,ce} a a {a,f} cla b a a a a
dla b {a,e} a a {a,d} dia b a {a,d} {a,e} a
ela b {a,e} a a {a,d} ela b a a a a
fla b {a,¢} a a {a,f} fla b a {a,f} {a,c} a

Then S is a I'-semihypergroup [27]. Moreover as a € aacfa, b € bfeab, ¢ € cafac, d €
daffd, e € eaffeand f € fBdof, that is every element of S is a regular element, we see
that S is a reqular I'-semihypergroup. But S is not an intra-regular I'-semihypergroup because
e ¢ STel'el'S.

Remark 4.3. There exists a I'-semihypergroup which is neither regular nor intra-regular.
To see this consider the following example.

Example 4.10. Let S = {a,b,¢,d,e} and I" = {a, 5} be the set of binary hyperoperations
defined as follows.

«@ a b c d e I6] a b c d e
a | {a,b} {be} ¢ {cd} e a | {b,e} e ¢ {cd} e
b | {be} e ¢ {cd} e b e e ¢ {cd} e
c c c ¢ ¢ c c c c ¢ ¢ ¢
d|{c,d} {c,d} ¢ d {c,d} d | {c,d} {ec,d} ¢ d {c,d}
€ e e ¢ {c¢d} e e e e ¢ {cd} e
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Then S is a I'-semihypergroup [28]. S is not regular because b ¢ bI'ST'b. Similarly, b ¢
STBI'OI'S hence S is not intra-regular.

Example 4.11. The I'-semihyeprgroup given in example 3.7 is neither regular nor intra-
regular because b ¢ bI'STb and b ¢ STbI'bI'S.

Remark 4.4. There do exist a I'-semihypergroup which is both regular and intra-regular.
For this consider the following examples.

Example 4.12. Let S = {e,a,b,c} and I' = {«, 8} be the set of binary operations defined
as follows.

« e a b c 153 e a b c
e e {a,b} {a,b} c e c e e {a, b}
a | {a,b} c ¢ e a e {a,b} {a,b} c
b | {a,b} ¢ ¢ e b e {a,b} {a,b} c
c c e e {a,b} ¢ | {a,b} c c e

Then S is a I'-semihypergroup [19], where e € eaafe, a € anefa, b € baefband c € cacfe,
that is every element of S is reular hence S is a regular I'-semihypergroup. Similarly,
e € aaefefa, a € efacafb, b € eabBbfa and ¢ € aacacBb, that is every element of S is
intra-regular therefore S is an intra-regular I'-semihypergroup.

Example 4.13. The I'-semihypergroup discussed in example 3.5 is both regular and intra-
regular.

Remark 4.5. At this point, based upon intuition we state that an intra-regular
I'-semihypergroup need not be regular. To find example for this is left upon the reader as
an open exercise.

Now in the next few results we will see the properties of I'-semihypergroup when it is
both regular and intra-regular.

Proposition 4.6. Let I, J and @ be the left I'-hyperideal, right I'-hyperideal and quasi T'-hyperideal
of a I'-semihypergroup S. If S is both reqular and intra-regular T'-semihypergroup, then I N Q N
J C ITQTJ.

Proof. Let S be regular as well as an intra-regular I'-semihypergroup and 7, J and Q
be the left I-hyperideal, right I'-hyperideal and quasi I'-hyperideal of S respectively.
Take z € I N Q N J implies that 2 € S and S is both regular and intra-regular hence
x € zI'STz and =z € STzlal'S. Consider zI'STx C (STal'zD'S)I'ST(STal'zl'S) =
(ST2)I' (2T STSTSTz)(aT'S) C (STz)T(xT'STSTx)T' (2T'S) C (STx)I' (2T STz)T'(2I'S) C

(STIHI(QTSTQ)T'(JI'S). Now using the fact that I is left I-hyperideal and J is right I'-
hyperideal and by Theorem 4.10 we have «I'ST'z C ITQI'J. Thus foranyz € INQ N J,
x € 2I'STz and «I'STx C ITQT'J implies that I NQ N J C ITQTJ. O

Proposition 4.7. Let S be a reqular as well as an intra-reqular I'-semihypergroup. Then for a left
I-hyperideal I, a right I'-hyperideal J and a bi-I'-hyperideal B of S, 1N BN J C IT'BI'J.

Proof. Assume that S is both regular and an intra-regular I'- semihypergroup. Let I, J
and B be the left I-hyperideal, right I'-hyperideal and bi-I'-hyperideal of S respectively.
Forx ¢ INBNJ, 2 € 2I'STx and « € STal'zl'S because S is regular as well as
an intra-regular I'-semihypergroup. Therefore zI'STz C (STzI'zI'S)I'ST(STzI'zI'S) =
(ST2)I' (2T STSTSTz)(aI'S) C (STz)T(2'STSTx)T' (2I'S) C (STx)I' (2T STz)T'(2I'S) C

(STI)I'(BT'STB)I'(JT'S) C IT'BT'J because I and J are left and right I'-hyperideals of S
respectively and BI'ST'B = B in a regular I'-semihypergroup by Theorem 4.10. O
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Following are the characterizations of I'-semihypergroup which is both regular and
intra-regular.

Theorem 4.11. In a I'-semihypergroup S the following statements are equivalent.
(1) S is regular and intra-reqular I'-semihypergroup.

(2) For any left I'-hyperideal I and any right T-hyperideal J of S, INJ = JT'I C IT'J.
(3) For any bi-I'-hyperideal B of S, BI'B = B.
(4) For any quasi I'-hyperideal Q of S, QT'Q = Q.

Proof. (1) = (2)

Let S be a regular as well as an intra-regular I'-semihypergroup and I, J be the left and
right I'-hyperideals of S respectively. By Theorem 4.9 we have I N J = JI'I and by the
characterization Theorem 3.6 of intra-regular I'-semihypergroup we have I N J C ITJ.
Combining these two results we can write I N J = JI'I C IT'J.

(2) = (1)

Assume that in a I'-semihypergroup S we always have I NJ = JI'I C IT'J for any left
I-hyperideal I and right I'-hyperideal J of S. Thatis I NJ = JI'I which implies that
S is a regular I'-semihypergroup by Theorem 4.9 and I N J C IT'J implies that S is an
intra-regular I'-semihypergroup by Theorem 3.6.

(1) = (3)

Suppose that S is both regular and intra-regular I'-semihypergroup and B be the bi-I'-
hyperideal of S. For any « € B, x € 2I'STz and = € ST2I'2I'S because S is both regular
and intra-regular. Therefore 2T'STx C (2T'STz)I'STx C (2I'S)I'(ST2I'zI'S)I'(STx) =
(2D STSTx)I(2T'STSTxz) C (2I'STx)I'(2I'STx) C (BI'STB)I'(BT'STB) = BI'B since in
a regular I'-semihypergroup, we have BI'ST'B = B by Theorem 4.10. Thus we obtain
whenever x € B, z € 2I'STx and 2zI'ST'x C BT'B, therefore B C BI'B. By definition of
bi-I'-hyperideal we have BI'B C B, hence BI'B = B.

(3) = (4)

Assume that (3) holds in a I'-semihypergroup S and let () be the quasi I'-hyperideal of S.
We know that every quasi I'-hyperideal is a bi-I'-hyperideal by Proposition 2.1, therefore
by (3) we have QI'Q = Q. (4) = (1)

Assume that (4) holds in a I'-semihypergroup S and let I, J be the left I'-hyperideal and
right I'-hyperideal of S respectively. By Theorem 2.2 we see that I N J is also a quasi
I'-hyperideal of S. Therefore by (4) we can write INJ = (I N J)I'(I N J) C IT'J that
is I N J C IT'J for any left I-hyperideal I and any right I'-hyperideal J of S, hence by
Theorem 3.6 we conclude that S is an intra-regular I'-semihypergroup. Similarly I N J =
(INnHI(InJ) < JI'land JTI C JT'S C J, JI'I C STI C I implies that JI'T C I N J.
Thus we obtain I N J = JI'I therefore by Theorem 4.9 we conclude that S is a regular
I'-semihypergroup. It is proved that if (4) holds in a I'-semihypergroup S, then S is both
regular and intra-regular I'-semihypergroup. Thus we have proved (1) < (2),(1) =
(3) = (4) = (1) hence all the four statements are equivalent. O

Theorem 4.12. In a I'-semihypergroup S the following statements are equivalent.
(1) S is both regular and intra-reqular I'-semihypergroup.

(2) For any two bi-T-hyperideals By and By of S,
Bi N By C (BiI'By) N (BoI'By)

(3) For any bi-I'-hyperideal B and any quasi I'-hyperideal Q of S,
BNQ C (BrQ)n(QrnB)
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(4) For any two quasi I'-hyperideals Q1 and Q2 of S,
Q1N Q2 C (Q1I'Q2) N (Q2I'Q1)

(6) For any left I'-hyprideal I and a bi-I'-hyperideal B of S,
INBC (ITB)N (BrI)

(6) For any left T-hyprideal I and a quasi T-hyperideal Q of S,
InQc(re)n(Qri)

(7) For any right I-hyprideal J and a bi-I'-hyperideal B of S,
JNBC (JI'B)N(BTJ)

(8) For any right I'-hyprideal J and a quasi I'-hyperideal Q of S,
JNQC (JIQ)N(QrJ)

(9) For any left I-hyperideal I and any right I'-hyperideal J of S,
InJc{rJ)n(JIri

Proof. (1) = (2)

Assume that S is both regular and intra-regular I'-semihypergroup and B;, B> be any
two bi-I'-hyperideals of S. Let x € By N By implies that « € S and S is both regular and
intra-regular, hence « € zI'STx and = € STzT'zI'S. Consider 2aT'STx C (zI'STx)I'STz C
(2 S)L(ST2TzlS)I'(STx) = (xI'STSTx)I' (2I'STSTz) C (2T’ STx)I'(2'STx) C (B1I'ST By)
['(BoI'STBy) = BiI'B; since in a regular I'-semihypergroup, for a bi-I-hyperideal B,
we have BI'STB = B by Theorem 4.10. Thus we obtain whenever x € By N By, ¢ €
2I'STz and «I'STx C B;I'Bjy, therefore By N By C ByI'B,. Similarly consider «I'ST'x C
(2T ST2)T'STx C (2T S)I(STalal'S)T'(STx) = (2T STSTx)T (2T STSTx) C («I'STx)T
(JZFSFJ)) g BQFSFBQ)F(BlI‘SFBl) = BQFBl 1mp11es that Bl n BQ g BQFBl. Hence
By N By C (BiT'By) N (BoT'By).

(2) = (3)

Assume that (2) holds in a I'-semihypergroup S and let B, ) be the bi-I-hyperideal and
quasi I'-hyperideal of S respectively. As every quasi I'-hyperideal is bi-I'-hyperideal by
Proposition 2.1, considering @ as bi-I'-hyperideal we have BN Q C (BT'Q) N (QT'B) by
2).

(3) = (4)

Assume that (3) holds in a I'-semihypergroup S and let @);, @2 be any two quasi I'-
hyperideals of S. Because every quasi I'-hyperideal is bi-I'-hyperideal by Proposition
2.1, considering @ as bi-I'-hyperideal (3) implies that Q1 N Q2 C (Q1T'Q2) N (Q2I'Q1) .
(4) = (1)

Assume that (4) holds in a I-semihypergroup S and let I, J be the left I-hyperideal and
right I'-hyperideal of S respectively. By Proposition 3.5 it is known that every one sided
I'-hyperideal is a quasi I'-hyperideal, therefore by (4) we can write INJ C (IT'J) N (JI'T).
But (IT'J) N (JT'I) C ITJ and we get I N J C ITJ, therefore by Theorem 3.6, S is intra-
regular I'-semihypergroup. Similarly, (IT'J) N (JI'I) C JT'I implies that I N J C JI'I.
Also JI'I C I N J always holds and this implies that / N J = JI'I hence S is regular
I'-semihypergroup by Theorem 4.9.

(1) = (5)

Let S be a regular as well as intra-regular I'-semihypergroup and I, B be the left I'-
hyperideal and bi-I'-hyperideal of S respectively. Let x € I N B implies that « € 2T'STx
and x € ST2l'2I'S becauseS is both regular and intra-regular I'-semihypergroup. Con-
sider 2I'STz C (2T'STz)['STx C (2T'S)I'(ST2T2l'S)['(STx) = (2T STSTz)(aI' ST STz) C
(2 STx)I'(2T'STz) C (STSTII'(BT'STB) C (STI)I'B C IT'B since [ is a left I-hyperideal
of S and by Theorem 4.10, BI'STB = B. Thus forany « € INB, z € 2T'STx and «I'ST'z C



On regular and intra-regular I'-semihypergroups 29

IT B therefore INB C IT'B. Similarly, 2I'ST'z C (2I'STz)I'STz C (2I'S)['(STz'2T'S)I'(ST'x)
= («I'STSTz)I'(2I'STSTz) C (2I'STx)I'(2T'STx) C (BI'STB)I'(ST'STI) C BI'(STI) C
BI'[ since I is a left I-hyperideal of S and by Theorem 4.10, BI'STB = B. Thus for
any z € I N B,z € zI'STx and «I'STx C BT therefore I N B C BT'I. Thus we get
INB C (ITB)n (BTI).

(5) = (6)

Assume that (5) holds in a I'-semihypergroup S and let I, ) be the left I'-hyperideal
and quasi I'-hyperideal of S respectively. By Proposition 2.1 we know that every quasi
I'-hyperideal is bi-I'-hyperideal so () is also a bi-I’-hyperideal of S and (5) implies that
17 Q C (ITQ) N (QTY).

(6) = (1)

Assume that (6) holds in a I'-semihypergroup S and let I, J be the left I'-hyperideal
and right I'-hyperideal of S. By Proposition 3.5 every right I'-hyperideal is a quasi I'-
hyperideal, by (6) we have INJ C (IT'J) N (JI'I) and (IT'J) N (JT'I) C ITJ implies that
I'nJ C ITJ hence by Theorem 3.6 S is an intra-regular I'-semihypergroup. Similarly
(ITJ)N (JTI) C JI'I and we always have JI'IT C I N J yields I N J = JI'I which implies
that S is a regular I'-semihypergroup by Theorem 4.9.

(1) = (7)

Suppose that S is both regular and intra-regular I'-semihypergroup and J, B be the right
I'-hyperideeal and bi-I’-hyperideal of S respectively. Let z € JNB implies that z € I'ST'x
and z € STxI'2l'S because S is both regular and intra-regular I'-semihypergroup. We
have 2I'STz C (2DSTx)['STax C zI'ST(STal2l'S)I'STz = (2D STSTx)I'(2I'STSTz) C
(2I'STz)[(2T'STx) C (JI'STS)I'(BI'SI'B) C (JI'S)I'B C JI'B because J is right I'-
hyperideal of S and BI'ST B = B in a regular I'- semihypergroup by Theorem 4.10. Sim-
ilarly, zI'STz C (2T'STz)I'STx C 2T'ST(ST2'2I'S)I'STx = (2T STSTx)I'(x['STSTz) C
(zD'ST2)[(zT'STz) C (BLSTB)T(JISTS) C BIJI'S C BIJ. Thus for any z € J N B
implies that z € zI'ST'z and 2I'STx C JI'B N BT'J, thatis J N B C (JI'B) N (BTJ).

(7) = (8)

Assume that (7) holds in a I'-semihypergroup S and let J, @ be the right I'-hyperideal
and quasi I'-hyperideal of S respectively. By Proposition 2.1, we know that every quasi
I'-hyperideal is a bi-I'-hyperideal, hence Q is a bi-I'-hyperideal of S. Therefore by (7), we
have JNQ C (JTQ) N (QTJ).

8) = (9)

Assume that (8) holds in a I'-semihypergroup S and let I, J be the left and right I'-
hyperideals of S respectively. By Proposition 3.5 every right I'-hyperideal of S is quasi
I'-hyperideal hence by (8) we have INJ C (IT'J) N (JI'T).

(9) = (1)

Assume that (9) holds in a I'-semihypergroup S and let I, J be the left and right I'-
hyperideals of S respectively. From (9) we have INJ C (IT'J)N(JT'I) C IT'J thatis INJ C
IT'J therefore by Theorem 3.6 we conclude that S is an intra-regular I"-semihypergroup.
Similarly INJ C (IT'J)N(JI'I) C JT'I and JT'I C INJ always hold, wehave INJ = JI'I
so by Theorem 4.9 we see that S is a regular I'-semihypergroup. Thus it is proved that .S
is both regular and intra-regular I'-semihypergroup.

We have proved (1) = 2) = 3)= 4) = (1), (1) = ()= (6) = D and (1) = (7) =
(8) = (9) = (1), thus establishing the equivalence of all the statements. O

Theorem 4.13. In a I'-semihypergroup S following statements are equivalent.
(1) S is both regular as well as intra-reqular I'-semihypergroup.

(2) For any two bi-I'-hyperideals By and By of S,
BiNBy C (BlFBQPBl) N (BQFBl].—‘BQ)
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(3) For a bi-T-hyperideal B and quasi I'-hyperideal Q of S,
BNQ C (BI'QI'B) N (QI'BrQ).

(4) For quasi I'-hyperideals Q1 and Q2 of S,
Q1N Q2 C (Q1'Q2I'Q1) N (Q2I'Q1T'Q2).

(5) For a left I'-hyperideal I and bi-T-hyperideal B of S,
INBC (ITBTI)N (BTITB).

(6) For a left I-hyperideal I and quasi I'-hyperideal Q) of S,
INQ C (ITQTI)N(QTITQ).

(7) For a right T-hyperideal J and bi-I'-hyperideal B of S,
JNBC (JI'BT'J) N (BT'JI'B).

(8) For a right I'-hyperideal J and quasi I'-hyperideal Q) of S,
JNQC (JIrTJ)N (QrJTQ).

Proof. Can be proved now as per earlier proofs. O

5. CONCLUSION

Algebraic hyperstructures is being studied widely and is a very interesting field to
work on for future research. In this paper we have studied the properties of intra-regular
I'- semihypergroup and presented it’s characterizations in terms of left and right I'- hy-
perideals, bi-I-hyperideal and quasi I'-hyperideal. We also gave an example where a
I'-hyperideal of a I'-hyperideal of a I'-semihypergroup S need not be a I'-hyperideal
of S and found that when S is an intra-regular I'-semihypergroup, a I'-hyperideal of a
I'-semihypergroup S is indeed a I'-hyperideal of S. We have also investigated the I'-
semihypergroups which are both regular and intra-regular and presented few charac-
terizations of the same. We have given examples of I'-semihypergroup which is regu-
lar but not intra-regular, a I'-semihypergroup which is neither regular nor intra-regular
and a I'-semihypergroup which is both regular as well as intra-regular. Example of I'-
semihypergroup which is intra-regular but not regular is left open for readers to find.
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