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On extensions of pseudo-valuations on BCK algebras

DUMITRU BUSNEAG, DANA PICIU and MIHAELA ISTRATA

ABSTRACT. In this paper we define a pseudo-valuation on a BCK algebra (A, —, 1) as a real-valued function
v : A — Rsatisfying v(1) = 0 and v(z — y) > v(y) — v(x), for every z,y € A ; v is called a valuation if x = 1
whenever v(z) = 0. We prove that every pseudo-valuation (valuation) v induces a pseudo-metric (metric) on
A defined by dy (z,y) = v(z — y) + v(y — z) for every z,y € A, where — is uniformly continuous in both
variables. The aim of this paper is to provide several theorems on extensions of pseudo-valuations (valuations)
on BCK algebras.

1. INTRODUCTION AND BASIC RESULTS

BCK algebras are an important class of logical algebras investigated by many researchers
(see [2], [3], [6], [8], [9], [10], [13]). BCK algebras were originally introduced by Iseki in
[9]. Further properties of them and their connections with other fuzzy structures were
established by lorgulescu in [8].

In [1], Busneag defined pseudo-valuations on Hilbert algebras and proved that every
pseudo-valuation induced a pseudo-metric. Using this model, in [4], [5], [7], [11], [12],
[14], [15], [16] is introduced the notion of pseudo-valuation on BCK, BCI, BCC algebras
and several properties are discussed.

The main goal of this paper is to introduce the notions of pseudo-valuation and valua-
tion on BCK algebras and to prove theorems on extensions of pseudo-valuations (valua-
tions) on BCK algebras.

The paper is organized as follows: In Section 1 we review some relevant concepts rel-
ative to BCK algebras. In Section 2 we introduce the notions of pseudo-valuation and
valuation on BCK algebras and we induce a pseudo-metric by using pseudo-valuations
on BCK algebras (Theorem 2.1). Also, we show that the binary operation — is uniformly
continuous, see Corollary 2.1. Finally, we prove some theorems (2.2 and 2.3) on exten-
sions of pseudo-valuations (valuations) on BCK algebras. Section 3 contains results about
pseudo-valuations on the dual BCK algebra, see Theorem 3.4 and the final section con-
tains conclusions, open problems and future work about the presented topics.

A BCK algebra is an algebra (A, —, 1) of type (2,0) satisfying:

(a1) z—=ax=1;

(ag) fx - y=y — x=1,thenz = y;
(B) z 2>y <(y—2) = (x—2)
C)z—=(y—z)=y—(z—2)
(K) z<y—u.

Example 1.1. ([8]) We give an example of a finite bounded BCK algebra. Let A = {0, a,b, ¢, 1}
with 0 < a,b < ¢ < 1, but a, b are incomparable. A becomes a BCK algebra relative to the
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following operation:

— 10 a b ¢ 1
01 1 1 1 1
alb 1 b 1 1
bla a 1 1 1
c|0 a b 1 1
1({0 a b ¢ 1

If A is a BCK algebra, then the relation < defined by « < y iff + — y = 1 is a partial
order on A (called the natural order); with respect to this order 1 is the largest element of
A. A bounded BCK algebra is a BCK algebra with a smallest element 0 relative to the natural
order. For a BCK algebra A, two elements x,y € A and a natural number n > 1 we denote
x—=py=2— (x> ..(r = y)..), where n indicates the number of occurrences of z.

In BCK algebras we have the following rules of calculus (see [2] and [10]):

(i) z—=l1l=1l1-z=z2<(z—y —wy,c—oy<(z—z) = (z—>y);

(co) Ifx <y,thenforeveryze€ A,z vx<z—-yandy -z <z — 2.

For a BCK algebra A and z1,...,2n,2 € A (n > 1) we define (z1,...,2n;2) = 21 —
(x2 = ...(xy, — 2)...). If 0 is a permutation of {1,...,n — 1}, n > 2, then:

(03) (xa(l)v c Lo(n—1); xn) = (‘Tl? vy Tp—15 xn)a

(64) T — (xlv "'7xn—l;xn) = ($, L1yeoey Tn—1; :Cn)v

Let A be a BCK algebra. A subset D of A is called a deductive system of Aif 1 € D and
z,x =y € Dimpliesy € D.

Clearly, if D is a deductive system of A and < y withz € D, theny € D.

We denote by Ds(A) the set of all deductive systems of a BCK algebra A.

For a non-empty subset X C A, we denote by < X >= n{D € Ds(4) : X C D},
< X > is called the deductive system of A generated by X.If X = {z1,...,x,} we denote <
{z1,...,xn} >by < x1, ..., z, >; also, we denote by < a > the deductive system generated
by {a}. It is easy to prove (see [2]) that < a >= {z € A :a —, z = 1, for some natural
number n > 1} (< a > is called principal).

Let A be a bounded BCK algebra. An element = € A is called boolean (see [6]) if < z >
N < z* >= {1}. Let B(A) the set of all boolean elements of A.

In [2] it is proved that if A is a BCK algebra and X C A then

(c5) < X>={zx€eA:(x1,...,xy;x) =1, for some 1, ...,z, € X and n > 1};

(c) If D1, Dy € Ds(A) and we define D1V Dy =< D1UDy >, then D1 VDy ={z € A :

di — (dg — .T) =1, for some d; € Dy and d» € DQ}.

Remark 1.1. If D € Ds(A), then D is a BCK subalgebra of A (since 1 € D andif z,y € D
fromy < z — y we deduce thatz — y € D).

2. PSEUDO-VALUATIONS (VALUATIONS) ON BCK ALGEBRAS

Using the model of Hilbert algebras (see [1]), in this section we introduce the notions
of pseudo-valuations and valuations on BCK algebras and we prove some theorems of
extension for these.

Let Abe a BCK algebra. A real-valued functionv : A — R is called a pseudo-valuation on
Aifv(l)=0and (*) : v(z — y) > v(y) — v(x), for every z,y € A. The pseudo-valuation
v is called valuation if v(z) = 0 implies z = 1.

If we interpret A as an implicational calculus, x — y as the proposition = y and 1 as
truth, a pseudo-valuation on A can be interpreted as a “falsity-valuation”.

Example 2.2. v: A — R, v(z) = 0 for every « € A is a pseudo-valuation on A.
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Example 2.3. If D € Ds(A)and 0 < r € R, thenvp : A — R, vp(z) = 0,if x € D and
r otherwise, is a pseudo-valuation on A. Indeed, vp(1) = Osince 1 € D. Let z,y € A. If
x,y € D,sincey <z — yweobtainz — y € D. So, vp(x — y) = vp(x) = vp(y) = 0 and
vp(x = y) =vp(y)—vp(x).lfx,y ¢ D, thenvp(y)—vp(x) =r—r=0<wvp(zx —y).Ifx ¢
Dandy € Dwededucethatz — y € D,so0=vp(z = y) > vp(y)—vp(x) =0—r = —r.
Ify¢ Dandx € Dthenxz — y ¢ D. Weobtainr = vp(x — y) = vp(y)—vp(z) =r—0=r.

Remark 2.2. Let A be a non trivial BCK algebra, D € Ds(A), r > 0and vp : A — R the
function given by vp(z) = 0if v € D and r otherwise. Then vp, is a valuation if and only
if D={1}and r > 0.

Example 2.4. Let M be a finite set with n elements and A = P(M) be the power set of M
(the set of all subsets of ). Then (P(M),N,U, Car, @, M) is a Boolean algebra (where for
X C M, Cu(X) = M\X ). The function v : P(M) — R, defined by v(X) = n — n(X)
is a valuation on A, where n(X) is the number of elements of X. Indeed, v(M) = 0. Let
X, Y C M.Wehavev(X - Y) =v(CyXUY)=n—n(CyXUY)=n—n(CyX)—n(Y)+
n(CuXNY)=n(X)—nl)+n(CuXNY)>n(X)—nl) =vY)—v(X). Obviously,
v(X) = 0iff X = M.

Lemma2.1. Ifv : A — Risapseudo-valuationon Aand x, x4, ..., x, € Asuchthat (zq,...,xn; )
= 1 then

(er) w(z) <

M=

) 1v(xi).

Proof. 0 = v(1) = 0((1, s @i ) > v(x) — z::v(xi), s0 () <

M:

v(x;). O

7

—_

A pseudo-valuation v : A — R is called decreasing if v(x) > v(y
z <y

forevery x,y € Awith

Lemma 2.2. A pseudo-valuation v is a positive decreasing function satisfying
(cg) v(r = y)+v(y — 2) > v(x — 2), forany x,y,z € A.

Proof. Ifin (*) we puty = 1 we obtain v(z — 1) > v(1)—v(x),sov(z) > 0, forevery z € A.
If z <y, thenz — y = 1, so from (*) we deduce that 0 = v(1) = v(z = y) > v(y) — v(z).
We conclude that v(z) > v(y) for every z < y, so, v is a decreasing function. Let now
x,y,z € A. Since v is a decreasing function, from (B), we deduce that v(x — y) > v((y —
z) = (x— 2)) >v(x — 2) —v(y = 2). Thus, v(z — 2) <v(z = y) +v(y — 2). O

We recall that by a pseudo-metric space we mean an ordered pair (M, d), where M is
a non-empty set and d : M x M — R is a positive function satisfying the following
properties: d(z,z) = 0,d(z,y) = d(y, z) and d(z, z) < d(x,y)+d(y, ) forevery z,y,z € M.
If in the pseudo-metric space (M, d), d(z,y) = 0 implies = y, then (M, d) is called a
metric space.

Theorem 2.1. Let v : A — R be a pseudo-valuation on A. If we define d, : A x A — R,
dy(z,y) = v(x —y) +v(y — ), for every (x,y) € A x A, then

(1) (A,dy) is a pseudo-metric space satisfying:

(co) max{d,(x = 2,y = 2),dy(z = 2,2 = y)} < dy(z,y), forevery x,y,z € A;
(13) d, is a metric on A iff v is a valuation on A.

)-

Proof. (7). Let z,y,z € A. Clearly, dy(z,y) = d,(y,z) > 0 and d,(z,z) = v(z — z)+
v(ix — x) = v(1)+v(1):0+0:0.A1s0 dy(z, )+d( z) = (x%y)Jrv(yex)]Jr

oy = 2) +0(z = )] = (e = 1) + oy > D Pz = )+ ol = 2] S ofe -



46 D. Busneag, D. Piciu and M. Istrata

z) +v(z — x) = dy(z,2), hence d, is a pseudo-metric on A. Now, we prove (cg). We
have d,(z — z,y — 2) =v((xv = 2) = (y = 2))+ v((y = z) = (¥ — 2)). Since, from
By 2y<(y—z2) =2 (x—z)andy - = < (z = 2) = (y = z) we deduce that
v = y) >v(ly = 2) = (& = 2)and v(y = z) > v((x = 2) = (y — 2)), hence,
dy(z,y) = v(z = y) +oly = 2) 2 vy = 2) = (& = 2) +o((z = 2) = (y = 2)) =
dy(z — z,y — z).Since, from (¢1), 2 >y < (z = z) > (z 2 y)andy —» = < (z —
y) = (2 — z), analogously as above we deduce that d,(z,y) > d,(2 — z,2 — ¥y). So,
max{d,(z — 2,y = 2),dy(z = z,z2 > y)} < d,(z,y), for every z,y,z € A.

(i7). First, we suppose that d, is a metric on A and let € A such that v(z) = 0. Since
dy(z,1) = vz - 1)+ v(l - z) =v(l)4+v(x) =040 =0, then z = 1, thatis, visa
valuation on A. Conversely, if v is a valuation on A, let 2,y € A such that d,(z,y) = 0. We
obtain v(x — y) = v(y - ) = 0.Hencexz - y =y — =z = 1,sox = y, thatis, d, is a
metric on A. O

We shall call d,, the pseudo-metric (metric) induced by the pseudo-valuation (valuation) v.
If we interpret a pseudo-valuation as a measure, then d,, is well known metric induced by
a measure.

Corollary 2.1. Let v : A — R be a valuation. Then the operation —: A x A — A is uniformly
continuous.

Proof. Let z,2',y,y/ € Aand 0 < ¢ € R.Thend, : A x A — R, d,((z,y),(z',y)) =
max{d,(z,z"),d,(y,y')}, for every (z,y), (z/,y') € A x Ais ametricon A x A. Obviously,
by definition, d, is a positive function. Since v is a valuation on A, using Theorem 2.1, we
deduce that d, is a metric on A. Thus, d,((z,v), (z,y)) = max{d,(x,z),d,(y,y)} = 0 and
dv((:my), ($/7yl)) = max{dv(x,x’),dv(y,y')} :maX{dv(x/am) dy (y Y } = dv((x/7yl)7 (l‘,y)),
for every (x y) (',y') € A x A. Also, for (z,y),(2',y), (",y") € A x A we have:
0 {(2), (a"9") = max{dy@.a"),duyy")} < max{d,(@0') + d@',a"). (o 5') +
(¥ y")} < max{d (2,2"), d(y,y')} + max{dy (&, "), dy (', y")} = dy((2, 1), (') +
4,((a.y). (a",y")) and d,((z,y), (z',y)) = 0 implies d, (x,2") = d(y,y/) = 050, & =
and y = y’. We conclude that (x,3) = (2/,9'). Thus, d, is a metric on A x A. If
dy((z,y), (2',y")) < €/2 then d, (x '), dy(y,y") < €/2. We have d,(x — y, 2’ — ') <
o=y, =y tdy(al =y, = y) <dy(z,2") +dy(y,y) <e/2+¢/2 =¢, thatis, —
is uniformly continuous. g

~c

&.

We have the following theorems of extension:

Theorem 2.2. Let A and B two BCK algebras such that A is a subalgebra of Band v : A — R
is a pseudo-valuation on A. Then there exists a pseudo-valuation v' : B — R such that v{, = v.

Proof. For x € B we define v'(z) = mf{z (%) @ x1,.szn € Aand (zq,...,2n52) =

1}.Sincel € Aand1 — 1 = 1 we deduce that /(1 ) = v(1) = 0. For z,y € B, let
XYy ey Ly 214 eoey 2m € A such that (21, ...,25;2) = (21,..,2m; ¢ — y) = 1. We deduce

m
that (z1, ..., Tn, 21, ..., 2m; y) = 1, hence, by the definition of v' we have v'(y) < > v(z;) +
i=1

v(x;),80,v"(y) <inf{> v(z): z1,..., 2m € Aand (21, ..., 2m; ¢ — y) = 1} +inf{ > v(z;)
i=1 i=1 i=1
P X1,y € Aand (24, ..., 2p; ) = 1}

Thus, v'(y) < v'(z — y) + v/'(2), so, v'(y) — v'(z) < v'(x — y), for every z,y € B. We
conclude that v’ is a pseudo-valuation on B.

-
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If € A, since z — = = 1, we deduce that v'(z) < v(x). Let x1,...,z, € A such
n n

that (x1,...,2,;2) = 1. From Lemma 2.1, v(z) < > v(a;), hence v(z) < inf{> v(x;) :
i=1 i=1

X1y .y Tpy € Aand (zq, ..., 2p;2) = 1} = 0/(z), that is, vl’A = . O

Remark 2.3. If A and B are two BCK algebras such that A is a subalgebraof B,v: A - R
is a pseudo-valuation on A and v : B — R is a real-valued function such that v/, = v,
then v’ is not necessarily a pseudo-valuation on B. Indeed, let B = {0, a,b, ¢,1} be BCK
algebra from Example 1.1. Obviously, A = {1} is a sub-BCK-algebra of Band v: A — R,
v(1) = 0 is a pseudo-valuation on A, see Example 2.2. Let v’ : B — R be a real-valued
00 a b c 1
7T 2 2 20
valuation on B since v'(b — 0) = v'(a) =2 < v'(0) =o' (b)) =7 -2 =5.

We consider D € Ds(A) and the relation ép on A defined by (z,y) € dp iffz -y € D
and y — = € D. Hence dp is a congruence on A, see [3] and [13]. For z € A we denote
by x/D the congruence class of z modulo ép and by A/D = {z/D : xz € A} the quotient
algebra. Then A/D is a BCK algebra, where for z,y € A, /D — y/D = (z — y)/D.
Also, we denote by pp : A — A/D the canonical surjective morphism of BCK algebras,
pp(z) =z/D, foreveryx € A.Forx € D,wehavez/D =1/D =1.

Theorem 2.3. If D € Ds(A) and v : A — R is a pseudo-valuation (valuation) on A, then the
following assertions are equivalent:

(¢) There exists a pseudo-valuation (valuation) v’ : A/D — R such that v' o pp = v;
(#4) v(a) =0, forevery a € D.

function on B defined by v' = - Then vj, = v, but v’ is not a pseudo-

Proof. (i) = (ii). Letv' : A/D — R be a pseudo-valuation on A/D such that v o pp = v
andleta € D. Thenv(a) = (v opp)(a) =v'(pp(a)) = v'(1) = 0.

(i1) = (i). For x € A we define v'(x/D) = v(x). Let 2,y € A such that /D = y/D.
Thenz — y € Dandy — « € D. Weobtain 0 = v(z — y) > v(y) — v(z) and 0 =
vy = x) > v(z) — v(y), so, v(z) = v(y), hence v’ is correctly defined. Also, we have
v(1/D) = v(1) = 0 and for z,y € A, v'(z/D — y/D) = v'((z = y)/D) = v(x — y) >
v(y) —v(x) =v'(y/D)—v'(x/D), hence v’ is a pseudo-valuation on A. Clearly, v’ opp = v.
If v is a valuation on A and = € A such thatv'(x/D) = 0, then v(z) = 0, hence z = 1. Thus,
x/D =1/D = 1. We conclude that v’ is a valuation on A/D such that v’ o pp = v. O

3. THE DUAL BCK ALGEBRA

In this section we introduce the notion of dual BCK algebra and taking as guide line
[1], we obtain results for BCK algebras.

Let A e DS(A),Dl/\DQ =D1NDy, D1V Dy=<DyUDy >and Dy — Dy = \/{D €
DS(A)Dl ﬂDng}:{aeAD1ﬂ<a>§ Dg}
Definition 3.1. The dual BCK algebra of A, denoted by A°, is the Heyting algebra Ds(A)
with the order D; < D5 iff Dy C D;.

In (AO7§), 0= A, 1= {1} and for DLDQ S Ao, DM Dy =< Dy UDy >= D; V DQ,
D; U Dy = D;N Dy and D, —>D2:|_|{D€AoZDlﬂDSDQ}:ﬂ{DEAOIDQ -
D, Vv D}.

Example 3.5. Let A be the BCK algebra from Example 1.1. It is imediate to prove that

DS(A) = {{1}7 {17 C}’ {17 a, C}, {1, b, 0}7 A}
and A° is the Heyting algebra Ds(A) with the order Dy < D, iff Dy C Dy, for D1, Dy €
Ds(A).
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Also, we define j4 : A — A°, ja(a) =< a >, for every a € A. Hence j4(1) = 1 and
jalz = y) 2 ja(z) — jaly), for every z,y € A. Indeed, ja(1) =< 1 >= {1} = 1. Also,
ja(x) = jaly) =< z >=><y >=n{D € Ds(4) :< y >C< z > VD}. Since from (c1),
z = ((z = y) = y) = 1, we deduce (using (cg)) thaty €< z >V <z = y >,50 <
y>C<az>V<x—y>.Thus, ja(z = y) =<z — y >D ja(r) — ja(y), for every
x,y € A.

Lemma 3.3. For every x,y € A, there is a natural number m > 1 such that

ja(@ —m y) € jalz) = jaly).

Proof. We have that ja(z) — ja(y) = N{D € Ds(4) :< y >C< x > VD}.Solet D €
Ds(A) such that < y >C< z > VD.Since< z >VD ={z€ A:t = (d = z) = 1, for
somed € Dandt €<z >}andy €<y > C <z > VD, wededuce thatt — (d —» y) =1,
forsomed € Dandt €<z > .Butt - (d - y)=d = (t > y),s0,d - (t > y) =1
and d < t — y. We deduce thatt — y € D for some ¢t €< x > (i.e., z —, t = 1, for some
n>1).

Finally, + —, y € D, for some n > 1. Hence, there is a natural number m > 1 such
that z —,, y € D, for every D € Ds(A). We conclude that there is m > 1 such that
Ja(@ = y) € ja@) = jaly), for every z,y € A. 0

We recall that if A and B are two BCK algebras, a function f : A — B is a morphism of
BCK algebras if f(x — y) = f(z) — f(y) for every z,y € A.

Lemma 3.4. jp(4) is an injective morphism of BCK algebras.

Proof. We recall that (see [6]) if a € B(A) thena — (a — z) = a — x for every x € A4, so,
<a>={z € A:a <z} Using Lemma 3.3, if we consider z,y € B(A) we deduce that
ja(@) = jaly) = jalx = y). Also, if ja(x) = ja(y), then < x >=< y > s0, z < y and
y < z. Thus, z = y. We conclude that jp(4) is an injective morphism of BCK algebras. [

Definition 3.2. We say that a BCK algebra A has property F if for every D € A° there
exist x1,...,x, € Asuchthat D C< zq,...,x, > .

Example 3.6. If we consider BCK algebra from Example 1.1, then A has property F since
A° = Ds(A) = {{1},{1,¢},{1,a,c},{1,b,c}, A} and {1} =< 1 >, {1,¢} =< l,¢ >,
{1,a,¢c} =< 1,a,¢>,{1,b,c} =< 1,b,c >and A =< 0 > .

Remark 3.4. Examples of BCK algebras with property F are bounded BCK algebras (since
A =< 0 >) and finite BCK algebras.

Theorem 3.4. Let A be a BCK algebra with property F and v : A — R a pseudo-valuation on A.
Then there exists a pseudo-valuation on A°, v’ : A° — R such that v’ o j4 = v.

Proof. For D € A° we define v'(D) = inf{iv(azi) PX1, ey Tp € Aand D C < xy, .., Ty >
First, we prove that v/ is a pseudo-valuatilgri on A°.

Clearly, v'(1) = inf{iv(xi) P X1,y € Aand {1} C< zq, ...,y >} = v(1) = 0. To
verify (*), let D1, Dy € ZZ‘% and X1, ..., Tp, 21, .-, 2m € A suchthat D; C < zq,...,x, > and
Dy — Dy C< 21,y .ee, 2, > . Then Dy C D1V (D1 — D3) C < 1,y Ty >V < 21, vey 2y >
C < By ey Ty 21y ery Z2m > - Thus v/ (Dy) < anlv(xl) + ilv(zj), so, v'(D3) < inf{znlv(xi) :

i= j= i=
X1y Ty € Aand Dy C < 1, .,z >} + inf{iv(zj) P21y 2m € Aand D — Dy C<

Jj=1
21y ey Zm >} =
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’U/(Dl) + ’U’(Dl — Dg) We obtain that ’U/(Dl — DQ) > U/(DQ) — U/(Dl).
If a,21,...,2, € Asuchthat < ¢ > C < zy,...,x, > then (z;,,...,x;,;a) = 1, for some

Ziyy ey Ty, € {®1,..., 2y }. From Lemma 2.1 we deduce that v(a) < > v(x;), so v(a) <
i=1

inf{> v(x;) : #1,...,2p, € Aand < a >C < z1,...,2, >} = V(< a >). Since < a >C<
i=1
{a} > it follows that v'(< a >) = v(a). We conclude that v’ 0 j4 = v. O

4. CONCLUSIONS AND FUTURE WORK

In [1], is defined a pseudo-valuation on a Hilbert algebra. In this paper, we generalize
this concept for BCK algebras and we prove theorems on extensions of pseudo-valuations
(valuations) on BCK algebras. Since the power set of a non-empty set is a BCK algebra,
using of pseudo-valuations can be useful in the study of theory of sets. As another di-
rection of research one could define and study the concept of free Hilbert algebra with
infimum over a BCK algebra. Specifically, the questions are the following: Are there the
free Hilbert algebras with infimum over BCK algebras? and if the answer is positive, Which is
the relation of these algebras with pseudo-valuations? It is interesting to note that, if the BCK
algebra is a Hilbert algebra, then an explicit construction of the free semilattice extension
of a Hilbert algebra is not immediate. Also, [1] contains results about pseudo-valuations
on free Hertz algebra over a Hilbert algebra.
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