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Blending type approximation by generalized Szasz type
operators based on Charlier polynomials

ARUN KAJLA

ABSTRACT. In the present paper, we introduce a generalized Szdsz type operators based on p(z) where p

is a continuously differentiable function on [0, 0), p(0) = 0 and inf 0 (z) > 1,z € [0,00). This function
not only characterizes the operators but also characterizes the Korovkin set {1, p, p?>} in a weighted function
space. First, we establish approximation in a Lipschitz type space and weighted approximation theorems for
these operators. Then we obtain a Voronovskaja type result and the rate of convergence in terms of the weighted
modulus of continuity.

1. INTRODUCTION

In 1950, Szasz [21] considered the following linear positive operators

Su(gim) = e S 8l (1)), (B

n
k=0

where z € [0,00) and f(z) is a continuous function on [0, c0) whenever the above sum
converges uniformly. Many researchers have studied approximation properties of these
operators and modified Szész operators by involving different types of polynomials. Jaki-
movski and Leviatan [12] constructed a generalization of Szasz operators based on Appell
polynomials and established the approximation properties of these operators. Varma et al.
[22] introduced the generalization of Szdsz operators including the Brenke type polyno-
mials and studied convergence properties with the help of the Korovkin type theorem and
the order of convergence by using classical method. Another recent and interesting results
concerning the Szasz operators (1.1) could be found also in [2, 3, 4, 5,7, 13, 16, 19, 20].

In [23], Varma and Tagdelen constituted a link between orthogonal polynomials and the
positive linear operators. They have considered Szasz type operators including Charlier
polynomials. These polynomials [11] have the generating functions of the form

e 1—E u:i(}'(a)(u)t—k [t < a (1.2)
a P k kY ’ '

k r
where C,ga) (u) = Z (i) (—u), (i) and (m)o = 1,(m); = m(m+1)---(m+ j — 1) for
j>1 =

Varma and Tasdelen [23] defined the following Szdsz type operators based on Charlier
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polynomials

(a—1)nz oo (a)
En?a(f;x)_“(ll) Zok (—(a—l)nac)f(k>’ 13)

a k! n
k=0

where a > 1and z € [0, 00). For the special case, a — oo and z — % instead of z, these ope-
rators reduce to the well-known Szasz operators [21]. They studied uniform convergence
of these operators with the help of the Korovkin theorem on compact subsets of [0, o)
and the order of approximation by applying the classical modulus of continuity. Kajla
and Agrawal [15] obtained approximation in a Lipschitz type space, weighted approxi-
mation and the error in the approximation of functions having derivatives of bounded
variation of the operators (1.3).

In 2014, Aral et al. [6] defined a generalization of Szasz-Mirakyan operators involving
a function p and gave the quantitative type theorems in order to obtain the degree of
weighted convergence by using the weighted modulus of continuity constructed using
the function p. Olguna et al. [17] considered a generalization of the Jain operators based
on p function and established Voronovskaya type theorem and the rate of convergence of
these operators. Acar et al. [1] defined a new general class of operators which have the
classical Szasz-Mirakyan ones as a basis, and fix the functions e** and e2** with a > 0 and
studied Voronovskaja type theorem of these operators.

We construct the following Szasz type operators involving Charlier polynomials

0 (frx) =) (1 - i)(amp(m) i C (—=(a = Dnp(x)) (Fop) <fl> 1

k!
k=0
_ 6_1(1 - i) (a—1)np(x) i C](Ca)(_(ak_' 1)np(x))f <p—1 (:)) 7
k=0 ’

where p is a function such that

(b1) pis a continuously differentiable function on [0, c0).
(b2) p(0) =0, if pl(x) > 1.
ze (0,00

In the present paper, we construct a generalized Szasz type operators based on Charlier
polynomials. First, we establish approximation in a Lipschitz type space and weighted
approximation theorems for these operators. Then we obtain a Voronovskaja type result
and the rate of convergence in terms of the weighted modulus of continuity.

2. PRELIMINARIES

Let e;(z) = p'(z),i = 0,4

Lemma 2.1. For the operators L}, .(f;x), we get
(i) £ﬁ’a(eo(t);x) =1;

(i) o1 (1)) = pla) +

1 2
WU%AMW@ZfW+%?G+a4>+M'

(M£m@mm=fm+meH L) (L )+ 5

n a—1 (a—1)2  a-—
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3 2
p ) — A P (x) 6\ | P(w) 30 11
() L ,(ea(t); ) = p*(x) + " (10—1— p— + 3 31+ ] + a_1)
p(x) 31 20 6 15
+o3 <67+a—1+ @i (a_1)3) + 5
Lemma 2.2. For the operators L}, ,(f;x), we have
. 1
() L . (p(t) — p(x);2) = —;

(i) £5,,((p(6) — pla))sa) = 2 2

nla—1) n
o ) 4 20 :
(iii) L5, o ((p(t) = pla))hs2) = =5 (17+ -1 (a—12 (a 1)3>

2(z 46 3 15
+pn(2)(19—(a_1)+(a_1)2)+n4.

From Lemma 2.2, for p(z) € (0, 00) and sufficiently large n, we have

28 (10(t) — p(@)]:2) < (L2 ((p(t) — pla))%s ) /2 < ) 222T), 25)

n

where \(a) is a positive constant depending on a.
Let C'[0, c0) denote the space of all continuous and real valued functions defined on [0, cc).

3. MAIN RESULTS

3.1. Degree of Approximation. Let oy > 0,2 > 0 be fixed. We consider the following
Lipschitz-type space (see [18]):
|t — |

(t+ a12? + apx)?

i) = {1 € Cl0.00) 110 - 1) < b1 e (0.09) .
where M is a positive constantand 0 < r < 1.
Theorem 3.1. Let f € Lz’pg\(}“a?)(r) and r € (0,1]. Then, for all z € (0, 00), we have

Cna(p(2)) )

arp?(x) + azp(e)

|8 (i) — f(o) |< M(
where G o(p(x)) = L4, ((p(t) — pla))?; ).

Proof. By the Holder’s inequality with p = 2 and g = oy 2 , we obtain
T -
| Lha(fia) = f(2) |

< i i><a—1>np<-f> 5 c,i"><—<ak—! Dnp(a)) ‘ 1 (5)) - s 2

k=0

a ~ k! (£ + a1p?(x) + azp

ag,a 1 1
Since f € Lipy;**?(r) and < 5
<4+ a1 p%(x) + agp(x) \/Chp () + agp(z)

V€ (0,00),

we have
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| L5 o (f32) = f(a) |

M L, NI E O (- Dnp()) (kN
= 2@ + a2 (@) { (1-3) 2 W (5 -7)

=M <a1p§?5(i(2)p<x>>g |

This completes the proof of the theorem. O

Let B, [0, c0) be the space of all real valued functions on [0, c0) satisfying the condition
|f(z)] < M¢n(x), where M; is a positive constant depending only on f and n(z) = 1 + p?(z)
is a weight function and p(z) — oo as ¢ — co. Let C,,[0, c0) be the space of all continuous
functions in B,[0, co) with the norm

Il fll, == sup [F@)] and Cpl0,00) = {f € Cy[0,00) : lim @) is ﬁnite}.

z€[0,00) 77(33) =00 77(37)

Let U,[0, o) be the space of functions f € [0, c0) such that % is uniformly continuous.
It is obvious that C} [0, c0) C Uy[0,00) C C[0,00) C By[0, 00).
The usual modulus of continuity of f on [0, 4] is defined as

wy(f,6) = sup sup [f(t) = f(x)]-

[t—z| <8 z,t€(0,b]

Theorem 3.2. Let f € [0, c0). Then, we have

I1£0,.a(F3) = Flleon < 4Mp(1+b%)Caa(b) + 2w 1(f, 1/ Cna (D)),
ab 2

n(a—1) ' n?
Proof. Let p(z) € [0,b] and p(t) > b+ 1. Then, p(t) — p(z) > 1, hence
[£(t) = f(@)]

< Mp(2+ (1) + p%(2)) = My {2+ 20%(2) + (p(t) — p(2))* + 2p(2) (p(t) — p(z)) }
< Mi(p(t) = p(x))® (3 + 2p(x) + 2p%(2))
<

where (. q(b) =

AMy (1 + p*(2))(p(t) = p(x))*. (3.6)
For p(x) € [0,b] and p(t) € [0,b + 1] we have
16 = 1@ < eon(Filote) — o) < (14 X0FE D wrin. 62)

Thus, from (3.6) and (3.7) for all p(x) € [0,b] and p(t) > 0, we have

10 = @) < 1501+ #)pt0) — ) + (14 LT Y1900 50,

Hence applying Cauchy-Schwarz inequality, we get
1£5.a(f32) = f(2)]

< ML+ (0 — pla) ) + 0rea(1,0) (14 T2 000) = i)
< A+ P)Gnalole) +rs1(1.0) (14 5 fenalole) )
<

4Mf(]- +b2)<n,a(b) +wb+1(f7 5) (1 + % Cn,a(b)>'
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Choosing § = \/(y.q(b), we get the desired result. O

4. WEIGHTED APPROXIMATION
Theorem 4.3. Let f € C}[0,00). Then, we have

- P — —
Jim (127, (f5) = flla = 0. (4.8)
Proof. From [9], we know that it is sufficient to verify the following three equations
lim [|£f ,(em;-) —€m|n, =0, m=0,1,2. 4.9)
n—00 ’

Since L1, ,(eo; z) = 1, the condition in (4.9) holds true for m = 0.

By Lemma 2.1, we have

1 1
Lr (e1;:) —e = sup ———~|p(z)+——p(z) < —.
1£7, o(e1;-) — exlly oie)>0 1+ P2() p(z) + — = plz)| <
. P ) — . .
Thus, 7}320”571,(1(617 ) — €1, = 0. Similarly, we get
1 p(x) 1 2
P ) — = —|p? P34+ — )+ 5 —p?
1£5,a(e2: ) = eally S T 2@ () + == ( +a1> + = =@

Sl 1,2
~ n (a—1) n?’

which implies that lim ||£f ,(e2;-) — ez|;, = 0. This completes the proof.
n— oo

n,a

O

Let f € C,[0,00). We will consider the weighted modulus of continuity defined by
Holhos [10] as follows:

t)— flz
- ap OIS0
2€[0,00),|p(t)—p(x)|<s M(t) + ()
and proved that it has the following properties:
(i) forevery f € U,[0,0), ;irr(l) =Q,(f;9)
—
(ii) forevery d > 0and A > 0, Q,(f;A0) < (24 N)Q,(f;0)
(iii) forevery f € U,[0,00), for § > 0 and forall z,t > 0,

10— 1@ < ) + (o)) (2 L0200 12,

Theorem 4.4. [10]: Let { K, }n>1 be a sequence of positive linear operators acting on C,|[0, c0)
to B,;[0, 0o) with

HKn(pO) *pO”nU = Qan
1K (p) _pHn% = bn
1Kn(p?) = PPlly = cn

3 3 _

HKﬂ(p )*P Hﬁ% = dp,

where ay,, by, cp,d, — 0asn — oo. Then

[ (f) = fll g < (74 4an +2¢2)$2,(f58) + || fllyan
forall f e Cy[0,00), where

0n = 2v/(an + 2bp + cn)(1 + ay) + an + 3by, + 3¢, + din.
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Remark 4.1. In the condition of Theorem 4.3, using the fact that ;in% Q,(f;6) =0wehave
—

forall f € U,[0,00).

Theorem 4.5. For every f € Cy[0,00). Then, we have

120 = Alg < (742 (34 o2y ) + o) Wil

n (a—1) n?
where vy, o = 2 %(54—%)4_%(34_&)4_%4_%_

Proof. From Lemma 2.1, we may write

an = Hﬁ'ﬁ,a(po) - pOHnO = 07
1
= P — L < =
bn Hﬁma(p) p||77§ = 'Il,
1 1 2
w o= 1220 =Pl < = (34+ —— |+
c H n,a(p) p|7ln< +(a_1)>+n2

and

1 3 2 1 3 5
do = 1LL ,(p®) = P3| s <=6+ —— — 5 —.
n = 100007 p”ng_n( +a—1>+n2 ((a—1)2+a—1+ )+n3

In view of ay,, by, ¢, d,, — 0 as n — oo and from Theorem 4.4, we get

2. =1y < (742 (34 (25 ) + o) 2l

(a—1)

Remark 4.2. For f € U,[0,00). Then, we have
T [1£6,,(F) £y =0.

5. VORONOVSKAJA TYPE THEOREM

In this section we prove a Voronvoskaja type result for the £f, | operators by applying
the same approach as in [6], [8] and [17] .

Theorem 5.6. Let f € C[0,00), z € [0,00). If (f op‘l)" exists at p(x) and (fop=")" is
bounded on [0, 00), then we have

im0 28,0 (fi2) = £@)] = (Fo ™) () + 5250 (7o) ple))
Proof. Applying the Taylor’s expansion of (f o p~!) at the point p(x) € [0, 00), there exists
x lying between z and ¢ such that
) = (For ) (p®) = (for™) (o) + (for™) (p(x)) (p(t) — p(x))
5 (For™)" (0l@) (o(t) — p@)* +320) (1) — p(a))*

where
1 1

(fop™) (p(x)) = (fop™) (p(x))
. .

Ju(t) :=
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Hence,
n(Lha(f2) = f@) = (For) (pa)nlh , (p(t) = pla):a)
5 (For™) ()t (1) — pl))%s )

+nLf, . (30 (p(t) = p(2))* ) -

From Lemma 2.2, we may write

T 0 (€)= 1@) = (Fop) ol + 5205 (7o) o)

+ Tim 0, (a(®) (p(t) = pla))* ).
From the hypothesis of the theorem we have |j,(¢)| < C and tlgn Jjz(t) = 0. Thus for any

€ > 0 there exists 6 > 0 such that [j,(¢)| < € for |t — 2| < . On the other hand, from
the condition (b2) we have [p(t) — p(z)| > |t — z|. Therefore, if |p(t) — p(z)| < ¢, then
152(8) (p(t) = p(@))* | < € (p(t) — p(w))* and if |p(t) — p(x)| = §, then since |, (t)| < C we
get [1.(8) (p(t) — p(2))* | < G (p(t) — p(x))* . Hence we may write

28,0 (1) (000) — (@) 1) < €0 (p(0) — p(a)?0) + 30 ((000) — pla))* ).
From Lemma 2.2, we have

lim nf , (ja(t) (p(t) = p(x))s2) = 0.

n— oo

Thus, the theorem is proved. O
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