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Blending type approximation by generalized Szász type
operators based on Charlier polynomials

ARUN KAJLA

ABSTRACT. In the present paper, we introduce a generalized Szász type operators based on ρ(x) where ρ
is a continuously differentiable function on [0,∞), ρ(0) = 0 and inf ρ

′
(x) ≥ 1, x ∈ [0,∞). This function

not only characterizes the operators but also characterizes the Korovkin set
{
1, ρ, ρ2

}
in a weighted function

space. First, we establish approximation in a Lipschitz type space and weighted approximation theorems for
these operators. Then we obtain a Voronovskaja type result and the rate of convergence in terms of the weighted
modulus of continuity.

1. INTRODUCTION

In 1950, Szász [21] considered the following linear positive operators

Sn(f ;x) = e−nx
∞∑
k=0

(nx)k

k!
f

(
k

n

)
, (1.1)

where x ∈ [0,∞) and f(x) is a continuous function on [0,∞) whenever the above sum
converges uniformly. Many researchers have studied approximation properties of these
operators and modified Szász operators by involving different types of polynomials. Jaki-
movski and Leviatan [12] constructed a generalization of Szász operators based on Appell
polynomials and established the approximation properties of these operators. Varma et al.
[22] introduced the generalization of Szász operators including the Brenke type polyno-
mials and studied convergence properties with the help of the Korovkin type theorem and
the order of convergence by using classical method. Another recent and interesting results
concerning the Szász operators (1.1) could be found also in [2, 3, 4, 5, 7, 13, 16, 19, 20].

In [23], Varma and Taşdelen constituted a link between orthogonal polynomials and the
positive linear operators. They have considered Szász type operators including Charlier
polynomials. These polynomials [11] have the generating functions of the form

et
(

1− t

a

)u
=

∞∑
k=0

C
(a)
k (u)

tk

k!
, |t| < a, (1.2)

where C(a)
k (u) =

k∑
r=0

(
k

r

)
(−u)r

(
1

a

)r
and (m)0 = 1, (m)j = m(m + 1)· · · (m + j − 1) for

j ≥ 1.
Varma and Taşdelen [23] defined the following Szász type operators based on Charlier
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polynomials

Ln,a(f ;x) = e−1
(

1− 1

a

)(a−1)nx ∞∑
k=0

C
(a)
k (−(a− 1)nx)

k!
f

(
k

n

)
, (1.3)

where a > 1 and x ∈ [0,∞). For the special case, a→∞ and x− 1
n instead of x, these ope-

rators reduce to the well-known Szász operators [21]. They studied uniform convergence
of these operators with the help of the Korovkin theorem on compact subsets of [0,∞)
and the order of approximation by applying the classical modulus of continuity. Kajla
and Agrawal [15] obtained approximation in a Lipschitz type space, weighted approxi-
mation and the error in the approximation of functions having derivatives of bounded
variation of the operators (1.3).

In 2014, Aral et al. [6] defined a generalization of Szász-Mirakyan operators involving
a function ρ and gave the quantitative type theorems in order to obtain the degree of
weighted convergence by using the weighted modulus of continuity constructed using
the function ρ. Olguna et al. [17] considered a generalization of the Jain operators based
on ρ function and established Voronovskaya type theorem and the rate of convergence of
these operators. Acar et al. [1] defined a new general class of operators which have the
classical Szász-Mirakyan ones as a basis, and fix the functions eax and e2ax with a > 0 and
studied Voronovskaja type theorem of these operators.

We construct the following Szász type operators involving Charlier polynomials

Lρn,a(f ;x) = e−1
(

1− 1

a

)(a−1)nρ(x) ∞∑
k=0

C
(a)
k (−(a− 1)nρ(x))

k!

(
f ◦ ρ−1

)(k
n

)
(1.4)

= e−1
(

1− 1

a

)(a−1)nρ(x) ∞∑
k=0

C
(a)
k (−(a− 1)nρ(x))

k!
f

(
ρ−1

(
k

n

))
,

where ρ is a function such that

(b1) ρ is a continuously differentiable function on [0,∞).
(b2) ρ(0) = 0, inf

x∈(0,∞)
ρ′(x) ≥ 1.

In the present paper, we construct a generalized Szász type operators based on Charlier
polynomials. First, we establish approximation in a Lipschitz type space and weighted
approximation theorems for these operators. Then we obtain a Voronovskaja type result
and the rate of convergence in terms of the weighted modulus of continuity.

2. PRELIMINARIES

Let ei(x) = ρi(x), i = 0, 4

Lemma 2.1. For the operators Lρn,a(f ;x), we get

(i) Lρn,a(e0(t);x) = 1;

(ii) Lρn,a(e1(t);x) = ρ(x) +
1

n
;

(iii) Lρn,a(e2(t);x) = ρ2(x) +
ρ(x)

n

(
3 +

1

a− 1

)
+

2

n2
.

(iv) Lρn,a(e3(t);x) = ρ3(x) +
ρ2(x)

n

(
6 +

3

a− 1

)
+

2ρ(x)

n2

(
1

(a− 1)2
+

3

a− 1
+ 5

)
+

5

n3
;
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(v) Lρn,a(e4(t);x) = ρ4(x) +
ρ3(x)

n

(
10 +

6

a− 1

)
+
ρ2(x)

n2

(
31 +

30

a− 1
+

11

(a− 1)2

)
+
ρ(x)

n3

(
67 +

31

a− 1
+

20

(a− 1)2
+

6

(a− 1)3

)
+

15

n4
.

Lemma 2.2. For the operators Lρn,a(f ;x), we have

(i) Lρn,a(ρ(t)− ρ(x);x) =
1

n
;

(ii) Lρn,a((ρ(t)− ρ(x))2;x) =
aρ(x)

n(a− 1)
+

2

n2
;

(iii) Lρn,a((ρ(t)− ρ(x))4;x) =
ρ(x)

n3

(
17 +

49

(a− 1)
− 20

(a− 1)2
+

6

(a− 1)3

)
+
ρ2(x)

n2

(
19− 46

(a− 1)
+

3

(a− 1)2

)
+

15

n4
.

From Lemma 2.2, for ρ(x) ∈ (0,∞) and sufficiently large n, we have

Lρn,a(|ρ(t)− ρ(x)|;x) ≤
(
Lρn,a((ρ(t)− ρ(x))2;x)

)1/2 ≤√λ(a)ρ(x)

n
, (2.5)

where λ(a) is a positive constant depending on a.
LetC[0,∞) denote the space of all continuous and real valued functions defined on [0,∞).

3. MAIN RESULTS

3.1. Degree of Approximation. Let α1 > 0, α2 ≥ 0 be fixed. We consider the following
Lipschitz-type space (see [18]):

Lip
(α1,α2)
M (r) :=

{
f ∈ C[0,∞) : |f(t)− f(x)| ≤M |t− x|r

(t+ α1x2 + α2x)
r
2

;x, t ∈ (0,∞)

}
,

where M is a positive constant and 0 < r ≤ 1.

Theorem 3.1. Let f ∈ Lip(α1,α2)
M (r) and r ∈ (0, 1]. Then, for all x ∈ (0,∞), we have

| Lρn,a(f ;x)− f(x) |≤M
(

ζn,a(ρ(x))

α1ρ2(x) + α2ρ(x)

) r
2

,

where ζn,a(ρ(x)) = Lρn,a((ρ(t)− ρ(x))2;x).

Proof. By the Hölder’s inequality with p =
2

r
and q =

2

2− r
, we obtain

| Lρn,a(f ;x)− f(x) |

≤
{
e−1
(

1− 1

a

)(a−1)nρ(x) ∞∑
k=0

C
(a)
k (−(a− 1)nρ(x))

k!

∣∣∣∣f (ρ−1(kn
))
− f(x)

∣∣∣∣ 2r}r/2

≤ M

{
e−1
(

1− 1

a

)(a−1)nρ(x) ∞∑
k=0

C
(a)
k (−(a− 1)nρ(x))

k!

(
k

n
− ρ(x)

)2

(
k
n + α1ρ2(x) + α2ρ(x)

)}r/2.
Since f ∈ Lip(α1,α2)

M (r) and
1√

k
n + α1ρ2(x) + α2ρ(x)

<
1√

α1ρ2(x) + α2ρ(x)
,∀x ∈ (0,∞),

we have
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| Lρn,a(f ;x)− f(x) |

≤ M

(α1ρ2(x) + α2ρ(x))
r
2

{
e−1

(
1− 1

a

)(a−1)nρ(x) ∞∑
k=0

C
(a)
k (−(a− 1)nρ(x))

k!

(
k

n
− ρ(x)

)2
}r/2

≤ M

(
ζn,a(ρ(x))

α1ρ2(x) + α2ρ(x)

) r
2

.

This completes the proof of the theorem. �

Let Bη[0,∞) be the space of all real valued functions on [0,∞) satisfying the condition
|f(x)|≤Mfη(x),whereMf is a positive constant depending only on f and η(x) = 1 + ρ2(x)
is a weight function and ρ(x)→∞ as x→∞. Let Cη[0,∞) be the space of all continuous
functions in Bη[0,∞) with the norm

‖f‖η := sup
x∈[0,∞)

|f(x)|
η(x)

and C∗η [0,∞) :=

{
f ∈ Cη[0,∞) : lim

x→∞

|f(x)|
η(x)

is finite
}
.

LetUη[0,∞) be the space of functions f ∈ Cη[0,∞) such that f(x)η(x) is uniformly continuous.
It is obvious that C∗η [0,∞) ⊂ Uη[0,∞) ⊂ Cη[0,∞) ⊂ Bη[0,∞).

The usual modulus of continuity of f on [0, b] is defined as

ωb(f, δ) = sup
|t−x|≤δ

sup
x,t∈[0,b]

|f(t)− f(x)|.

Theorem 3.2. Let f ∈ Cη[0,∞). Then, we have

‖Lρn,a(f ; ·)− f‖C[0,b] ≤ 4Mf (1 + b2)ζn,a(b) + 2ωb+1(f,
√
ζn,a(b)),

where ζn,a(b) =
ab

n(a− 1)
+

2

n2
.

Proof. Let ρ(x) ∈ [0, b] and ρ(t) > b+ 1. Then, ρ(t)− ρ(x) > 1, hence
|f(t)− f(x)|
≤ Mf (2 + ρ2(t) + ρ2(x)) = Mf

{
2 + 2ρ2(x) + (ρ(t)− ρ(x))2 + 2ρ(x)(ρ(t)− ρ(x))

}
≤ Mf (ρ(t)− ρ(x))2

(
3 + 2ρ(x) + 2ρ2(x)

)
≤ 4Mf (1 + ρ2(x))(ρ(t)− ρ(x))2. (3.6)

For ρ(x) ∈ [0, b] and ρ(t) ∈ [0, b+ 1] we have

|f(t)− f(x)| ≤ ωb+1(f ; |ρ(t)− ρ(x)|) ≤
(

1 +
|ρ(t)− ρ(x)|

δ

)
ωb+1(f ; δ). (3.7)

Thus, from (3.6) and (3.7) for all ρ(x) ∈ [0, b] and ρ(t) ≥ 0, we have

|f(t)− f(x)| ≤ 4Mf (1 + ρ2(x))(ρ(t)− ρ(x))2 +

(
1 +
|ρ(t)− ρ(x)|

δ

)
ωb+1(f, δ), δ > 0.

Hence applying Cauchy-Schwarz inequality, we get
|Lρn,a(f ;x)− f(x)|

≤ 4Mf (1 + ρ2(x))Lρn,a((ρ(t)− ρ(x))2;x) + ωb+1(f, δ)

(
1 +

1

δ
Lρn,a(|ρ(t)− ρ(x)|;x)

)
≤ 4Mf (1 + ρ2(x))ζn,a(ρ(x)) + ωb+1(f, δ)

(
1 +

1

δ

√
ζn,a(ρ(x))

)
≤ 4Mf (1 + b2)ζn,a(b) + ωb+1(f, δ)

(
1 +

1

δ

√
ζn,a(b)

)
.
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Choosing δ =
√
ζn,a(b), we get the desired result. �

4. WEIGHTED APPROXIMATION

Theorem 4.3. Let f ∈ C∗η [0,∞). Then, we have

lim
n→∞

‖Lρn,a(f ; ·)− f‖η = 0. (4.8)

Proof. From [9], we know that it is sufficient to verify the following three equations

lim
n→∞

‖Lρn,a(em; ·)− em‖η = 0, m = 0, 1, 2. (4.9)

Since Lρn,a(e0;x) = 1, the condition in (4.9) holds true for m = 0.

By Lemma 2.1, we have

‖Lρn,a(e1; ·)− e1‖η = sup
ρ(x)≥0

1

1 + ρ2(x)

∣∣∣∣ρ(x) +
1

n
− ρ(x)

∣∣∣∣ ≤ 1

n
.

Thus, lim
n→∞

‖Lρn,a(e1; ·)− e1‖η = 0. Similarly, we get

‖Lρn,a(e2; ·)− e2‖η = sup
ρ(x)≥0

1

1 + ρ2(x)

∣∣∣∣ρ2(x) +
ρ(x)

n

(
3 +

1

a− 1

)
+

2

n2
− ρ2(x)

∣∣∣∣
≤ 1

n

(
3 +

1

(a− 1)

)
+

2

n2
,

which implies that lim
n→∞

‖Lρn,a(e2; ·)− e2‖η = 0. This completes the proof.
�

Let f ∈ Cη[0,∞). We will consider the weighted modulus of continuity defined by
Holhoş [10] as follows:

Ωρ(f ; δ) = sup
x∈[0,∞),|ρ(t)−ρ(x)|≤δ

|f(t)− f(x)|
η(t) + η(x)

,

and proved that it has the following properties:
(i) for every f ∈ Uη[0,∞), lim

δ→0
= Ωρ(f ; δ)

(ii) for every δ ≥ 0 and λ ≥ 0, Ωρ(f ;λδ) ≤ (2 + λ)Ωρ(f ; δ)
(iii) for every f ∈ Uη[0,∞), for δ > 0 and for all x, t ≥ 0,

|f(t)− f(x)| ≤ (η(t) + η(x))

(
2 +
|ρ(t)− ρ(x)|

δ

)
Ωρ(f ; δ).

Theorem 4.4. [10]: Let {Kn}n≥1 be a sequence of positive linear operators acting on Cη[0,∞)
to Bη[0,∞) with

‖Kn(ρ0)− ρ0‖η0 = an

‖Kn(ρ)− ρ‖
η

1
2

= bn

‖Kn(ρ2)− ρ2‖η = cn

‖Kn(ρ3)− ρ3‖
η

3
2

= dn,

where an, bn, cn, dn → 0 as n→∞. Then

‖Kn(f)− f‖
η

3
2
≤ (7 + 4an + 2cn)Ωρ(f ; δ) + ‖f‖ηan

for all f ∈ Cη[0,∞), where

δn = 2
√

(an + 2bn + cn)(1 + an) + an + 3bn + 3cn + dn.



54 Arun Kajla

Remark 4.1. In the condition of Theorem 4.3, using the fact that lim
δ→0

Ωρ(f ; δ) = 0 we have

lim
n→∞

‖Kn(f)− f‖
η

3
2

= 0,

for all f ∈ Uη[0,∞).

Theorem 4.5. For every f ∈ Cη[0,∞). Then, we have

‖Lρn,a(f)− f‖
η

3
2
≤
(

7 +
2

n

(
3 +

1

(a− 1)

)
+

4

n2

)
Ωρ(f ; γn,a),

where γn,a = 2

√
1
n

(
5 + 1

a−1

)
+ 6

n

(
3 + 1

a−1

)
+ 2(6+a(8a−13))

n2(a−1)2 + 5
n3 .

Proof. From Lemma 2.1, we may write

an = ‖Lρn,a(ρ0)− ρ0‖η0 = 0,

bn = ‖Lρn,a(ρ)− ρ‖
η

1
2
≤ 1

n
,

cn = ‖Lρn,a(ρ2)− ρ2‖η ≤
1

n

(
3 +

1

(a− 1)

)
+

2

n2

and

dn = ‖Lρn,a(ρ3)− ρ3‖
η

3
2
≤ 1

n

(
6 +

3

a− 1

)
+

2

n2

(
1

(a− 1)2
+

3

a− 1
+ 5

)
+

5

n3
.

In view of an, bn, cn, dn → 0 as n→∞ and from Theorem 4.4, we get

‖Lρn,a(f)− f‖
η

3
2
≤
(

7 +
2

n

(
3 +

1

(a− 1)

)
+

4

n2

)
Ωρ(f ; γn,a).

�

Remark 4.2. For f ∈ Uη[0,∞). Then, we have

lim
n→∞

‖Lρn,a(f)− f‖
η

3
2

= 0.

5. VORONOVSKAJA TYPE THEOREM

In this section we prove a Voronvoskaja type result for the Lρn,a operators by applying
the same approach as in [6], [8] and [17] .

Theorem 5.6. Let f ∈ C[0,∞), x ∈ [0,∞). If
(
f ◦ ρ−1

)′′ exists at ρ(x) and
(
f ◦ ρ−1

)′′ is
bounded on [0,∞), then we have

lim
n→∞

n
[
Lρn,a(f ;x)− f(x)

]
=
(
f ◦ ρ−1

)
(ρ(x)) +

aρ(x)

2(a− 1)

(
f ◦ ρ−1

)′′
(ρ(x)).

Proof. Applying the Taylor’s expansion of
(
f ◦ ρ−1

)
at the point ρ(x) ∈ [0,∞), there exists

χ lying between x and t such that

f(t) =
(
f ◦ ρ−1

)
(ρ(t)) =

(
f ◦ ρ−1

)
(ρ(x)) +

(
f ◦ ρ−1

)′
(ρ(x)) (ρ(t)− ρ(x))

+
1

2

(
f ◦ ρ−1

)′′
(ρ(x)) (ρ(t)− ρ(x))

2
+ jx(t) (ρ(t)− ρ(x))

2
,

where

jx(t) :=

(
f ◦ ρ−1

)′′
(ρ(χ))−

(
f ◦ ρ−1

)′′
(ρ(x))

2
.



Blending type approximation by generalized Szász 55

Hence,

n
(
Lρn,a(f ;x)− f(x)

)
=

(
f ◦ ρ−1

)′
(ρ(x))nLρn,a (ρ(t)− ρ(x);x)

+
1

2

(
f ◦ ρ−1

)′′
(ρ(x))nLρn,a

(
(ρ(t)− ρ(x))2;x

)
+nLρn,a

(
jx(t) (ρ(t)− ρ(x))

2
;x
)
.

From Lemma 2.2, we may write

lim
n→∞

n
(
Lρn,a(f ;x)− f(x)

)
=

(
f ◦ ρ−1

)
(ρ(x)) +

aρ(x)

2(a− 1)

(
f ◦ ρ−1

)′′
(ρ(x))

+ lim
n→∞

nLρn,a
(
jx(t) (ρ(t)− ρ(x))

2
;x
)
.

From the hypothesis of the theorem we have |jx(t)| ≤ C and lim
t→x

jx(t) = 0. Thus for any

ε > 0 there exists δ > 0 such that |jx(t)| < ε for |t − x| < δ. On the other hand, from
the condition (b2) we have |ρ(t) − ρ(x)| ≥ |t − x|. Therefore, if |ρ(t) − ρ(x)| < δ, then
|jx(t) (ρ(t)− ρ(x))

2 | < ε (ρ(t)− ρ(x))
2 and if |ρ(t) − ρ(x)| ≥ δ, then since |jx(t)| ≤ C we

get |jx(t) (ρ(t)− ρ(x))
2 | < C

δ2 (ρ(t)− ρ(x))
4
. Hence we may write

Lρn,a
(
jx(t) (ρ(t)− ρ(x))

2
;x
)
< εLρn,a (ρ(t)− ρ(x))

2
;x) +

C

δ2
Lρn,a

(
(ρ(t)− ρ(x))

4
;x
)
.

From Lemma 2.2, we have

lim
n→∞

nLρn,a
(
jx(t) (ρ(t)− ρ(x))

2
;x
)

= 0.

Thus, the theorem is proved. �
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[10] Holhoş, A., Quantitative estimates for positive linear operators in weighted spaces, Gen. Math., 16 (2008), No. 4,

99–110
[11] Ismail, M. E. H., Classical and Quantum Orthogonal Polynomials in One Variable, Cambridge University Press,

Cambridge, 2005
[12] Jakimovski, A. and Leviatan, D., Generalized Szász operators for the approximation in the infinite interval, Ma-

thematica (Cluj), 34 (1969), 97–103
[13] Kajla, A., Acu, A. M. and Agrawal, P. N., Baskakov-Szász type operators based on inverse Pólya-Eggenberger
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[18] Özarslan, M. A. and Aktuǧlu, H. Local approximation for certain King type operators, Filomat, 27 (2013),
173–181
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