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Lacunary invariant statistical convergence of double
sequences of sets

FATIH NURAY and UGUR ULUSU

ABSTRACT. In this paper, we introduce the concepts of Wijsman invariant convergence, Wijsman invariant
statistical convergence, Wijsman lacunary invariant convergence, Wijsman lacunary invariant statistical conver-
gence for double sequences of sets. Also, we investigate existence of some relations among these new conver-
gence concepts for double sequences of sets.

1. INTRODUCTION

The concept of statistical convergence was firstly introduced by Fast [7] and then this
concept, using the concepts of lacunary sequence, invariant mean and double sequence,
has been extended by many others (see, [6,8,9,12,13,18,24,25]).

The concept of convergence of real sequences has been extended by several authors to
convergence of set sequences (see, [3-5,14-17,27-30]). Nuray and Rhoades [14] extended
the notion of convergence of set sequences to statistical convergence and gave some ba-
sic theorems. Using the concept of lacunary sequence, the concepts of Wijsman lacunary
statistical convergence for set sequences was introduced by Ulusu and Nuray [27] and
investigated relation with Wijsman statistical convergence, which was defined by Nuray
and Rhoades [14]. Also, Ulusu and Nuray [28] defined the concept of Wijsman strongly
lacunary summability for set sequences and examined relation with the concept of Wijs-
man strongly Cesaro summability. Then, the concepts of invariant convergence, invariant
statistical convergence, lacunary invariant convergence and lacunary invariant statistical
convergence for set sequences was introduced by Pancaroglu and Nuray [17]. Recently,
Nuray et. al [16] studied the concepts of Wijsman statistical convergence and Wijsman
statistical Cauchy for double sequences of sets and investigate the relationship between
this concepts. Also, Using the concept of double lacunary sequence, the concepts of Wijs-
man lacunary statistical convergence for double sequences of sets was introduced Nuray
etal. [15].

In this study, we introduce the concepts of Wijsman invariant convergence, Wijsman
invariant statistical convergence, Wijsman lacunary invariant convergence, Wijsman lacu-
nary invariant statistical convergence for double sequences of sets. Also, we investigate
existence of some relations among these new convergence concepts for double sequences
of sets.

2. DEFINITIONS AND NOTATIONS
Now, we recall the basic definitions and concepts (See, [1-5,10,11,15,16,18-23,26]).
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Let X be any non-empty set and N be the set of natural numbers. The function
f N = P(X) is defined by f(k) = Ax € P(X) for each k € N, where P(X) is po-
wer set of X. The sequence {Ay} = (A1, Az, ...), which is the range’s elements of f, is
said to be sequences of sets.

Let (X, p) be a metric space. For any point z € X and any non-empty subset A of X,
the distance from z to A is defined by d(x, A) = inf,c 4 p(z, a).

Throughout this paper, (X, p) and A, A, will be taken as a metric space and any non-
empty closed subsets of X, respectively.

We say that the sequence {4} is Wijsman convergent to A if for each z € X,

lim d(z, Ag) = d(z, A).
k— o0

A double sequence x = (xy,;) of real numbers is said to be convergent to L € R in
Pringsheim’s sense if for any ¢ > 0, there exists N, € N such that |z;; — L| < ¢, whenever
k,j > N.. Itis denoted by

P— lim x; = L.
k,j—00

We say that a double sequence {Ay;} is Wijsman convergent to A if for each z € X,
P — lim d(z,Agj) =d(z,A).
k,j—oc0

We say that a double sequence {Ay;} is Wijsman statistically convergent to A if for

everye > (0and eachz € X,
1

P— lim —

m,n—o00 MmN

’{k <m,j<n:ld(z, Ag) — d(z, A)] > 5}‘ ~0.
A double sequence 65 = {(k,, js)} is called double lacunary sequence if there exist two
increasing sequence of integers such that
ko=0, hp =k, —kyr_1 — 00 as r = 00 and jo =0, hy = ju — ju_1 — 00 as u — o0.
We use following notations in the sequel:
kruw = krjus Pru = hehu, Ty = {(k, )t kroy <k <k, and ju—1 < j <ju},

r Ju
= and ¢, = - .
4 ky_1 4 Ju—1
Throughout this paper, 82 = {(k, js)} will be taken as lacunary sequence.

A double sequence { Ay} is Wijsman lacunary convergent to A if for each z € X,

k) i j u

Pe lim —- > > dw, Ayy) =d(, A).

7, U—>00
Py k=ky,_1+1 j=ju_1+1

It is denoted by Az, "2 A.
A double sequence {Ay;} is Wijsman strongly lacunary convergent to A if for each
Tz e X,

k. Ju
1
P— lim —— Z Z |d(x, Ayj) — d(z, A)| = 0.

T,U—>00
hr k=kp_1+1j=ju—1+1

It is denoted by Ay; 2Nl 4
A double sequence { Ay, } is Wijsman lacunary statistically convergent to A if for every
e > 0 and for each x € X,

1
P— lim o= |{(k.j) € Iru : d(z, Ax;) — d(a, A)] > }| = 0.

T u—00 N, f,,
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It is denoted by sty — limyy, Ay; = A.

Let 0 be a mapping of the positive integers into themselves. A continuous linear functi-
onal ¢ on /., the space of real bounded sequences, is said to be an invariant mean or a
o-mean if it satisfies following conditions:

(1) ¢(z) > 0, when the sequence (z,,) has z,, > 0 for all n,
(2) ¢(e) =1, wheree = (1,1,1,...),and
B) ¢(xo(n)) = ¢(xy) forall z € Lo.

The mappings o are assumed to be one-to-one and such that 6™ (n) # n for all positive
integers n and m, where 0" (n) denotes the m th iterate of the mapping o at n. Thus,
¢ extends the limit functional on ¢, the space of convergent sequences, in the sense that
¢(z) = limz for all z € c. In the case o is translation mappings o(n) = n + 1, the o-mean
is often called a Banach limit and V7, the set of bounded sequences all of whose invariant
means are equal, is the set of almost convergent sequences.

If v = (2,),set Tw = (Tx,) = (o)) It can be shown that

V, = {a: = (zp) € leo : 1i_r>n tmn(z) = L, uniformly inn, L =0 — lima:} ,

where
Ty + T2y + ...+ T2,
m+1 '
A sequence © = (z,) is said to be o-convergent to L if and only if all of its o-means
coincide with L.
In [26], Schaefer proved that a bounded sequence z = (z,) of real numbers is
o-convergent to L if and only if

tn () =

uniformly in m.
A double sequence x = (x;) of real numbers is said to be o-convergent to L if

1 p q
P— lim — Tok(s).od = L,
p.g—0c0 Pq I; ; (5),09(t)

uniformly in s and ¢.

3. MAIN RESULTS

In this section, we introduce the concepts of Wijsman invariant convergence, Wijsman
invariant statistical convergence, Wijsman lacunary invariant convergence, Wijsman lacu-
nary invariant statistical convergence for double sequences of sets. Also, we investigate
existence of some relations among these new convergence concepts for double sequences
of sets.

Definition 3.1. A double sequence {Ay;} is Wijsman invariant convergent to A if for each
reX

p,q

P — lim i Z d(l’,Agk(S),a—j(t)):d(fl',A)7

pamreopq k,j=1,1
W T

uniformly in s and ¢. In this case, we write Ay; W2lo 4,
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Definition 3.2. A double sequence {Ay;} is Wijsman strongly invariant convergent to A
if foreachz € X

1 p,q
P— lim — d(x, Agk(s) oi —d(z,A)| =
P,q—00 Pq k,jz—:l,l | ( (), (t)) ( )’
. . . . W2Va]
uniformly in s and ¢. In this case, we write A;; — A.

Definition 3.3. A double sequence {Aj;} is Wijsman invariant statistically convergent to
Aif for every e > 0 and each z € X

P— lim ‘{k <m,j<n: ’ (.’E,Agk(s),(jj(t)) —d(a:,A)’ > 5}’ =0,

m,n—o0 N
. . . . W25,
uniformly in s and ¢. In this case, we write A;; — A.

Definition 3.4. A double sequence {Ay;} is Wijsman lacunary invariant convergent to A
if foreachz € X

P — lim 17 Z d(.’L’,Ao.k(s)p.j(t)) = d(I,A),

,U—>00 hrhu kel

. . . . W V!
uniformly in s and ¢. In this case, we write Ay; 2 A,

Definition 3.5. A double sequence {Aj;} is Wijsman strongly lacunary invariant conver-
gent to A if for each v € X

1

P — lim Z |d(1'7Aok(S)’a.j(t)) - d(l’,A)| =
r,u—o00 hu .
JEIry
. . . . W2V7]
uniformly in s and ¢. In this case, we write A;; —F A.

Definition 3.6. A double sequence {Ay;} is Wijsman lacunary invariant statistically con-
vergent to A if for every ¢ >0and foreachz € X

lim ‘{ k‘ j ru . ‘d(x7Ao'k(s),o'j(t)> — d(.’L‘,A)‘ Z 8}‘ = 0,

ru—oo . h

: . . . W28
uniformly in s and ¢. In this case, we write Ay; — A.
Theorem 3.1.

] 0
(@) A "2V A implies Ay 5 4
l 2]
(i) d(w, Ayy) = O(d(z, A)) and Ay; "5 A implies Ay; 25 A,

Proof. (i) : Let Ay; M VA, For every ¢ > 0 and each x € X, we can write

Z ‘d(x7Aak(s),aJ‘(t)) - d(.%‘,A)‘
k,j€lry

v

> |d(@, Agr(s),0i (1)) — dl, A)]
k,jE€Il

(241 (1,030~ )| 22

>e- ‘{(k,j) €l : ’d(w,Agk(s)ﬁgJ(t)) — d(l’,A)’ > 6}‘
which yields the result.
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(ii) : Suppose that d(z, Ay;) = O(d(z,A)) and Ay; — A(W2S5%). Since d(z, Ay;) =
O(d(z, A)), then there exists M > 0 such that for each z € X,
|d(x, Agr(s),09 () — d(z, A)| < M

forall k, j, s and t. Thus, for every € > 0 and each = € X, we can write

1
— |d((£,Aak( )vo.j(t)) — d((E,A)|
iyl kez; °
1
=7 ) |A(2; Ao s).05 (1)) — dl, )]
ritu k,jE€l
|44k (3 0) ~ .4 22
1
+h E Z |d(1’aAa’“(s),aj(t)) — d(lL’,A)|
ru k,jEI -y
|24 (1) 0y~ )| <2
M
< o[ {h € Lot (. Ao 0000) — d(a A)] e} +e
from which the result follows. O

Theorem 3.2. Suppose that for given €1 > 0 and every € > 0, there exists mq, no, so and to such
that for each z € X,

1 .
%’{O <k<m-1,0<j<n-1: |d(.’17,Ao.k(S)7o.j(t)) —d(a:,A)| > 6}’ <€
forallm > mg,n > ng,s > sgand t > to, then {Ay;} € W S,.

Proof. Let €1 > 0 be given. For every ¢ > 0, choose my, n(, so and t, such that for each
reX,

%‘{O < k <m— 1,0 < .] <n-— 1: |d($on.k(s)7o-j(t)) —d(ZE,A)| > 5}’ < 6—21 (31)

for all m > mg, n > ng, s > sp and t > ty. It is enough to prove that there exist mg, ng
such that for each z € X,

1 .
%‘{0 <k<m-1,0<j<n-—1: |d(m,Agk(s)ﬁg,~(t)) — d(a:,A)| > 8}’ <e (3.2)

form > m{,n>ny,0<s<spand 0 <t <.

Since taking mo = maxz{my, m{} and ny = max{ng, ng}, (3.2) will hold for each = € X,
for m > mg,n > ng and for all s and ¢, which gives the result.

Once sg and ¢y have been chosen 0 < s < s9, 0 <t < ty, 5o and ty are fixed. So, put

K= ‘{0 < k < 59— 1,0 SJS to — 1: |d(x7Ao’“(s),oj(t)) —d(ﬂl‘,A)| > E}’
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Now taking 0 < s < 59, 0 <t < tgand m > sg, n > to, by (3.1) for each = € X, we get

1 .
mn‘{o <kE<m-10<j<n-1: ‘d(LAJk(S)’W-(”) —d(:@A)‘ > E}‘
1 .
< 7mn‘{0 <k<s—-1,0<j<ty—1: |d(x7A0k(s)7Jj(t)) —d(x7A)| > 5}‘

1 .
+Eﬁ“%§k§m_L“§J3”—1Wﬂ%Aw@wm)—ﬂ%AﬂZ%’

K €1
<—4 =
- mn 2

and taking m, n sufficiently large, we can write

which gives (3.2) and hence, the result follows. O

6
Theorem 3.3. Ay; 25 4 if and only if Ay; REL Y for every double lacunary sequence 5.

Wy S8 . .
Proof. Let Ay; “2%7 A. Then, for given ;1 > 0 there exists r¢, uo such that for every ¢ > 0
and each x € X,

1

hrhy

forriz ro,u>upand s = k1 +1+v,0v>0,¢t=j-1+1+w w>0.Letm > h, and
n > hy. Write m = ah, + yand n = 8h,, + 2 where 0 <y < h,and 0 < 2z < hy, aand 3
are integers. Since m > h, and n > h,,, we can write

{O < k < hrfluo S] < Eufl : |d($7Ao"“(s),gj(t)) - d(va)| > 5}‘ <él

1 :
;%Hogkgm—Logggn—lﬁﬂ%Aﬁ@ww)—ﬂ@AﬂZq‘

IN

1 _
—‘{ngﬁ(oﬁ—l)hr—l,ogjﬁ(5+1)hu—1:
mn

|d(IaAak(s),oj(t)) - d(:E,A)| > 6}‘

a B
SO [t S (Db = Lghu <5 < (g+ Dy — 1
f=0g=0

1

mn

\d(z, Agk(5),09 (1)) — d(z, A)| > 5}‘

1 _
< — 1 1) - hphy -
< (@t )(B+1) by e

1 —
<74a/6hrhu51

mn

1 1 _
and since for — - a-h, < land —- 3 h, < 1, we get
m n

%‘{0 <kE<m-10<j<n—-1: |d(fE,Aak(s),gj(t)) —d(m,A)| > 5}‘ <4.¢.
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Thus, by Theorem (3.2), W» Sﬁ C WaS,. Itis easy to see that W»S, C Wy sg. This comple-
tes the proof. O

By using the same techniques as in Theorem 3.3, we can prove the following theorem.

0
Theorem 3.4. Ay; RELOY if and only if Ay; 2l 4, for every double lacunary sequence 5.

43When (o (s),0(t)) = (s + 1,t + 1), from Definitions 3.1-3.6 we have the definitions of
Wijsman almost convergence, Wijsman strongly almost convergence, Wijsman almost sta-
tistically convergence, Wijsman lacunary almost convergence, Wijsman strongly lacunary
almost convergence and Wijsman lacunary almost statistically convergence for double se-
quences of sets. So, similar inclusions to Theorems 3.1-3.4 hold between Wijsman strongly
almost convergent double set sequences, Wijsman almost statistically convergent double
set sequences, Wijsman strongly lacunary almost convergent double set sequences and
Wijsman lacunary almost statistically convergent double set sequences, which have not
appeared anywhere by this time.
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