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Lacunary invariant statistical convergence of double
sequences of sets

FATIH NURAY and UǦUR ULUSU

ABSTRACT. In this paper, we introduce the concepts of Wijsman invariant convergence, Wijsman invariant
statistical convergence, Wijsman lacunary invariant convergence, Wijsman lacunary invariant statistical conver-
gence for double sequences of sets. Also, we investigate existence of some relations among these new conver-
gence concepts for double sequences of sets.

1. INTRODUCTION

The concept of statistical convergence was firstly introduced by Fast [7] and then this
concept, using the concepts of lacunary sequence, invariant mean and double sequence,
has been extended by many others (see, [6, 8, 9, 12, 13, 18, 24, 25]).

The concept of convergence of real sequences has been extended by several authors to
convergence of set sequences (see, [3–5, 14–17, 27–30]). Nuray and Rhoades [14] extended
the notion of convergence of set sequences to statistical convergence and gave some ba-
sic theorems. Using the concept of lacunary sequence, the concepts of Wijsman lacunary
statistical convergence for set sequences was introduced by Ulusu and Nuray [27] and
investigated relation with Wijsman statistical convergence, which was defined by Nuray
and Rhoades [14]. Also, Ulusu and Nuray [28] defined the concept of Wijsman strongly
lacunary summability for set sequences and examined relation with the concept of Wijs-
man strongly Cesàro summability. Then, the concepts of invariant convergence, invariant
statistical convergence, lacunary invariant convergence and lacunary invariant statistical
convergence for set sequences was introduced by Pancaroǧlu and Nuray [17]. Recently,
Nuray et. al [16] studied the concepts of Wijsman statistical convergence and Wijsman
statistical Cauchy for double sequences of sets and investigate the relationship between
this concepts. Also, Using the concept of double lacunary sequence, the concepts of Wijs-
man lacunary statistical convergence for double sequences of sets was introduced Nuray
et al. [15].

In this study, we introduce the concepts of Wijsman invariant convergence, Wijsman
invariant statistical convergence, Wijsman lacunary invariant convergence, Wijsman lacu-
nary invariant statistical convergence for double sequences of sets. Also, we investigate
existence of some relations among these new convergence concepts for double sequences
of sets.

2. DEFINITIONS AND NOTATIONS

Now, we recall the basic definitions and concepts (See, [1–5, 10, 11, 15, 16, 18–23, 26]).
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Let X be any non-empty set and N be the set of natural numbers. The function
f : N → P (X) is defined by f(k) = Ak ∈ P (X) for each k ∈ N, where P (X) is po-
wer set of X . The sequence {Ak} = (A1, A2, . . .), which is the range’s elements of f , is
said to be sequences of sets.

Let (X, ρ) be a metric space. For any point x ∈ X and any non-empty subset A of X ,
the distance from x to A is defined by d(x,A) = infa∈A ρ(x, a).

Throughout this paper, (X, ρ) and A,Ak will be taken as a metric space and any non-
empty closed subsets of X , respectively.

We say that the sequence {Ak} is Wijsman convergent to A if for each x ∈ X ,

lim
k→∞

d(x,Ak) = d(x,A).

A double sequence x = (xkj) of real numbers is said to be convergent to L ∈ R in
Pringsheim’s sense if for any ε > 0, there exists Nε ∈ N such that |xkj − L| < ε, whenever
k, j > Nε. It is denoted by

P − lim
k,j→∞

xkj = L.

We say that a double sequence {Akj} is Wijsman convergent to A if for each x ∈ X ,

P − lim
k,j→∞

d(x,Akj) = d(x,A).

We say that a double sequence {Akj} is Wijsman statistically convergent to A if for
every ε > 0 and each x ∈ X ,

P − lim
m,n→∞

1

mn

∣∣∣{k ≤ m, j ≤ n : |d(x,Akj)− d(x,A)| ≥ ε
}∣∣∣ = 0.

A double sequence θ2 = {(kr, js)} is called double lacunary sequence if there exist two
increasing sequence of integers such that

k0 = 0, hr = kr − kr−1 →∞ as r →∞ and j0 = 0, h̄u = ju − ju−1 →∞ as u→∞.
We use following notations in the sequel:

kru = krju, hru = hrh̄u, Iru =
{

(k, j) : kr−1 < k ≤ kr and ju−1 < j ≤ ju
}
,

qr =
kr
kr−1

and qu =
ju
ju−1

.

Throughout this paper, θ2 = {(kr, js)}will be taken as lacunary sequence.
A double sequence {Akj} is Wijsman lacunary convergent to A if for each x ∈ X ,

P − lim
r,u→∞

1

hrh̄u

kr∑
k=kr−1+1

ju∑
j=ju−1+1

d(x,Akj) = d(x,A).

It is denoted by Akj
W2Nθ−→ A.

A double sequence {Akj} is Wijsman strongly lacunary convergent to A if for each
x ∈ X ,

P − lim
r,u→∞

1

hrh̄u

kr∑
k=kr−1+1

ju∑
j=ju−1+1

|d(x,Akj)− d(x,A)| = 0.

It is denoted by Akj
[W2Nθ]−→ A.

A double sequence {Akj} is Wijsman lacunary statistically convergent to A if for every
ε > 0 and for each x ∈ X ,

P − lim
r,u→∞

1

hrh̄u

∣∣∣{(k, j) ∈ Iru : |d(x,Akj)− d(x,A)| ≥ ε
}∣∣∣ = 0.
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It is denoted by st2 − limWθ
Akj = A.

Let σ be a mapping of the positive integers into themselves. A continuous linear functi-
onal φ on `∞, the space of real bounded sequences, is said to be an invariant mean or a
σ-mean if it satisfies following conditions:

(1) φ(x) ≥ 0, when the sequence (xn) has xn ≥ 0 for all n,
(2) φ(e) = 1, where e = (1, 1, 1, ...), and
(3) φ(xσ(n)) = φ(xn) for all x ∈ `∞.

The mappings σ are assumed to be one-to-one and such that σm(n) 6= n for all positive
integers n and m, where σm(n) denotes the m th iterate of the mapping σ at n. Thus,
φ extends the limit functional on c, the space of convergent sequences, in the sense that
φ(x) = limx for all x ∈ c. In the case σ is translation mappings σ(n) = n + 1, the σ-mean
is often called a Banach limit and Vσ , the set of bounded sequences all of whose invariant
means are equal, is the set of almost convergent sequences.

If x = (xn), set Tx = (Txn) = (xσ(n)). It can be shown that

Vσ =
{
x = (xn) ∈ `∞ : lim

m→∞
tmn(x) = L, uniformly in n, L = σ − limx

}
,

where

tmn(x) =
xn + Txn + ...+ Tmxn

m+ 1
.

A sequence x = (xn) is said to be σ-convergent to L if and only if all of its σ-means
coincide with L.

In [26], Schaefer proved that a bounded sequence x = (xn) of real numbers is
σ-convergent to L if and only if

lim
p→∞

1

p

p∑
k=1

xσk(m) = L,

uniformly in m.
A double sequence x = (xkj) of real numbers is said to be σ-convergent to L if

P − lim
p,q→∞

1

pq

p∑
k=1

q∑
j=1

xσk(s),σj(t) = L,

uniformly in s and t.

3. MAIN RESULTS

In this section, we introduce the concepts of Wijsman invariant convergence, Wijsman
invariant statistical convergence, Wijsman lacunary invariant convergence, Wijsman lacu-
nary invariant statistical convergence for double sequences of sets. Also, we investigate
existence of some relations among these new convergence concepts for double sequences
of sets.

Definition 3.1. A double sequence {Akj} is Wijsman invariant convergent to A if for each
x ∈ X

P − lim
p,q→∞

1

pq

p,q∑
k,j=1,1

d
(
x,Aσk(s),σj(t)

)
= d(x,A),

uniformly in s and t. In this case, we write Akj
W2Vσ−→ A.
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Definition 3.2. A double sequence {Akj} is Wijsman strongly invariant convergent to A
if for each x ∈ X

P − lim
p,q→∞

1

pq

p,q∑
k,j=1,1

∣∣d(x,Aσk(s),σj(t))− d(x,A)
∣∣ = 0,

uniformly in s and t. In this case, we write Akj
[W2Vσ]−→ A.

Definition 3.3. A double sequence {Akj} is Wijsman invariant statistically convergent to
A if for every ε > 0 and each x ∈ X

P − lim
m,n→∞

1

mn

∣∣∣{k ≤ m, j ≤ n :
∣∣d(x,Aσk(s),σj(t))− d(x,A)

∣∣ ≥ ε}∣∣∣ = 0,

uniformly in s and t. In this case, we write Akj
W2Sσ−→ A.

Definition 3.4. A double sequence {Akj} is Wijsman lacunary invariant convergent to A
if for each x ∈ X

P − lim
r,u→∞

1

hrhu

∑
k,j∈Iru

d
(
x,Aσk(s),σj(t)

)
= d(x,A),

uniformly in s and t. In this case, we write Akj
W2V

θ
σ−→ A.

Definition 3.5. A double sequence {Akj} is Wijsman strongly lacunary invariant conver-
gent to A if for each x ∈ X

P − lim
r,u→∞

1

hrhu

∑
k,j∈Iru

∣∣d(x,Aσk(s),σj(t))− d(x,A)
∣∣ = 0,

uniformly in s and t. In this case, we write Akj
[W2V

θ
σ ]−→ A.

Definition 3.6. A double sequence {Akj} is Wijsman lacunary invariant statistically con-
vergent to A if for every ε > 0 and for each x ∈ X

lim
r,u→∞

1

hrhu

∣∣∣{(k, j) ∈ Iru :
∣∣d(x,Aσk(s),σj(t))− d(x,A)

∣∣ ≥ ε}∣∣∣ = 0,

uniformly in s and t. In this case, we write Akj
W2S

θ
σ−→ A.

Theorem 3.1.

(i) Akj
[W2V

θ
σ ]−→ A implies Akj

W2S
θ
σ−→ A,

(ii) d(x,Akj) = O
(
d(x,A)

)
and Akj

W2S
θ
σ−→ A implies Akj

[W2V
θ
σ ]−→ A.

Proof. (i) : Let Akj
[W2V

θ
σ ]−→ A. For every ε > 0 and each x ∈ X , we can write∑

k,j∈Iru

∣∣d(x,Aσk(s),σj(t))− d(x,A)
∣∣

≥
∑

k,j∈Iru∣∣d(x,A
σk(s),σj(t)

)
−d(x,A)

∣∣≥ε
∣∣d(x,Aσk(s),σj(t))− d(x,A)

∣∣

≥ ε ·
∣∣∣{(k, j) ∈ Iru :

∣∣d(x,Aσk(s),σj(t))− d(x,A)
∣∣ ≥ ε}∣∣∣

which yields the result.
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(ii) : Suppose that d(x,Akj) = O
(
d(x,A)

)
and Akj → A(W2S

θ
σ). Since d(x,Akj) =

O
(
d(x,A)

)
, then there exists M > 0 such that for each x ∈ X ,∣∣d(x,Aσk(s),σj(t))− d(x,A)

∣∣ ≤M
for all k, j, s and t. Thus, for every ε > 0 and each x ∈ X , we can write

1

hrhu

∑
k∈Iru

∣∣d(x,Aσk(s),σj(t))− d(x,A)
∣∣

=
1

hrhu

∑
k,j∈Iru∣∣d(x,A

σk(s),σj(t)

)
−d(x,A)

∣∣≥ε
∣∣d(x,Aσk(s),σj(t))− d(x,A)

∣∣

+
1

hrhu

∑
k,j∈Iru∣∣d(x,A

σk(s),σj(t)

)
−d(x,A)

∣∣<ε
∣∣d(x,Aσk(s),σj(t))− d(x,A)

∣∣

≤ M

hrhu

∣∣∣{k ∈ Iru :
∣∣d(x,Aσk(s),σj(t))− d(x,A)

∣∣ ≥ ε}∣∣∣+ ε

from which the result follows. �

Theorem 3.2. Suppose that for given ε1 > 0 and every ε > 0, there exists m0, n0, s0 and t0 such
that for each x ∈ X ,

1

mn

∣∣∣{0 ≤ k ≤ m− 1, 0 ≤ j ≤ n− 1 :
∣∣d(x,Aσk(s),σj(t))− d(x,A)

∣∣ ≥ ε}∣∣∣ < ε1

for all m ≥ m0, n > n0, s > s0 and t ≥ t0, then {Akj} ∈W2Sσ .

Proof. Let ε1 > 0 be given. For every ε > 0, choose m′0, n′0, s0 and t0 such that for each
x ∈ X ,

1

mn

∣∣∣{0 ≤ k ≤ m− 1, 0 ≤ j ≤ n− 1 :
∣∣d(x,Aσk(s),σj(t))− d(x,A)

∣∣ ≥ ε}∣∣∣ < ε1
2

(3.1)

for all m ≥ m′0, n ≥ n′0, s ≥ s0 and t ≥ t0. It is enough to prove that there exist m′′0 , n′′0
such that for each x ∈ X ,

1

mn

∣∣∣{0 ≤ k ≤ m− 1, 0 ≤ j ≤ n− 1 :
∣∣d(x,Aσk(s),σj(t))− d(x,A)

∣∣ ≥ ε}∣∣∣ < ε1 (3.2)

for m ≥ m′′0 , n ≥ n′′0 , 0 ≤ s ≤ s0 and 0 ≤ t ≤ t0.
Since taking m0 = max{m′0,m′′0} and n0 = max{n′0, n′′0}, (3.2) will hold for each x ∈ X ,

for m ≥ m0, n ≥ n0 and for all s and t, which gives the result.
Once s0 and t0 have been chosen 0 ≤ s ≤ s0, 0 ≤ t ≤ t0, s0 and t0 are fixed. So, put

K =
∣∣∣{0 ≤ k ≤ s0 − 1, 0 ≤ j ≤ t0 − 1 :

∣∣d(x,Aσk(s),σj(t))− d(x,A)
∣∣ ≥ ε}∣∣∣.
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Now taking 0 ≤ s ≤ s0, 0 ≤ t ≤ t0 and m ≥ s0, n ≥ t0, by (3.1) for each x ∈ X , we get

1

mn

∣∣∣{0 ≤ k ≤ m− 1, 0 ≤ j ≤ n− 1 :
∣∣d(x,Aσk(s),σj(t))− d(x,A)

∣∣ ≥ ε}∣∣∣
≤ 1

mn

∣∣∣{0 ≤ k ≤ s0 − 1, 0 ≤ j ≤ t0 − 1 :
∣∣d(x,Aσk(s),σj(t))− d(x,A)

∣∣ ≥ ε}∣∣∣
+

1

mn

∣∣∣{s0 ≤ k ≤ m− 1, t0 ≤ j ≤ n− 1 :
∣∣d(x,Aσk(s),σj(t))− d(x,A)

∣∣ ≥ ε}∣∣∣
≤ K

mn
+
ε1
2

and taking m,n sufficiently large, we can write

K

mn
+
ε1
2
< ε1

which gives (3.2) and hence, the result follows. �

Theorem 3.3. Akj
W2S

θ
σ−→ A if and only if Akj

W2Sσ−→ A, for every double lacunary sequence θ2.

Proof. Let Akj
W2S

θ
σ−→ A. Then, for given ε1 > 0 there exists r0, u0 such that for every ε > 0

and each x ∈ X ,
1

hrhu

∣∣∣{0 ≤ k ≤ hr−1, 0 ≤ j ≤ hu−1 :
∣∣d(x,Aσk(s),σj(t))− d(x,A)

∣∣ ≥ ε}∣∣∣ < ε1

for r ≥ r0, u > u0 and s = kr−1 + 1 + v, v ≥ 0, t = jr−1 + 1 + w, w ≥ 0. Let m ≥ hr and
n ≥ hu. Write m = αhr + y and n = βhu + z where 0 ≤ y ≤ hr and 0 ≤ z ≤ hu, α and β
are integers. Since m ≥ hr and n ≥ hu, we can write

1

mn

∣∣∣{0 ≤ k ≤ m− 1, 0 ≤ j ≤ n− 1 :
∣∣d(x,Aσk(s),σj(t))− d(x,A)

∣∣ ≥ ε}∣∣∣
≤ 1

mn

∣∣∣{0 ≤ k ≤ (α+ 1)hr − 1, 0 ≤ j ≤ (β + 1)hu − 1 :

∣∣d(x,Aσk(s),σj(t))− d(x,A)
∣∣ ≥ ε}∣∣∣

=
1

mn

α∑
f=0

β∑
g=0

∣∣∣{fhr ≤ k ≤ (f + 1)hr − 1, ghu ≤ j ≤ (g + 1)hu − 1 :

∣∣d(x,Aσk(s),σj(t))− d(x,A)
∣∣ ≥ ε}∣∣∣

≤ 1

mn
(α+ 1)(β + 1) · hrhu · ε1

≤ 1

mn
· 4 · α · β · hrhu · ε1

and since for
1

m
· α · hr ≤ 1 and

1

n
· β · hu ≤ 1, we get

1

mn

∣∣∣{0 ≤ k ≤ m− 1, 0 ≤ j ≤ n− 1 :
∣∣d(x,Aσk(s),σj(t))− d(x,A)

∣∣ ≥ ε}∣∣∣ ≤ 4 · ε1.
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Thus, by Theorem (3.2), W2S
θ
σ ⊂W2Sσ . It is easy to see that W2Sσ ⊂W2S

θ
σ . This comple-

tes the proof. �

By using the same techniques as in Theorem 3.3, we can prove the following theorem.

Theorem 3.4. Akj
W2V

θ
σ−→ A if and only if Akj

W2Vσ−→ A, for every double lacunary sequence θ2.

43When (σ(s), σ(t)) = (s+ 1, t+ 1), from Definitions 3.1-3.6 we have the definitions of
Wijsman almost convergence, Wijsman strongly almost convergence, Wijsman almost sta-
tistically convergence, Wijsman lacunary almost convergence, Wijsman strongly lacunary
almost convergence and Wijsman lacunary almost statistically convergence for double se-
quences of sets. So, similar inclusions to Theorems 3.1-3.4 hold between Wijsman strongly
almost convergent double set sequences, Wijsman almost statistically convergent double
set sequences, Wijsman strongly lacunary almost convergent double set sequences and
Wijsman lacunary almost statistically convergent double set sequences, which have not
appeared anywhere by this time.
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[25] Savaş, E. and Patterson, R. F., Double σ-convergence lacunary statistical sequences, J. Comput. Anal. Appl., 11
(2009), No. 4, 610–615

[26] Schaefer, P., Infinite matrices and invariant means, Proc. Amer. Math. Soc., 36 (1972), No. 1, 104–110
[27] Ulusu, U. and Nuray, F., Lacunary statistical convergence of sequences of sets, Progress in Applied Mathematics,

4 (2012), No. 2, 99–109
[28] Ulusu, U. and Nuray, F., On strongly lacunary summability of sequences of sets, Journal of Applied Mathematics

and Bioinformatics, 3 (2013), No. 3, 75–88
[29] Wijsman, R. A., Convergence of sequences of convex sets, cones and functions, Bull. Amer. Math. Soc., 70 (1964),

No. 1, 186–188
[30] Wijsman, R. A., Convergence of sequences of convex sets, cones and functions II, Trans. Amer. Math. Soc., 123

(1966), No. 1, 32–45

DEPARTMENT OF MATHEMATICS

AFYON KOCATEPE UNIVERSITY

03200, AFYONKARAHISAR, TURKEY

E-mail address: fnuray@aku.edu.tr
E-mail address: ulusu@aku.edu.tr


