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Warped product pointwise bi-slant submanifolds of
trans-Sasakian manifold

SAMPA PAHAN

ABSTRACT. The purpose of this paper is to study pointwise bi-slant submanifolds of trans-Sasakian mani-
fold. Firstly, we obtain a non-trivial example of a pointwise bi-slant submanifolds of an almost contact metric
manifold. Next we provide some fundamental results, including a characterization for warped product point-
wise bi-slant submanifolds in trans-Sasakian manifold. Then we establish that there does not exist warped pro-
duct pointwise bi-slant submanifold of trans-Sasakian manifold M under some certain considerations. Next,
we consider that M is a proper pointwise bi-slant submanifold of a trans-Sasakian manifold M with pointwise
slant distrbutions D1® < £ > and Dz, then using Hiepko’s Theorem, M becomes a locally warped product
submanifold of the form My x y M2, where M; and M> are pointwise slant submanifolds with the slant angles
01 and 6> respectively. Later, we show that pointwise bi-slant submanifolds of trans-Sasakian manifold become
Einstein manifolds admitting Ricci soliton and gradient Ricci soliton under some certain conditions..

1. INTRODUCTION

In [9], B. Y. Chen investigated the study of warped product slant submanifolds which
are the generalization of both holomorphic and totally real submanifolds of a Kaehler ma-
nifold. In 1994, N. Papaghiuc initiated semi-slant submanifolds of a Kaehler manifold [20]
as a natural generalization of slant submanifolds. In [14], the notion of slant immersion
of a Riemannian manifold into an almost contact metric manifold was established by A.
Lota. In [1], P. Alegre studied and proved some important results of slant submanifolds
of Lorentzian Sasakian and Para-Sasakian manifolds . In 2000, A. Carriazo introduced the
notion of bi-slant submanifolds of an almost Hermitian manifold in [8], as a generalization
of semi-slant submanifolds. Many authors have studied different types of submanifold of
almost contact manifolds in [5], [12] etc.

In [9], Chen constructed the concept of warped product submanifolds. Later, many mat-
hematicians extended the study of warped product submanifolds of almost Hermitian [3]
as well as almost contact manifolds in [2], [4], [7], [13], [17], [23] etc.

The concept of warped product plays an important role in differential geometry as
well as in physics, particularly in general theory of relativity [18]. The idea of warped
product was first introduced by Bishop and O’Neil [6] to provide examples of Riemannian
manifolds with negative curvature. Let (B, gg) and (F, gr) be two Riemannian manifolds
and f > 0 be a differential function on B. Consider the product manifold B x F with its
projections 7 : BXxF — Band o : BxF — F. The warped product B X ; F is the manifold
B x F with the Riemannian structure such that || X||? = ||7*(X)||> + f2(7(p))||o*(X)]|?,
for any vector field X on M. Thus, g; = gp + f2gr holds on M. Here B is called the
base of M and F is called the fiber. The function f is called the warping function of the
warped product [18]. Now the following lemma is given in [18].
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Lemma 1.1. Let M = B x; F be a warped product, V, VB, VT be the Levi-Civita connection
on M, B and F respectively. If X, Y € x(B), U, W € x(F), then

(i) VxY =VEY

(17) VxU = VyX = (XInf)U

(#91) VoW = —@gradgf + VEW,

forany X,Y € T(TB) and U;W € T(TF) where V and V¥ denote the Levi-Civita connections
on M and F, respectively, and grad f is the gradient of f.

The paper is organized as follows: In section 2, some basic definitions and prelimi-
nary formulas are stated which will be needful for this paper. In section 3, we observe
some fundamental results of warped product pointwise bi-slant submanifolds of trans-
Sasakian manifolds. In this section, we construct the necessary and sufficient condition
for pointwise bi-slant submanifolds of trans-Sasakian manifolds to be locally warped pro-
duct under some certain conditions.

2. PRELIMINARIES

A (2n + 1) dimensional Riemannian manifold (M, g) is called an almost contact metric
manifold if there exists a (1,1) tensor field ¢, a unit vector field ¢ and a 1-form n on M such
that

P*(X) = =X +n(X)&,n(6X) = 0,6¢ = 0,7(X) = g(X,£), (2.1)

9(¢X,9Y) = g(X,Y) = n(X)n(Y), 9(X, 9Y) 4+ g(Y,$X) = 0, (2.2)

for any vector fields X,Y on M. The notion of trans-Sasakian manifold was introdu-

ced by Oubina [19] in 1985. Then, J. C. Marrero [15] have studied the local structure of

trans-Sasakian manifolds. An almost contact metric manifold M is called a trans-Sasakian
manifold if it satisfies the following condition

(Vx9)(V) = a{g(X, V)€ = n(YV) X} + B{g(#X, V)¢ = n(Y)o X}, (23)
for some smooth functions a, 3 on M and we say that the trans-Sasakian structure is of
type («, §). For trans-Sasakian manifold, from (2.3) we have

Vxé = —apX + B(X — n(X)E), (2.4)
(Vxn)(Y) = —ag(¢X,Y) + Bg(X, 6Y). (2.5)
For 3-dimensional trans-Sasakian manifold, we have
RX,)Y)Z = [§—2(e*—p*=¢B)g(Y,2)X — g(X,2)Y]
— [5 =32 = %) +&Bllg(Y, Z)n(X) — g(X, Z)n(Y)]¢
+ gV, Z2)n(X) — g(X, Z)n(Y)][¢ grad o — grad f]
— [5=3(a® = 8*) +&BIn(Z)[n(Y) X — n(X)Y]
— [ZB+(92)an(Z)n(Y)X —n(X)Y]
- [XB+ (¢X)a][g(Y,2)¢ —n(2)Y]
= [YB+ (¢Y)a]lg(X, 2)§ —n(2)X],
S(X,Y) = [f—(a?= B> -¢B)g(X,Y)
— [5=3(® = B%) +EBI(X)n(Y)
= [YB+(¢Y)aln(X) — [XB + (6X)ain(Y),

7 being scalar curvature on M.
When o and § are constants, the above equations give

GX = (5~ (a2 = B)X = (§ = 3(a? = B)m(X)E, 26)

R(X,Y)¢ = (o = B*)(n(Y)X — n(X)Y). 2.7)
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In general, trans-Sasakian manifold of type (0,0), («,0), (0,3) are called cosymplectic,
a—Sasakian and 5—Kenmotsu manifold, respectively.

Let M be a submanifold of an almost contact manifold M with induced metric g. Let
V and V+ be the induced connections on the tangent bundle 7'M and normal bundle
T+ M of M respectively. Let F denote the algebra of smooth functions on M and I'(TM)
denotes the F-module of smooth sections of T'M over M. Then the Gauss and Weingarten
formulas are given by

VxY =VxY +h(X,Y), (2.8)

VxN = —AxX + VN, (2.9)

foreach X,Y € I'(TM) and N € T'(T+M), where h and Ay are the second fundamental
form and the shape operator (corresponding to the normal vector field N), respectively,
for the immersion of M into M. They are related as

g(h(X,Y),N) = g(AnX,Y), (2.10)

where g denotes the Riemannian metric on M as well as the one induced on M. The mean
curvature H of M is givenby H = L 3™ h(e;, ¢;), where m is the dimension of M and
{e1,ea...... ,€m } is a local orthonormal frame of vector fields on M.

A submanifold M of an almost contact metric manifold M is said to be totally umbilical
if the second fundamental form satisfies h(X,Y) = g(X,Y)H, forall X,Y € T'(T'M).

A submanifold M is said to be totally geodesic if A(X,Y) =0, forall X,Y € I'(T'M) and
minimal if H = 0.

A foliation L on a Riemannian manifold M is called totally umbilical, if every leaf L is
totally umbilical in M. If the mean curvature of every leaf is parallel in the normal bundle,
then L is called a spheric foliation. If every leaf L is a totally geodesic, then L is called
totally geodesic foliation, [10].

Forany X € I'(T'M),

¢X = PX + FX, @.11)
where PX is the tangential component and F X is the normal component of ¢.X.
¢N = BN +CN, (2.12)

where BN is the tangential component and C'N is the normal component of ¢/N. A
submanifold M of an almost contact metric manifold M is said to be invariant if F' is
identically zero, that is ¢X € I'(T'M) and anti-invariant if P is identically zero, that is
¢X € T(T+ M), forany X € I'(TM).

There is another class of submanifolds, called the slant submanifold. For each non-zero
vector X tangent to M at z, such that X is not proportional to £,. The angle (X)) between
¢X and T, M is constant for all nonzero X € T, M— < &, > and x € M, then M is said to
be a slant submanifold [7] and the angle @ is the slant angle of M. Obviously if § = 0, M
is invariant and if = 7, M is an anti-invariant submanifold. A slant submanifold is said
to be proper slant if it is neither invariant nor anti-invariant.

We recall the following result which was obtained by Cabreizo et al. [7] for a slant sub-
manifold of an almost contact metric manifold.

Theorem 2.1. Let M be a submanifold of an almost contact metric manifold M, such that £ €
TM. Then, M is slant iff 3 a constant \ € [0, 1] such that

P?=XN-I+n®Y¢). (2.13)
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Again, if 6 is slant angle of M, then A = cos? 6.
The following relations are straightforward consequences of (2.13):

g(PX,PY) = cos? 0[g(X,Y) — n(X)n(Y)], (2.14)

J(FX,FY) = sin®0[g(X,Y) — n(X)n(Y)], (2.15)

forany X, Y € I'(TM).
For a pointwise slant submanifold of almost Hermitian manifold it is similarly derived in
[16]

BFX = —Xsin?0, CFX = —FPX, (2.16)

forall X e I'(TM).
Now, we explain the brief introduction of pointwise bi-slant submanifold of an almost
contact metric manifold M.

Definition 2.1. [7, 8] A submanifold M of an almost contact metric manifold (M ,0,€,m,9)
is said to be a pointwise bi-slant submanifold if there exists a pair of orthogonal distribu-
tions D; and D, on M such that:

(i) TM admits the orthogonal direct decomposition i.e. TM = D; @ D2® < § >, where
< £ > is the one dimensional distribution spanned by the structure vector field .

(ii) ¢(Dy1) L Dy and ¢(D2) L D, that implies P(D;) C D;, i = 1, 2. (iii) The distribution D;
and D, are pointwise slant with slant angles §; and 6, respectively.

A pointwise bi-slant submanifold is called proper if its bi-slant angles satisfy 6,,0; #
0, 5 and 61, > are not constants on M.
For a pointwise bi-slant submanifold, we take

X=TX+TX VXecTM, (2.17)
where T; is the projection from T'M onto D;. So, T;X are the components of X in D;,

i=1,2.
If we put P; = T} o P, then from the equation (2.17) we get

¢X = P X + P,X + FX, VX € TM. (2.18)

From Proposition we have
P?=cos?0;(~1+n®¢&), i=1,2. (2.19)

Now, we provide the following non-trivial example of a pointwise bi-slant submanifolds
of an almost contact metric manifold.

Example 2.1. Let M be a submanifold of R” with coordinates (z1,y1, 2, Y2, 73, y3, 2) Let
us consider an isometric immersion z into R” as follows:

Y(u,v,q,B,2) = (u,—v, V3sin q, cos a, sin 3, cos 3, z).

We can easily to see that the tangent bundle 7'M is spanned by the tangent vectors Z; =
6%1 — %, Zy = —\/gsinaa%l + cosaa—‘zl, Z3 = sinﬁa%2 — cos,@a—‘zz + 6%3 + %, Zy =
sinﬁa%2 + COSﬂ% + cosozé,%3 + \/gsinaﬁ, Zs = % =¢.

For any vector field X = %'B%i +9; B%j +’U% € I(TR"), then we have g(X, X) = 77 +67 +
0%, g(¢X,¢X) =77 +87 and ¢(X) = —yigh: —dj50- = —X +n(X), forany i, j = 1, 2.1t
is clear that g(¢ X, ¢ X) = g(X, X) —n(X)n(X). Thus (¢, &, n, g) is an almost contact metric
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structure on R”.
We define the almost contact structure (;S of R7, by

0 8
=0, 1,2,3}.
By direct calculations, we can 1nfer that D, = Span{Zl, Zs} and Dy = span{Zs, Z4}

cos a—+/3sin o _
s V2 —

ﬁ\/COS2 a+2sin? o
), respectively. Thus M is a pointwise bi-slant submanifold of

are pointwise slant distributions with slant angles 6; = cos™}(

— cos a+/3 sin a+sin 28
\/cos2 a+2 sin? a+1
R" such that £ = £ is tangent to M.

cos—}(

Now, we c0n51der the following lemma for later use.

Lemma 2.2. Let M be a pointwise bi-slant submanifold of a trans-Sasakian manifold M with
pointwise slant distributions D1® < £ > and D, with distinct slant angles 6, and 0, respectively.
Then

(sin® 6y —sin®62)g(VxY,Z) = g(ArpyZ — ApyP2Z,X)
+ 9(Arp,zY — Arz 1Y, X)),
(2.20)
where XY € T'(D1® < & >) and Z € T'(Ds3) and 01 and O are the slant angles of slant
distributions Dy and Dy respectively.

Proof. Proof is similar to [10]. O

3. WARPED PRODUCT POINTWISE BI-SLANT SUBMANIFOLD OF TRANS-SASAKIAN
MANIFOLD:

In this section we assume that M = M; x; M> is a warped product pointwise bi-slant
submanifold of trans-Sasakian manifold M with certain condition on unit vector field ¢.
Here, we establish that there do not exist warped product pointwise bi-slant submanifold
of trans-Sasakian manifold M under some certain considerations. Now we prove the
following proposition.

First we prove the following proposition which will be helpful to prove later theorems.

Proposition 3.1. Let M = M; x; My be a warped product pointwise bi-slant submanifold of
a trans-Sasakian manifold M such that M, and My are pointwise slant submanifolds with £ is
tangent to My. Then

g(W(X, W), FPZ) — g(W(X, P2 Z), FW) = X(02)sin205(9(Z, W) —n(Z)n(W))
— X(Inf)n(Z)n(W), (3.21)

where X € T(TMy) and Z,W € T'(T'Mz) and 01 and 04 are the slant angles of My and M,
respectively.

Proof. First we consider & is tangent to M. Then for any X € I'(I'M;) and Z,W <
I'(T'Ms), we have

9(VxZ W) = g(¢VxZ,¢W)
= 9(Vx0Z,6W) = 9(Vx9)Z,oW)
From the equations (2.1)-(2.5), (2.11), (2.12), (2.14), (2.16) and Lemma 1.1. we obtain
9(VxZ,W) = X(Inf)(cos® b3 + sin® 02)[g(Z, W) — n(Z)n(W)] + g(h(X, P, Z), FW)
+  sin20:X(02)[9(Z, W) = n(Z)n(W)] — g(W(X, W), FP,Z). (3.22)
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On the other hand, we also have from Lemma 1.1.

9(VxZ,W) =g(VxZ,W) = X(Inf)g(Z,W). (3.23)
From the equations (3.22) and (3.23) Proposition 3.1. is proved. ]

Theorem 3.2. Let M = My Xy My be a warped product pointwise bi-slant submanifold of a
trans-Sasakian manifold M such that M, and My are pointwise slant submanifolds with the slant
functions 01 and 6, respectively and also consider £ is tangent to M. If M is mixed totally geodesic
warped product submanifold and 0 =constant, then M is a Riemannian product submanifold of
M1 and Mg.

Proof. From Proposition 3.1. we can easily see that XInf = 0 that means f is constant on
M. O

Proposition 3.2. Let M = My x; M be a warped product pointwise bi-slant submanifold of
a trans-Sasakian manifold M such that M, and My are pointwise slant submanifolds with ¢ is
tangent to M. Then

a) g(h(X,2), FW) + g(h(X,W),FZ) = —2an(X)g(Z, W)+ 29(h(Z,W),FX)
— 2P X(Inf)g(Z, W), (3.24)
b) g(W(X, Z),FW) — g(hW(X, W), FZ) = =2pn(X)g(¢Z, W)
2X (Inf)g(Z, P,W), (3.25)

where X € T'(TMy) and Z,W € T'(T'Mz) and 01 and 0 are the slant angles of My and M,
respectively.

Proof. Let us assume that ¢ be tangent to M;. Then for any X € I'(TM;) and Z,W €
(T Ms),we have

g(h(X,Z2),FW) = g(VzX,FW)
= 9(V20)X, W) = g(V20X, W) — (V2 X, BW).
Taking the equations (2.3), (2.11) and Lemma 1.1 we can write
P X(Inf)g(Z,W) — X(Inf)g(Z, W)
+ g(h(Z,W), FX). (3.26)
Now interchanging Z and W the above equation gives
gWX, W), FZ) = —an(X)g(Z,W) = n(X)g(eW, Z)
PLX(Inf)g(Z,W) = X(Inf)g(P2Z, W)
+ g(h(Z,W), FX). (3.27)
Adding the equations (3.26) and (3.27) we get
g(W(X, 2), FW) +g(h(X, W), FZ) = =2an(X)g(Z, W)+ 29(h(Z, W), FX)
— 2P X(Inf)g(Z,W). (3.28)
Substracting (3.27) from (3.26) we obtain
g(MX,Z2),FW) — g(h(X, W), FZ) = =28n(X)g(¢Z, W)
2X (Inf)g(Z, PaW). (3.29)
This completes the proof. O



Warped product pointwise bi-slant submanifolds of trans-Sasakian manifold 177

Theorem 3.3. Let M = My Xy My be a warped product pointwise bi-slant submanifold of a
trans-Sasakian manifold M such that M, and My are pointwise slant submanifolds with the slant
functions 6, and 04 respectively and also consider € is tangent to M. Then

i) If an(X)Z = V zFX, then M is a Riemannian product submanifold of M, and M.

ii) If M is mixed totally geodesic warped product submanifold and 8 = 0, then M is a Riemannian
product submanifold of My and M.

Proof. From Proposition 3.2 (a) and (b) we see that Xinf = 0 which shows that f is con-
stant on M. ]

Proposition 3.3. Let M = M, x ¢ My be a warped product pointwise bi-slant submanifold of a
trans-Sasakian manifold M such that M, and M, are pointwise slant submanifolds with the slant
functions 01 and 0 respectively and also consider £ is tangent to My.Then

50120, X (62) + (267(X) — 2X (Inf)) cos® ]g(Z, W) = 285(X)g(Z, FPWV),
where X € T'(T'My). In particular, if = 0, Xinf = tan 0, X (65).
Proof. For the equation (3.29) we have

g(h(X, Z)a FW) - g(h(Xv W)7FZ) - *2BW(X)9(¢Z7 W)
2X(Inf)g(Z, W), (3.30)
forany X € T'(T'M;) and Z, W € I'(TMs).

Putting W = P,W in the equation (3.30) and then using the equations (2.11), (2.13) and
(2.14) we derive

9(h(X,Z), FRW) — g(W(X, W), FZ) = 2B1(X)[~cos®bog(Z, W) — g(Z, FP,W)]
+ 2X(Inf) cos® Oa9(Z,W). (3.31)
On the other hand, we have
g(VxW,2) = g(¢VxW,¢2)
= 9(VxoW,0Z) — g((Vx )W, ¢Z) (3.32)
Using the equations (2.11), (2.13), (2.14) and (2.16), the equation (3.32) reduces to
g(h(X, Z), FPaW) — g(h(X, PW), FZ) = sin(202) X (02)g(Z, W). (3.33)

From the equations (3.31) and (3.33) give
[sin 205X (62) + (267(X) — 2X (Inf)) cos® b2]9(Z, W) = 28n(X)g(Z, FPW).
In particular, if 8 = 0, Xinf = tan 62 X (62). O

Corollary 3.1. Let M = My Xy My be a warped product pointwise bi-slant submanifold of a
trans-Sasakian manifold M such that M, and My are pointwise slant submanifolds with the slant
functions 61 and 0, respectively and also consider £ is tangent to M. If (cos? )W = F P,W and
0o =constant,then M is a Riemannian product submanifold of My and Ms.

Now, we prove the following lemmas for later use.

Lemma 3.3. Let M be a pointwise bi-slant submanifold of a trans-Sasakian manifold M with
pointwise slant distributions D1® < & > and Dy with distinct slant angles 6, and 05 respectively.
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Then
(sin? @y — sin? 0,)g(V W, X)

9g(App,xW — Apx PAW, Z)

+ 9(Arp,wX — ArpwP1 X, Z)

+ Bn(X)cos® b29(Z, W) — an(P1X)g(Z,W)

— Bn(X)g(Z, FPaW) + an(X) sin® 1 g(Z, oW)

+ Bn(PiX)g(Z,¢W) + Bn(X) sin® 619(Z, W)

+ an(X)g(Z, P,W). (3.34)
where X € T(D1® < § >) and Z,W € T'(Dy) and 0, and 0 are the slant angles of slant
distributions Dy and Dy respectively.

Proof. Forany X € I'(D1® < { >) and Z, W € I'(D;),we have

g(VW, X) =g(VzW,X) = g(¢VzW,¢X)
9(Vx0Z,oW) = g((Vz9)W, $X) (3.35)
Using the equations (2.1)-(2.5), (2.11)-(2.14), (2.16) we get (3.34). ]

Lemma 3.4. Let M = M; xy My be a warped product pointwise bi-slant submanifold of a
trans-Sasakian manifold M such that M, and My are pointwise slant submanifolds with the slant
functions 6, and 05 respectively and also consider £ is tangent to M. Then

(i) g(h(X,Y), FW) = g(h(X, W), FY). (3.36)

(ii) g(App,xW — ApxPoW, Z)  + g(App,wX — ApwP1 X, Z) = (sin? 6,

— sin® )X (Inf)g(Z, W) — an(PLX)g(Z, W)

— (P X)g(¢Z, W) + asin® 011(X)g(Z, oW)

+ Bsin?0n(X)g(Z, W) — ag(Z, FW)n(X)

+ Bn(X)g(Z, $FW), (3.37)
X € I(TM,) and Z,W € T(TMs).
Proof. Let us consider ¢ be tangent to M;. Then for any X € I'(T'M;) and Z, W €
I'(T'Ms),we have

g(h(X,Y),FW) = g(VxY,FW)
= g(VxY, W) — g(VxY, R,WV). (3.38)
Using the equations (2.3), (2.8) and Lemma 1.1. we obtain
g(h(X,Y), FW) = g(h(X,W), FY).

Hence Lemma 3.4. (i) is proved.
Now, we have

g(VzX, W) = g(¢VzX,oW)
= g(VzoX,0W) — g((V29)X, W) (3.39)
Using the equations (2.3), (2.10)-(2.12), we obtain
g(VzX, W) = —an(PiX)g(Z,W) = Bn(P1X)g(6Z, W) — g(V 2 PL X, W)
— 9(VzFPIX, W) = g(Apx Z, W) + g(¢(V2FW), X)
+ g(VzFW,PiX) + an(X)g(Z, W)
Bn(X)g(eZ, dW).

_|_
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Again, from the equations (2.1)-(2.5), (2.11)-(2.14), (2.16), Lemma 1.1. and the orthogona-
lity of vector fields and symmetry of the shape operator it follows that
9(App,xW — ApxPW, Z) + g(App,wX — ApwP1X, Z) = (sin® 6,
— sin?0) X (Inf)g(Z, W) — an(P,X)g(Z, W)
— (P1X)g(6Z, W) + asin® 619(X)g(Z, oW)
+  Bsin® 01n(X)g(Z, W) — ag(Z, FW)n(X)
+ An(X)g(Z, oFW).

This completes the proof of the Lemma 3.4. (ii). O

Theorem 3.4. Let M be a proper pointwise bi-slant submanifold of a trans-Sasakian manifold
M with pointwise slant distrbutions D1® < & > and Da. If M is locally a warped product
submanifold of the form My x y My, where My and My are pointwise slant submanifolds with the
slant functions 01 and 0y respectively with & tangent to M, then the shape operator A satisfies

AppxW — ApxPaW  + App,wX — Apw P X = (sin? 6,

— sin® 0o) X ()W — an(PL X)W

Bn(PLX)¢W + asin? 6yn(X)pW
Bsin? (X)W — aFWn(X)
Bn(X)$FW, (3.40)

+ + +

with pp = Inf.

Proof. Using Lemma 3.4. (i) and Lemma 3.4. (ii) we obtain the equation (3.40) with 1 =
Inf. |

The next theorem shows a characterization result for pointwise bi-slant submanifold

of a trans-Sasakian manifold. First we state the following theorem [11] according to S.
Hiepko.
Hiepko’s Theorem : Let D; and D, be two orthogonal distributions on a Riemannian ma-
nifold M. Suppose that both D; and D; are involutive such that D; is a totally geodesic
foliation and D is a spherical foliation. Then M is a locally isometric to a non-trivial
warped product M; x ¢ M,, where M; and M, are integral manifolds of D; and D, re-
spectively.

Theorem 3.5. Let M be a proper pointwise bi-slant submanifold of a trans-Sasakian manifold M
with pointwise slant distrbutions D1 < & > and Dy. If
App xW — ApxPoW  + App,wX — ApwPLX = (sin” 6,
— sin?0o) X ()W — an(PL X)W
Bn(PLX)¢W + asin® 0,1(X)pW
Bsin? 01n(X)W — aFWn(X)
Bn(X)oFW, (3.41)

+ o+ +

and
20n(PL X)W —2Bn(PLX)W  +  Bn(X)W — 2asin® 0;n(X)pW
—  2B3sin® O1(X)W — apWn(X)
+ 2an(X)FW — 28n(X)pFW. (3.42)
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holds, then, M is locally a warped product submanifold of the form My xy M, where M, and
My are pointwise slant submanifolds with the slant functions 6, and 04 respectively, where p is a
function on M satisfying Wy = 0, for any W € Da.

Proof. Let M be a proper pointwise bi-slant submanifold of a trans-Sasakian manifold M
with pointwise slant distrbutions D; ¢ < £ > and D;. From Lemma 2.2., we have

(Sil’l2 (91 —sin2 eg)g(VYX, Z) = g(AFPlXZ_AFXP2Za Y)
+ 9(ArpzX — ApzP1X,Y),
(3.43)

where XY € I'(D1® < £ >) and Z € I'(D,). Now taking inner product with Y in the
equation (3.40) and then using equation (3.42) we obtain

9(Vy X, Z) = X(n)g(Y, W) = 0

Hence the leaves of the distributions are totally geodesic in M.
From Lemma 3.3., we have

(sin? 0y — sin?0))g(Vz W, X) = g(AppxW — ApxP,W, Z)

+ (AFPQWX Apw P X, Z) + an(X)g(Z, PB,W)

+  Bn(X)cos? 029(Z, W) — an(P,X)g(Z, W)

— Bn(X)g(Z, FPW) + an(X) sin® 019(Z, oW)

+ n(P X)g(Z,oW)

+  Bn(X)sin®0,9(Z,W). (3.44)
Also, we have

(VW X) = ~X (0)g(Z, W), (3.45)

Interchanging W and Z and then using the definition of Lie bracket we obtain

g9([Z,W],X) =0. (3.46)

Hence D, is integrable.
Let us assume hy be the second fundamental form of a leaf M, of D, in M. Then for any
X eT(D1® <& >)and Z,W € I'(Dy) we have

9(ha(Z, W), X) = g(VzW, X). (3.47)
From the equation (3.45) we can write
From the definition of gradient it can be written as
9(ha(Z,W), X) = ~Vug(Z,W). (349)
It follows that the leaf M is totally umbilical in M with mean curvature vector Hy = —Vp.
Then forany Y € I'(D1® < € >) and W € I'(D;) we have
g(DgVH%Y) = _g(DgVVMaYL
= —9(VwVpY),

= —Wp) —g(Vu, VyW), - [W,Y] =0
—Y (W) + g(Vy Vi, W) =0. (3.50)

Since Wy = 0, forany W € Dy and so VyVu € I'(D1® < £ >). This shows that the mean
curvature of M is parallel. Therefore, D, is a spherical foliation. Hence by Hiepko’s
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Theorem, M is a locally warped product M; x y My, where M; and M, are pointwise slant
submanifolds with the slant functions 6, and 6, respectively, where p is a function on
M. O

Conclusion We have established that there do not exist warped product pointwise bi-
slant submanifold of trans-Sasakian manifold M under some certain considerations. Next,
we have proved that M is a proper pointwise bi-slant submanifold of a trans-Sasakian
manifold M with pointwise slant distrbutions D@ < £ > and Ds, then using Hiepko's
Theorem, M is a locally warped product submanifold of the form M; x; Mo.
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